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Abstract

Difference-in-differences (DID) is a widely used quasi-experimental design for
causal inference, traditionally applied to scalar or Euclidean outcomes, while exten-
sions to outcomes residing in non-Euclidean spaces remain limited. Existing methods
for such outcomes have primarily focused on univariate distributions, leveraging linear
operations in the space of quantile functions, but these approaches cannot be directly
extended to outcomes in general metric spaces. In this paper, we propose geodesic
DID, a novel DID framework for outcomes in uniquely geodesic metric spaces that
admit a geodesic transport structure, including distributions, networks, and manifold-
valued data. To address the absence of algebraic operations in these spaces, we use
geodesics as proxies for differences and introduce the geodesic average treatment ef-
fect on the treated (ATT) as the causal estimand. We establish the identification of
the geodesic ATT and derive the convergence rate of its sample versions, employing
tools from metric geometry and empirical process theory. This framework is further
extended to the case of staggered DID settings, allowing for multiple time periods and
varying treatment timings. To illustrate the practical utility of geodesic DID, we an-
alyze health impacts of the Soviet Union’s collapse using age-at-death distributions
and assess effects of U.S. electricity market liberalization on electricity generation
compositions.

Keywords:  Causal inference; Fréchet mean; Functional data; Geodesic space; Optimal
transport; Program evaluation; Random object.

*The first two authors contributed equally to this work.


https://arxiv.org/abs/2501.17436v2

1 Introduction

Difference-in-differences (DID) is widely used to study the causal effect of an intervention,
such as a policy change, a new social or healthcare programme, or an unexpected event,
by exploiting observational panel data. Under the assumption that average outcomes of
control and treated groups in the absence of an intervention obey parallel trends over time,
DID identifies the average treatment effect on the treated (ATT) by comparing average
outcomes of those groups for pre- and post-intervention periods. Estimation and inference
for DID models are typically conducted via two-way fixed effects regression. DID is applied
in various fields and application areas, including economics (Angrist and Pischke, 2009),
epidemiology and public health (Wing et al., 2018), management science (Antonakis et al.,
2010), marketing (Varian, 2016), and political science (Keele, 2015).

Since its beginnings (e.g., Card and Krueger, 1994), the methodology of DID has
been extended in various directions. For example, Athey and Imbens (2006) proposed
the changes-in-changes approach to allow heterogeneous treatment effects and infer the
counterfactual distribution for the treated group; see Torous et al. (2024) for an extension
to multivariate outcomes and Biewen et al. (2022) for an alternative approach using dis-
tribution regression. Other developments in the DID framework include integration with
instrumental variables (Ye et al., 2023) and adaptations to factorial designs (Xu et al.,
2026). The fundamental parallel trends assumption, which underpins the validity of DID
estimates, has also been extensively examined (Sofer et al., 2016; Roth and Sant’Anna,
2023). For the case of staggered treatment adoption, Callaway and Sant’Anna (2021) pro-
vided key insights into identification and estimation, with additional contributions from
Ding and Li (2019) and Ben-Michael et al. (2022), and a comprehensive overview of the

topic by Roth et al. (2023).



In modern data science, one increasingly encounters complex-structured data, such as
networks (Zhou and Miiller, 2022), distributions (Petersen et al., 2022), compositional
data (Scealy and Welsh, 2011) or trees (Billera et al., 2001). Such data are inherently non-
Euclidean and can be viewed as elements of a metric space. Addressing causal inference
for metric space-valued data is a very recent development and includes doubly robust
estimators for distributional outcomes (Lin et al., 2023), for outcomes residing in general
geodesic metric spaces (Kurisu et al., 2024) and also the synthetic control method for
distributional outcomes (Gunsilius, 2023). Almost all existing DID methodologies focus on
scalar or Euclidean outcomes, with the exception of Opoku-Agyemang (2023), where causal
effects on distributional outcomes are studied within the DID framework. This approach
leverages restricted linear operations in the space of quantile functions and is limited to
the special case of univariate distributions. Since it is based on representing distributions
by quantile functions, it cannot be extended to more general data objects.

We introduce here geodesic DID, a novel framework for DID analysis of outcomes re-
siding in a broad class of uniquely geodesic metric spaces that admit a geodesic transport
structure. Such spaces include distributions, networks, compositional data, and manifold-
valued objects that arise frequently in modern statistical applications. To address the ab-
sence of algebraic operations such as addition and scalar multiplication in these settings, we
use geodesics as geometric proxies for differences and define the geodesic ATT as the causal
estimand. We establish identification of the geodesic ATT and derive convergence rates
for its empirical estimators using tools from metric geometry and empirical process theory.
An extension to staggered DID settings, allowing for multiple time periods and variation
in treatment timing, is provided in the Supplementary Material. An R implementation of

geodesic DID, together with reproducibility materials for the simulation studies and data



analyses, is available at

2 Preliminaries on geodesic calculus

Let (M, d) be a bounded and separable metric space. A curve in M is a continuous map

v : [a,b] = M with length

L(7) = sup 3 A (), 1 ().
k=0

where the supremum is taken over all K > 1 and partitions a = tg < t; < --- <tg = b
and the curve is rectifiable if L(y) < oo. Two curves 7y, and 7, are said to be equivalent if
Y1 0 1 = Y2 © o for non-decreasing and continuous functions ¢; and ¢,. In this case, v, is
said to be a reparametrization of vo with L(v;) = L(7y2). A curve 7 : [a,b] — M is said to

have constant speed if for all a < s <t < b,

L(Vsy) = 2 L(v),

—a
where 754 denotes the restriction of v to [s, t].

Given o, € M, a curve 7 : [a,b] — M is said to connect a to § if y(a) = « and
v(b) = . By construction of the length function L, d(«,3) < L(y) for any curve ~y

connecting a to 8. The space M is called a length space if, for all o, f € M,

d(ev, ) = inf L(7), (1)

v

where the infimum is taken over all curves v connecting a to 5. A length space is said to be
a geodesic space if, for all o, B € M, the infimum on the right-hand side of (1) is attained.
In a geodesic space, a geodesic between v and [ is any constant speed reparametrization

v :[0,1] — M of a curve attaining the infimum in (1). The geodesic connecting « and /3
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is denoted by 7, 5. If there exists only one such geodesic for all a, 8 € M, the space M is
referred to as a uniquely geodesic space (Bridson and Haefliger, 1999).

For points «, 3, € M, we define the following operations on geodesics. The concate-
nation of two geodesics v, and ¢ g is given by vac ® V¢85 = Va,8, While the reversal of
a geodesic 7,3 is defined as ©v,3 = V3. The difference between two geodesics with a
common start point is defined as ©v¢o ® V¢,8 = Va,3- These operations provide geometric
analogues of addition and subtraction in Euclidean space, without imposing a linear struc-
ture on M. Such constructions also underpin previous work on doubly robust estimation
of average treatment effects in geodesic spaces (Kurisu et al., 2024).

Next, we present examples of uniquely geodesic spaces encountered in real-world ap-
plications. We use these example spaces to demonstrate the practical performance of the
proposed approach in simulations and data analyses. Section S.4 of the Supplementary Ma-
terial provides conditions under which the assumptions and convergence rates in Section 4

hold for these example spaces.

Example 1 (Functional data). Functional data consist of observations that are naturally
viewed as real-valued functions defined over a domain T, such as time or spatial location.
Let T be a compact interval and consider the Hilbert space L*(T) of square-integrable

functions equipped with the inner product (f, g) fT t)dt and the induced metric

di2(f,9) = [/{f —g(t)}*dt /2-

Under this metric, L*(T) is a uniquely geodesic space. The geodesic between two functions

f and g is given by the linear interpolation s 4(t) = (1 —t)f +tg, t € [0,1].

Example 2 (Univariate probability distributions). Let Py(RY) denote the space of Borel

probability measures on R with finite second moments. Equipped with the 2- Wasserstein



metric,

By = _inf [ oyl de(ay)
RIxR4

m€Il(p1,p2)

where 1I(p1, 1) denotes the set of couplings of iy and s, the space (Po(RY), dyy) forms a
geodesic metric space (Villani, 2009; Panaretos and Zemel, 2020). In one dimension, this

distance admits the explicit representation

mmm:éwmwmmwm

where F/;ll and F;; denote the quantile functions of uy and ps, respectively. The geodesic
between puy and g under the 2-Wasserstein metric is given by 7y, u,(t) = (id-+t(F o Fy,

id)) g1, where id denotes the identity map and Tyuy denotes the pushforward of py by T
(McCann, 1997). For the theoretical developments in Section /, we focus on absolutely
continuous probability measures supported on a closed interval on R with bounded and non-

vanishing densities.

Example 3 (Multivariate probability distributions). Computation of dyy in high dimen-
sions can be demanding. Entropic regularization (Sinkhorn distances) (Cuturi, 2013) and
sliced Wasserstein distances (Bonneel et al., 2015) are commonly used approzimations to
reduce computational cost. An alternative geometric structure is provided by the Fisher—
Rao metric on the space of absolutely continuous distributions. Let H denote the separable
Hilbert space of square-integrable functions with inner product {(gi,92) = [ g1(z

Under the square-root representation f v /f, densities are mapped to the positive orthant
of the Hilbert sphere S = {g € H : ||gl|z2 = 1,9 > 0}. The Fisher—Rao distance between

densities f1 and fo is
drr(fi, f2) = arCCOS( VLA ) )

which coincides with the spherical geodesic distance between their square roots. Geodesics



under this metric are great-circle arcs,

() = A= 00) e sl0) e e 0,1,

sin sin

where 0 = arccos((v/f1,v/f2)), and the corresponding density path is obtained by squaring
v(t). This representation yields an explicit and computationally convenient geodesic struc-
ture suitable for high-dimensional distributional data. The choice between these geome-
tries is substantive and should reflect the scientific meaning of distributional change. The
Fisher—Rao metric used in the multivariate simulation provides one computationally conve-
nient illustration and s not intended as a general recommendation over the 2-Wasserstein
metric. For the theoretical developments in Section 4 under the 2-Wasserstein metric, we
focus on multivariate Gaussian distributions with bounded mean vectors and covariance

eigenvalues bounded above and away from zero.

Example 4 (Networks). Network data describe relationships among entities and are com-
monly represented by graph Laplacian matrices (Kolaczyk and Csdrdi, 2020; Zhou and
Miiller, 2022; Severn et al., 2022). Consider the collection L of Laplacian matrices corre-
sponding to undirected, weighted networks with m nodes and bounded edge weights. Fquip-
ping L with the Frobenius metric dp(Ly, L) = ||L1 — Lo||r, induces a geodesic struc-
ture under which the geodesic between Ly and Lo is given by the straight-line interpolation

Vou,Lo(t) = (L= t)Ly + tLy, t € [0,1].

Example 5 (Symmetric positive-definite matrices). Symmetric positive-definite (SPD)
matrices arise in applications such as covariance modelling and diffusion tensor imaging
(Dryden et al., 2009; Huang and Van Gool, 2017). Let Sym; denote the set of m x m
SPD matrices. This set is an open subset of the space of symmetric matrices and can be

equipped with several geodesic metrics. Under the Frobenius metric, the geometry is flat



and the geodesic between A and B is the linear path v4p(t) = (1 —t)A+tB, t € [0,1].
Under the Log-Euclidean metric (Arsigny et al., 2007), drp(A, B) = ||log A — log B||F,
geodesics are obtained by linear interpolation in the matriz logarithm domain, va p(t) =
exp ((1 —t)log A+ tlog B). Equipping Sym., with the affine-invariant Riemannian met-
ric (Pennec et al., 2006), da;(A, B) = || 1og(A~Y2BA=Y2)||r, yields a curved Riemannian

geometry, with geodesics
Yap(t) = A% exp (¢ log(A_l/QBA_l/Q)) AY2 te0,1].

Other metrics such as the power metric (Dryden et al., 2009) and Log-Cholesky metric

(Lin, 2019) also endow Sym;, with a uniquely geodesic structure.

