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1. Introduction

All auctions have two sides: they allocate an object between a seller who may retain
it and buyers who compete to acquire it. Yet the empirical auction literature has concen-
trated on only the bidding side, recovering buyer value distributions via bids or transaction
prices. The seller’s preferences, in contrast, are commonly represented by a fixed reserve
price, or eliminated by assuming that reserves are absent or non-binding. This asymmetry
is consequential because sellers often reject the highest bid.1 Two issues arise: (i) selec-

tion, because estimation regularly uses transaction records, which condition on sale and
bias bidder value estimates upward; and (ii) model misspecification, because omitting the
seller removes a primitive that determines allocations and prices and that is needed for
counterfactuals involving reserve policies, entry, market design, and welfare.

We study the identification of both buyer and seller primitives in ascending auctions.
We formulate a second-price auction model in which a sale occurs only if the highest bid-
der’s value exceeds a seller-chosen threshold.2 The threshold captures the seller’s right to
refuse bids without requiring a particular theory of how that right is exercised. The alloca-
tion and payment rule is consistent with a knockout auction followed by a seller take-it-or-
leave-it offer (Bulow and Klemperer, 1996), and it captures the features of many ascending
auctions used in practice, including those for automobiles, livestock, art and collectables,
and real estate, in which the seller may retain the object when bidding is insufficient. We
assume independent private values and that the distributions of buyer values and seller
thresholds have discrete support. The main seller-side object is the threshold distribution.
A “conduct” assumption on how thresholds are determined by the seller – e.g., an optimal
reserve – then provides a mapping between the threshold and seller value distributions.

Our identification results cover a range of model and data environments. Throughout,
the researcher observes transaction prices and bidder counts for successful auctions, and
identification uses exogenous variation in the number of bidders.3 We show that identifi-

1Sellers exercise the right to reject the highest bid in many settings, including auctions for automobiles
(Genesove, 1995, Lacetera et al., 2016), consumer goods (Einav et al., 2015), housing (Genesove and Hansen,
2023), financial products (McConnell and Saretto, 2010), art (Ashenfelter and Graddy, 2006), and mineral
rights (Hendricks et al., 1994).

2We refer to the bidding side as “buyers” and the side represented by the auctioneer as the “seller” through-
out the paper to simplify the exposition, noting that our approach also applies to procurement auctions where
these roles are reversed.

3We can also accommodate selective entry within the framework of Gentry and Li (2014), as we discuss
in Appendix D. Bidder count variation has been extensively employed in the empirical auctions literature,
including in Haile et al. (2003), Aradillas-López et al. (2013), and Hernández et al. (2020).
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cation reduces to a single scalar: the ratio of sale probabilities between two bidder counts.
When the outcomes, but not necessarily the bids, of failed auctions are known, this yields
point identification of the model. However, researchers commonly have access only to
transacted auction records; in this setting, the fixed points of a mapping from a candidate
sales rate ratio to the model-implied ratio determine identification. We show that the iden-
tified set is finite. We also provide a simple sufficient condition that guarantees uniqueness:
if the buyer value distribution has mass at points above the maximum seller threshold, so
that sufficiently high buyer values always induce trade, then the model is point identified.
Inferring seller values from thresholds requires a seller conduct mapping; absent a specific
conduct assumption, we derive informative bounds using weak restrictions in the spirit
of Haile and Tamer (2003). Monte Carlo experiments validate the approach and quantify
biases in the estimated buyer distributions when ignoring rejected offers.

Our main contribution is to bring both sides of the market to the analysis of auction
transaction data. A large literature beginning with Guerre et al. (2000) and Athey and
Haile (2002) is devoted to non-parametrically identifying buyer primitives in auctions.4 A
singular focus on buyers often requires researchers to make additional assumptions about
sellers when conducting counterfactuals. For example, assumptions about seller values
have been applied when calculating optimal reserve prices (Paarsch, 1997, Hickman et al.,
2017), investigating the effects of entry on auction outcomes (Li and Zheng, 2012), and
measuring platform-level effects of auction design (Backus and Lewis, 2025). Our results
expand this literature by considering when seller primitives can be identified, rather than
assumed, in typical auction data environments.

We use the model to demonstrate the consequences of seller rejections for inferred
primitives and counterfactuals; these consequences depend jointly on the data available
and the assumptions placed on seller behaviour. Transaction-only records select auctions
with relatively strong demand, biasing inferred buyer values upward; previous studies have
noted this concern (Roberts, 2013, Gorbenko and Malenko, 2014). Richer auction records
can mitigate selection bias, but counterfactual conclusions still depend on how the seller
is modelled. We illustrate this distinction through simulated mergers and entry and exit
episodes, settings in which auction-based pricing is relevant for policy (Miller and Sheu,
2021). Ignoring seller rejections can substantially overstate buyers’ gains from reduced
competition because it omits the seller’s option to retain the object. Credible welfare and

4See Hortaçsu and Perrigne (2021) for a recent survey of empirical auction approaches and applications.
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policy analysis therefore requires attention to both sample selection and seller behaviour.
Our identification results begin by considering scenarios where at least some infor-

mation on failed auctions is observed by the researcher. When the highest bid and sale
outcome are always observed, including for failed auctions, the model is identified using
standard arguments. However, researchers often lack access to complete records for failed
auctions. Our first main result pertains to this case and shows that the model is identified
up to a single scalar: the ratio of sale rates across two bidder counts. This result pro-
vides point identification when the number of bidders and the sale outcome, but no bidding
records, for failed auctions supplement the transaction price and bidder count observations
for successful ones.

The more challenging case concerns settings in which the researcher has access only to
transaction prices and bidder counts for successful auctions, with no information on failed
auctions. This data setting is a frequent focus of the empirical auction literature; indeed, the
transaction price is “the most commonly available datum” (Athey and Haile, 2006).5 We
exploit the result that the model is identified up to the sales rate ratio to establish a mapping
between a candidate sales rate ratio and a model-implied one. Our main result here is to
show that the identified set is (i) indexed by the fixed points of this mapping and (ii) finite.
We provide examples of both point- and set-identified cases. The two-point distribution
case provides the analytical tractability needed to fully characterise identification across all
possible transaction price distributions; we demonstrate that set-identified regions lie close
to the border of transaction price distributions that the model can rationalise. As identifica-
tion in the case of general distributions concerns the fixed points of a scalar function over a
bounded region, computing the identified set is simple in practice.

Our next result establishes a sufficient condition for point identification of the buyer’s
value and seller’s threshold distributions when only the transaction prices are observed.
The condition, which we refer to as upper-tail support separation between the buyer value
and seller threshold distribution, is that that the seller threshold distribution’s upper sup-
port ends two grid points before the buyer value distribution. Substantively, this condition
requires that the highest possible buyer values always induce trade. That the maximum of
the seller support is at least one grid point below that of the buyer support is intuitive - why
offer your good at an auction if it is guaranteed that no buyer will be willing to pay above

5The literature studying identification or application of auction models in transaction-price-only settings is
voluminous, beginning with the first structural auction application of Paarsch (1992) and continuing through
the present (e.g., Bugni and Wang (2026)).
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your threshold? - and our two grid point upper-tail support separation condition is the min-
imal strengthening of the intuitive condition.6 Relative to the usual approach that ignores
the seller rejection option and so implicitly imposes the condition that the seller threshold
distribution always equals one, the upper-tail support separation condition is a near-total,
but not quite total, relaxation.

Whether the buyer value and seller threshold have common upper or lower supports
is an important factor when determining identification. The upper support separation con-
dition is an important identifying restriction, and the results described above are obtained
by assuming that buyer values and seller thresholds share the same lower support bound.
Common support assumptions are often used in ascending auction settings with heteroge-
neous participants (Komarova, 2013). However, a shared lower support bound may be less
reasonable in some settings, as it places restrictions on both the threshold distribution and
seller values, the underlying primitive. For example, suppose buyer and seller values have
the same support. If the threshold is determined by an optimal reserve price, the lower
support bound of the threshold distribution will lie strictly above the lower support bound
of the value distributions. We examine how identification is affected by relaxing the com-
mon lower support bound assumption. We first establish a negative result: without further
restrictions, a continuum of buyer value and seller threshold distributions can rationalise
transaction data if buyer values are truncated by the threshold’s lower support bound. More
importantly, no model-relevant object is recoverable: neither the truncated distribution of
buyer values nor the seller threshold distribution is identified. However, identification over
the transaction price grid is restored by the upper-tail support separation assumption.

Our final results concern seller values and the distribution over the number of bid-
ders. We require an additional assumption to translate the threshold value to the seller
value, which we label as a conduct assumption to mirror existing approaches to recover-
ing seller costs from transaction data in other markets. For example, assuming that the
seller threshold is set by the optimal reserve corresponds to monopoly, while an assump-
tion of an efficient reserve (i.e., a reserve equal to the seller’s value) is analogous to perfect
competition. If a specific conduct assumption is imposed, the seller value distribution is
identified from the threshold distribution.7 However, to address cases where the imposi-
tion of a specific conduct assumption is overly restrictive, we derive bounds for the seller’s

6At least in stable conditions: the intuitive condition may not hold if say sellers are not yet aware that
buyers’ values have shifted down.

7At least up to a constraint that follows from use of a grid.

5



value distribution by using assumptions similar to Haile and Tamer (2003): the seller will
never set a threshold value that is below their true value or above the optimal reserve price.
These assumptions restrict the set of seller values that can rationalise any threshold value.
We conclude our discussion of model identification by noting that the distribution over
the number of bidders is recoverable from the empirical distribution of bidders conditional
on sale (which over-samples high bidder numbers and under-samples low) and the sales
rates for each number of bidders, which are identified from the buyer value and threshold
distributions.

Next, we present Monte Carlo simulation evidence on the ability to recover the model’s
primitives in finite samples. We compare two estimators. A nonparametric estimator fol-
lows the recursive construction in the identification argument, while a semi-nonparametric
estimator uses Hermite distribution approximations. Both estimators can reasonably re-
cover the model primitives with 1,000 observations. The recursive estimator produces
tighter simulation bands when the seller plays a larger role in determining prices and al-
locations, such as with lower bidder counts, but it is sensitive to sampling error over the
regions of the grid where transactions are sparse. The Hermite estimator produces wider
bands but covers the true distributions over the reported support. The simulations also show
the bias in buyer value estimates that results from ignoring rejected offers.

We conclude with an empirical application of our methodology to housing auctions
in the Greater Sydney region of New South Wales, Australia. Auctions are a commonly
used mechanism to sell residential property in major Australian cities, with approximately
one in five properties sold via auction in the Sydney region. The setting provides an ideal
showcase for several reasons: the auction format, an ascending, open-cry (English) auc-
tion, is strategically similar to our second-price model; bidders must register in advance,
giving direct measurement of the number of bidders; sellers may make a single bid on their
own behalf during the auction, which can be used to enforce a threshold price; and auction
failures are common, with over 26% of auctions not resulting in a sale. Applying a semi-
nonparametric estimator for buyer values and seller thresholds, the transaction-only sample
can accurately recover similar distributions to those obtained when using the full sample
that includes failed auctions. We also use the estimates to accurately estimate sale rates
by bidder count, despite the transaction-only data containing no information about auction
failure rates. Estimating the model assuming that all auctions transact generates distribu-
tions with a higher mean and lower variance than the full-sample estimates, reinforcing that
ignoring rejected offers can substantially bias bidder value estimates.
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The rest of the paper is structured as follows. The related literature appears at the
end of this section. Section 2 describes the model. Section 3 describes identification,
first for the two-point distribution, then the general case, and finally for seller values and
the distribution of bidder numbers. Section 4 presents estimation methods and the results
of our Monte Carlo simulations. Section 5 contains our empirical application to Syndey
housing auctions, and Section 6 concludes.

Related literature. Our approach is closely aligned with the empirical IO tradition
that identifies supply primitives from transaction data by combining demand shifters with
assumptions about supply-side conduct. In homogeneous good supply-demand settings,
exogenous demand variation traces out the supply relation, while a conduct specification
maps supply into marginal costs; Rosse (1970) is an early example, and Reiss and Wolak
(2007) discuss the development of this methodology. We extend this framework to auction
settings: variation in the number of bidders serves as a demand shifter, identifying the
distribution of seller thresholds, while a conduct assumption translates thresholds into seller
values.8 This yields the seller-side primitives needed for supply-side counterfactuals, such
as reserve rules, platform fees, and participation policies, that are inaccessible in buyer-only
analyses.

A small but growing empirical literature considers both buyer and seller primitives in
auctions.9 It is commonly assumed that the seller’s value is known to identify or bound
other objects of interest; for example, Aradillas-López et al. (2013) bounds seller profit
and Gimenes et al. (2025) identifies seller risk aversion, both using this assumption. Ex-
isting approaches to identifying distributions of seller primitives alongside buyer values in
auctions require rich data on the full set of auction results and on the (possibly secret) re-
serve prices set by sellers across all auctions, including failed ones (Andreyanov and Caoui,
2022, Marra, 2025, Guan and Xu, 2026). We provide the first identification results for both
buyers and sellers that do not rely on full auction-result histories, detailed reserve price
information for all auctions, or a requirement that sellers’ values be fixed or observed.

Finally, our approach solves the single-bidder problem. In practice, data sets often

8The same shifter–conduct logic extends to differentiated-product settings (Berry et al. (1995)), where
demand is identified using instruments and substitution patterns and supply first-order conditions recover
costs under a conduct assumption.

9Related two-sided identification issues arise in bargaining. Larsen and Zhang (2018) develop a revealed
preference approach for general quasilinear trading games, and Li and Liu (2026) study a one-buyer, one-
seller double auction. These environments feature different mechanisms and more direct observations of
seller actions than the multi-bidder ascending auction environment considered here.
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contain only transacted sales, so researchers are led to treat all auctions as having trans-
acted. When they are additionally confronted with observations with a single bidder (and
no binding reserve), researchers tend to then either (i) discard the single-bidder observa-
tions altogether (e.g., Aradillas-López et al. (2013), Kong (2021), Hernández et al. (2020),
Haile and Tamer (2003)) or (ii) rationalise those observations by modelling the seller as a
“bidder of last resort” with an assumed bid distribution (e.g., Barkley (2021), Li and Zheng
(2009), Krasnokutskaya and Seim (2011), Athey et al. (2011), Groeger (2014), Xu (2013),
Bajari and Hortaçsu (2003)).10 Thus the first discards these observations, while the second
imposes a rigid constraint on seller thresholds. Neither gives the seller a role in price and
allocation determination where there is more than one bidder. Our approach, by incorporat-
ing a role for sellers automatically allows for single bidder auctions, and so neither discards
data nor imposes special restrictions on the seller threshold distribution.