Example 6 (Compositional data). Compositional data, which are represented as propor-

tions summing to 1, reside in the simplex

d
Ad_lz{yeRd:ijO, 7=1,....d, and Zyjzl}.
j=1

Through the component-wise square-root transformation \/y = (\/Y1,-..,/Ya)", the simplex
is mapped to the first orthant Si’l ={z€8%1: 2 >0, j=1,...,d} of the unit sphere
(Scealy and Welsh, 2011, 2014). Equipping S&" with the Riemannian metric dg(z1, 2) =
arccos (2] z) induces a uniquely geodesic structure. For 6 = arccos(z] 22), the geodesic from
z1 to 2o 1s

() = sin((1 —¢)0) sin(t0)

t 0,1].
sin @ ! sin 6 2 €[0.1]

3 Geodesic difference-in-differences

Consider the canonical DID model with Euclidean outcomes, two periods ¢ € {0,1}, and

units ¢ = 1,...,n. Let D; be the group indicator, where D; = 1 if unit ¢ belongs to



the treated group and D; = 0 otherwise. For unit ¢ at time ¢, let D;; be the treatment
status indicator and let Y;,(0) and Y; (1) denote the potential outcomes without and with
treatment, respectively. The observed outcome is Y;; = D;,Y; (1) + (1 — D;+)Y;+(0). This
potential-outcomes formulation encodes the stable unit treatment value assumption: unit
1’s outcome does not depend on the treatment status of any other unit j # ¢, ruling out
spillovers and general equilibrium effects (Roth et al., 2023). We assume that treated units
receive treatment between the two periods, whereas control units remain untreated in both
periods. Thus, (D;, D;1) = (0,0) if D; =0, and (D; 0, D;1) = (0,1) if D; = 1.

The causal estimand of interest is the average treatment effect on the treated (ATT),

7= FE{Y;1(1) = Y;1(0) | D; = 1}. Then under the parallel trends assumption that
E{Y;1(0) = Yip(0) | Dy =1} = E{Y;1(0) — Yio(0) | D; = 0},
the ATT is identified by the canonical DID estimand
T=E{Y;1—Yio|Di=1} — E{Y;1 = Yo | D; =0}. (2)

We now allow Y;; to be a random object in a uniquely geodesic space (M, d), retaining
the same treatment timing and SUTVA. Thus, Y;; = Y;,(0) if D;; =0 and Y;; = Y;,(1) if
D;; = 1. We assume that {(Y;o, Yi1, D;)} is i.i.d. from a joint distribution P, and write
(Yo, Y1, D) ~ P for a generic observation in M x M x {0, 1}.

For a random object Y € M, the Fréchet mean of Y, extending the usual notion of
mean, is

Eg{Y} = argmin E{d*(Y,w)},
weM

where the existence and uniqueness of the minimizer are guaranteed for Hadamard spaces

(Sturm, 2003) and the example spaces described in Examples 1-6. The conditional Fréchet



mean of Y given X € RP (Petersen and Miiller, 2019) is analogously defined as
B {Y | X} = argmin E{d*(Y,w) | X}.
weM

To obtain the DID estimand for outcomes in M, it is necessary to define a notion of
subtraction in the uniquely geodesic space M. Following Kurisu et al. (2024), we repre-
sent the difference between two points «, 5 € M by the geodesic 7,3. In the canonical
DID estimand (2), a second difference is computed between two differences for the treated
and control groups. Extending this concept to M requires quantifying differences be-
tween geodesics, which can be achieved with geodesic transport maps under the following

assumption (Zhu and Miiller, 2026), which has been referred to as ubiquity of geodesics.

Assumption 1. Let (M, d) be a uniquely geodesic space. For any two points o, B € M,
there exists a geodesic transport map 'y g : M — M with the following property: T'y g(or) =

B and for any w € M, there exists a unique point ¢ € M such that T, g(w) = (.

Assumption 1 formalizes the idea that the displacement along the geodesic from « to
B can be replicated at any other point in the space. Specifically, I', 3 moves an arbitrary
base point w in a manner that mirrors the movement from « to 3, producing the endpoint
¢ = I'np(w). Thus, the geodesic from o to § induces a transport operation that can be
applied at any base point, analogous to translating a displacement vector in Euclidean
geometry. In R?, ', 5(w) = w +  — . The same translation structure applies to arbitrary
vector spaces, including the space L?*(7) of functional data in Example 1.

The assumption is also satisfied in several nonlinear metric spaces commonly encoun-
tered in applications. In the univariate 2-Wasserstein space of Example 2, geodesics are
given by displacement interpolation, and the transport construction is induced by the opti-

mal transport map. For multivariate Gaussian distributions under the 2-Wasserstein metric

10



(Example 3), the transport construction is induced by the affine optimal transport map
between Gaussian measures. For SPD matrices equipped with Riemannian metrics such
as the affine-invariant metric (Example 5) and for compositional data endowed with the
spherical metric (Example 6), the spaces admit a Riemannian manifold structure. In these
settings, the transport map is constructed by transporting tangent vectors via parallel
transport (Lee, 2018) and mapping them back to the manifold using the exponential map.
A further example is provided by the Billera—Holmes—Vogtmann tree space of phylogenetic
trees (Billera et al., 2001), described in Section S.2 of the Supplementary Material. This
space is globally non-positively curved and uniquely geodesic, and Assumption 1 holds in
particular for trees with four leaves.

In general metric spaces, it is conceivable that different constructions satisfying Assump-
tion 1 could be adopted. In such cases, the proposed framework is understood relative to
the chosen transport structure. In the spaces considered in this paper, the underlying
geometry naturally determines a standard and widely accepted transport construction, as
described for the examples in Section 2, with detailed constructions provided in Section S.3

of the Supplementary Material.

Remark 1 (Smooth Riemannian manifolds). On a smooth Riemannian manifold (Lee,
2018), geodesic transport can be constructed using logarithmic and exponential maps to-
gether with parallel transport (Yuan et al., 2012; Chen et al., 2023a). Let T,M be the
tangent space at w. For a and B in a normal neighbourhood, Log, (8) € T,M is the initial
velocity of the unique geodesic from « to 8. Given another base point w, let P,_,., transport
this tangent vector from T,M to T, M along the minimizing geodesic from a to w, and
define T'n 5(w) = Exp,{Pa—sw(Log,(8))}. This construction satisfies Assumption 1 when-

ever the exponential map is defined on the transported vector and the relevant minimizing

11



geodesics are unique.

We now extend the notion of subtraction to geodesics with different starting points by

aligning the subtrahend with the minuend using the geodesic transport map.

Definition 1. For any points o, f,w,( € M with a # w, the difference between two

geodesics is defined as
Va8 D V¢ = OVt D Yot = V0

where ' =T, g(w).

The above operation is straightforward in the vector space RP, where (' = w +  — «
and we verify that ( — (' = —(8 — a) + (( — w).
Let Vd7t(0) = E@{K7t(0) | D’L = d} and Vd,t(l) = E@{K,t(l) | D’L = d} for d,t S {07 1}

We introduce the following notions of causal effects in uniquely geodesic spaces.

Definition 2 (Geodesic ATT). The geodesic average treatment effect on the treated

(GATT) 7 is defined as the geodesic connecting v11(0) and vi1(1), i.e. T =Yy, (0)p1.(1)-

The GATT is a geodesic, with its direction and length capturing the direction and
magnitude of the causal effect when outcomes are random objects in uniquely geodesic

spaces.
Assumption 2. FVO’O(O)J,OJ(O)(1/170(0)) = 111(0).

Assumption 2 is a direct generalization of the parallel trends assumption for the case
where responses reside in a uniquely geodesic space. It asserts that in the absence of
treatment, the geodesic connecting the control group’s outcomes in the pre- and post-
treatment periods, when extended from the treated group’s pre-treatment outcome, should

end at the treated group’s post-treatment outcome. This ensures that, without treatment,

12
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V1,0 0) /—\A;
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() Vo,1

Figure 1: Illustration of geodesic DID. The blue solid circles symbolize objects in the
uniquely geodesic space M. The arrows emanating from the circles represent the geodesic
paths connecting them. The red arrows represent the geodesic transport from 141(0) to
v11(0) and the proposed GATT.

Alt text: Five points in M show the observed group-time means, the transported
control-group change ending at the treated counterfactual mean vy 1(0), and the GATT
from v11(0) to vy 1(1).

the trajectory of outcomes for the treated group aligns with the geodesic trend of the control
group; see Figure 1 for an illustration. In the case of Euclidean outcomes, Assumption 2
reduces to v (0) + {,1(0) —10,0(0)} = v1,1(0), which corresponds to the standard parallel
trends assumption in the canonical DID framework.

Writing vy = Ega{Yi: | D; = d} for d,t € {0,1}, the GATT can be identified as follows.
Theorem 1. Suppose that Assumptions 1 and 2 hold. Then we have
T = @71/0,071/0,1 D Y1 01,1 = 71/{’1,1/1,17 (3)

where SYuy oo 1 B Vs own 1 08 the geodesic DID estimand and vy | =Ty 0o, (V10)-

In the Euclidean space (M, d) = (R, ||-||), Va5(t) = a+t(f—a) and 'y s(w) = w+F—qv

Hence the geodesic DID estimand starts at vy g+ (191 —10,) and ends at v4 ;. Under parallel

13



trends, its signed displacement is

vip—{vio+ (o1 — o)} = (11— v10) — (W01 — Yop)

= B{Yi1 —Yig | Di = 1} = E{Yiy = Yio | D; = 0} = E{¥ia(1) = Yia(0) | D, = 1}.

Therefore, Theorem 1 extends the Euclidean ATT 7 = E{Y;1(1) — Y;1(0) | D; = 1} to

uniquely geodesic spaces.

4 Estimation and theory

Given a sample {(Y;,Yi1, D;)},, the geodesic DID estimand of the GATT, namely 7 =

Vi w1 18 estimated by replacing the Fréchet means with their sample counterparts

T = Vo 0100 19171 = Fﬁo,oﬁog(ﬁlﬁ)v (4)
where for ¢t € {0, 1},

1 n n
Vo = arg min — 1 — D)d*(Y;,w), ng = 1—-Dy),
o= argmin -3 31— D) (Vi) o= 3 (1= D)

1 n n
V14 = arg min — D;d? Yii,w), ni = D;.
o= g min 3 DY), 1=

Our goal is to establish the consistency of 7 in (4) and to derive its convergence rate.
Since 7 is a geodesic, a properly defined metric on the space of geodesics is required to

evaluate the performance of 7. We define the space of geodesics as follows.

Definition 3. The space of geodesics in the uniquely geodesic space (M, d) is

GM) = {Yap : @, f € M},

To compare geodesics, we define a binary relation ~ on G(M) through the geodesic

transport map, where v, g, ~ Vas,8, if and only if I'y, 5, (w) = Ly, 5, (w) for all w € M.

14



Proposition 1. The relation ~ is an equivalence relation on G(M).

This equivalence relation, drawing on the ubiquity Assumption 1, partitions the space of
geodesics G(M) into disjoint equivalence classes. The equivalence class of v, 3 € G(M) is
denoted by [Ya,5]. The set of all equivalence classes G(M)/ ~= {[Vas] : Yoz € G(M)} is the
quotient space of G(M), for which we define a metric as follows. For any [va, 4,]: [Yas,6.] €

G(M)/ ~, let

dg(hal,m]v [’Yaz,ﬁz]) = dg,wea(hal,ﬁl]a [’Vag,ﬁb]) = d(Fal,ﬁl (WGB)? Famﬁz (“-@))7 (5>

where wg, € M is an arbitrary reference point, chosen e.g., as the Fréchet mean of the

outcomes.
Proposition 2. dg is a metric on the quotient space G(M)/ ~.

With a slight abuse of notation, we write dg(v1,72) for dg([11], [12])- (G(M)/ ~,dg) is
thus a metric space, and the estimation error of 7 can be quantified by dg(7, 7), where the
reference point is chosen as vj ; = I'y .1, (¥1,0). This metric compares two geodesic changes
after aligning them at a common reference point. The chosen reference is the treated group’s
counterfactual post-treatment mean, so the distance directly measures discrepancy between
the estimated and population causal changes at the relevant treated-group starting point.

We require the following regularity assumptions.

Assumption 3. There exists a constant C; > 0 such that for any «o,B,w,( € M,
d(Tap(w), Tap(Q)) < Crd(w, Q).

Assumption 4. There exists a constant Cy > 0 such that for any aq, as, 81, Ba,w € M,

d(Tay 5, (W), Tay (W) < Co{d(n, ag) + d(Br, Ba) }-

Assumption 3 requires the geodesic transport map to be Lipschitz continuous. As-

sumption 4 ensures that for any two geodesics, when moved to the same starting point,

15



the distance between their new endpoints is bounded by the sum of the distances between
their original starting points and endpoints. Together, these conditions propagate estima-
tion errors in the group-time Fréchet means through the transport operation: Assumption 3
controls changes in the base point, while Assumption 4 controls changes in the transported

geodesic. Both assumptions are trivially satisfied in Euclidean spaces with C; = Cy = 1.

Assumption 5. For d,t € {0,1}, the following conditions hold.

(i) The population Fréchet mean vqy and its empirical counterpart Ugy exist and are
unique, the latter almost surely, and, for any e > 0, infqq, , w)>. E{d*(Y;,w) | D = d} >
E{d*(Y;,vay) | D = d}.

(ii) Let Bs(va:) C M be the ball of radius § centred at vgy and N(e, Bs(vay),d) its

covering number using balls of size €. Then, as 6 — 0,

1
/ \/1 +log N(0¢, Bs(vay),d)de = O(1).
0
(i1i) There exist n >0, C >0, and k > 1 such that, whenever d(vq,w) < 1,
E{d*(Y,,w) | D = d} — E{d*(Y},vay) | D = d} > Cd"(vay,w).

Assumption 5(i) is a standard consistency condition for M-estimators, including Fréchet
means; see van der Vaart and Wellner (2023, Chapter 3.2). It separates the population min-
imizer from alternatives outside any fixed neighbourhood and, together with convergence
of the empirical objective, yields convergence of the empirical minimizer. The entropy
condition in Assumption 5(ii) controls the local complexity of the objective class near the
minimizer, while the curvature condition in Assumption 5(iii) quantifies how rapidly the
population objective increases away from its minimum. In particular, K = 2 corresponds to
quadratic growth and yields the parametric rate, whereas weaker local curvature may pro-

duce slower rates. Some example spaces require additional conditions, while the univariate

16



Wasserstein rate follows directly from Hilbert-space projection arguments (Petersen et al.,
2019); details and verification for the spaces considered here are provided in Section S.4 of

the Supplementary Material.
Assumption 6. There exists a constant ¢ € (0,1/2] such that ¢ <pr(D=1)<1-—c.

Assumption 6 is the standard overlap condition in the DID literature, ensuring positive

population fractions in both groups.

Theorem 2. Under Assumptions 1-6, it holds for the estimate 7 of the GATT that
dg(#,7) = Oy {01y,

Under the conditions stated in Section S.4 of the Supplementary Material, the example
spaces in Examples 1-6 have k = 2, yielding the parametric convergence rate Op(n_l/ 2.
For k = 2, this matches the first-order rate of Euclidean DID despite replacing arithmetic

operations with their geodesic counterparts.

Remark 2 (Repeated cross-sectional data). The results also apply to repeated cross-
sectional data. Following Abadie (2005), let T; indicate observation in the post-treatment
period and set Y; = Yo if T, = 0 and Y; = Y1 if T; = 1. For the pooled sample
{(Y;, D;, T;)}r—y, Theorem 1 applies with vqy = Ex{Y; | D; = d,T; = t}. The estima-
tor in (4) applies with Ug; = argming. n;i Sor WD, = d, T, = t}d*(Y;,w), where

ngt =y oy H{D; =d, T, =t}.
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5 Implementation and simulations

5.1 Implementation details and simulation scenarios

Algorithm 1 proceeds in two steps. The first computes the relevant Fréchet means in
the outcome space. For functional data in Example 1, this is the usual L? mean; for
univariate Wasserstein distributions in Example 2, it is the mean of the quantile functions.
For multivariate distributions under the Fisher-Rao metric and for compositional data,
computation is performed in the square-root representation on the sphere using the R
package manifold (Dai et al., 2021). For networks and SPD matrices under flat geometries
such as the Frobenius and Log-Euclidean metrics, the Fréchet mean reduces to an entry-
wise or log-domain mean. The second step applies the corresponding geodesic transport
map; explicit constructions for all examples are given in Section S.3 of the Supplementary

Material.

Algorithm 1: Geodesic difference-in-differences.
Input: data {(Y;707 Y;J, Dz)}?:l
Output: Geodesic DID estimator 7 of the GATT 7.
1 (Do, Y1, P10, 11) <— the estimated Fréchet means for the control and treated
groups during pre- and post-treatment periods:

n

1
Vo = arg min — Z(l — D) d*(Yig,w),

weM TN 1

2
Vlt—argmm— D;d*(Yis, w),
weM T Z ’L )
where t € {0,1};
2 011 = Dy 0,00, (P1,0) ¢— the new endpoint of the geodesic 7y, ,.4,, after moving to
1,03
8 T =Yy i, ¢ the difference-in-differences estimator of the GATT.

The algorithm directly implements the identification formula in Theorem 1. It first

estimates the four group-time Fréchet means, then transports the control-group change
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from 71 4 to obtain the estimated counterfactual endpoint 7 ;. The estimated GATT is the
geodesic from this counterfactual endpoint to the observed post-treatment mean 7 ; of the
treated group.

We evaluate three settings: univariate distributions under the Wasserstein metric, bi-
variate distributions under the Fisher—-Rao metric, and networks under the Frobenius metric
(Examples 2, 3, and 4). In each simulation, pr(D; = 1) = 0.25.

We use sample sizes n = 50,200, 1000 and ¢ = 500 Monte Carlo runs. For run gq,

estimation error is dg(7,, 7), with dg defined in (5) and reference point 11 ; = 'y .10, (1,0)-

5.2 Univariate probability distributions

Consider the space of univariate probability distributions described in Example 2. For each
unit ¢ and time ¢t € {0,1}, we generate a Gaussian distribution truncated to the interval
[—3, 3] with mean p;; and standard deviation o;;. The location parameters are drawn
independently as p;; ~ N(aqt, 1), with scale parameters o;; = oy + D;t, so that treated
units exhibit an increase in dispersion in the post-treatment period. Throughout, we set
ap=ay=p=1.

As described in Section S.3 of the Supplementary Material, the geodesic transport map
for univariate distributions is induced by optimal transport. The quantile function at the

starting point of 7 = Y, is FV_,1 = F 1 0oF, oF . Hereyy, and vy, are trun-
12 1,1 ) )

V1,1 V0,1 V0,0 v1,0°

cated Gaussian distributions with common mean ast and respective standard deviations
a1 and aq 4+ ft. To reflect applications in which the distributional outcomes are observed
only through samples, we independently draw 100 observations from every Y;, and use
the resulting empirical measures in the geodesic DID estimator. This introduces within-

distribution approximation error in addition to the sampling error across units (Zhou and
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Figure 2: Boxplots of estimation errors with different sample sizes for univariate probability
distributions (left), multivariate probability distributions (middle) and networks (right).

Alt text: Three boxplot panels show estimation errors decreasing as the sample size
increases from 50 to 200 and 1000 for univariate distributions, multivariate distributions,
and networks.

Miiller, 2024). For an absolutely continuous univariate distribution with density bounded
away from zero on its support, the empirical 2-Wasserstein error decreases at the usual
parametric rate as the number of within-distribution observations increases (Bigot et al.,
2018).

The number of observations used to represent each distribution and the number of DID
units therefore control distinct error components: the former governs empirical-measure
approximation, whereas the latter governs estimation of the group-time Fréchet means. In-
creasing the number of observations per distribution reduces the approximation component
without changing the DID design.

The left panel of Figure 2 shows that the estimation error decreases as n increases,
demonstrating convergence of the estimated GATT towards its target despite the additional
approximation error from the empirical measures. To assess the empirical convergence rate,
we regress the logarithm of the average estimation error on logn. The resulting slope is
—0.412, compared with the theoretical benchmark of —0.5; the difference likely reflects the

use of empirical measures in place of the unknown distributional outcomes.
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5.3 Multivariate probability distributions

Consider multivariate probability distributions under the Fisher-Rao metric described in
Example 3. For each unit ¢ and time ¢ € {0, 1}, the outcome Y;; is a bivariate Gaussian
mixture distribution with density m; ;d(x; p1i¢, 2) + (1 — w0 ) (x5 po,i e, ), where ¢(-; p, )
denotes the bivariate Gaussian density with mean p and covariance > = 0.51,. We generate
& ~ N(0, 1) and set p11 ;¢ = §+aot 1o and po ;4 = §— ot 1o, where 1o = (1,1)" and ap = 1.
Define m;, = 0.5+ 8D;t, with 5 = 0.2. Thus untreated units evolve according to a common
time trend, while treated units experience a structural change in mixture weights in the
post-treatment period. For each (i, t), we independently sample N = 500 observations from
Y. and construct kernel density estimators. The resulting empirical densities are mapped to
the positive orthant of the Hilbert sphere under square-root representation. The geodesic
transport map corresponds to the parallel transport construction under the Fisher—-Rao
geometry; see Section S.3 of the Supplementary Material. We use the Fisher-Rao metric
here because its square-root representation yields explicit and computationally convenient
geodesics in higher dimensions. This simulation provides one multivariate illustration and is
not intended as a general recommendation of the Fisher-Rao metric over the 2-Wasserstein
metric.

The middle panel of Fig. 2 shows steadily decreasing estimation error as n increases
under the Fisher-Rao geometry. Regressing the logarithm of the average estimation error
on logn gives a slope of —0.473, close to the theoretical benchmark of —0.5. The remaining
difference is consistent with the additional approximation error arising from the use of kernel

density estimates, analogous to the empirical-measure approximation in Section 5.2.

21



5.4 Networks

Consider the network space in Example 4, with m x m symmetric, centred graph-Laplacian
outcomes (Zhou and Miiller, 2022). We use a weighted stochastic block model with
community-membership vector z = (2], z3 )", where z; has length m; and all entries equal
[, for [ = 1,2, with m; + my = m. Edges occur independently with probabilities given
by the corresponding entries of P = (pll’)lZ,l/:y Conditional on an edge being present, its
weight is oy + aot + asD; + BD;t + €4 1, Where ap = ap = a3 = B = 1 and the ¢ ;. are
independently drawn from the uniform distribution on [—1, 1].

The goal is to estimate the GATT 7 = v,/ where vy = Ea{Y;, | D; = d} and

RZNE)
Vi1 = Lugomos (V10) = V10 + (Mo — Vop); see Section S.3 of the Supplementary Material.
Using (v44)x to denote the (j, k)th entry of the graph Laplacian v4,, under the Frobenius

norm,

(Yo4)jk = —pw(oq + aot),  (v14)jk = —pw (a1 + ast + as + ft)

for 1 < j # k < m, where [’ € {1,2} represent the community memberships of nodes j
and k, respectively. The diagonal entries of vy, are (Vgy);; = — > . ” j(yd,t) k-

For m; = mo =5, p11 = pae = 0.5, and p12 = po; = 0.2, the right panel of Fig. 2 shows
that the estimation error decreases as the sample size increases. A least-squares regression
of the logarithm of the average estimation error on logn gives a slope of —0.509, closely
matching the theoretical value of —0.5.

Across the three settings, the empirical slopes are close to the —1/2 benchmark. Agree-
ment is closest for networks, whose outcomes are observed directly, whereas the distribu-

tional settings also involve empirical-measure or density-estimation error.
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6 Data applications

6.1 Impact of the collapse of the Soviet Union on age-at-death
distributions

The collapse of the Soviet Union in 1991 profoundly affected population dynamics, with
dramatic declines in life expectancy observed across many former Soviet states. In Russia
alone, life expectancy at birth between 1990 and 1994 dropped significantly from 63.8
to 57.6 for men and from 74.4 to 71.0 for women (Leon et al., 1997). Similar patterns
were observed in other former Soviet states (Brainerd and Cutler, 2005). Adopting the
entire age-at-death distribution as outcome provides deeper insights into trends of human
longevity. To study the causal effect of the collapse, we applied the geodesic DID model
with age-at-death distributions as the outcome.