2. Model

We now introduce a second-price auction model. The model features buyers with sym-
metric independent private values competing against each other and also against the seller,
who requires a minimum price from the buyers to proceed with the sale. If the seller’s
required price, which we refer to as the threshold value, is not met, then no sale occurs.
We start by stating the independent private values assumption. On the buyers’ side, this as-
sumption takes the standard form and is commonly used in empirical work. We also place
a similar independence restriction on the seller’s value, assuming the seller’s threshold to
be independent of the buyers’ values. This assumption is consistent with optimal reserve
prices or “naive” strategies requiring the highest bid to clear the seller’s value.

Assumption 1. Bidders have independent private values drawn from a shared distribution
with cdf F . Seller threshold values are independent of buyers’ values and are drawn from
a distribution with cdf G.

Let N ≥ 1 denote the number of bidders in the auction. The model must describe
allocations (i.e., whether the object is sold or retained by the seller) and the price at which
a transaction occurs. Instead of deriving the allocation and transfer rules as an equilibrium
outcome of the auction, we assume the process by which this occurs.11 We do this to avoid

10For example, the latter approach will often assume that sellers have the same value distribution as buyers,
and that they participate in the auction as a bidder if and only if a single buyer shows up.

11Aradillas-López et al. (2013) and Haile et al. (2003) follow a similar approach to modeling auction
outcomes.
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placing restrictions on how the seller’s threshold value is determined, a matter which we
return to in Section 3.5. Assumption 2 states when sales occur and at what price.

Assumption 2. The auction results in a sale only if the highest buyer value is greater than
or equal to the seller’s threshold value. If a sale occurs, the transaction price is the larger
of the threshold value and the second-highest buyer value.

In an auction with N buyers, we let the vector VB ≡ (V1, V2, ..., VN) represent the
vector of buyer valuations and VT be the seller’s threshold value. The order statistics of
buyer values are denoted VN :N ≥ VN−1:N ≥ ... ≥ V1:N . The outcome of the auction is
represented by S ∈ {0, 1}, where S ≡ 1{VN :N ≥ VT }, and the transaction price in such
cases is P ≡ max{VN−1:N , VT }. The main restriction implied by Assumption 2 is to rule
out post-auction bargaining except for seller take-it-or-leave-it offers.

Assumption 2 permits an equilibrium interpretation in commonly-modelled settings in
which the seller’s threshold value is a binding optimal reserve price. In second-price sealed
bid auctions, it is the equilibrium outcome resulting from buyers’ unique dominant bid-
ding strategy of bidding their private value. It is also the equilibrium outcome for button
auctions, the dynamic auction format strategically equivalent to second-price sealed bid
auctions in which the price rises exogenously and bidders drop out over time. The optimal
auction mechanism of Bulow and Klemperer (1996), where a knockout auction identifies
the highest-value buyer and the seller issues an optimal take-it-or-leave-it offer, is also cap-
tured by this setting. Finally, it can also provide a reasonable approximation to ascending
open-outcry (English) auctions, provided that bidding is frictionless and “jump bids” are
not used to determine the transaction price.

The symmetric IPV framework for buyers established in Assumption 1 implies that
buyer values do not depend on N , as all buyers draw their value from F regardless of how
many competitors there are. However, because of this feature’s importance in the identifi-
cation arguments below, and to make clear that buyers do not receive informative signals
about their value before deciding to participate in the auction, we make this assumption
explicit now:

Assumption 3. Buyer values and the seller threshold value are independent of N .

This assumption on auction models has been used extensively in the literature, being adopted
in Guerre et al. (2000), Haile et al. (2003), Aradillas-López et al. (2013), and Hernández
et al. (2020), among others. It is consistent with entry procedures that follow Levin and
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Smith (1994), in which bidders pay an entry cost before learning their private valuation.12

More generally, it holds whenever entry signals and valuations are independent across po-
tential bidders (Grundl and Zhu, 2024).

Finally, we also assume that bidder values and the seller threshold value are drawn from
a discrete set of possible values.13 This assumption provides analytical tractability. The
support grid can be arbitrarily fine, providing flexibility when implemented in practice.
We show in Section 4 that the empirical results of our estimator are not sensitive to this
assumption, as we can recover primitives with high accuracy even if the underlying data-
generating process uses continuous distributions.

Assumption 4. Buyer values and seller thresholds are drawn from a finite set of J possible
values {x1, x2, ..., xJ}.

To shorten notation throughout, we will use subscripts on distributions equal to the
index on the grid to indicate the cumulative distribution value at the corresponding point
on the grid, so, for example, Fj ≡ F (xj). Where needed, superscripts in parentheses
will refer to the number of bidders. Under Assumption 4 we can express the transaction
price distribution at xj for a given number of bidders N , H(N)

j = Pr(max{VN−1:N , VT } ≤
xj | VN :N ≥ VT ), as

H
(N)
j = 1

ΩN

NFN−1
j (1 − Fj)Gj +

j∑
k=1

Gk[FN
k − FN

k−1]
 (1)

where

ΩN ≡
J∑

k=1
Gk[FN

k − FN
k−1]

is the overall sales rate forN bidders, and where for notational convenience we set V0:N ≡ 0
and F0 ≡ 0. The first term in the brackets of Equation (1) is the probability of exactly one
bidder having a value that exceeds xj while all other bidders and the seller threshold value
are at or below xj , and the second term in brackets is the probability that all bidders and
the seller threshold value are at or below xj but the highest bidder value is at least as large
as the seller threshold value. Together, these terms sum to the joint probability of having a

12Li and Zheng (2009) find empirical support for this entry model in their procurement auction setting, and
Marmer et al. (2013) develop empirical tests for auction entry models.

13Discrete values or bid increments have also been used in Hickman et al. (2017), Haile and Tamer (2003),
and Barkley et al. (2021), among others.
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sale and having a transaction price less than or equal to xj .14

2.1. Model discussion

The model applies directly to second-price sealed-bid auctions and, under the usual
assumption of frictionless bidding, to ascending auctions. The model is designed to ac-
commodate three specific features – one-bidder auctions, ambiguous reserve policies, and
failed auctions – that existing approaches often struggle to rationalise. Our framework is
suited to settings in which bidders do not observe the seller’s threshold before bidding and
the seller may reject the highest bid, reveal a reserve, or make a take-it-or-leave-it offer
after bidding ends. Many real-world auction platforms use such a mechanism; examples
include auctions for automobiles, art and collectables, livestock and farm machinery, and
real estate.15 It may also apply to settings without an institutionally defined mechanism that
are often modelled as competitive bidding processes, such as takeover auctions (Gorbenko
and Malenko, 2014).

Procurement auctions provide a second broad application, with the buyer and seller
labels reversed. Open-outcry descending auctions are used in many countries, including
Brazil, India, and Russia. An analysis of US Department of Defense descending procure-
ment auctions indicates the empirical relevance of the features our model accommodates:
one-bidder auctions are common, the stated reserve price frequently does not bind, and
the lowest bidder fails to receive the contract in about one quarter of cases (U.S. Gov-
ernment Accountability Office, 2013). Procurement also illustrates variation in the data
available to researchers; variation across South America, where descending auctions are
frequently used for procurement, provides examples. Peru reports transaction prices and
bidder counts for successful auctions, while Brazil provides full bid histories for federal
procurement (Ferraz et al., 2015) but may report only transaction prices at the state level
(Dahis et al., 2026). Competition policy often dictates data availability, as evidenced by
Colombia’s decision to restrict public bid data to deter coordination (Bernasconi et al.,
2025). The availability of failed-auction outcomes and losing bids therefore differs both

14Note that when sellers accept all offers, G1 = ... = GJ = 1 and equation (1) reduces to, H
(N)
j =

NF N−1
j (1 − Fj) + F N

j , which is the typical expression relating transaction prices to model primitives in
second-price auctions.

15For example, eBay Motors indicates to bidders whether a secret reserve has been met; Sotheby’s and
Christie’s allow auctioneers to bid on behalf of the seller up to a pre-specified reserve; and the AuctionsPlus
livestock and farm machinery platform may reveal an unmet reserve to the highest bidder as a take-it-or-
leave-it offer.
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across and within jurisdictions, motivating identification results for several data environ-
ments.

2.2. Implications for surplus and counterfactual policies

We use population-level simulations to show that ignoring seller rejections can substan-
tially overstate the effects of changes in bidder competition on buyer surplus and transac-
tion prices. We consider bidder entry and exit, which are common policy counterfactuals
in procurement settings where participation is often limited (Kang and Miller, 2022), and
mergers between bidders. The latter are relevant to merger reviews of business-to-business
markets in which buyers procure through auctions or request-for-proposal processes.16

To demonstrate the impact of unobserved rejected offers on competition variation and
auction outcomes, we provide a simulation using normal distributions for F and G, as
shown in Panel (a) of Figure 1. These distributions generate a sale probability with three
bidders of 85%. We also plot the biased distributions that would be inferred for F when
rejected offers are ignored, with the implied distribution using N = 2 displayed as the
orange dashed line andN = 3 as the red dotted line. These are generated using the mapping
HN(xj) = NFN−1

j − (N − 1)FN
j that applies when G1 = 1 and is the standard identifying

representation for F when rejected offers are not considered. Both of these first-order
stochastically dominate the true distribution F , with the extent of the bias decreasing as the
number of bidders increases. This intuitive result follows from the declining probability
that the seller either (i) rejects an offer or (ii) is influential in determining the price via the
threshold value as the number of bidders increases.

Panel (b) reports expected winning-bidder surplus per auction, assigning zero surplus
when no sale occurs. The solid black line uses the true distributions F and G. The dashed
and dotted lines impose G1 = 1, so that every offer is accepted, and use the buyer dis-
tributions inferred from the N = 2 and N = 3 transaction-price distributions under this
misspecified model. At a bidder count of N = 2, these models overstate buyer surplus by
38% and 50%, respectively. The larger error from the N = 3 estimate arises despite that
estimate being closer to the true F . Although it is less upward-biased and more dispersed
than the N = 2 estimate, omitting the seller’s threshold removes its role in determining

16For studies of entry in auctions, see (Li and Zheng, 2009, 2012, Gentry and Li, 2014, Marra, 2025,
Xu, 2013). Auction-based merger simulations have been used in several matters before the US Department
of Justice and Federal Trade Commission, including Sysco/US Foods (2015), Anthem/Cigna (2016), and
Wilhelmsen/Drew Marine (2018); Miller and Sheu (2021) provide further discussion.
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Figure 1: Bias in inferred buyer value and surplus
(a) Distributions
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Notes: Panel (a) plots the true buyer-value and seller-threshold cdfs, F and G, together with the buyer-value
cdfs inferred from the N = 2 and N = 3 transaction-price distributions under the misspecified assumption
that every auction results in a sale. Panel (b) plots expected winning-bidder surplus per auction by bidder
count under the true model and misspecified models.

transaction prices and eliminates the possibility of no trade. When competition falls, the
second-highest buyer value falls, but the threshold continues to support the price and pre-
vent low-value trades in the true model. The misspecified model therefore converts too
much of the reduction in competition into buyer surplus. At higher bidder counts, the
threshold is rarely pivotal and the greater dispersion of the true F becomes dominant, so
the curves eventually cross. Thus, reducing bias in the estimated buyer distribution need
not improve counterfactual predictions if the seller remains omitted from the model.

Table 1 reports the effects of bidder exit, entry, and merger on expected buyer surplus
per auction and expected transaction prices conditional on sale. The correctly specified
counterfactuals use the true distributions F and G. The misspecified counterfactuals im-
pose G1 = 1 and use the buyer distribution inferred from the initial market structure: the
N = 3 distribution for exit and the N = 2 distribution for entry. The misspecified model
substantially overstates the effects of both changes in competition. When a bidder exits,
the resulting decline in the second-highest buyer value tends to reduce the transaction price
and increase buyer surplus. In the true model, however, the realised seller threshold may
continue to determine the payment or prevent trade altogether. The misspecified model
eliminates both channels and therefore attributes too much of the reduction in competi-
tion to buyer surplus. Panel B shows that entry generates the corresponding effect in the
opposite direction.
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Table 1: Counterfactual effects of exit, entry, and a merger

Panel A: Exit (N : 3 → 2) True F and G Biased F (N = 3), G = 1
Pct. change in buyer surplus 4.42% 30.36%
Pct. change in transaction price -8.43% -13.09%

Panel B: Entry (N : 2 → 3) True F and G Biased F (N = 2), G = 1
Pct. change in buyer surplus -4.23% -22.30%
Pct. change in transaction price 9.20% 12.98%

Panel C: Merger True F and G Biased F (N = 3), G = 1
Pct. change in merging firms’ surplus 28.31% 47.77%
Pct. change in transaction price -3.64% -6.39%

Notes: Panel A shows the changes in winning bidder surplus and transaction prices when a bidder exits, re-
ducing competition from three bidders to two under the true model and the biased model when F is inferred
from the three-bidder sample and G is one. Panel B shows the same outcomes for bidder entry, increasing
competition from two bidders to three under the true model and the biased model when F is inferred from
the two-bidder sample and G is one. Panel C shows the predicted effects of a merger taking the market from
three firms to two, with the merged firm bidding with the higher of the two private value draws of the merg-
ing entities; the biased F is inferred from the N = 3 sample.

Panel C considers a merger between two of three bidders. Before the merger, all three
bidders draw independently from F . After the merger, the combined firm retains two in-
dependent draws and values the object at their maximum, while the non-merging bidder
continues to draw once from F . The post-merger auction therefore has two asymmetric
bidders, and the merging firms’ pre-merger surplus is defined as their combined expected
surplus. We hold the threshold distribution fixed after the merger, making this a partial-
equilibrium counterfactual that isolates the effects of changed bidder competition. Under
this specification, the misspecified model overstates both the merged firm’s surplus gain
and the reduction in transaction prices because it omits the threshold’s continuing role in
determining payments and trade.

3. Identification

We now discuss when a dataset generated in a manner consistent with Assumptions 1-4
can be utilised to identify the primitives F and G. We consider several data and model en-
vironments which vary in what the researcher observes about failed auctions (if anything),
whether F and G share the same lower support, and assumptions mapping seller values to
thresholds. Our focus is on cases where transaction price distributions are observed for two
different realisations of the number of bidders M > N ≥ 1, possibly supplemented with
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additional information on failed auctions, and our goal is to characterise when this variation
identifies the model primitives F and G. Proofs of all results are contained in Appendix A
unless noted otherwise.