The Human Mortality Database provides life tables at one-, five-, or ten-year intervals
for various countries, including the six countries that were previously part of the former
Soviet Union and 19 Western European countries. The six countries of the former Soviet
Union form the intervention group, as they were subject to the collapse of the Soviet Union,
while the 19 Western European countries serve as the control group. Further details are

presented in Table 1.

Table 1: Six Eastern European countries that were part of the former Soviet Union and 19
Western European countries

Eastern Europe Belarus, Estonia, Latvia, Lithuania, Russia, Ukraine

Austria, Belgium, Denmark, Finland, France, Germany, Greece, Iceland,
Western Europe Ireland, Italy, Luxembourg, Netherlands, Norway, Portugal, Slovenia,
Spain, Sweden, Switzerland, United Kingdom

For each country, the age-at-death distributions are derived from histograms of death

counts by age, which are available in five-year intervals. These histograms are smoothed

23



into continuous age-at-death densities using the CreateDensity function in the frechet
package (Chen et al., 2023b). We analyse these densities for two time periods: 1985-1989
(before the collapse) and 1990-1994 (after the collapse). Figure 3 illustrates the densities
of the age-at-death distributions for females and males in both intervention and control
groups. In the intervention group, a clear leftward shift in the densities is observed for
both genders, reflecting a reduction in life expectancy after the collapse. The shift is
notably more pronounced for males.

Using the geodesic DID model, we estimate the GATT for age-at-death distributions.
The estimated GATTs for females and males are shown in Figure 4. The results indicate
a causal effect of the Soviet Union’s collapse on age-at-death distributions, as evidenced
by the differences between the starting and ending points of the geodesic that represents
the estimate of GATT. For females, the age-at-death densities shift to the left, reflecting
reduced life expectancy. For males, the effect is even stronger, which may be attributed to
increased susceptibility of males to the social and economic upheavals during this period.

This application illustrates the value of distribution-valued outcomes: the estimated
GATT records changes across the full mortality distribution, including its shape and loca-
tion, rather than reducing the effect to a scalar change in life expectancy.

To assess the plausibility of the parallel trends assumption (Assumption 2), we estimate
the GATT using two pre-treatment periods, 1980-1984 and 1985-1989, both of which pre-
cede the Soviet Union’s collapse. Under parallel trends, this placebo estimand is the identity
geodesic, so the distance between its starting and ending points summarizes differential evo-
lution between the groups before treatment. Figure 5 presents the resulting pre-treatment
GATT for females (left) and males (right). The close alignment between the starting and

ending densities suggests the absence of pronounced differential evolution between groups
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Figure 3: Age-at-death distributions of (a) females and (b) males for Eastern and Western

European countries before and after the collapse of the Soviet Union.

Alt text: Female and male density panels compare Eastern and Western European
age-at-death distributions in 1985-1989 and 1990-1994. The Eastern European densities
shift towards younger ages, especially for males.
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Figure 4: Estimated geodesic average treatment effect on the treated (GATT) for age-at-
death distributions of females (left) and males (right). The solid red curve represents the
age-at-death density at the starting point of the estimated GATT, while the dashed blue

curve represents the density at the ending point.

Alt text: The ending density is shifted towards younger ages relative to the starting
density in both panels, with a larger separation for males than for females.

prior to treatment. Although the parallel trends assumption is inherently counterfactual
and cannot be formally verified, the small magnitude of the estimated pre-treatment GATT

provides empirical support for its plausibility.
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Figure 5: Pre-treatment assessment of the parallel trends assumption using age-at-death
distributions from 1980-1984 and 1985-1989. The solid red curve represents the age-at-
death density at the starting point of the estimated GATT, while the dashed blue curve
represents the density at the ending point.
Alt text: The starting and ending pre-treatment GATT densities nearly overlap for
females and males, with only small differences near their peaks.
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6.2 Impact of U.S. electricity market liberalization on electricity
generation

We analyse U.S. electricity generation data, publicly available from the U.S. Energy In-
formation Administration’s website ( ).
This dataset provides annual electricity generation figures by energy source for each state
from 1990 to 2023. We consider the following three categories of energy sources: fos-
sil, combining “coal” and “petroleum”; nuclear; and renewables, combining “hydroelectric

¢

conventional”, “solar thermal and photovoltaic”, “geothermal”, “wind”, and “wood and
wood-derived fuels”. For each state and year, generation in these categories is normal-
ized by their combined generation to form a three-dimensional compositional vector. The
component-wise square root transformation as described in Example 6 then maps these
compositional outcomes onto the positive orthant of the sphere S C R*, which we endow
with the geodesic metric.

In the early 1990s, vertically integrated monopolies controlled approximately 92% of
U.S. electricity generation and consumption. Under the regulatory compact, these utilities
provided reliable access at cost-based prices, reflecting economies of scale in infrastructure
and network externalities in electricity distribution (Joskow, 1997). The 1992 National
Energy Policy Act promoted competition in generation, and Federal Energy Regulatory
Commission Order 888 in 1996 prevented utilities from favouring their own generators
through control of transmission infrastructure, thereby lowering barriers to entry for third-
party producers. States nevertheless retained authority over whether to adopt market

liberalization (Joskow, 1997). Between 1996 and 2000, 23 states adopted liberalization and

form the treated group; the remaining 27 states serve as controls (Table 2).
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Table 2: 23 treated and 27 control states

Arizona, Arkansas, California, Connecticut, Delaware, Illinois, Maine,
Maryland, Massachusetts, Montana, Nevada, New Hampshire, New Jersey,
New Mexico, New York, Ohio, Oklahoma, Oregon, Pennsylvania,

Rhode Island, Texas, Virginia, West Virginia

Treated states

Alabama, Alaska, Colorado, Florida, Georgia, Hawaii, Idaho, Indiana, Iowa,
Kansas, Kentucky, Louisiana, Michigan, Minnesota, Mississippi, Missouri,
Nebraska, North Carolina, North Dakota, South Carolina, South Dakota,
Tennessee, Utah, Vermont, Washington, Wisconsin, Wyoming

Control states

We assess the effect of electricity market liberalization on generation composition, us-
ing 1995 as the pre-treatment period and 2020 as the post-treatment period. The 25-year
interval allows time for gradual effects arising from investment, generation-fleet turnover,
and changes in fuel mix (Lee, 2020). Figures 6 and 7 show the sphere and ternary repre-
sentations. Treated states exhibit lower fossil generation and higher nuclear and renewable
generation after liberalization.

Because 1995 precedes adoption in every treated state and all treated states had adopted
by 2000, the 1995 and 2020 observations provide common pre- and post-treatment periods
across the treated group.

Using the geodesic DID model, we estimate the GATT for these compositional outcomes.
The estimate is visualized in the left panels of Figs. 6 and 7. The starting and ending
compositions of the estimated GATT are (0.432,0.195,0.373)" and (0.231,0.255,0.514)",
respectively. Relative to the transported counterfactual composition, the observed post-
liberalization composition has a 20.1 percentage-point lower fossil share, a 6.0 percentage-
point higher nuclear share, and a 14.1 percentage-point higher renewable share. The results
demonstrate a causal effect of electricity market liberalization on the composition of energy
sources for electricity generation. Specifically, renewable energy sources gained a larger

share following market liberalization, while the share of fossil fuels declined. These findings
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Figure 6: Compositions of energy sources for electricity generation for (a) treated and (b)
control states. Circles and diamonds represent compositions before and after the electricity
market liberalization, respectively. The two larger markers correspond to the starting and
ending points of the estimated GATT.

Alt text: Sphere plots compare 1995 circles with 2020 diamonds for treated and control
states. The larger treated-group markers show the estimated GATT shifting away from
fossil generation and towards renewables.

suggest that deregulation incentivized cleaner energy practices and supported a transition
toward more sustainable energy systems.

To examine the plausibility of the parallel trends assumption, we compare composi-
tional outcomes for the periods 1990 and 1995, with 1990 being the earliest available year
in the dataset. The estimated GATT between these two pre-treatment periods has start-
ing composition (0.694,0.181,0.125)" and ending composition (0.685,0.179,0.136)". The
relatively small magnitude of these changes suggests the absence of pronounced differential
pre-treatment trends and provides empirical support for the reasonableness of the parallel
trends assumption. The corresponding spherical distances are 0.216 post-treatment and

0.016 in the pre-treatment comparison, showing that the estimated post-treatment change

is substantially larger.
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Figure 7: Ternary plots illustrating compositions of energy sources for electricity generation
for treated (left) and control (right) states. Circles and diamonds represent compositions
before and after the electricity market liberalization, respectively. The two larger markers
correspond to the starting and ending points of the estimated GATT.

Alt text: Ternary plots compare fossil, nuclear, and renewable shares in 1995 and 2020.
The larger treated-group markers indicate lower fossil and higher renewable shares at the
end of the estimated GATT.

7 Concluding remarks

For outcome spaces or metrics beyond those considered here, Assumptions 3 and 4 must
be verified case by case. Consequently, the convergence guarantee in Theorem 2 does not
automatically extend to every metric on a given outcome class.

Several challenges remain. Inference for the causal estimand in standard DID has been
well-studied under the assumption of independent sampling and extended to allow for serial
correlation using clustering methods (Bertrand et al., 2004). However, these approaches
cannot be directly applied to non-Euclidean outcomes due to the lack of linear structure.
Further research will be needed to address these and related issues.

Relaxing the parallel trends assumption, which has been explored for Euclidean settings

(Abadie, 2005), is another promising future direction. In non-Euclidean spaces, parallel
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trends violations could be accommodated by extending the geodesic DID framework to
incorporate model-based adjustments or alternative causal assumptions. This extension
could enhance its applicability for scenarios where the parallel trends assumption does not
hold. An extension to metric spaces that do not support geodesics and may not be length

spaces is another theoretical challenge for future exploration.
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SUPPLEMENTARY MATERIAL

S.1 Extension to the staggered case

S.1.1 Staggered geodesic DID

The staggered case features multiple time periods and variations in treatment timing. The
theoretical results provided in this section can be seen as a natural extension of those in
Callaway and Sant’Anna (2021) for Euclidean data to the case of outcomes in uniquely
geodesic spaces. We introduce notation similar to that in Callaway and Sant’Anna (2021).
Let D;; be a binary variable equal to one if unit ¢ € {1,...,n} is treated in period ¢t €

{0,1,...,T} and equal to zero otherwise, where we require

Assumption S1 (Irreversibility of treatment). For any uniti = 1,...,n, (i) D;y = 0;

and (ii) if Diy—1 =1, then D;y =1 fort=1,...,T.

Assumption S1 means that every unit is untreated at time ¢ = 0 and that once a unit
becomes treated, the unit will remain treated in the following periods. This assumption is
commonly referred to as staggered treatment adoption.

Let GG; denote the time period when unit ¢ first becomes treated. If a unit does not
become treated in any time period, we set GG; = oo. For all units that are treated, Gj
indicates which group unit ¢ belongs to. Let G;, = 1{G; = g} indicate that unit i is first
treated in period g, and let C; = 1{G; = oo} = 1 — D, r indicate that unit ¢ is never

treated.
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For the observed outcome Y;; € M for each unit 7 at time ¢, we assume

Vi (0) if C; =1,
Yie =

)

Y;,t(g) if C; =0, Gi,g =1,

where Y;;(0) denotes unit i’s untreated potential outcome at time ¢ if the unit remains
untreated through time period T, i.e., if it is never treated across all available time periods,
and Y;;(g) denotes the potential outcome for unit ¢ at time ¢ if the unit were first treated
in time period g = 1,...,T. Assume that {(Yo,Yi1,....Yir, Dio,Di1,...,Dir)}7; is an
i.i.d. sample drawn from a joint distribution P, where a generic random variable distributed
according to P is (Yy,Y1,...,Yr, Do, D1,...,Dr), where Y; € M and D; € {0,1}, t =

0,...,T. We now define causal effects under staggered treatment adoption.

Definition S1 (Group-time GATT). The geodesic average treatment effect for units who

are members of a group g at a time period t is defined as the geodesic connecting Eg{Y;+(0) |

Gig = 1} and Eg{Yi(g9) | Gig = 1}, e, 7(9,8) = VBa(vi0(0)Gig=1},Be (Vi (9)Gig=1}- We

refer to 7(g,t) as the group-time GATT of a group g at a time period t.

S.1.2 Identification

In this subsection, we provide results for the identification of the group-time GATT 7(g, t).
Let G denote the support of {G;}1,. We set § = max;<;<, G; if G; < T for all i and g = oo

if G; = oo for some i. Define G = G\{g} € {1,2,...,T}. We require

Assumption S2 (Limited treatment anticipation). There is a known 6 > 0 such that
Ee{Yii(g) | Gig =1} = Ee{Yi1(0) | Gig = 1}

forallge G, t€{0,1,...., T} witht < g—29.
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Assumption S3 (Parallel trends based on a never-treated group). Let ¢ be as defined in

Assumption S2. For each g € G andt € {1,...,T} such thatt > g — 9,

Lo p(Ee{Yii-1(0) [ Gig = 1}) = Ea{Yit(0) | Gig = 1},

where o = Eg{Y;;-1(0) | C; = 1} and B = Ep{Y;:(0) | C; = 1}.

Assumption S4 (Parallel trends based on a not-yet-treated group). Let 6 be as defined
in Assumption S2. For each g € G and each (s,t) € {1,...,T} x {1,...,T} such that

t>g—90andt+06<s<g,

Pop(Ee{Yii1(0) [ Gig = 1}) = Ea{Yit(0) | Giy = 1},

where & = Eg{Y;;_1(0) | D; s =0,G;, =0} and 8 = Eg{Y;:(0) | D; s =0,G;, = 0}.

Assumption S2 restricts anticipation of the treatment for all treated groups. When
0 = 0, it corresponds to a “no-anticipation” assumption. Assumptions S3 and S4 restrict
the evolution of untreated potential outcomes and are generalizations of the parallel trends
assumption (Assumption 2 in the main paper). Assumption S3 means that the average
outcomes for the group first treated in period g and for the never-treated group have
parallel paths in the absence of treatment. Assumption S4 imposes parallel trends between
group ¢ and not-yet-treated groups by time ¢+ 9. For further discussion of Assumptions S3
and S4 for the Euclidean special case, we refer to Callaway and Sant’Anna (2021).

For a generic § > 0, define Gs = GN{1+9,249,...,T+6}. As we will see in Theorem S1,
we can identify the group-time GATT 7(g,t). Figure S1 illustrates the identification of the

group-time GATT using geodesic transport maps.

Theorem S1. Suppose that Assumption 1 in the main paper and Assumptions S1 and S2

hold.
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Eg(Y,:(9]Gig = 1)
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9-6-1 Vi1 Ve

Vg-6-1

Figure S1: Illustration of staggered geodesic DID. The blue solid circles symbolize objects
in the uniquely geodesic space M. The arrows emanating from the circles represent the
geodesic paths connecting them. The red arrows represent the geodesic transport from
v to wy and the proposed group-time GATT. Here, w;, = Eg{Y;s(0) | G;, = 1}. Under
Assumption 53, we set v, = Eg{Y;s(0) | C; = 1}. Under Assumption 5S4, we set v, =
Eo{Yis(0) | Digss = 0,Giy = 0},

Alt text: Diagram in M showing the paths from v,_s_; through v,_; to v, transport of
the increment from v;_1-v; to wy_1—w;, and the group-time GATT from w; to

Eg{Yii(g) | Gig = 1}.

(i) If Assumption S3 holds, then for all g and t such that g € G5, t € {1,...,T — §},

andt > g — 36, 7(9,t) = V3, Ea{vi|Gs =1}, Where By is defined recursively as
EglYigs-11Giy=1} s=g—0—1,

UpovijCi=1).Bo(vidoi=1} (Bs—1) s=g—4,... L.
(ii) If Assumption Sj holds, then for all g and t such that g € Gs, t € {1,...,T — 6}, and

g—0=<t<g—296,7(9,t) = V8, Be{ViGi =1}, Where By is defined recursively as

B E@{Y*i,ngfl ‘ Gi,g = 1} S§=4g— 0 — L,

FV571,1/3(/35—1) s=g—20,...,t,

with vs = Eq{Y;s | Dit1s =0, Gig = 0}.

The identification results in Theorem S1 become more concise if we additionally assume

the following condition:
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Assumption S5. For any o, 5,(,w € M with o # 3,

(Lepolac)w) =T¢p(lacw)) =Tapw).

Assumption S5 imposes a consistency condition on the geodesic transport map, ensuring
that transporting via an intermediate point ( is equivalent to direct transport from « to
[£. This path-independence simplifies the analysis of geodesic operations within the DID
framework. The assumption naturally holds in spaces such as Euclidean spaces, Hilbert

spaces, the Wasserstein space, the space of networks, and the space of SPD matrices.

Corollary S1. Suppose that Assumption 1 in the main paper and Assumptions S1, S2,
and S5 hold.
(i) If Assumption S3 holds, then for all g and t such that g € G5, t € {1,...,T — §},

andt > g —9,
T(g,t) = OVEa{Yiy—5-1|Ci=1},Ea{Yi,|Ci=1} D VEa{Yi g—5-11Gi,g=1},Ea{Yi|Gig=1}-
(i) If Assumption S4 holds, then for all g and t such that g € Gs, t € {1,...,T — 0}, and

g—0<t<g—y,

7(9,t) = OVEa{(Yig—s-11D1.045=0,Gi.g=0},Ee (Yi.t|Di.r45=0,Gi.g=0} D VEa{Yig_s-1/Cia=1},Ea {Yis|Gig=1}-

S.1.3 Estimation

In this subsection, we discuss the estimation of the group-time GATT 7(g,t) under the
parallel trends assumption for either a never-treated group (Assumption S3) or a not-
yet-treated group (Assumption S4). The asymptotic properties of the estimators are not
elaborated here, but can be established along the lines of Theorem 2 in the main paper. We

first consider the estimation of 7(g,¢) under Assumption S3. In this case, we can estimate
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7(g,t) as 7(g,t) = v3,,,, Where

. 31,9—5—1 s=g—0-—1,
ﬁs =

Fﬁo,s—lﬁo,s (68—1) §=g— 5, . ,t,

ﬁO,s = arg min Z Ci & Y; s w y Mnev = Z Cm

weM  Npey i—1

ﬁlgs:argmm—g GlngYZs,w ng = g Gig.

weM Ty i—1
If Assumption S5 additionally holds, then the estimator has the simpler form 7(g,t) =
67170,975711170,1& S5 V1,961,014
Next, we consider the estimation of 7(g,¢) under Assumption S4. In this case, we can
estimate 7(g,1) as 7(g,t) = 73, ;,, Where
. ﬁl,g—&—l 329_5_17
Bs =
Fﬂ0,$71700,s (58*1) §=9g— 67 cesty

n

1
Uy s = argmin — Z(l — Disis)(1 = Giy) @(Yis,w),
weM Ty i1
Npy = Z(l - Di,t+5)(1 - Gi,g)v

=1

= argmln—Zngd2 Yis,w).

weM TNy i—1

If Assumption S5 additionally holds, then again the estimator has the simpler form 7(g,t) =

@790,9—5—17ﬁo,t D Vir,g—s-1,01,e "

S.2 Phylogenetic trees and BHYV tree space

Phylogenetic trees are important data objects in evolutionary biology and phylogenomics,

representing ancestral relationships among a fixed set of labelled taxa (Kapli et al., 2020).
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Modern genomic studies often produce collections of trees, and the statistical analysis of
such samples requires a geometric framework for tree-valued data (Barden et al., 2013; Nye
et al., 2017).

We fix a leaf set as {0, 1,...,n}. The Billera-Holmes—Vogtmann (BHV) tree space T,
(Billera et al., 2001) consists of all unrooted phylogenetic trees with these labelled leaves
and nonnegative edge lengths. Each tree is characterized by a combinatorial topology
together with branch lengths assigned to its edges. A convenient representation of 7, is
obtained by embedding trees into RY, where N = 2" — 1 equals the number of possible
splits (bipartitions) of the leaf set. FEach coordinate corresponds to a split, and a tree is
represented by a vector whose coordinate equals the length of the corresponding edge if
that split is present in the tree, and zero otherwise. Not all nonnegative vectors in RY
correspond to trees, since incompatible splits cannot occur simultaneously.

Trees sharing the same topology correspond to points in a common Euclidean orthant. If
a topology contains d splits, the corresponding set of trees forms a d-dimensional Euclidean
orthant Rﬁlr. Binary trees, in which all interior vertices have degree three, correspond to
top-dimensional orthants, while unresolved trees lie on lower-dimensional faces. Distinct
orthants meet along shared faces corresponding to trees with fewer splits, and transitions
between orthants correspond combinatorially to nearest-neighbour interchange moves.

The BHV metric is defined as the intrinsic length metric induced by this orthant struc-
ture. If two trees lie in the same orthant (i.e., share the same topology), their distance is
the Euclidean distance between their coordinate vectors. If they have different topologies,
the distance is defined as the length of the shortest path within 7,,, where paths are piece-
wise Euclidean and may pass through lower-dimensional faces. Such shortest paths are

geodesics. An efficient polynomial-time algorithm for computing these geodesic distances
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was developed by Owen and Provan (2011). A basic geometric property of 7, is that it
is globally non-positively curved and is a CAT(0) space (Billera et al., 2001). As a conse-
quence, between any two trees there exists a unique geodesic, and metric projections onto
closed convex subsets are well defined. In particular, Fréchet means of tree-valued data are
uniquely defined.

Consider the BHV tree space T3 consisting of unrooted phylogenetic trees with four
labelled leaves and nonnegative edge lengths. In this case, there are three possible binary
tree topologies, each corresponding to a distinct interior edge (split). Each topology forms
a one-dimensional Euclidean orthant R, parameterized by the length of the interior edge.
These three rays meet at a common origin corresponding to the unresolved star tree. Thus,
T3 is isometric to a 3-spider space, that is, the union of three half-lines joined at a single
point. The metric is the intrinsic length metric: if two trees lie on the same ray, their
distance is the absolute difference of their edge lengths; if they lie on different rays, the
geodesic passes through the origin and the distance equals the sum of their edge lengths;
see also Zhu and Miiller (2026).

Because T; is a one-dimensional CAT(0) space, between any two trees there exists a
unique geodesic. Moreover, geodesics admit unique extension along each ray. Let T}, T, €
T3 and denote by v the signed displacement along the ray determined by the geodesic from
Ty to T5. For any third tree T3, we define the geodesic transport map by moving 73 along
its ray by the same signed displacement v, with the convention that if the displacement
crosses the origin, the path continues along the appropriate outgoing ray. Formally, if ¢(7T")
denotes the signed coordinate of 7' relative to the origin along its ray, then 'y, 7, (75) is
the unique tree satisfying ¢(I'r, 1,(73)) = €(T3) + (¢(12) — ¢(T7)), where the sign convention

accounts for transitions through the origin. This construction ensures that I'r, 1,(77) = T3
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and that the geodesic connecting 73 and 'y 7, (73) is obtained by translating the geodesic
from T} to T, along the one-dimensional structure of the space. Therefore, Assumption 1

in the main paper is satisfied in 73.

S.3 (eodesic transport maps

S.3.1 Functional data (Example 1)

This section provides explicit constructions of geodesic transport maps I'y g for the six
examples in Section 2 of the main paper. Throughout, I', g(w) = ¢ means that ~, ¢ is
obtained by transporting 7,5 to start at w. Let M = L?*(T) with metric dz:(f,g) =

|f — gllz2. For any a, 8,w € L*(T), define
Fapw) =w+(8—a).