We begin by discussing the case when some information about failed auctions is ob-
served, where we show that the ratio of sales rates across two bidder counts determines
identification. Next we consider data consisting of only transacted sales; here, identifica-
tion is determined by fixed points of a scalar mapping. The two point distribution, when
both buyer and seller threshold values can take either a low or high value, is a useful case
to demonstrate how point- and set-identified cases arise. We then consider the general case
of an arbitrary, but finite, number of support points, providing a sufficient condition under
which the distributions F and G can be uniquely identified and discussing approaches to
set-identify F and G when this condition does not hold. We conclude by discussing identi-
fication of seller values from the threshold distribution and the distribution over the number
of bidders when failed auctions are unobserved.

We first make several observations about how the identification of F and G relates to
the discrete grid {x1, ..., xJ}. First, the minimum and maximum points in the support of
F are identified from observed transaction price distributions.17 Second, absent additional
restrictions, we cannot identify the maximum point in the support of G, as realisations for
VT that exceed the maximum bidder value never generate transactions, and hence the data
contain no information about this case. Accordingly, we assume that G(xJ) = 1, where
xJ is the upper limit of the buyer value support. This corresponds to the assumption that a
seller will only auction an item if there is a non-zero probability of sale; alternatively, the
identified threshold distribution is that of the distribution including the super-seller thresh-
olds as well, truncated from below at the maximum bidder value.18 Lastly, the minimum of
the support of G is identified for the general case only if the transaction price distribution
for N = 1 is observed. For simplicity, we assume that the lowest support point of G is the
same as for F , which we denote x1.

17We can identify the lowest point in the support of F as the lowest value x for which H(N)(x) ̸= 0 for
any N , and the highest point as the lowest value for x such that H(N)(x) = 1 for all N .

18While there are several possible explanations for why an auction might be held even when the seller’s
value exceeds xJ , such as inexperienced sellers who are learning about the buyer value distribution, or a
recent shock to buyer values, information on which has not yet disseminated to all sellers, identifying the
prevalence of these sellers requires outside information on the total proportion of failed auctions, which we
assume is unavailable to the econometrician.
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3.1. Identification with some failed auction results

Full result histories

We begin by considering identification when the researcher has access to data on failed
auctions. The first case assumes that full auction results containing the highest bid and
number of bidders for all auctions are known. In this case, identification follows immedi-
ately from standard arguments for asymmetric IPV auctions, even absent variation in bidder
counts, as formalised below.

Proposition 1 (Theorem 2 (a) of Athey and Haile (2002)). If bidder counts and auction
outcomes are observed for all auctions along with the transaction price, for successful
auctions, and the second-highest value among {V1, ..., VN , VT } for failed auctions, then F
and G are identified.

Theorem 2 (a) of Athey and Haile (2002) establishes identification for asymmetric IPV
ascending auctions when the transaction price and the identity of the winner are known.
This is identical to the environment in which the highest bid is observed for all auctions
along with the auction outcome, as the winner is whichever individual is allocated the
object, which may be the seller when no buyer value exceeds VT .

Transaction prices and auction outcomes

In other settings, data on transacted sales is readily available, while information on
failed auctions is absent or incomplete. For example, auction houses may indicate when
lots failed to sell without providing any bid details.19

The system of equations generated by evaluating equation (1) for distinct M and N
generates a system of 2J − 2 independent equations, one for each H(n)

j for j = 1, ..., J − 1
and n ∈ {N,M}, and 2J − 2 unknowns, the set of {Fj, Gj}J−1

j=1 (recalling that we have set
GJ = 1). While this establishes a necessary condition for identification, the nonlinearity of
the system makes multiple solutions a concern. Our first main result shows that a unique
solution is guaranteed when information about how sales rates change with the number of
bidders is known.

19This also arises in procurement, albeit primarily in first-price settings, where auction results from sources
like the Tenders Electronic Daily platform for the EU report tenders that failed to transact but do not report
any bids on these contracts.
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Theorem 1. Suppose transaction price distributions H(N) and H(M) are observed for bid-
der counts M > N ≥ 1. If the sales-rate ratio

ρ ≡ ΩM

ΩN

is known, then F , G, ΩN , and ΩM are identified.

The proof uses an induction argument in three parts. The first is to show that taking
the ratio of equation (1) for M and N generates an M -degree polynomial in Fj , taking as
given {Fk, Gk}j−1

k=1, for each j = 1, ..., J . We then use Descartes’ rule of signs to bound the
number of positive real roots at or below two, and use the sign change in the polynomial
evaluated at Fj−1 compared to one to establish that the number of real roots in this interval
must be odd. Therefore, there is a unique solution for Fj .

An immediate consequence of this result is that if records of a set of auctions is avail-
able, with each auction record including both the number of bidders and the final result
of the auction, the price, in the case of a sale, or a “Not Sold” result in the case that the
auction is unsuccessful, then the distributions of the buyer and seller threshold values are
identified.

Corollary 1. If transaction prices from successful auctions and the overall sale rate are
observed for two distinct numbers of bidders, then F and G are identified.

We adopt the following notation based on Theorem 1. Let Fk(ρ), Gk(ρ) denote the F
and G recovered by the theorem given a sales rate ratio ρ, with ΩN(ρ) and ΩM(ρ) the as-
sociated sales rates. The proof of Theorem 1 uses a recovered threshold distribution scaled
by the N -bidder sales rate, which we denote by G̃k(ρ) ≡ Gk(ρ)/ΩN(ρ). The notation for
the probability mass functions fk(ρ), gk(ρ), and g̃k(ρ) follows.

3.2. Identification with no failed auction results

Auction records often contain little or no information about failed auctions. We now
consider this case. We assume that the econometrician observes transaction price distri-
butions H(n), which are linked to the model primitives via equation (1), and we consider
whether variation in the number of bidders across two distinct values results in point iden-
tification of F and G.20

20Without variation in n, the model is not identified. This can be seen by noting that when sellers accept
all offers (i.e, Gk = 1 for all k), equation (1) reduces to HN (xj) = NF N−1

j − (N − 1)F N
j , which is the

usual expression for second-price auctions (as in Athey and Haile (2002), for example). This system is just
identified; adding another model primitive G generates an under-identified system.
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Our next main result shows that reducing identification to the sales rate ratio across two
bidder counts allows the fixed points of a mapping from a candidate ratio to the model-
implied ratio to characterise identification. Since Theorem 1 shows that any given ratio ρ
can be consistent with at most one buyer value and seller threshold distribution pair, the
sales rate ratio implied by these recovered distributions must match the original ratio for
them to be consistent with the data. The set of identified F and G are indexed by the fixed
points of this mapping over the set of admissible sales rate ratios.21 We also show that the
identified set is finite. We formalise these findings in the theorem below.

Theorem 2. For bidder counts M > N ≥ 1, suppose that the set of admissible ratios is
the compact interval R = [1, ρ], where ρ > 1. Then

(i) The sales rate ratio implied by F (ρ), g̃(ρ) is given by

Υ(ρ) ≡ 1 +
J−1∑
k=1

[
Fk(ρ)N − Fk(ρ)M

]
g̃k+1(ρ). (2)

(ii) The identified set is indexed by Ω∗ = {ρ ∈ R : Υ(ρ) = ρ}.

(iii) Ω∗ is finite.

Theorem 2 requires the candidate distributions to remain admissible over a single com-
pact interval of sales rate ratios.22 Admissibility also requires positive threshold mass
above x1, so that some seller thresholds can prevent trade. A fixed point of (2) equates
the model-implied sales rate ratio with the ratio used to generate the candidate distribu-
tions and therefore constitutes an internally consistent set of primitives that generate the
observed transaction price distributions. If only a single such fixed point exists, the model
is point identified. If multiple fixed points exist, then there is set identification.

Theorem 2 establishes that there are at most finitely many distributions F and G that
are consistent with a given pair of transaction price distributions H(N), H(M). However, it
does not guarantee a unique fixed point, and the possibility of a non-singleton identified
set remains. We now investigate when multiple fixed points are present. We illustrate how

21We call a candidate ratio ρ admissible if the recursive construction in Theorem 1, together with the
normalisation GJ = 1, yields well-defined normalising constants in (0, 1] and distributions satisfying 0 =
F̃0(ρ) < F̃1(ρ) < · · · < F̃J(ρ) = 1, 0 = G0(ρ) < G1(ρ) ≤ · · · ≤ GJ(ρ) = 1 and gj(ρ) ≡ Gj(ρ) −
Gj−1(ρ) > 0 for some j ≥ 2.

22For ρ sufficiently large, no admissible solution for F exists. We show in Appendix C that the upper
bound for ρ that could possibly rationalise the data is M/N .
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multiplicity arises using the two-point distribution, where the analytical tractability of this
simple setting permits a complete characterisation of the identified set. Further examples
from distributions with more support points extend this intuition to more general settings.

The two-point distribution

To demonstrate that multiplicity can arise and characterize it exactly, consider buyer
values and seller thresholds with support {x1, x2}. We use the two-point distribution to
demonstrate that multiplicity can arise and to characterize exactly when it does for adjacent
bidder counts. Let buyer values and seller thresholds have support x1, x2. Since F (x2) =
G(x2) = 1, the primitives are summarized by F1 and G1. For each bidder count N , the
researcher observes H(N)

1 , the fraction of successful auctions transacting at x1, but does not
observe the sale probability ΩN .

ΩN = FN
1 G1 + [1 − FN

1 ] (3)

[NFN−1
1 − (N − 1)FN

1 ]G1 = ΩNH
(N)
1 (4)

For two bidder numbers M and N , with data {H(N)
1 , H

(M)
1 }, the equations above de-

scribe a polynomial system in F1 andG1. Identification depends on whether this system has
one or two admissible solutions (F1, G1) ∈ (0, 1)2. 23 The following proposition, proved
in Appendix A, describes the point- and set-identified regions with adjacent bidder counts
N,N + 1.

Proposition 2. Suppose H(N+1)
1 and H(N)

1 lie in the interior of the set of observables ra-
tionalizable by the two-point model for some N ≥ 1. Then the two-point distribution is
point-identified if and only if

H
(N+1)
1 ≤ NH

(N)
1

N + 1 −H
(N)
1

and is set-identified with exactly two admissible solutions for F and G otherwise. Both
regions have non-empty interiors.

The set-identified region arises when adding a bidder causes only a small decline in the
conditional probability of a low transaction price. As failed auctions are unobserved, this

23For N = 1 and M = 2, eliminating G1 produces a quadratic in F1. For example, if H
(1)
1 = 1/2, any

H
(2)
1 ∈ (1/3, 6 − 4

√
2) produces two admissible roots and therefore two primitive pairs.
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weak response can be rationalized by two different combinations of buyer values and seller
thresholds. The data therefore do not reveal which combination generated the observed
transactions.

Figure 2 displays the set-identified region of the two point distribution for the M = 3,
N = 2 case, with Panel (a) in the space of the data (H(2)

1 , H
(3)
1 ), and Panel (b) in the space

of the model primitives (F1, G1). In Panel (a) of Figure 2, the orange region is the set of
data generated by two different pairs of distributions. The grey area below it represents data
generated by a unique F and G. The remaining white areas cover data that are inconsistent
with the model. For example, the region above the 45-degree line represents transaction
price distributions that are inconsistent with any pair of distributions, as this region requires
a higher share of transactions occurring at the low price when the number of bidders is
larger.

Panel (b) shows that set identification is associated with large F1 and small G1: buy-
ers frequently have the low value, while seller thresholds frequently take the high value.
These primitives generate low sale probabilities and substantial selection. Although the
set-identified region is narrow in observable space, a broader range of primitive configura-
tions generates data in that region.

Figure 2: Identification for the two-point distribution, M = 3, N = 2
(a) Transaction prices
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These features also appear in our more general support examples: set identification
occurs near the boundary of model-consistent transaction-price distributions, where prices
respond weakly to bidder counts and seller thresholds are high relative to buyer values.
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3.3. The general case

As the mapping defined by equation (2) corresponds to a fixed-point problem in a single
variable and calculation of F̃ and g̃ is straightforward, given ρ, in practice it is often pos-
sible to fully characterise all fixed points. We show two examples in Figure 3. Each case
uses distributions for F and G with support on 10 evenly spaced points between zero and
one. The left-most panel shows the transaction price distributions associated with M = 2
and N = 1, H(2) and H(1), the middle panel shows the Υ mapping generated by these
transaction price distributions, and the right-most panel shows all F and G associated with
fixed points of Υ. Panels (a-c) show transaction prices corresponding to a single fixed
point, and so point identification of F and G. This setting captures the qualitative features
associated with identification established for the two-point distribution, in that G does not
stochastically dominate F .

Figure 3: Identification examples
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(c) Point-identified F and G
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(f) Set-identified F and G
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Notes: Two examples illustrating how fixed points of Υ map to distributions F and G that rationalise ob-
served transaction price distributions. Panels (a-c) show an example with a single fixed point of Υ and point
identification. Panels (d-f) show an alternative with two fixed points and set identification.

In contrast, Panels (d-f) show a set-identified example. The transaction price distribu-
tions in Panel (d) show flat distributions for H(2) and H(1). This is qualitatively similar to
the setting of the two-point distribution in Figure 2, where transaction price distributions
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associated with set-identification of F and G were nearer to the 45-degree line than the
point-identified region, implying similar values for the two transaction price distributions.
The Υ mapping in this case generates two fixed points, as shown in Panel (e). Note that
the x-axis reveals these two points to be very near each other in the ΩM/N space, and that
Υ is convex. This is again consistent with the observations from the two-point case in that
set-identification is associated with data that are near the boundary of data sets that can be
rationlised by the model: a small change in the transaction price distributions of Panel (d)
would generate an Υ mapping that lay completely above the 45-degree line, implying no
model solution able to rationalise the data. The two fixed points in Panel (e) correspond to
the distributions of Panel (f). For each distribution pair, seller threshold values are much
larger on average than buyer values.

Sufficient condition for point identification

Our next main result establishes a sufficient condition for point identification of F and
G. This condition is based on the mapping from sales rate ratios to model primitives es-
tablished in Theorem 1. The sufficient condition imposes a simple upper-tail separation
condition on the supports of the two primitives. A sufficient condition for point identifi-
cation of (F,G) from the observed data is that there exists ℓ ≥ 2 such that G(xJ−ℓ) = 1
and F (xJ−ℓ) < 1, i.e., G places no mass on {xJ−ℓ+1, . . . , xJ} while F has not yet reached
one by xJ−ℓ.24 This support separation delivers a simplified structure in the mapping from
(F,G) to observables: outcomes at the top ℓ grid points can only be attributed to F and
ΩM ,ΩN , allowing one to recover the sales rate ratio using only prices at the top of the
distribution, and then use this sales rate ratio to uniquely recover F and G at all lower
points.