Then I'y g(a) = B, and the geodesic from w to ( = I'y g(w) i Yu,c(t) = (1 —t)w +t¢, which

is the translation of the segment 7, 5(¢) = (1 — t)a + tf.

S.3.2 Univariate probability distributions (Example 2)

Let a and [ be Borel probability measures on R with finite second moments. In one
dimension, the optimal transport map from o to 8 is the monotone rearrangement 7, 3 =
Fy Yo F,, satisfying (T, )4 = (. For any w, define the transport map by pushforward

through the same optimal transport map,

Lop(w) = (Tap)pw-

Equivalently, for ( = I', s(w), the quantile function satisfies Fo 1= Fy Yo F,oF;'. The
resulting geodesic u¢(t) = ((1 —t)id + ¢T5, 5), w is the displacement interpolation deter-

mined by T, 3, mirroring the geodesic between « and /3.
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S.3.3 Multivariate probability distributions (Example 3)

2-Wasserstein metric. Let o, 8 € Po(RY). When « is absolutely continuous, there exists
an optimal transport map (Monge map) 7, 3 pushing a to S (Brenier’s theorem), i.e.,

(Tw.g)wc = f3; see, e.g., Villani (2009). In this case, for any w € Pa(RY) we define

Log (w) = (Ta,ﬁ)#w'

Then I'y s(a) = B, and the geodesic from w to ( = I', g(w) is given by displacement
interpolation 7,,¢(t) = ((1 —¢)id + ¢T5 6) , w based on the same optimal transport map. If
an optimal map does not exist (e.g., when « is not absolutely continuous), one may work
with an optimal coupling instead; however, Assumption 1 in the main paper is stated at the
map level and in this example is satisfied under standard conditions guaranteeing existence

of Ta,ﬁ-

Fisher—Rao metric. Let fi, f> be densities on R? and write g; = /f; so that ||g;||z> = 1.

The Fisher-Rao distance is the spherical distance on the positive orthant of the Hilbert

sphere S = {g € H : ||gllzz = 1,9 > 0}, drr(fi1, fo) = arccos({g1,92)). Let 6 =

arccos((gi, g2)). Then the Riemannian logarithm map at g; is given by

g2 — (91, 92)91
=0 eT,S.,
Hg2 - <91,92>91H e

Log,, (92)

where T, S+ = {v € H : (v,g1) = 0}. For any g € Sy, let P,,_,, denote parallel transport
along the unique minimizing great-circle geodesic from ¢g; to g. On the Hilbert sphere,

parallel transport admits the explicit formula

Pyiog(v) =0 v.9) ) (91 +9)-

1+ (g9

Define the geodesic transport map by the log—parallel-exp construction:

Tpn(f)=¢  V/(=Exp, (Py_, (Log, (32)))

45



where g = +/f and the exponential map on the Hilbert sphere is

Exp, (€) = cos([l€]}) g + sin((|]] ”g—H EET,S,, €40,

with Exp,(0) = g.

S.3.4 Networks (Example 4)

Let £ be the set of graph Laplacians equipped with the Frobenius metric dg(Lq, Ly) =

I|IL1 — La||p. For any «, f,w € L, define

Copw) =w+ (8 —a).

Then I'y g(a) =  and the transported geodesic is Y, r, 5w)(t) = (1 = t)w + Ty p(w).

S.3.5 Symmetric positive-definite matrices (Example 5)

Frobenius metric. Under dr(A, B) = ||[A — B||, define for any «, 8,w € Sym.'

Fopw)=w+ (8 —a).
This yields I'y s(«) = 8 and transports linear geodesics by translation.

Log-Euclidean metric. Under dig(A,B) = |log A — log B||r, the map A +— log A

identifies Sym, with the Euclidean space of symmetric matrices. Define

Iy p(w) =exp (logw + (log 8 —loga)) .

Then T'y 3(a) = B3, and the corresponding transported geodesic satisfies log v, r, 5w)(t) =

(1 —t)logw +tlogT'y s(w).

Affine-invariant metric. Under the affine-invariant Riemannian distance da;(A, B) =

| log(A=Y2BA~'/?)||p, the Riemannian logarithm and exponential maps are given by
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Log.(B) = AY2log(A™Y2BA=Y/2)AY2 and Exp,(V) = AY2exp(A~Y2V A7) A2 see,
e.g., Pennec et al. (2006). Let v = Log,(8) € T,Sym, . Denote by P, .., the parallel
transport operator from T,Sym?* to T,,Sym along the affine-invariant geodesic connecting

a and w; an explicit expression is available under this metric (Pennec et al., 2006). Define

Iap(w) = Exp, (Pasw(v)).

Then I'y, g() = S, and the transported endpoint is obtained by moving from w along the

direction given by the parallel-transported initial velocity of the geodesic from « to f.
Power metric. For r € R\ {0}, the power metric is defined by A — A", with d,(A, B) =
||A" — B"||p. The geodesic transport map is

Tap(W)={W"+ (B"— A")}V",
where matrix powers are defined spectrally. Transport corresponds to translation in the
transformed domain.

Log-Cholesky metric. Under the Log-Cholesky metric (Lin, 2019), each SPD matrix
admits a unique Cholesky factorization A = LL™ with positive diagonal entries. Writing

| L| for the strictly lower triangular part of L and D(L) for its diagonal part, the metric is
de, (Lis La) = (L1 = Lo [[3 + [l log D(L1) — log D(La) 7).
Define the coordinate map
®(A) = (|L],logD(L)), A=LL".

This representation identifies Sym? with a Euclidean space in the coordinates ®(A). The

geodesic transport map is then given by
Lop(w) =07 (2(w) + (8) — @(a)),

which corresponds to translation in Log-Cholesky coordinates.

47



S.3.6 Compositional data (Example 6)

Under the square-root representation, compositional data are mapped to Sj‘f’l with spher-
ical distance dg(z1,22) = arccos(zf2z;). For a,B,w € ST let § = arccos(a™3). The

Riemannian log map at « is given by

p—(a"p)a

- Tan_l.
15— (@ B)a] < "=

Log,(B) =0

The parallel transport of v = Log,(f) from Tanl to TwSﬁlfl along the unique minimizing

geodesic from a to w is
viw
/l} _———
1+ aTw

Pasw(v) = (a+w).

Finally, define the geodesic transport map by the log—parallel-exp construction

Faﬂ(w) = EXpw (,POé—WJ(’U)) )

where the exponential map on the unit sphere is

Exp,,(€) = cos([¢])w + sin([€]) Hg—H TS €40,

and Exp,,(0) = w.

S.4 Verification of model assumptions

Throughout this section, numbered examples and assumptions refer to the main paper.
Let By, (T) denote the Besov space equipped with the norm || - |[gs, . We refer to
Section 2.7.2 of van der Vaart and Wellner (2023) for the definition of the Besov space

By (T).

Proposition S1. The functional data space (L*(T),dy2) defined in Ezample 1 of the main
paper satisfies Assumptions 3 and 4 of the main paper. If, in addition, Yy € L*(T)
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belongs to By (T), where 1 < p,q < oo, 1/a <2, and E{||Yi||ss, | Di = d} < oo, then

Assumption 5 of the main paper holds.

Proof. Recall that L?(T) is a Hilbert space with metric dy2(f, g) = ||f —¢g||z2. The geodesic

transport map is given by translation,

Foplw)=w+ (8 —a), a, B,w € L*(T).

Verification of Assumption 3. For any «, 3,w,( € L*(T),

d2(Fap(w), Tap(Q)) = [[(w+ 6 —a) = ((+ 5 = a)llr2 = [lw = (]l = dp2(w, (),

so Assumption 3 holds with C = 1.

Verification of Assumption 4. For any oy, ay, 31, fo,w € L*(T),

dr2(Lay gy (W), Lag g, (W) = [(w =+ 1 — 1) — (W + B2 — az)|r2 = [|(B1 — B2) — (1 — )| 2

By the triangle inequality,

(81— B2) — (1 — a2)|z2 < |81 — Ballrz + |Jou — sl 2 = dr2(B1, B2) + drz(aq, o),

and therefore Assumption 4 holds with Cy = 1.

Verification of Assumption 5. We verify (i)—(iii) for F(w) = E{||Y; —w|3. | D = d}.
Since L*(T) is a Hilbert space, its unique minimizer is vy, = FE(Y; | D = d), provided
E(||Y¢|l7: | D = d) < co. The empirical Fréchet mean is the corresponding sample mean,
which exists and is unique almost surely. This establishes (i).

Let By ,(T)s denote the 0-ball in B5 (7' centred at vy;. Since By, (T) is a Banach space
and |E(Y: | Dy = d)||ss, < E{||Yisllss, | Di = d} < oo, the conditional Bochner integral

satisfies vq, € BS,(T). For (i), the set Bj(va:) = Bs(vay) N BS,(T)s can be covered by
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L2-balls of radius de, with log N{d¢, B}(va;),dr2} < eV for e € (0, 1]; see Theorem 2.7.4

of van der Vaart and Wellner (2023). Consequently,

1
/ \/1 +log N{ée, B§(vas),dr2 } de < oo,
0

verifying (ii).

For (iii), write h = w — 4. Expanding the squared norm and using E(Y; —vg: | D =

E{|IY; = wli> | D =d} — E{|IY: = vasll12 | D = d} = |[A 72 = di2(vas, w),
so (iii) holds with x = 2 and C' =1 (and any n > 0). Therefore, Assumption 5 holds. [

Proposition S2. Consider the space (Py(R), dyy) of absolutely continuous probability mea-
sures with finite second moments on a closed interval I C R. Write the density of u as
fu- If constants 0 < 1 < L < oo satisfy | < f,(x) < L for all i € Po(R) and x € I, then
(P2(R), dyy) satisfies Assumptions 3 and 4. Moreover, if Uqy and vy, are the sample and

population Fréchet means for group d € {0,1} and time t € {0, 1}, then
dW(ﬁd,ta Vd,t) = Op(n*1/2).

Proof. Since | < f,(x) < L for all p € P(R) and = € I, the cumulative distribution
function F, and its inverse, the quantile function £ 1 are both Lipschitz continuous with

constants L and 1/[, respectively.

Verification of Assumption 3. Let Fi, F5, G, H denote the distribution functions of

a, B,w, ¢, respectively. We need to show that
1 1/2
{/ {F2_1 oFjo G_l(p) — F2_1 oFjo H_l(p)}2 dp}
0

<G UOI ¢\ - H'\(p)}* dp} 1/2.
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Using the Lipschitz continuity of F; ' and F, we have:
/ {Fy'oFLoG ' (p)— Fy o Fyo H ' (p)}” dp
<p [{Fea 0 - FoH )
<2 [0 - 1wy

Thus, Assumption 3 holds with Cy = L/I.

Verification of Assumption 4. Let F}, F5 be the distribution functions of aq, 1, let
G'1, G5 be those of as, B9, and let H be that of w; write g; and h for the densities associated

with G; and H. We need to show that

1 1/2
[/ {Fylo Fio HY(p) — Gyl o Gio H (p)} dp}
0

< Cy ([/01 [F Y p) - Gri(p)} dp} " + Ml (E5(p) - Gyl (p)} dp] UQ) -

Using a change of variables p = H(x), the left-hand side becomes

Uol {Fylo o H Y (p) — Gyl o Grio H Y (p)} dp:| 1/2
— |:/I{F210F1(x) o Gy()} h(x T/z.

Since h(x) < L, we have
1/2
[/ {F2_1 o Fi(z) — Gyl oGy(x } h(x }
I

<VL UI (Fy'o Fy(z) — Gyl o Gy(2)} dx} " .