Assumption 5. The top two buyer grid points contain positive mass, FJ−2 < FJ−1 < 1,
and the top two threshold grid points contain zero mass, GJ−2 = 1.

The condition achieves identification without additional shape restrictions on F or G,
relying instead on exclusion of G from the upper tail. The intuition is that the condition
removes the dependence of Ωn on the distribution of buyer value mass in the top two grid
points. At every other point up to J − 2, the buyer value mass partially determines Ωn.
However, Assumption 5 implies that this is not true for fJ−1 and fJ given FJ−2: how the

24Equivalently, supp(G) ⊆ {x1, . . . , xJ−ℓ} and F assigns positive probability to at least one of the top ℓ
grid points.
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total buyer value mass above FJ−2 is distributed across the top two grid points does not
affect Ωn, as a sale is already assured for these buyer values, but it does have implications
for the transaction price mass at these points. Variation in n then allows this to be expressed
as a system of two nonlinear equations in FJ−1 and FJ−2, and we show that this system has
a unique solution. The result is given below.

Theorem 3. Suppose H(N) and H(M) are observed for bidder counts M > N ≥ 2 and
Assumption 5 holds. Then ΩN , ΩM , F , and G are identified.

We view Assumption 5 as a mild condition: in freeing up the seller distribution from
the usual imposed constraint that sellers sell no matter what the maximum realised bidder
value is, we require only that sellers sell if the latter is sufficiently high.25 That said, it
is not innocuous: Figure 3 (f) is an example where the condition fails, and its stringency
depends on J . When the grid is fine and J is large, excluding G from the top two cells is
relatively weak; conversely, when J = 4, for example, it rules out mass for G on {x2, x3}
and is correspondingly strong. The key is that some upper-tail variation in support – G
reaching one strictly earlier than F by at least two points – is sufficient to isolate how
variation in transaction prices in this upper range is separately determined by FJ−2, FJ−1

and Ω(M),Ω(N). Then, given Ω(M) and Ω(N), the distributions at the remaining points are
identified from Theorem 1. 26

3.4. Lower support mismatch

The results above impose a common lower support assumption on F and G – namely,
that F0 = G0 = 0, F1 > 0, and G1 > 0. This insures that the transaction price distribu-
tion has positive support over the entire set of possible buyer values and assumes that any
bidder, even one with the lowest possible value, has a chance to win the auction. Similar
common support assumptions have been employed elsewhere when establishing identifica-
tion in auctions with heterogeneous participants (Athey and Haile, 2002, Komarova, 2013).
However, in our model, some settings may be inconsistent with this assumption. Restric-
tions on the support of G affect both the threshold distribution itself and the distribution
of seller values that can rationalise the threshold. For example, if seller values have the
same distribution of buyer values, but the threshold is determined by an optimal reserve

25This condition is also substantially less restrictive than the G(x1) = 1 assumption required to estimate
the model assuming that all auctions transact.

26The lowest-dimension case permits a closed-form solution; Appendix D contains the derivation.
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price, then the lower support of the threshold distribution will exceed that of the buyer
value distribution. We examine how identification is affected by this change to the model
environment.

Our first result is negative: if there is positive buyer value mass below the lower thresh-
old support, a continuum of solutions exists for F and G. More importantly, even the
truncation of F to the region where the seller threshold has positive support is not iden-
tified. This result contrasts with previous identification results focusing on fixed reserve
prices (Guerre et al., 2000) in which the buyer value distribution truncated to the region
above the reserve is identified, and it demonstrates that seller bid rejections interfere with
typical identification intuition in such settings. We formalise this result below.

Proposition 3. The class of models satisfying F0 > 0, G0 = 0, and G1 > 0 is not globally
point identified. In particular, a continuum of pairs (F,G) can generate the same observed
transaction price distributions. The conditional buyer-value distribution

F+
j = Fj − F0

1 − F0
, j ≥ 1,

also need not be identified.

We establish the result using a counterexample with buyer values on 0, 1, 2, seller
thresholds on 1, 2, and transaction price distributions for N = 1 and M = 2. Buyer
mass below x1 affects the bidder-count-specific sales rates, which are central to identifica-
tion, but is not observed directly because transaction prices are recorded only conditional
on sale. Although this mass can affect conditional prices indirectly through the composi-
tion of bidder values, changes in it can be offset by changes in the buyer distribution above
x1 and in G. The counterexample constructs a continuum of such primitives that generate
the same two transaction price distributions.

While lower support mismatch can result in non-identification, support mismatch at
the upper end of the distribution restores it. The upper-tail support separation condition
of Assumption 5 permits the buyer value and seller threshold distributions to be identified
over the transaction price grid. The intuition is that identification is achieved via a top-
down approach, where first the sales rates are identified from the top grid points and then
an iterative procedure similar to the construction of F̃ and G̃ contained in the proof of
Theorem 1 sequentially identifies F and G over the transaction price grid.

Proposition 4. Suppose transaction prices for bidder counts M > N ≥ 2 are known and
that Assumption 5 holds. Let x0 < x1 be a lower boundary with H(n)

0 = 0 for all observed
bidder counts n.
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(i) If G0 = 0, F0 > 0, and G1 > 0, then the aggregate buyer mass below the first
observed transaction price grid point is identified. The distributional shape of buyer
values below x1 is not identified from transaction prices alone.

(ii) If F0 = 0, G0 > 0, and only bidder counts n ≥ 2 are observed, then transaction
prices identify G1, but not the decomposition of seller threshold mass below and at
the first buyer-support point.

(iii) If N = 1 transaction prices are observed, then seller-threshold increments below the
buyer support are identified wherever Fj−1 < 1.

Propositions 3 and 4 demonstrate the importance of the relative supports of F and G
when establishing identification. At the lower support, positive buyer value mass below the
lowest seller threshold is problematic because it is directly relevant for the sales rates at
each bidder count, and the sales rates are a key component of the identification approach.
The upper support separation condition reverses this, because the overall sales rates cannot
be affected by the distribution of the buyer value mass above the point where the seller
threshold equals one.

3.5. Seller values

We have thus far not specified how the seller threshold relates to seller values. As dis-
cussed previously, an additional assumption is required to relate the seller threshold to the
value underlying it; we refer to this assumption as a conduct assumption. Depending on the
theoretical context, different assumptions about this mapping may be reasonable. Assum-
ing that the threshold is set by an optimal (static) reserve price may be sensible in settings
where the seller can make a binding take-it-or-leave-it offer to the highest bidder at the
end of the auction (Bulow and Klemperer, 1996). In marketplace settings with competing
sellers, the equilibrium mechanism may be for the seller to have a reserve price equal to
his or her own value (Albrecht et al., 2014). Empirically, some settings suggest that sellers
may set the reserve price sub-optimally (Paarsch, 1997).

Assumption 6 imposes two restrictions on seller thresholds that are consistent with
many interpretations of the value-threshold mapping. These restrictions, which are similar
to those used in Haile and Tamer (2003), require that a seller’s threshold should never be
below her value, as this could generate a sale when she would prefer to retain the item, and
that the threshold should never exceed the optimal reserve price. Note that this formulation
rules out reserve prices that exceed the optimal reserve price. While this is not strictly
necessary, the range between efficient and seller-optimal provides a direct link to theoretical
models of seller behaviour.
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Assumption 6. The seller threshold obeys the following conditions:

1. Sellers never sell below their own value.

2. Sellers never refuse a sale at a price above the optimal reserve.

LetR(VS) be the optimal reserve price given VS .27 We define a conduct assumption as a
parameter α ∈ [0, 1] such that VT = αVS + (1 −α)R(VS); that is, a convex combination of
the efficient reserve VS and the seller-optimal reserve R(VS). Each value of α is consistent
with Assumption 6. As this is a known transformation when α is known, identification
of F and G allows the econometrician to recover seller values under a specific conduct
assumption.28

When a specific value for α is not imposed, Assumption 6 places bounds on the set of
seller values that are consistent with an observed threshold, permitting set identification of
seller values absent a more restrictive conduct assumption.

3.6. Identification of the distribution over the number of bidders

We conclude the discussion of identification by mentioning how the distribution over
the number of bidders can be recovered using the identification of F and G combined with
an empirical distribution of the number of bidders conditional on sale. The observed distri-
bution over auction entrants is often a central object in auction studies, informing market
design policies such as bidder preference programs (Krasnokutskaya and Seim (2011)) and
revenue maximization via the optimal reserve. To recover entry costs or other model primi-
tives related to the empirical distribution over the number of auction participants, the model
must first obtain unbiased estimates of this distribution.

We define πk as the probability of observing k bidders conditional on a sale. Following
a similar logic to why the distribution of F is biased in favor of higher bidder values when
using only transacted sales data, the distribution over the number of bidders will be biased
in favor higher bidder numbers. Denoting by pk the true distribution that there are k bidders
in an auction, we would then expect πk < pk when k is low and πk > pk when k is high.

27The standard optimal reserve price in the IPV setting with continuous buyer value distribution (density)
F (f ) is the solution r∗ to r∗ = VS + [1 − F (r∗)]/f(r∗).

28To be precise, in the discrete case, the optimal reserve mapping will associate each grid point xj with an
interval on the real line of seller values for which xj is the optimal threshold. Recovering a discrete seller
value distribution requires these intervals to be associated with a grid of points for seller values, some of
which may lie below x1.
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The identification of F and G, and the associated winning probabilities conditional on
N , ΩN , permits straightforward identification the overall distribution of bidders without
conditioning on sale (but conditioning on N ≥ 1). Using the fact that sales rates are
identified given F and G, pN is identified from πN , a result formalised below:

Proposition 5. Assume that {πn,Ωn}N
n=1 are known. Then pN is identified for each n ∈

{1, ..., N}

The proof is immediate based on the representation of the probability of observing N
bidders conditional on the auction resulting in a sale as pN = (πN/ΩN)/[∑N

m=1 πm/Ωm].

3.7. Selective entry

Our identification results assume exogenous variation in the number of bidders. In
some auction environments, bidders might receive a signal that is correlated with their
value before making a (costly) auction entry decision. We discuss how our results can be
extended to accommodate this environment; details are contained in Appendix D. We make
two main assumptions on the entry process. The first is that each bidder’s entry signal might
be correlated with her own value, but entry signals and valuations are not correlated across
bidders. The second is that we assume that sellers always enter: the threshold distribution
is always G.29 Under these assumptions, our identification results apply to the distribution
of entrants’ values. For welfare calculations or counterfactuals that do not rely on changes
to entry, these model components may be sufficient.

When the distribution of potential, and not just realised, entrants’ values are required,
the approach of Gentry and Li (2014) to recover this distribution extends to our setting
whenever we have point identification of the auction model. This approach assumes that
there are observables that exogenously shift entry decisions, such as by changing entry costs
without affecting valuation draws. When combined with an auction mechanism in which
the distribution of values associated with submitted bids is identified, the distribution of
potential bidders’ values is identified.30 The set of auction mechanisms they consider nests
our model. Thus, when this model is point identified given the submitted bids, the distri-
bution of potential entrants’ values is identified; we provide a more detailed description in

29In settings in which sellers can also choose whether to enter the auction (versus an alternative, such as
a negotiation listing), a similar instrumental variables approach as Gentry and Li (2014) might be applied to
identifying seller selective entry primitives; we leave this for future work.

30Whether this is point or partial identification depends on whether the entry variation is continuous or
discrete.
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Appendix D. Our framework therefore accommodates existing empirical approaches to
selective entry.

4. Monte Carlo Simulations

4.1. Estimation

The data available to the econometrician are {bt, Nt}T
t=1, where bt is the transaction

price and Nt is the number of bidders in successful auction t. We compare two estimators.
The first implements the constructive identification argument and is nonparametric apart
from discretising the price support. The second approximates the buyer and seller densities
by finite Hermite series and estimates their coefficients jointly by minimum distance. Both
estimators use only successful auctions.

The Omega-based estimator has an inner loop that computes buyer and seller distri-
butions consistent with a candidate sales-rate ratio ρ ≡ ΩM/ΩN and an outer loop that
searches for a fixed point of the mapping Υ in equation (2). The inner loop is unique under
the conditions of Theorem 1. If the model-implied ratio is within a pre-specified tolerance
of the input ratio, the algorithm stops; otherwise, it replaces the input by the model-implied
ratio and repeats. We implement the recursion as follows.

0. Estimate H(n)(xj) for each n ∈ M,N and j = 1, ..., J .

Ĥ
(n)
j =

∑T
t=1 1{bt ≤ xj, Nt = n}∑T

t=1 1{Nt = n}

1. Fix an input sales rate ratio ρ ≡ ΩM/ΩN .

2. At j = 1, F1(ρ) is the solution to

λ1(x) ≡ (M − 1)xM−N+1 −MxM−N − (N − 1)ρĤ
(M)
1

Ĥ
(N)
1

x+Nρ
Ĥ

(M)
1

Ĥ
(N)
1

= 0

3. At each j > 1, Fj(ρ) is the unique root in (Fj−1(ρ), 1) of

λj(x) ≡ (M − 1)xM −MxM−1 − (N − 1)ϕjx
N +Nϕjx

N−1 + FM
j−1(ρ) − ϕjF

N
j−1(ρ)

where

ϕj =
ρH

(M)
j −∑j−1

k=1 G̃k(ρ)(FM
k (ρ) − FM

k−1(ρ))
H

(N)
j −∑j−1

k=1 G̃k(ρ)(FN
k (ρ) − FN

k−1(ρ))
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5. At each j, calculate G̃j as

G̃j =
h

(N)
j + G̃j−1(ρ)[NFN−1

j−1 (ρ) −NFN
j−1(ρ)]

NF̃N−1
j − (N − 1)FN

j (ρ) − FN
j−1(ρ)

6. Evaluate the sales rate ratio implied by ρ using equation (2):

Υ(ρ) = 1 +
J−1∑
k=1

[FN
k (ρ) − FM

k (ρ)]g̃k+1(ρ)

The outer loop repeats steps 2 through 6 to minimise |Υ(ρ)−ρ|.31 Conditional on ρ, the
main nonlinear computation is the solution of a sequence of sparse polynomial equations.

We also consider a standard semi-nonparametric estimator. We approximate each prim-
itive distribution by integrating a squared polynomial multiplying a Normal reference den-
sity, following the construction of Gallant and Nychka (1987).32 We demonstrate the con-
struction for the buyer value distribution F ; the seller threshold is analogous. Let rF be the
reference density restricted to an interval IF , and letψF (x) ≡ (ψF,0(x), ψF,1(x), ..., ψF,K(x))
collect the Hermite polynomials of orders zero through K, evaluated at (x − µF )/σF and
divided by the square roots of their factorials. The reference location µF and scale σF are
obtained from preliminary CDF estimates and held fixed during joint estimation. For a unit
coefficient vector aF , the density is

fD(x; aF ) = rF (x)[a′
FψF (x)]2, (5)

Numerical integration gives the CDF F (x; aD). We setK = 4 and parameterise the column
vector aF = (1, ηF )/

√
1 + ∥ηF ∥2, with ηF ∈ R4, which fixes the coefficient norm and the

sign of the constant coefficient and leaves four free parameters.
Let ηG denote the analogous parameters governing the seller threshold distribution, de-

fine η ≡ (ηF , ηG), and let H(n)(x; η) denote the transaction-price CDF implied by the
resulting F and G through equation (1). For the bidder-count set N = {M,N}, we min-

31Our implementation uses contraction mapping iterations to find the fixed point. We establish conditions
under which equation (2) defines a contraction in Appendix D.

32Other auction applications of this approach include Hernández et al. (2020), Freyberger and Larsen
(2020), and Foster (2022).
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imise

Q(η) = 1
J |N |

∑
n∈N

wn

J∑
j=1

[
Ĥ

(n)
j −H(n)(xj; η)

]2
(6)

where wn = Tn/[maxm∈N Tm] and Tn is the number of successful auctions with n bidders.

4.2. Simulation specifications and results

We consider three distribution pairs. Case (i) is the “low sales rate” setting, with buyer
values given by an exponential distribution with parameter 2.5 (shifted and truncated to
the interval [3.5, 7]), and the seller threshold following a Normal distribution with mean
µs = 5 and standard deviation σs = 0.85, truncated to the interval [3.5,6].33 Case (ii) is the
“medium sales rate” setting, with buyer values following a Normal distribution with µb = 5
and σb = 0.55 and the seller threshold also following a Normal distribution with µs = 4.75
and σs = 0.35. Finally, case (iii) is the “high sales rate” setting, with the buyer value
distribution given by a two-component Normal mixture with means (4.5, 5.75), component
variances (0.05, 0.05), and weights (0.25, 0.75); the seller threshold has the same Normal
distribution as case (ii). The probability that the seller is influential in allocations and
prices varies across the three settings. In case (i), sales probabilities are 70.5% with two
bidders and 88.3% with four bidders; they are 83.6% with two bidders and 94.5% with four
bidders in case (ii); and 95.7% with two bidders and 99.7% with four bidders in case (iii).
This variation in distribution shape and seller influence captures a range of auction settings
that empirical researchers might encounter.

For each pair, we conduct 1000 replications. Candidate auctions are generated in equal-
sized bidder-count blocks, and T = 1000 successful auctions are sampled without replace-
ment in each replication. We use the same simulated samples for both estimators. Figure
4 reports the pointwise 2.5th and 97.5th percentiles for the distributions of buyer values
and the seller threshold. Appendix C reports the corresponding results for different bidder
count pairs (M,N) = (2, 1) and sample size T = 5000.

The distribution pairs show finite-sample estimation performance under varying con-
ditions. When sellers are frequently influential in determining whether a sale occurs and
at what price, as in case (i), their threshold distribution is recovered precisely at most grid
points; this is demonstrated in panels (a) and (d). As the seller becomes less important for
auction outcomes, the recovered seller threshold is less precise. However, even in the high

33“Low” is a relative term; the two-bidder sales rate for this case is substantially higher than in two-bidder
housing auctions in our empirical application.
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sales rate setting of case (iii), where the two- and four-bidder auctions’ sales rates exceed
95% and 99%, panels (c) and (f) demonstrate that it remains possible to extract meaningful
information about the seller threshold distribution.

Figure 4: Monte Carlo simulations, (M,N) = (4, 2), 1000 auctions
(a) Low sales rate, Omega (b) Med sales rate, Omega (c) High sales rate, Omega

(d) Low sales rate, Hermite (e) Med sales rate, Hermite (f) High sales rate, Hermite

Notes: Monte Carlo simulation results from 1,000 replications with 1,000 successful auctions per replication.
The top panels show the Omega-based estimator, while the bottom panels show the Hermite polynomial-
based estimator.

Comparison of the top and bottom panels of Figure 4, together with the correspond-
ing appendix figures, shows the tradeoffs associated with the non-parametric Omega-based
estimator versus the semiparametric Hermite polynomial approximation. At lower transac-
tion prices, the Omega bands can exclude the true CDFs, as there is too little transaction
price mass to support a stable recursive update. This is more apparent with higher bidder
counts and lower sample sizes. However, when the underlying data contain stronger identi-
fying variation, as in the (M,N) = (2, 1) cases shown in Appendix C, the non-parametric
Omega estimator’s performance generally exceeds the Hermite polynomial approximation.

For comparison, the red diamonds show the mean buyer CDF estimate obtained when
rejected offers are ignored. This estimate uses only the higher-bidder-count observations.
The resulting CDF lies below the true buyer CDF over most of the support, corresponding
to an estimated buyer-value distribution that first-order stochastically dominates the truth.
The magnitude and location of the bias depend on the frequency of rejection and on the
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relative shapes of the buyer and seller distributions.

4.3. Estimating the number of bidders

Figure 5 shows simulation results for estimating the number of bidders using the esti-
mated Ω̂n constructed from the distributions of F and G and the observed probability of
n bidders conditional on sale. The simulations use an estimation sample of 1000 auctions
of the case (ii) specification (Normal buyer values and Normal seller threshold) described
above. The F and G estimates used to construct the estimated sales rates are generated
using the Hermite polynomial estimator. The mean estimated from the raw data, i.e., the
distribution over N conditional on sale occurring, is shown as orange dots, while the 95%
simulation band associated with the Monte Carlo simulations are shown in blue. These
intervals all contain the true value of 1/4 for each n = 1, 2, 3, 4 used to generate the data,
while the raw transaction data show significant bias in the number of bidders, underesti-
mating n = 1 observations and over-estimating n = 4.

Figure 5: Estimating the distribution of N

Notes: Monte Carlo simulation results for the bidder count distribution using the Normal Buyer/Normal
Seller specification of case (ii). The sample is generated by drawing n uniformly from {1, 2, 3, 4}, simulating
auction outcomes, then sampling transaction prices and bidder counts from 1,000 successful auctions.

5. Application to Housing Auctions

We apply our methodology to housing auctions in the Greater Sydney region of New
South Wales, Australia. Housing is one of the largest assets on household balance sheets,
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and the Sydney housing market has an estimated total value of over AUD$4 trillion, with
annual sales of more than AUD$240 billion. In Sydney, as in several other major cities
in Australia, auctions are often used to sell residential properties and account for approxi-
mately 20% of all residential home sales.34

All auctions are ascending, open-outcry English auctions. The seller enlists the services
of a third party who holds the auction in person with potential buyers. Per NSW regulations,
buyers must register in advance to participate in the auction. Bidding proceeds as in many
other English auctions, with bidders placing progressively higher bids until no party is
willing to place another bid.

During the auction, the seller has the opportunity to place a single bid on her own
behalf. Called the vendor bid, this bid is declared as such by the auctioneer when it is
placed and is binding, in that regulations require the auction to be declared as unsuccessful
(or “passed in”) if the vendor bid is not surpassed. Auctions also specify a price at which the
seller will face a monetary penalty if they do not sell to the highest bidder; these prices are
required by the auctioneer to discourage sellers from “testing the market” with no intention
of selling, among other behaviours.35 We term this the commitment price and interpret it
as the auctioneer’s estimate of the market value of the home – for example, in our sample,
its distribution is similar to the highest bid distribution. The commitment price is never
revealed to bidders during the auction (except, possibly, when it has been exceeded), and
sellers often choose to sell at high bids below it.

Our data set comes from a large Sydney-based firm that specialises in third-party auc-
tioneer services and contains both successful and unsuccessful auctions. The data contain
the date of the auction, the number of registered bidders, commitment price, highest bid,
property postcode, the auctions result, and whether the auction was passed in on a vendor
bid.

The institutional setting and data are useful for an application of our method for several
reasons. The auction process is similar to our model: bidders must register in advance, they
bid in an ascending open-cry auction that is strategically equivalent to a second-price auc-
tion (with the assumption of frictionless bidding or no winning “jump bids”), and the seller
can make a binding take-it-or-leave-it offer a single time during the auction, which can

34Auctions are used to sell a wide range of properties; see Genesove and Hansen (2023).
35While the seller can refuse to sell at bids exceeding this price, they are obligated to pay the sales com-

mission and other fees to the auctioneer and listing agent if they do not sell; in practice, refusals above this
price are extremely rare.
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serve as the seller’s threshold. We also observe failed auctions, which allows us to compare
how our method is able to recover the buyer value and seller threshold distributions to the
distributions estimated using the full sample that includes failed auctions.36

Table 2 shows summary statistics for the auction data, separated by whether the auction
was successful or not. We use all auctions with 10 or fewer bidders; the transaction only
sample is the set of these auctions that results in a sale. About 28% of auctions with at least
one registered bidder do not result in a transaction. Successful auctions are more likely to
have higher bidder counts, with an average of 4.34 bidders compared to 2.31 for unsuccess-
ful auctions, and are also more likely to have higher bids relative to the commitment price.
However, the commitment price alone is not directly indicative of the sale price: 43% of
successful auctions have a transaction price below the commitment price.

Table 2: Summary statistics

Mean Std. Dev. p10 Median p90

Panel A. Transaction sample
Highest bid 1.29 0.69 0.65 1.10 2.20
Number of bidders 4.34 2.33 2.000 4.000 8.000
Commitment price 1.26 0.68 0.65 1.05 2.20
Num. Obs. 9,766

Panel B. Full sample
Price 1.31 0.70 0.65 1.11 2.28
Number of bidders 3.76 2.31 1.000 3.000 7.000
Commitment price 1.33 0.72 0.65 1.10 2.34
Sale 0.72 0.45 0.000 1.000 1.000
Num. Obs. 13,592

5.1. Estimation

Our estimator follows the Hermite polynomial approximation minimum distance esti-
mator described in Section 4, adapted to condition on the commitment price as an observ-
able covariate. A semi-parametric approach allows us to circumvent practical issues that
may arise in the application of the non-parametric Ω-based estimator.37

36However, even in our setting the failed auction records are incomplete, as it is not always clear for failed
auctions whether the recorded price represents a vendor bid or a bidder’s bid.

37For example, imprecise transaction price distributions estimate may violate the model’s cross-bidder-
count restrictions in small samples, leading to a failure to find an admissible solution for F and G using the
algorithm described in Section 4.1. A continuous covariate further reduces the precision of the empirical
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We extend the semi-parametric construction to allow the shapes of both primitive dis-
tributions to vary with commitment price c. Let Xt = bt/ct denote the transaction-to-
commitment price ratio, and let F (x|c) andG(x|c) be the conditional CDFs of buyer values
and seller thresholds expressed relative to commitment price. We assume that, conditional
on c, the primitive distributions do not otherwise vary with the number of bidders. To
accommodate the institutional features of the commitment price (i.e., that sellers are effec-
tively obligated to sell at bids above this price), we assume that the seller threshold always
lies below the commitment price, so that seller threshold ratios are bounded above by one.

For each primitive, we follow equation (5) and orthonormalise its degree-four polyno-
mial basis under the reference density on its support. We allow the coefficient vector to
depend on commitment price through

z(c) = log c− log c
log c− log c, v(c) =

(
1, z(c) − 1

2 , [z(c) − 1
2 ]2
)
, (7)

where c and c are the lower and upper endpoints of the commitment price grid. For D ∈
{F,G}, the polynomial coefficients aD = (βDv(c)′)/∥βDv(c)′∥ for a matrix βD ∈ R5×3.
Each matrix βD has a common scale and sign normalisation, leaving 14 parameters per
primitive. Integration gives F (x|c) and G(x|c), and equation (1) gives the corresponding
H(n)(x|c) and sale probabilities Ωn(c).

Let H(n)
j (cℓ) denote the kernel estimate of the conditional transaction price CDF. We

estimate the two coefficient matrices by minimising

Q(βF , βG) = 1
JL|N |

L∑
ℓ=1

∑
n∈N

wnℓ

J∑
j=1

[
H

(n)
j (cℓ) −H(n)(xj | cℓ; βF , βG)

]2
. (8)

Here N = {1, . . . , 10}, J = 101, L = 15, and wnℓ is the local kernel effective sample size
divided by its largest value across bidder counts and commitment prices.

We also estimate the model using the full sample, including failed auctions. We retain
the degree four conditional Hermite representation of F (x|c) and G(x|c), with quadratic
coefficient functions in normalised log commitment price with coefficients represented by
β. Let U denote the seller threshold ratio and Yn the highest buyer-value ratio in an auction
with n bidders. An auction fails when Yn < U . For auctions recorded as failing on a

transaction price distributions, increasing the probability that some (M, N) pair and covariate value c0 will
have estimate distributions H(M)(x|c0), H(N)(x|c0) that do not generate valid F, G solutions.
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vendor bid, we interpret the price (i.e., vendor bid) ratio as U ; we interpret price records
from failures without a vendor bid as Yn.38 The model distributions matched to the two
failed auction groups are therefore H(n)

v,j (c) = Pr(U ≤ xj | Yn < U, n, c) and H(n)
b,j (c) =

Pr(Yn ≤ xj | Yn < U, n, c). The full-sample criterion is

Qfull(β) = Qs(β) +Qv(β) +Qb(β) +QΩ(β), (9)

where the first three terms match the empirical CDFs for successful transactions, vendor-
bid failures and non-vendor failures, respectively, and the fourth matches observed sale
probabilities. The components are weighted by their counts and averaged over commitment
price nodes and bidder counts. Appendix B.4 provides additional implementation details.

5.2. Results

Figures 6 and 7 show the estimation results. The estimated distributions for buyer val-
ues and the seller threshold at the median commitment price are displayed in Figure 6;
results for the 15th and 85th percentiles of the commitment price are contained in Ap-
pendix B. Following 4, the shape of F (·|c) is unidentified below the lower bound of the
transaction price support. The lowest conditional transaction price quantile used in estima-
tion is the one percent level, corresponding to approximately a price-to-commitment ratio
of 0.9, which we set to the lower x-axis support in Figure (a); the shape of F below this
value is not identified. Over the support of x, the transaction only estimate provides very
similar values to the full sample estimate obtained that uses the information from the full
sample, including failed auctions. The estimates for the seller threshold distributions across
the transaction only and full sample cases also have similar shapes.