Using the triangle inequality

|Fy o Fi(z) — Gyt o Gy(w)]

< |F2_1 o Fi(x)—Fy,to Gl(x)’ + |F2_1 oGi(x) —Gyto Gl(x)’ )
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Squaring both sides and integrating, we obtain
/{F2_1 o Fi(z) —Gylo Gl(x)}2 dz
I
< 2/{F21 oFi(z)—Fy;'o Gl(yc)}2 dz
I
+ 2/{F2_1 o Gy(z) — Gyt o Gl(x)}2 dz.
I
Taking the square root of both sides, we find
1/2
{/ {Fy'oFi(z)—Gy'o Gl(x)}2 dx]
I
1/2
<V2 U {Fy'oF(z)—F,'o Gl(as)}2 da:]
I
1/2
+\/§[/{FQ_1OG1(x)—G;loGl(x)}Z dx] .
I

For the first term, the Lipschitz continuity of F, ' ensures that

_ 1
FyloFi(z) — FyloGi(z)| < 7 1F1(@) = Gi(@)]
which implies:
/{F;l o Fy(z) — Fy' o Gh(a))? do < ~ /{F1 ()} da.
I
Changing variables with p = G;(x), we rewrite
/{F1(x) — G1($)}2 dr = /1 {F1 o G1(p) —p}2 L dp
I 0 ' g10G7H(p)
Since g1(x) > 1, it follows that:
1
/0 {FloGl_l(p)—p} " oG dp< / {Fi oG p} dp.

Using p = F} o Fy '(p) and the Lipschitz continuity of | (constant L):

/ {Fi0GTY( p} dp = / {Fi0GTY( FloFfl(p)}2 dp
< I? / (F7() - G )} dp.
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Combining terms, we conclude

JiE e R - B oG dr< T [ {0 -6 ) ap

For the second term, changing variables with p = G1(z), we have

/I{F{1 o Gi(x) — Gyt o Gy(x)} du = i {F5(p) — Gy (p)}” dGT(p)
' 1
910G1'(p)

<7 ) AB'®-G'P) .

dp

Combining the bounds for the first and second terms, we obtain

UI [Fylo Fy(z) — Gyl o Gy(x))? dx] v \/21:1; [ /0 () G ) dp] 2

+ \/? Vol {F'p) - G5 ()} dp} 1/2-

Finally, for the full expression, we have

1 1/2
U {F;1 oFloH 'p)—Gy' oG o H*l(p)}2 dp}
0

<L M (Fy o Fi(z) — Gyl o Gy(a)) da:} v

< \/? [/01 {Fr(p) - G (p)}” dp} "
- \/? UOI {F7 ) - Go' ()} dp] 1/2-

Thus, Assumption 4 is satisfied with Cy = (2L3/13)1/2.

Rate of convergence. Note that in one dimension the Wasserstein metric admits the

quantile representation

1/2

ot = [ [ 150~

Hence the space of quantile functions can be viewed as a closed convex subset of the Hilbert

space L?[0,1], and the sample Fréchet mean under dyy, is the projection of the corresponding
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empirical mean in L?[0, 1] onto this subset. Since projection is non-expansive, the intrinsic

estimator inherits the parametric rate of the extrinsic Hilbert-space estimator. Therefore
dw (P, var) = Op(n~'12).
O

Proposition S3. For the multivariate distribution spaces in Example 3, Assumptions 35
are verified under the metric-specific settings stated below. In particular, the 2- Wasserstein
result is restricted to the Gaussian class Gay.1m-

First, consider the Fisher-Rao metric on the space P2(RY) of absolutely continuous
probability measures on R? with densities f. Then (Py(R?), drg) satisfies Assumptions 3
and 4 with the Fisher—Rao transport map defined via the log—parallel-exp construction in
the square-root representation. If, in addition, f belongs to the Besov space qu(?(), where
X C R is a bounded Lipschitz domain, 1 < p,q < oo, d/a < 2, and E{|[Yisllss, | Di =
d} < oo, then Assumption 5 holds.

Second, consider the 2-Wasserstein metric restricted to the Gaussian class

for fized constants 0 < | < L < oo and M > 0. Then (Gqyrm,dw) satisfies Assump-
tions 3-5 with the geodesic transport map 'y g(w) = (Tn5)pw, where T, 5 is the optimal
transport map between Gaussian measures. For this class, the covariance component of the

2-Wasserstein geometry is the Bures—Wasserstein geometry.

Proof. Fisher—Rao metric:

Write g = +/f and consider the positive orthant of the Hilbert sphere

Si={g9eH:|gll-=1, g >0},
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equipped with spherical distance dg(g,h) = arccos(g,h). For fi, fo» € Po(R?) with g; =

V'fi € 8., the Fisher-Rao distance satisfies

drr(fi1, f2) = arccos(g1, g2)-

For a, B,w € 8., define

Lap(w) = Exp, (Pasw(Log,(5))) ,

where Log and Exp are the Riemannian logarithm and exponential maps on the Hilbert
sphere and P,_,,, is parallel transport along the unique minimizing great-circle geodesic

from o to w. The Fisher-Rao transport map on densities is given by

thfz(f) =(, \/Z: F91,92(\/?)'

Verification of Assumption 3. Fix fi, fo and write g; = v/fi. Let v = Log,, (g2). Since

g1, 92 € S+, we have (g1, g2) > 0 and hence

[o]] = arccos(gs, g2) <

ro | 3

For any f,h € Py(RY), write g = /f and k = Vh and set
o = Pgiog(v) € T,S4, &k = Pg—i(v) € Ti Sy

Parallel transport is an isometry, so ||| = ||&|| = [|v]| < /2.
On the Hilbert sphere, the exponential map Exp,(-) is smooth and its differential sat-

isfies the standard bound

el
| dExp, (€) lop < ma (1, W) |

Since [|]] < 7/2, we obtain the uniform bound ||dExp,(§)|lep < 7/2.
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Moreover, the map g — Py _4(v) is smooth on S; (using the explicit formula for
parallel transport) and S, is contained in a hemisphere. Hence, by compactness, there

exists a constant L > 0 such that

1€g — &kl < Lds(g, k).

Combining the mean value theorem on manifolds with the above uniform bound on dExp,

we obtain
ds (Tg1.05(9); U100 (K)) < Crds(g, k)

for some constant C'; > 0 independent of ¢, go. Translating back to densities yields

drr (Up 5 (f), L (h)) < Crdpr(f, h),
verifying Assumption 3.

Verification of Assumption 4. Fix f € Py(RY) and write ¢ = /f. Consider two

endpoint pairs (f11, fo.1) and (f12, fo2), and set gop = v/ fap. Let
Vj = Loggl,j (927j)7 gj = Pg17j—>g(vj)7 F](.g) = Eng(gj)’ .] = ]-72

As above, ||| = [lv;]| < 7/2. Since dExp, is uniformly bounded on {§ : [|{]| < 7/2}, there

exists C' > 0 such that
ds (T'1(g), T2(g)) < C||&1 — &f|-
Decompose

fl - 52 = Pg1,1—>g(vl - U2) + (P91,1—>9 - Pgl,2—>g) (02)'

Parallel transport is an isometry, so [Py, ,¢(v1 — v2)|| = [[v1 — v2|. The logarithm map
(a,b) — Log,(b) is smooth on S; x Sy (since (a,b) > 0 rules out antipodal configurations),

hence uniformly Lipschitz on this compact set; thus

o1 — ve|| < C{ds(91,1,912) + ds(g2.1,922) }
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Likewise, (a, g) — Pasy is smooth on Sy xSy (using the explicit parallel transport formula)

and therefore uniformly Lipschitz in a; since ||ve|| < 7/2,

H (Pgl,l—m - Pgl,2—>9) (v2)] < CdS(gl,lvgl,Q)-

Combining these bounds gives

ds (F91,17g2,1 (9)7 F91,2,92,2 (g)) < CQ{dS(Ql,la 9172) + dS(QQ,la 9272)}

for some Cy > 0. Translating back to densities yields Assumption 4.

Verification of Assumption 5. The space (S;,drg) is a closed, bounded subset of
the Hilbert sphere with geodesic distance restricted to a hemisphere, so standard results
for Fréchet means on manifolds apply to give existence and uniqueness of population and
empirical Fréchet means, and the local quadratic growth property; see Proposition 3 of
Petersen and Miiller (2019). The entropy condition can be verified by applying almost
the same argument in the proof of Proposition S1 (see also Theorem 2.7.4 of van der
Vaart and Wellner (2023) for an entropy bound of the Besov space By (X)). In particular,

Assumption 5 holds with k = 2.

2-Wasserstein metric on G, 1 a:
Let o = N(mag, Xa) and = N (mg, X5) in Gy - The 2-Wasserstein distance between

Gaussians admits the closed form
dy(a, B) = [[ma — mg|)? + tr(Sa) + tr(35) — 2tr((8*La 24 %)),
and the optimal transport map is affine,
Top(x) = mp + Aap(x —ma),

where Ay 5 = Sa /(S 255581252,
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Verification of Assumption 3. Since II; < ¥,, X3 < LIy, one has ||[Aysllop < v/L/L.
For w, ¢ € Gayr.m and any coupling 7 € II(w, (), (T X Thp)xm is a coupling of (T, 5) 2w

and (T, p)#C, and since T, g(x) — T, s(y) = Aap(z — y), it follows that

dw(La,s(w); Tap(C) < [|Aass

|0p dW (wa C)a
verifying Assumption 3 with C; = /L/l.

Verification of Assumption 4. For Assumption 4, fix w = N(m,, X,) and consider
two endpoint pairs (a4, 5;), i = 1,2, with associated matrices A; and images Iy, 5,(w) =

N(m;, %;). Using the bound
dyy (N (ma, 51), N (me, 5s)) < [[my — ma||* + (|51 — ol
together with uniform mean bounds and ||4;||op < /L/l, one obtains
[0 = s || < C{lImay = 1, || + M, = mg,[| + | AL — Asllop}

and

121 — Sallp < C|l A1 — Aslop.

On the compact spectral set {II; < ¥ =< LI}, the maps ¥ +— X2 and ¥ — X~1/2
are Lipschitz in operator norm, hence (X,,%3) — A, is Lipschitz, so |41 — Asllop <
C{l|1Za; —ZaullFr+1Xs —Xs,||r}. Since on the finite-dimensional compact parameter set the
Wasserstein metric is locally equivalent to the Euclidean metric in (m, X), all covariance and

mean differences are controlled by dyy(ay, an) and dyy(B1, B2), which yields Assumption 4.

Verification of Assumption 5. For Assumption 5, the parameter space {(m, %) : ||m|| <
M, 1I; 2 ¥ = Ll;} is compact and finite-dimensional, the Fréchet function is continuous
and therefore attains its minimum, and since d3,, is smooth in (m, ¥) and locally equivalent

to a squared Euclidean norm on this set, the local quadratic growth condition holds with
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x = 2 and the covering number condition follows from finite-dimensional compactness,

verifying Assumption 5. O

Proposition S4. The network space (L,dr) defined in Ezample 4 satisfies Assump-

tions 3, 4, and 5.

Proof. In the network space equipped with the Frobenius metric, the geodesic is a line
segment connecting the starting and ending points. This linear structure ensures that the
geodesic transport map preserves distances exactly. Consequently, Assumptions 3 and 4
are satisfied with constants C; = Cy = 1. Following the argument in Theorem 2 of Zhou
and Miiller (2022), one can verify that Assumption 5 holds with C' = 1,k = 2, and 7

arbitrary. n

Proposition S5. The space of symmetric positive-definite matrices Sym?. defined in Ez-
ample 5 satisfies Assumptions 3, 4, and 5 under each of the following metrics: the Frobenius
metric dp, the Log-Fuclidean metric dpg, the affine-invariant metric d 4y, the power metric,

and the Log-Cholesky metric.