As a comparison, we also estimate and plot the buyer value distribution inferred from
assuming that all auctions transact using the n ≥ 2 sample of transactions. As expected,
this distribution implies substantially higher values, dominating the transaction-only sam-
ple at values lower than the commitment price. As bids below the commitment price ac-
count for over 40% of sales in our sample, this bias is economically meaningful for pre-
dicting both outcomes and buyer surplus.

Both the full sample and transaction only estimates indicate that a large fraction of

38This follows our earlier work in Barkley et al. (2025), where we found this specification fit best fit the data
in that full sample estimation. We assume that, conditional on failure, bidder count and commitment price,
the recorded prices/bids of each type represent the corresponding latent distribution among failed auctions.
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Figure 6: Estimated buyer and seller distributions for median c
(a) Buyer values (b) Seller threshold

buyer values lie below the lower support of the seller threshold. This finding is related
to the Australian housing policy debate on “underquoting,” the practice of sellers (or the
listing agents operating on their behalf) intentionally advertising homes at prices lower than
what the seller is prepared to accept in order to attract a larger pool of interested buyers.39

Our estimates are consistent with underquoting by sellers successfully attracting to the
auction buyers who have no realistic chance of purchasing the property.

We also compare the transaction only estimates’ ability to recover the empirical sales
rates. These are untargeted moments, as the transaction only sample does not contain any
information about the empirical sales rates. The results are displayed in Figure 7. While
the model estimates tend to over-predict sale probabilities, the model-implied sales rates
nevertheless provide a close approximation to the empirical sales rates despite using only
transaction data to obtain them.

6. Conclusion

We study identification of buyer and seller primitives in second-price auctions when
rejected offers are unobserved and only successful transactions are recorded. With vari-
ation in the number of bidders and discrete supports, we reduce identification to a fixed-
point problem in the ratio of sale probabilities across bidder counts; uniqueness delivers
point identification and multiple fixed points imply set identification. We provide a sim-

39For example, Victoria, another Australian state in which residential housing auctions are common, has
recently implemented a policy requiring auction sellers to publicly reveal the commitment price one week
before the auction is held to curtail this practice.
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Figure 7: Estimated sales rates

ple sufficient condition of upper-tail support separation which ensures point identification.
Thresholds map into seller values under a conduct assumption. Monte Carlo experiments
validate our approach and quantify the upward bias from ignoring rejected offers, and an
application to Sydney housing auctions illustrates the model’s performance in a real-world
setting.

These results expand the set of feasible counterfactuals in auction marketplace envi-
ronments when only transaction data is available. By recovering the distribution of seller
thresholds – and, with an additional assumption, seller values – researchers can evaluate
policies that hinge on supply-side responses: reserve-rule design, platform fee changes
and revenue sharing, seller participation, and entry/eligibility rules that shift bidder counts.
Since the approach identifies sale probabilities by bidder count and decomposes prices into
bidder- and seller-side primitives, it supports welfare decompositions and comparative stat-
ics for market-design interventions that are inaccessible with buyer-only analysis.

Although our non-identification results are non-parametric, they also inform paramet-
ric approaches. Our dual results on identification given the sales rates ratio and upper
and lower bounds on the ratio ensures that an econometrician can find all roots in a non-
parametric environment, and so conclude in any given case whether the primitives are iden-
tified or not. When the curse of dimensionality forces the econometrician to impose para-
metric restrictions, such certainty is lost. Our results establishing sufficient conditions for
identification and examples of non-identification are then a sufficient guide for when the
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researcher can be confident that underlying non-identification, perhaps masked by the para-
metric restrictions, is a problem and when not. Specifically, estimates that display seller
distributions substantially to the right of buyer distributions should be viewed as potentially
non-reliable.

Our independent private values setting abstracts from many other features of auction
environments studied in the empirical literature, including bidder risk aversion (Guerre
et al., 2009) and unobserved heterogeneity (Krasnokutskaya, 2011). Our model differs
in assigning an active role to both buyers and sellers in determining auction outcomes.
The selection and model misspecification issues arising from ignoring seller decisions may
affect the implementation of many of the aforementioned models. For example, identifying
unobserved heterogeneity may rely on the joint distribution of bid pairs (Krasnokutskaya,
2011) or pairs of bid order statistics (Luo and Xiao, 2023). If seller actions determine prices
or allocations but are not modelled or directly observable in the data, the bid distributions
used to estimate these models are based on selected samples, possibly leading researchers
to make incorrect inferences about the data generating process. Utilising the information
contained in over-identifying restrictions, such as when more than two bidder counts are
observed, may provide an avenue to identifying these model components. We leave detailed
consideration of these issues to future work.
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Appendix A. Proofs

Several equations are used in the proofs that are not present in the main text. We first
define the function An as

An(x) ≡ nxn−1 − (n− 1)xn.

For n ≥ 2, An(Fj) is the probability that the second highest buyer value is at most xj .
Next, the transaction-price probability mass function at point j satisfies

Ωnh
(n)
j = An(Fj)Gj − An(Fj−1)Gj−1 − F n

j−1(Gj −Gj−1). (A.1)

Appendix A.1. Derivations for the two-point distribution

We first record the ordering of the transaction-price distributions across bidder counts.

Lemma 1. In the two-point model, H(M)
1 < H

(N)
1 for M > N .

Proof. It suffices to compare adjacent bidder counts. After cancelling common positive
factors, H(N+1)

1 < H
(N)
1 is equivalent to

(1 − F1)[N(1 − F1) + FN+1
1 (1 −G1)] > 0

Proof of Proposition 2. Letting x represent a candidate F1 value, the threshold probability
implied by the n-bidder transaction price equation is

gn(x) = H
(n)
1 (1 − xn)

An(x) −H
(n)
1 xn

.

Equating gN(x) and gN+1(x) yields p(x) = 0, where

p(x) = [H(N)
1 (1 − xN)][AN+1(x) −H

(N+1)
1 xN+1]

−[H(N+1)
1 (1 − xN+1)][AN(x) −H

(N)
1 xN ]

Note that x = 1 is always a root. Write p(x) = (x− 1)q(x); polynomial division gives

q(x) = [NH(N)
1 − (N − 1)H(N+1)

1 ]xN+1 + [H(N+1)
1 −H

(N)
1 ]

N∑
k=2

xk

+[H(N+1)
1 − (N + 1)H(N)

1 −H
(N)
1 H

(N+1)
1 ]x+NH

(N+1)
1
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where the sum is zero when N = 1. Lemma 1 implies that the first coefficient is
positive, the second coefficient is negative, the third coefficient is negative, and the fourth
coefficient is positive. The coefficient sequence of q therefore has two sign changes. Be-
cause the data are rationalisable, q has at least one root in (0, 1), so Descartes’ rule implies
that it has exactly two positive roots, counted with multiplicity.

Moreover, q(0) = NH
(N+1)
1 > 0, its leading coefficient is positive, and

q(1) = p′(1) = (N + 1)H(N+1)
1 −H

(N)
1 [N +H

(N+1)
1 ]

If q(1) < 0, one positive root lies in (0, 1) and the other exceeds one. If q(1) = 0, the
second root is one. If q(1) > 0, q has the same sign at zero and one. The number of roots in
(0, 1) is then even and, because the interval contains the true value of F1, both positive roots
lie in that interval. To verify admissibility, let x solve AN(x) = H

(N)
1 . Then gN(x) < 1

if and only if x > x. Interior rationalisability implies H(N+1)
1 > AN+1(x), and hence

gN+1(x) > gN(x) = 1. Because p has the sign of gN − gN+1, q(x) > 0. One root is the
true value of F1 and exceeds x; when q(1) > 0, the other root must therefore also exceed
x. Both roots then generate gn(x) ∈ (0, 1). They are distinct away from the boundary of
the rationalisable set. Finally,

q(1) ≤ 0 ⇐⇒ H
(N+1)
1 ≤ NH

(N)
1

N + 1 −H
(N)
1

,

which establishes the result.

Appendix A.2. Proofs for general distributions case

The proof of Theorem 1 makes use of the following lemma:

Lemma 2. Let M > N ≥ 1, ϕ > 0, and w ∈ [0, 1). Define

λ(x) ≡ (M − 1)xM −MxM−1 − (N − 1)ϕxN +NϕxN−1 + wM − ϕwN .

Then:

(i) if λ(w) < 0, then λ has no root in [w, 1];

(ii) if λ(w) > 0, then λ has at most one root in [w, 1];

(iii) if w > 0 and λ(w) = 0, then λ has no root in (w, 1];

(iv) if w = 0, then λ has at most one positive root in (0, 1].
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Moreover, any root in (w, 1) under (ii) or (iv) is simple and satisfies λ′(x) < 0.

Proof. First note that

λ(w) = (1 − w)wN−1
(
Nϕ−MwM−N

)
, (A.2)

with w0 = 1 when N = 1. If N = 1, then λ is strictly decreasing on (0, 1):

λ′(x) = M(M − 1)xM−2(x− 1) < 0

for x ∈ (0, 1). All four claims follow immediately.
Now suppose N ≥ 2. For x ∈ (0, 1),

λ′(x) = (1 − x)xN−2
[
N(N − 1)ϕ−M(M − 1)xM−N

]
. (A.3)

The bracketed term is strictly decreasing in x, and the term outside the brackets is strictly
positive. Hence, once λ is decreasing at some point in (0, 1), it is decreasing at all higher
points in (0, 1).

If λ(w) < 0, equation (A.2) implies

Nϕ < MwM−N .

Since M > N , this gives

N(N − 1)ϕ < M(M − 1)xM−N

for all x ∈ [w, 1]. Equation (A.3) then implies that λ′(x) < 0 throughout [w, 1). Thus λ is
strictly decreasing on [w, 1], and because it starts below zero it has no root in that interval,
proving (i).

If λ(w) = 0 and w > 0, equation (A.2) gives

Nϕ = MwM−N .

Again M > N , so λ′(x) < 0 for all x ∈ [w, 1). Therefore w is the only possible root in
[w, 1], and there is no root in (w, 1], proving (iii).

If λ(w) > 0, the derivative can switch sign at most once, from positive to negative.
Therefore λ can cross zero at most once after w: if a first root exists, the crossing must
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occur while λ is strictly decreasing, and after that point λ remains decreasing. This proves
(ii) and the simplicity claim. Finally, if w = 0, then λ(x) > 0 for all sufficiently small
positive x; the same single-crossing argument gives at most one positive root in (0, 1], and
any such root lies on the strictly decreasing branch. This proves (iv) and completes the
proof.

Proof of Theorem 1. The proof proceeds by induction on the grid index j. At j = 1,
equation (1) gives

ΩnH
(n)
1 = G1An(F1) = G1

[
nF n−1

1 − (n− 1)F n
1

]
.

Taking the ratio for bidder counts M and N , and writing

ϕ1 ≡ ΩMH
(M)
1

ΩNH
(N)
1

= ρ
H

(M)
1

H
(N)
1

,

we obtain

ϕ1 = MFM−1
1 − (M − 1)FM

1

NFN−1
1 − (N − 1)FN

1
.

For positive roots this is equivalent to

(M − 1)xM −MxM−1 − (N − 1)ϕ1x
N +Nϕ1x

N−1 = 0.

This is the polynomial in Lemma 2 with w = 0 (case (iv)). Since the model generates the
data, an admissible positive root exists; Lemma 2 implies that it is unique. Hence F1 is
identified as a function of ρ. Then

G1 = ΩNH
(N)
1

AN(F1)
= ΩNG̃1(ρ), G̃1(ρ) ≡ H

(N)
1

AN(F1(ρ))
.

Now assume that F1, . . . , Fj−1 are identified as functions of ρ, and that

Gk = ΩNG̃k(ρ), k = 1, . . . , j − 1.

Define

Q
(n)
j ≡ ΩnH

(n)
j −

j−1∑
k=1

Gk(F n
k − F n

k−1).
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Equation (1) implies

Q
(n)
j = Gj

[
nF n−1

j − (n− 1)F n
j − F n

j−1

]
.

Taking the ratio for M and N , let

ϕj ≡
Q

(M)
j

Q
(N)
j

.

Then Fj must solve

(M − 1)xM −MxM−1 − (N − 1)ϕjx
N +Nϕjx

N−1 + FM
j−1 − ϕjF

N
j−1 = 0

on [Fj−1, 1]. This is the polynomial in Lemma 2 with w = Fj−1 and ϕ = ϕj . Consistency
of the model and data imply existence of an admissible root. The lemma implies that there
is at most one admissible root, so Fj is identified.

It remains to verify that ϕj depends only on the sales-rate ratio ρ, not on the levels ΩN

and ΩM separately. Using the induction hypothesis,

Q
(M)
j

Q
(N)
j

=
ρH

(M)
j −∑j−1

k=1 G̃k(ρ)(FM
k − FM

k−1)
H

(N)
j −∑j−1

k=1 G̃k(ρ)(FN
k − FN

k−1)
.

Thus Fj is a function of ρ. Finally,

Gj =
Q

(N)
j

NFN−1
j − (N − 1)FN

j − FN
j−1

= ΩNG̃j(ρ)

for a known function G̃j(ρ). This completes the induction.
At j = J , imposing GJ = 1 gives

1 = GJ = ΩNG̃J(ρ),

so ΩN = 1/G̃J(ρ), ΩM = ρΩN , and Gj = ΩNG̃j(ρ) are identified.

Lemma 3. For every ρ0 ∈ R, the functions F̃j(ρ), j = 1, . . . , J − 1, and G̃j(ρ), j =
1, . . . , J , admit real analytic extensions to an open interval in R containing ρ0. Conse-
quently, Υ admits such an extension at every ρ0 ∈ R and is continuous on R.

Proof. Fix ρ0 ∈ R. At j = 1, ϕ1(ρ) = ρH
(M)
1 /H

(N)
1 is real analytic. The admissible root

F̃1(ρ0) ∈ (0, 1) of the polynomial in the proof of Theorem 1 lies on its strictly decreasing
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branch by Lemma 2, and hence the derivative of the polynomial with respect to its root is
nonzero. The analytic implicit function theorem (Krantz and Parks, 2002, Theorem 2.3.5)
therefore gives an open interval I ⊂ R containing ρ0 and a real analytic extension of F̃1 to
I . After shrinking I , the extension remains on the strictly decreasing branch and in (0, 1),
so uniqueness of the admissible root implies that it agrees with the recovered F̃1 on I ∩ R.
The expression

G̃1(ρ) = H
(N)
1

AN(F̃1(ρ))

then gives a real analytic extension of G̃1.
After shrinking I as necessary, suppose that F̃k and G̃k are real analytic on I for k < j.

The ratio used to recover F̃j is

ϕj(ρ) =
ρH

(M)
j −∑j−1

k=1 G̃k(ρ)
[
F̃k(ρ)M − F̃k−1(ρ)M

]
H

(N)
j −∑j−1

k=1 G̃k(ρ)
[
F̃k(ρ)N − F̃k−1(ρ)N

] .
At ρ0, the denominator equals

Q
(N)
j

ΩN

= G̃j

[
AN(Fj(ρ0)) − FN

j−1(ρ0)
]
> 0,

where positivity follows from admissibility. Thus ϕj is real analytic near ρ0. The poly-
nomial defining Fj(ρ) has analytic coefficients and, by the single-crossing argument, a
simple admissible root in (Fj−1(ρ), 1). The analytic implicit function theorem therefore
gives a real analytic extension of Fj(ρ) which, after shrinking I , remains in (Fj−1(ρ), 1)
and agrees with the unique admissible root on I ∩ R. Finally,

G̃j(ρ) =
H

(N)
j −∑j−1

k=1 G̃k(ρ)
[
Fk(ρ)N − Fk−1(ρ)N

]
AN(Fj(ρ)) − Fj−1(ρ)N

is real analytic after shrinking I , because its denominator is strictly positive at ρ0:

AN(Fj(ρ0)) − FN
j−1(ρ0) = NFN−1

j (ρ0)(1 − Fj(ρ0)) + FN
j (ρ0) − FN

j−1(ρ0) > 0.

This completes the induction through j = J − 1. Setting FJ(ρ0) = 1 in the preceding
expression gives a real analytic extension of G̃J , since its denominator is 1 −FN

J−1(ρ0) > 0
at ρ0. Equation (2) then gives a real analytic extension of Υ to an open interval in R
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containing ρ0. Since ρ0 was arbitrary, Υ is continuous on R.

Proof of Theorem 2. Fix ρ ∈ R and suppress dependence on ρ. Let ΩI
n(ρ) denote the

sale probability implied by the candidate primitives. Summation by parts in equation (1) at
the upper support point, where FJ = GJ = 1, gives

Ωn(ρ) = 1 −
J−1∑
k=1

F n
k (Gk+1 −Gk).

This follows from
∑J

j=1 Gj(F n
j − F n

j−1) = 1 − ∑J−1
k=1 F

n
k gk+1. Subtract the N -bidder

expression from the M -bidder expression:

ΩI
M(ρ) − ΩI

N(ρ) =
J−1∑
k=1

[
Fk(ρ)N − Fk(ρ)M

]
gk+1(ρ)

Now we use that gk+1 = ΩN(ρ)g̃k+1 and ΩI
N(ρ) = ΩN(ρ), with the latter equality

arising from using ΩN(ρ) as the normalisation for G̃. Dividing by ΩN(ρ) gives

ΩI
M(ρ)

ΩI
N(ρ) = 1 +

J−1∑
k=1

[
Fk(ρ)N − Fk(ρ)M

]
g̃k+1(ρ) = Υ(ρ).

Internal consistency requires the input ratio to equal the model-implied ratio, so ρ = Υ(ρ).
Conversely, any admissible fixed point generates primitives whose implied sales-rate ratio
equals the input ratio and therefore rationalises the observed transaction-price distributions.
This proves (i) and (ii).

To prove (iii), suppose that Ω∗ is infinite. Compactness of R implies that its zeros have
an accumulation point ρ0 ∈ R. By Lemma 3, Υ(ρ) − ρ admits a real analytic extension to
an open interval in R containing ρ0. The identity theorem for real analytic functions implies
that this extension vanishes on that interval. Hence Υ(ρ) − ρ vanishes on a nonempty open
subinterval of (1, ρ). The function Υ(ρ) − ρ is real analytic on the connected open interval
(1, ρ), so a second application of the identity theorem gives Υ(ρ)−ρ = 0 throughout (1, ρ).
Continuity then gives Υ(1) − 1 = 0.

This conclusion would make ρ = 1 a fixed point. However, for the candidate primitives
recovered at ρ = 1,

ΩI
M(1) − ΩI

N(1) =
J∑

k=1
gk(1)Fk−1(1)N

[
1 − Fk−1(1)M−N

]
> 0.
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The inequality follows from admissibility: gk(1) > 0 for some k ≥ 2 and 0 < Fk−1(1) < 1.
Part (i) therefore gives Υ(1) = ΩI

M(1)/ΩI
N(1) > 1, a contradiction. Thus Ω∗ is finite.

Proof of Theorem 3. Let x ≡ FJ−1, y ≡ FJ−2. Since GJ−2 = GJ−1 = GJ = 1, the
pmf equation (A.1) at the top two grid points imply

Ωnh
(n)
J = 1 − An(x),

and
Ωnh

(n)
J−1 = An(x) − An(y).

Therefore the ratios

a ≡ h
(N)
J

h
(N)
J−1

, b ≡ h
(M)
J

h
(M)
J−1

satisfy

a = 1 − AN(x)
AN(x) − AN(y) , b = 1 − AM(x)

AM(x) − AM(y) .

Equivalently, (x, y) solves

Φ(x; y) ≡ (a+ 1)AN(x) − 1 − aAN(y) = 0, (A.4)

Ψ(x; y) ≡ (b+ 1)AM(x) − 1 − bAM(y) = 0. (A.5)

We first show that, for each y ∈ (0, 1), equation (A.4) has a unique solution x(y) ∈
(y, 1). Since

Φ(y; y) = AN(y) − 1 < 0,

and
Φ(1; y) = a[1 − AN(y)] > 0,

existence follows from continuity. Moreover,

∂Φ(x; y)
∂x

= (a+ 1)N(N − 1)xN−2(1 − x) > 0

for x ∈ (y, 1), so the solution is unique.
Next, x(y)/y is strictly decreasing. Implicit differentiation gives

x′(y) = a

a+ 1
yN−2(1 − y)

x(y)N−2(1 − x(y)) . (A.6)
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Using equation (A.4),
a

a+ 1 = 1 − AN(x)
1 − AN(y) .

Thus x′(y) < x(y)/y is equivalent to

[1 − AN(x)]yN−1(1 − y) < [1 − AN(y)]xN−1(1 − x).

After rearranging, this inequality is

C(x, y) > 0,

where
C(x, y) = −(1 − yN−1)xN + (1 − yN)xN−1 − yN−1(1 − y).

As a polynomial in x, C has at most two positive roots by Descartes’ rule of signs. Since
C(y, y) = 0 and C(1, y) = 0, these are its only positive roots. Finally,

Cx(1, y) = −(1 − AN(y)) < 0,

so C(x, y) > 0 for all x ∈ (y, 1). Therefore x′(y) < x(y)/y, and

d

dy

(
x(y)
y

)
< 0.

It remains to show that Ψ(x(y); y) = 0 has a unique solution in (0, 1). Let

Ψ̃(y) ≡ Ψ(x(y); y).

The function extends continuously to y = 1 with x(1) = 1, and Ψ̃(1) = 0. Differentiating
and using (A.6),

Ψ̃′(y) = M(M − 1)byM−2(1 − y)
b+ 1

b

a

a+ 1

(
x(y)
y

)M−N

− 1
 .

BecauseM > N and x(y)/y is strictly decreasing, the bracketed term is strictly decreasing
in y. Hence Ψ̃ has at most one turning point. The model is assumed to generate the data, so
there exists a true y0 ∈ (0, 1) such that Ψ̃(y0) = 0. If there were another interior root, then
the two interior roots together with the endpoint root at 1 would require at least two turning
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points by Rolle’s theorem, a contradiction. Thus y0, and therefore x(y0), are uniquely
identified.

With x = FJ−1 identified, the top grid point equations identify the sales rates:

Ωn = 1 − An(FJ−1)
h

(n)
J

, n ∈ {N,M}.

Theorem 1 then identifies the remaining values of F and G. Equivalently, Lemma 4 recov-
ers the lower grid points recursively once the top of the distribution and the sales rates are
known.
Proof of Proposition 3. It suffices to construct a continuum of observationally equivalent
primitives. Let buyer values have support {0, 1, 2}, with

Pr(V = 0) = 1 − p, Pr(V = 1) = pa, Pr(V = 2) = p(1 − a),

and let the seller threshold equal 1 with probability r and 2 with probability 1 − r. Thus,
1 − p is the buyer mass below the lower threshold support and a = Pr(V = 1 | V ≥ 1).

Write hn = Pr(P = 1 | sale, N = n). For one bidder,

h1 = r

1 − a(1 − r) .

For two bidders, enumeration of the events producing transaction prices 1 and 2 gives

h2 = [2 − p− p(1 − a)2]r
[2 − p− p(1 − a)2]r + p(1 − a)2 + 2(1 − a)[1 − p(1 − a)](1 − r) .

Solving the first equation for r and substituting into the second yields

0 = h1a
2 + (h2 − h1h2 − 2h1)a+ (2h1 − h2) − 2(h1 − h2)

p
.

Consider the observable probabilities h1 = 2/3 and h2 = 11/19. The preceding equa-
tion becomes

38a2 − 65a+ 43 − 10
p

= 0.

For every a ∈ [1/3, 2/3], define

p(a) = 10
38a2 − 65a+ 43 , r(a) = 2(1 − a)

3 − 2a .
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These quantities lie strictly between zero and one, and substitution into the original obser-
vation equations gives

h1 = 2
3 , h2 = 11

19
for every a in the stated interval. Since prices have support {1, 2}, these probabilities de-
termine the complete transaction-price distributions conditional on sale. Along this family,
F0 = 1 − p(a), F+(1) = a, and G1 = r(a). Each therefore varies while the observables
remain fixed. Hence F , G, and F+ are not point identified.

Before proving Proposition 4, we establish the following lemma that shows how top-down
recursion recovers F and G given the sales rates. For example, if ΩM and ΩN are know via
Theorem 3, top-down iteration recovers the primitives in a similar fashion to Theorem 1.

Lemma 4. Suppose ΩN and ΩM are known for bidder counts M > N , and suppose
(Fj, Gj) has been identified. Define

R
(n)
j ≡ An(Fj)Gj − Ωnh

(n)
j .

If there is an admissible solution (Fj−1, Gj−1) with

0 < Fj−1 < Fj, 0 ≤ Gj−1 ≤ Gj,

then it is unique. In particular, Fj−1 is the unique admissible root of

Pj(x) ≡ (M −N)Gjx
M −MR

(N)
j xM−N +NR

(M)
j = 0, (A.7)

and Gj−1 is then recovered from

Gj−1 =
R

(N)
j −GjF

N
j−1

NFN−1
j−1 (1 − Fj−1)

. (A.8)

Proof. Let x = Fj−1 and y = Gj−1. Rearranging the mass equation (A.1) gives

R
(n)
j = Gjx

n + nxn−1(1 − x)y.

For n = N ,

y(x) =
R

(N)
j −Gjx

N

NxN−1(1 − x) .

Substituting this expression into the equation for bidder count M yields (A.7). On the
admissible region, y(x) ≥ 0, so

R
(N)
j ≥ Gjx

N .
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Now
P ′

j(x) = M(M −N)xM−N−1
(
Gjx

N −R
(N)
j

)
≤ 0

on the admissible region. Thus Pj is monotone on the admissible region and has at most
one admissible root. Once Fj−1 is known, equation (A.8) pins down Gj−1.

Proof of Proposition 4. At the first grid point, equation (A.1) gives

Ωnh
(n)
1 = An(F1)G1 − An(F0)G0 − F n

0 (G1 −G0).

If G0 = 0, this reduces to

Ωnh
(n)
1 = G1 [An(F1) − F n

0 ] ,

which gives

F0 =
An(F1) − Ωnh

(n)
1

G1

1/n

.

This formula identifies only the total mass F0, establishing (i).
If F0 = 0 and n ≥ 2, then An(F0) = 0 and F n

0 = 0, so

Ωnh
(n)
1 = An(F1)G1.

Thus G0 drops out of the transaction price equation. The data can identify the cumulative
threshold mass G1, but not how much of that mass lies below the first buyer-support point,
proving (ii).

Finally, when n = 1, A1(x) = 1, and the mass equation becomes

Ω1h
(1)
j = (1 − Fj−1)(Gj −Gj−1).

This proves (iii).

56



Appendix B. Hermite approximation and implementation

Appendix B.1. Density normalisation and the transaction-price mapping

For each primitiveD ∈ {F,G}, the reference density is proportional to ϕ((x−µD)/σD)/σD

on its integration interval. The overall scale of this reference cancels from equation (5). We
divide by a normalising constant CD(a) =

∫
ID
rD(u){[a′ψD(u)]2 + ϵD} du, adding a lower

bound ϵD to the squared polynomial term in implementation. The implementation eval-
uates the integral and its cumulative counterpart by the trapezoidal rule, and divides the
cumulative integral by its terminal value. The resulting CDF takes values zero and one at
the endpoints of the interval.

To evaluate the transaction CDF, write Fj and Gj for the primitive CDFs on the grid
used for the auction mapping, and set A(n)

j = nF n−1
j − (n − 1)F n

j . With A(n)
0 = F0 =

G0 = 0, define the unnormalized transaction masses

m
(n)
j = A

(n)
j Gj − A

(n)
j−1Gj−1 − F n

j−1(Gj −Gj−1), Ωn =
∑

j

m
(n)
j . (B.1)

The implied transaction CDF is H(n)
j = ∑

k≤j m
(n)
k /Ωn, which implements equation (1).

Appendix B.2. Monte Carlo implementation

For both bidder-count pairs used in the simulations, the preliminary buyer CDF is
F 0

j = 1 −
√

1 − Ĥ
(2)
j , obtained by ignoring seller rejections in two-bidder auctions. The

preliminary seller CDF is G0
j = max{Ĥ(min N )

j , F 0
j }. For each primitive, the reference

location is the median of its preliminary CDF and its scale is the difference between its
90th and 10th percentiles divided by Φ−1(0.9) − Φ−1(0.1). Quantiles are interpolated on
the objective grid after enforcing monotonicity. These reference parameters remain fixed
during joint estimation.