Proof. We verify the assumptions metric by metric. For the Frobenius, Log-Euclidean,
power, and Log-Cholesky metrics, the corresponding geometries become linear after an
appropriate global transformation; consequently, geodesics reduce to line segments in the
transformed coordinates and the induced geodesic transport maps are translations. This
implies that the transport maps preserve distances exactly and vary Lipschitzly in their
endpoints, so Assumptions 3 and 4 hold with C; = Cy = 1 for these metrics. Moreover, the
arguments for existence and uniqueness of Fréchet means and the local quadratic growth
condition in Assumption 5 follow from standard Hilbert-space calculations for squared-

distance loss. In particular, Assumption 5 holds with C'= 1, k = 2, and n arbitrary.
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It remains to consider the affine-invariant metric da;(A, B) = | log(A~Y2BA=Y2?)||p,
under which Sym is a complete Riemannian manifold with unique geodesics. Let Log ,(B)
and Exp,(V) denote the Riemannian logarithm and exponential maps, and let P4,
denote parallel transport along the unique affine-invariant geodesic from A to w. The
geodesic transport map can be defined by I'4 p(w) = Exp {Paw(Log,(B))}. Since the
affine-invariant metric is invariant under congruence transformations and geodesics depend
smoothly on endpoints, the map I'4 p is an isometry in its argument w and is Lipschitz
in (A, B) on bounded subsets of Sym,"  which verifies Assumptions 3 and 4 with finite
constants C1, Cy. Finally, existence and uniqueness of Fréchet means, the covering number
condition, and the local quadratic growth condition in Assumption 5 follow from standard

results for Fréchet means on non-positively curved Riemannian manifolds under dy;; in

particular, Assumption 5 holds with x = 2. O

Proposition S6. The space of compositional data (Sjir_l, ds) defined in Example 6 satisfies

Assumptions 3, 4, and 5.

Proof. Recall that under the square-root representation, compositional data lie in the pos-

itive orthant of the unit sphere Si’l equipped with the intrinsic spherical distance
ds(z1, z9) = arccos(z; z9).

For o, B,w € Sjir_l, the geodesic transport map is defined via the log—parallel-exp construc-
tion

Lo p(w) = Exp,, (Pasw (Log,(8))) ,

where Log, and Exp,, are the Riemannian logarithmic and exponential maps on the sphere

and P,_,. denotes parallel transport along the unique minimizing geodesic from a to w.
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Verification of Assumption 3. Since o, 3 € Sﬁ‘l, we have o™ > 0 and therefore

ds(a, B) = arccos(a’§) <

b | 3

Let v = Log, (8) so that ||v]| = ds(«, 8) < 7/2. By construction,

Fa,ﬁ(w) = EXpw(gw), §w = a%w(v) € Twsiil.

Parallel transport is an isometry, hence ||&,]| = ||v|| < 7/2 for all w. On the unit sphere,

the differential of the exponential map at ¢ € T,,5%! satisfies the operator norm bound

€]l
|dExp,,(§) ]| < max <1’ sin ||£||) '

Since ||¢]| < 7/2, this implies ||dExp,,(€)| < 7/2 uniformly over all w € ST and all ¢ with

€]| < 7/2. Moreover, the map w + &, is an isometry in the sense that for any w, ¢ € 8¢,

1€ = &cll = [1Pamses (v) = Pasc(v) || < Cds(w, ),

for some universal constant C' > 0 (since (w, 1) = Pa_w(n) is smooth on ST x {n : ||n|| <
7/2} and this set is compact). Combining these bounds and the mean value theorem on

manifolds yields that there exists a constant C'; > 0 such that for all w,( € Si_l,

ds(ra,ﬁ (w)> Fa,,B(C)) < C11 dS’ (Cd, C)a
verifying Assumption 3.

Verification of Assumption 4. Fix w € S{'. Let (a1, 81) and (g, £2) be two pairs in

Sjir_l X Sff_l. Write

Uy = Logai(ﬁi)> & = Poq—)w(vi)) Fi<w) = EXPw(fi), i1=1,2.

As above, ||v;|| = dg(ay, ;) < m/2 and ||&|| = ||vi]| < 7/2. Since the exponential map is

smooth and has uniformly bounded differential on {¢ : ||¢|| < 7/2}, there exists C' > 0 such
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that
ds(I'1(w), T2(w)) < Cfl& = &|-

Decompose

Si—&= ’Pal—w(vl - UQ) + (Pal—w - Pa2—>w) (UQ)'

Since parallel transport is an isometry, ||Pa,—w(v1 — v2)|| = ||v1 — v2|]. Moreover, the map
(o, w) = Payy, is smooth on ST x ST~ and, by compactness, uniformly Lipschitz in a.
Therefore,

| (Parsw = Pagosw) (v2)|| £ Cds (o, o) ||va]] < Cdg(on, as).
Finally, the logarithmic map («, 3) + Log,(8) is smooth on ST x 84! and hence uni-

formly Lipschitz on this compact set, yielding

|1 — vo|| < C{ds(ar,a2) +ds(B1,2)}

Combining the above bounds yields

ds(ra1ﬂ1 (w)’ F02,52 (w)) < OQ{dS(alv a2) + dS(ﬁh 52)}

for some constant C > 0, verifying Assumption 4.

Verification of Assumption 5. Since Si_l is a compact, geodesically convex subset
of the unit sphere equipped with the intrinsic metric, the existence and uniqueness of
population and empirical Fréchet means, the covering number condition, and the local
quadratic growth of the Fréchet function follow from standard results for Fréchet means on
manifolds; see Proposition 3 of Petersen and Miiller (2019). In particular, Assumption 5

holds with kK = 2. O
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S.5 Proofs

S.5.1 Proof of Theorem 1 in the main paper

Proof. Observe that 190(0) = vy and 141(0) = 1 since we observe Y;,(0) directly for
t € {0, 1} for the control group. For the treated group, we likewise have v (0) = v and
v11(1) = v1,1. By Assumption 2 in the main paper (parallel trends), we have I'y 1, , (v1,0) =

Ly 0(0),00.0(0)(71,0(0)) = v1,1(0). It follows that

@’YVO,OyVO,l D 71/1,07'/1,1 = ’VFV070,VO$1(V1,0)7V1,1 = 7V1,1(0)7V1,1 = 7V1,1(0),V1,1(1)'

S.5.2 Proof of Proposition 1 in the main paper

Proof. To show that ~ is an equivalence relation on G(M), we verify reflexivity, symmetry,
and transitivity. Reflexivity, Va3 ~ 7a,3, follows directly from the geodesic transport map
in Assumption 1 of the main paper. Symmetry and transitivity follow from the definition

of ~. O]

S.5.3 Proof of Proposition 2 in the main paper

Proof. To demonstrate that the quotient space of geodesics G(M)/ ~ is a metric space

with the metric
dg(hal,ﬁl]v [7042752]) = d(Fa1,51 (W@), Fa2,52 (w@»v

we verify positivity, symmetry, and the triangle inequality.

Positivity:
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By definition of the metric, dg([Vai.6)s [Yas,8])) = 0. If Va8 ~ Vas.ps, then Iy, 5 (w) =

Loy, (w) for all w € M, and thus:

dg(hal,&L [’Yaz,ﬁb]) = d(Fal,ﬁl (W@)a Famﬁz (WEB)) =0.

Conversely, if dg([Ya,.]; [Yas.5.]) = 0, then:

d<ra1,ﬁ1 (WGS)a Fa2,52 (Wea)) = 07

which implies I'y, g, (w) = Ly, 5, (w) for all w € M, and therefore Yo, 58, ~ Va8, -
Symmetry:
By definition of the metric,

dg([7a1,51]7 ['70427,32]) = d<FOt1,51 (WEB)’ Fa2752 (WEB))'

Since the metric d on M is symmetric, we have:

d(ralﬁl (w@)’ Fa2,ﬂ2 (W@)) - d(Fa2ﬁ2 (w@)’ Foqﬂl (W@))7

and thus:
dg([f}/ahﬁl]’ [’7042,52]) = dg(h/az,&]? [7011,51])‘
Triangle inequality:

Using the definition of the metric,

dg(hal,&L [7a2,62]) = d(Fal,ﬁ1 (WGB)’ Famﬁz (WGB))'

By the triangle inequality for d on M, we have:

d<Fa1,ﬁ1 (C‘JEB)’ Faz,ﬁz (WEB)) < d<Fa1,ﬁ1 (WEB)’ Fa:a”@s (WEB)) + d(ras,/@s (W@), F027ﬁ2 (WGB))'

Substituting back into the metric on the quotient space, this becomes:

dg(h@q,&]? h/az,ﬁz]) < dg(h/m,ﬁlL [7013,53]) + dg(ha&ﬁ:s]? [7()42,/32])'
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The quotient space G(M)/ ~ with the metric

dg(h/oq,ﬁl]? [7(12,52]) = d(rahﬁl (WEB)v FaQ,ﬂz (W@))

satisfies positivity, symmetry, and triangle inequality, and is therefore a metric space. [J

S.5.4 Proof of Theorem 2 in the main paper
Proof. By the definition of dg and Assumption 4 in the main paper, we have
dg(7,7) = dg(Vs{ o015 W) ,11)
= d(To; 00, (111): Dof s (V1))
< Co{d(Dn 4,V 1) +d(Pr1,110)
For the first term d(?] |,/ ;), applying the triangle inequality gives
d(v11,711) = AT 000, (11,0), To0.0.00,1 (P10))
< d(Tvp 0004 (11,0), Togoon (P1,0) + d(Tog 001 (P1,0)5 Tog.0,00.1 (P10))-
Using Assumptions 3 and 4 in the main paper, we further obtain
d(v)1,71,1) < Cid(P10,v10) + Cofd(0,0, v0,0) + d(v0,1, D0,1) }-
Combining these results, we have
dg(,7) < C1Cad(D10,v1,0) + C3d(D0,0, vo,0) + Cad(vo 1, Po,1) + Cod (P11, v11).

Under Assumption 5 in the main paper and by Theorem 2 of Petersen and Miiller (2019),
one has

d(Das, vay) = Op(nfl/@('ifl))), d,t € {0,1}.
Substituting these convergence rates into the above inequality, we conclude

dg(#,7) = Oyl H/-10).
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S.5.5 Proof of Theorem S1
Proof. We first show (i). Observe that for s =g — 4§ — 1,

Bst1 = L (v 1|0i=1) B (Y o 41]Ci=13 (Bs)
= L (v, 010=1}, Be (v 0)10=13 (B {Yis (0) | Gig = 1})
= Ep{Yis+1(0) | Gig = 1},
where the second equality follows from Assumptions S1 and S2, and the third equality
follows from Assumption S3. Likewise, we have s = Eg{Y;s(0) | G;y =1}, s =g—4,... L.
Then we have
VBt Ee{Yit|Gig=1} = TE{Yi,1(0)|Gi =1}, Ee{Yi|Gig=1}
= TVEa{Yi4(0)|Gi,g=1},Ea{Yi,t(9)|Gi,g=1}
=7(9,1),
where the second equality follows from the definition of potential outcomes.

Next, we show (ii). Observe that for s =g — 9 — 1,

Bor1=T0, b1 (Bs)

=0 (Be{Yis(0) | Giy = 1})

= Ee{Yis11(0) | Gig = 1},
where the second equality follows from Assumptions S1 and S2, and the third equality
follows from Assumption S4. Likewise, we have f; = Eg{Yis(0) | Giy = 1}, s = g—6, ... ,t.
Then we have

VB, Ea{Yit|Gig=1} = TEa{Yi(0)|Gig=1},Ea{Yit|Gi,g=1}
= VEe{Yi.t(0)|Gi g=1}, Ee{Yi.t(9)|Gi,g=1}

= 7(g,1),
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where the second equality follows from the definition of potential outcomes. O

S.5.6 Proof of Corollary S1

Proof. We only show (i), as (ii) follows in the same way. Observe that

Ee{Yii(0) | Giy =1} = S

= Fat—l,at (ﬁtfl)

= (Fatfl,oct ©---0 Fag—ﬁ—lyag—(s)(ﬁg_&_l)

- Fag,g,l,ozt (Bg—é—l)a
where a; = Eg{Y;5(0) | C; =1}, s=¢g— 6 —1,...,t. Then we obtain
O VEs{Yig-s-11Ci=1},Ee{Yie|Ci=1} D VEa{Yig—5-1/Gig=1},Ee{Yi|Cig=1}
= /yf‘ag_é_l,at (Bg—s-1):Ee{Yi,t(9)|Gig=1}

= VBt,Ea{Yi,i(9)|Gi,g=1}

= 7(g,1),

where the first equality follows from the definition of geodesic difference and consistency

of observed and potential outcomes. O
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