The basis uses the probabilists’ Hermite polynomials, with He0(z) = 1, He1(z) = z,
and Hek+1(z) = zHek(z) − kHek−1(z), scaled as Hek(z)/

√
k!. We set K = 4 and ϵD =

10−10. All three distribution cases use 30 objective nodes.

Appendix B.3. Housing implementation

The first stage uses successful auctions with observed transaction-to-commitment price
ratiosXt = bt/ct and bidder counts from one to ten. For bidder count n, the raw conditional
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CDF estimate is

Ĥ(n)(x | c) =
∑T

t=1 1{Nt = n}κ((ct − c)/bn)1{Xt ≤ x}∑T
t=1 1{Nt = n}κ((ct − c)/bn)

, (B.2)

where κ is the standard Normal kernel and bn is the bidder-count-specific bandwidth. The
smoothing variable is commitment price in levels. The bandwidth rule is bn = 1.06 min{sn, IQRn /1.349}T−1/5

n ,
where sn and IQRn are computed within the bidder count n. The commitment grid has 15
quantile-based nodes. The ratio grid consists of 100 equally spaced points with the value
one included.

Reference densities are calculated once from preliminary primitive CDFs following the
description above. First average Ĥ equally across commitment nodes. The preliminary
buyer CDF uses the average ten-bidder transaction CDF. The preliminary seller CDF is the
pointwise maximum of that buyer CDF and the average one-bidder transaction CDF, set to
one at ratios of one and above.

We orthonormalise each polynomial basis with respect to the reference density over the
corresponding support. Let pD(u) represent the set ofK standardised Hermite polynomials
divided by the square roots of their factorials. At integration nodes um with trapezoidal
weights qm, normalise rD so that

∑
m qmrD(um) = 1, and form

MD =
∑
m

qmrD(um)pD(um)pD(um)′ = R′
DRD, ψD(u) = R−′

D pD(u), (B.3)

where RD is the upper-triangular Cholesky factor. Then
∑

m qmrD(um)ψD(um)ψD(um)′ =
I . With ∥aD(c)∥ = 1, the density integrates to one, and the basis transformation preserves
the degree-four polynomial span.

The coefficient matrices in equation (7) are parameterised by

vec(βD) = (1, BD)√
1 + ∥BD∥2

, BD ∈ R14, (B.4)

using columnwise vectorisation. Thus the norm of βD is one and the coefficient on the con-
stant basis term at the constant covariate term is positive. This fixes the matrices’ common
scale and sign.
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Appendix B.4. Full sample moments

For a given bidder count n and commitment price c, write Fj = F (xj|c) and Gj =
G(xj|c). The joint masses of failure and a threshold or highest buyer value at xj are
v

(n)
j (c) = F n

j−1(Gj − Gj−1) and b
(n)
j (c) = (F n

j − F n
j−1)(1 − Gj), with F0 = G0 = 0

(noting that a threshold tied with a buyer value results in a sale). The first expression re-
quires all buyers to lie strictly below the threshold. The second requires the threshold to
exceed the highest buyer value. Each mass sequence sums separately to 1 − Ωn(c), where
Ωn(c) = ∑

j Gj(F n
j − F n

j−1). Thus

H
(n)
v,j (c; β) =

∑j
k=1 v

(n)
k (c; β)

1 − Ωn(c; β) ,

H
(n)
b,j (c; β) =

∑j
k=1 b

(n)
k (c; β)

1 − Ωn(c; β) .

For r ∈ {s, v, b}, define the CDF distance at (n, ℓ) by

Dr
nℓ(β) = 1

J

J∑
j=1

[
Ĥ

(n)
r,j (cℓ) −H

(n)
r,j (cℓ; β)

]2
,

where H(n)
s is the transaction CDF as already defined. Let A denote the (n, ℓ) nodes with

both failure CDFs available. For each bidder count, let T a
n , T s

n, T v
n and T b

n be the counts
of all auctions, sales, vendor failures and non-vendor failures. Set Tmax = maxn T

a
n and

wr
n = T r

n/Tmax. The objective function in equation (9) is

Qfull(β) = 1
L|N |

{ ∑
n∈N

∑L
ℓ=1

[
ws

nD
s
nℓ(β) + wa

n

{
Ω̂n(cℓ) − Ωn(cℓ; β)

}2
]

+∑
(n,ℓ)∈A

[
wv

nD
v
nℓ(β) + wb

nD
b
nℓ(β)

] }
.

Appendix C. Additional simulations

Figures C.8 and C.9 repeat the main Monte Carlo comparison for various bidder count
combinations and sample sizes.
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Figure C.8: Monte Carlo simulations, (M,N) = (4, 2), 5000 auctions
(a) Low sales rate, Omega (b) Med sales rate, Omega (c) High sales rate, Omega

(d) Low sales rate, Hermite (e) Med sales rate, Hermite (f) High sales rate, Hermite

Notes: Monte Carlo simulation results from 1,000 replications with 5,000 successful auctions per replication.
The top panels show the Omega-based estimator, while the bottom panels show the Hermite polynomial-
based estimator.
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Figure C.9: Monte Carlo simulations, (M,N) = (2, 1)

T = 1,000
(a) Low sales rate, Omega (b) Med sales rate, Omega (c) High sales rate, Omega

(d) Low sales rate, Hermite (e) Med sales rate, Hermite (f) High sales rate, Hermite

T = 5,000
(g) Low sales rate, Omega (h) Med sales rate, Omega (i) High sales rate, Omega

(j) Low sales rate, Hermite (k) Med sales rate, Hermite (l) High sales rate, Hermite

Notes: Monte Carlo simulation results for (M, N) = (2, 1).
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Appendix D. Selective entry and other results

Appendix D.1. Selective entry

Condition throughout on a known number K ≥ 2 of potential bidders. Potential bidder
i has pre-entry signal Qi and value Vi; bidder i learns her value only after entry. The
realised number of entrants is N . Let Z be an observed participation shifter, VT the seller
threshold drawn from distribution G assumed independent of all bidder value-signal pairs,
and S the sale indicator. Auction outcomes follow Assumption 2. Conditional on a sale,
the econometrician observes N , Z, and the transaction price. For each z, define

πn(z) ≡ Pr(N = n | S = 1, Z = z,K), Ωn(z) ≡ Pr(S = 1 | N = n, Z = z,K).

The potential bidder conditional value CDF and the value CDF selected by a cutoff s are,
respectively,

F (v | q) ≡ Pr(Vi ≤ v | Qi = q,K), F ent(v; s) ≡ Pr(Vi ≤ v | Qi ≥ s,K).

We now formalise the entry stage assumptions; these largely follow Gentry and Li (2014),
with two main differences. The first is that, rather than derive an equilibrium entry thresh-
old, we assume that entry follows a threshold cutoff rule for simplicity. The second is
that we assume Z shifts participation probabilities directly, rather than operating through
an entry cost. These reduced-form simplifications of their framework enable a more con-
cise description of the potential bidder value distribution identification result, but preclude
identification of entry costs.

Assumption 7. Conditional on a known number of potential bidders K:

(i) conditional on (Z = z,K), {(Vi, Qi)}K
i=1 are independently and identically dis-

tributed, their common joint distribution does not depend on z, and Qi is uniform on
[0, 1];

(ii) conditional on (Z = z,K), VT is independent of all bidder value-signal pairs and
has CDF G, which does not depend on z;

(iii) for every q′ ≥ q, F (v|q′) ≤ F (v|q) for all v;

(iv) potential bidder i observes Qi and Z, but not Vi, before entry, and entry follows a
threshold cutoff rule: for each z there exists sK(z) such that i enters if and only if
Qi ≥ sK(z); and
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(v) the set of cutoffs SK ≡ {sK(z) : z ∈ supp(Z | K), sK(z) ∈ (0, 1)} satisfies cl(SK) =
[0, 1].

The last condition requires that the instrument must induce cutoff entry values whose
closure covers the signal support. This allows pointwise identification almost everywhere;
otherwise, bounding approaches are needed.

Next we assume that we can identify the F ent and G from the transaction only data
(e.g., the sufficient condition of Assumption 5 holds for each z):

Assumption 8. For every z such that sK(z) ∈ (0, 1), transaction prices and bidder counts
n < m are observed, and F ent(·; sK(z)), G, and Ωn(z),Ωm(z) are point identified.

Under Assumption 7, the independence implication used by Gentry and Li (2014) ap-
plies directly. At cutoff sK(z), a representative entrant has value CDF F ent(·; sK(z)). Be-
cause value-signal pairs are conditionally independent across potential bidders given Z = z

and entry depends only on a bidder’s own signal, conditional onN = n the n entrant values
are independent draws from this CDF. Under the seller threshold independence assumption,
VT is also independent of entrant values. The conditional transaction price equation (1) can
therefore be applied with buyer CDF F ent(·; sK(z)). The next proposition recovers the
entry cutoff from the transaction data.

Lemma 5. Suppose Assumptions 7 and 8 hold. Fix z and choose any 1 ≤ n < m ≤ K
such that πn(z), πm(z) > 0. Then the transaction data identify the entry probability e(z),
the entry cutoff sK(z) = 1 − e(z), and the cutoff set SK .

Proof. Let pn(z) ≡ Pr(N = n | Z = z,K) denote the entrant-count distribution before
conditioning on sale. Proposition 5 gives πn(z) = (pn(z)Ωn(z))/[∑K

ℓ=1 pℓ(z)Ωℓ(z)]. The
common denominator cancels when taking the ratio across m and n, so pm(z)/pn(z) =
[πm(z)/Ωm(z)]/[πn(z)/Ωn(z)]. Independent cutoff entry and uniform signals imply that
N is binomial with K trials and success probability e(z) = 1 − sK(z). Hence

πm(z)/Ωm(z)
πn(z)/Ωn(z) =

(
K
m

)
(

K
n

) ( e(z)
1 − e(z)

)m−n

.

Solving yields e(z). Repeating the argument over the support of Z identifies SK .
We can now apply the identification argument of Proposition 2 in Gentry and Li (2014).

Corollary 2. Suppose Assumptions 7 and 8 hold. Then F (xj | q) = Pr(Vi ≤ xj | Qi =
q,K) is point identified for every j = 1, . . . , J and almost every q ∈ (0, 1).
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Proof. Lemma 5 and Assumption 8 identify {s, F ent(·; s)}s∈SK
. Assumption 7 gives the

affiliated signal structure and cl(SK) = [0, 1]. The result therefore follows from their
argument: take the selection identity (1 − s)F ent(x; s) =

∫ 1
s F (x|q)dq, noting that the

left-hand side is identified for every s ∈ SK and continuous in s, and cl(SK) = [0, 1]
implies it is identified on [0, 1]. Differentiating with respect to s gives F (x|s) = − ∂

∂s
[(1 −

s)F ent(x; s)]. Because the selection inversion is pointwise in values, finite support of Vi

does not affect the argument.

Appendix D.2. Other results

Proposition 6. For any M > N ≥ 1 with ΩN > 0,

1 ≤ ΩM

ΩN

≤ M

N
.

These bounds are tight. The lower bound is sharp if all auctions result in sale.

Proof of Proposition 6. Write Ωn = ∑J
j=1 gj(1 − F n

j−1). Since xM ≤ xN on [0, 1],
ΩM ≥ ΩN . For the upper bound, the average of the first n terms of the non-increasing
sequence 1, x, x2, . . . is non-increasing in n. The geometric sum identity therefore gives

1 − xM

M
≤ 1 − xN

N
, 0 ≤ x ≤ 1.

Substitution of x = Fj−1 and summation with weights gj yield ΩM/M ≤ ΩN/N , proving
the upper bound.

The lower bound is attained when G1 = 1. To establish upper-bound tightness while
retaining positive threshold mass at both points, take F1 = 1 − ϵ and G1 = ϵ2 in the
two-point model. Then

Ωn

ϵ
=

n−1∑
r=0

(1 − ϵ)r + ϵ(1 − ϵ)n −→ n

so ΩM/ΩN → M/N as ϵ ↓ 0.

Proposition 7. If the transaction price distributions for two distinct bidder levels M >
N ≥ 1 are observed, then Υ is a contraction mapping if there exists C ∈ (0, 1) such that∣∣∣∣∣

J−1∑
k=1

{
gk(ρ)F̃k(ρ)′

[
NF̃N−1

k (ρ) −MF̃M−1
k (ρ)

]
+ g′

k(ρ)
[
F̃N

k (ρ) − F̃M
k (ρ)

]}∣∣∣∣∣ ≤ C (D.1)
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for all ρ ∈ [Ω,Ω] where {gk(ρ), Fk(ρ)} are known functions of ρ given the transaction
price distributions {H(M)

k , H
(M)
k }J

k=1.

Proof of Proposition 7. Starting with the sales rate ratio mapping (2)

Υ(ρ) = 1 +
J−1∑
k=1

[
FN

k (ρ) − FM
k (ρ)

]
gk+1(ρ)

A sufficient condition for Υ to be a contraction is that there exists some positive C < 1
such that the absolute value of the derivative does not exceed C. Taking the derivative with
respect to ρ gives

Υ′(ρ) =
J−1∑
k=1

{
g̃k(ρ)F̃ ′

k(ρ)
[
NF̃N−1

k (ρ) −MF̃M−1
k (ρ)

]
+ g̃′

k(ρ)
[
F̃N

k (ρ) − F̃M
k (ρ)

]}

If N = 1 transactions are observed, the sufficient condition can be substantially simpli-
fied, which we demonstrate below for the M = 2, N = 1 case.

Corollary 3. If the transaction price distributions for M = 2 and N = 1 are known, then
F is point identified if ∣∣∣∣∣

J−1∑
k=0

hk+1
1

∂Fk(ρ)
∂ρ

∣∣∣∣∣ ≤ C

for some positive C < 1 for all ρ ∈ (1, 2), where F (ρ) is the buyer value distribution
associated with sales rate ratio of ρ

Proof. Using gk+1(ρ) = h
(1)
k+1

1−Fk(ρ) gives

Υ(ρ) =
J−1∑
k=0

h
(1)
k+1

1 − Fk(ρ) −
F 2

k (ρ)h(1)
k+1

1 − Fk(ρ)

=
J−1∑
k=0

h
(1)
k+1(1 + Fk(ρ))(1 − Fk(ρ))

1 − Fk(ρ)

= 1 +
J−1∑
k=0

h
(1)
k+1Fk(ρ)

Taking the absolute value of the derivative with respect to ρ gives the result.

Closed-form expression for Theorem 3 when M = 3, N = 2. The system of equations in
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the proof of Theorem 3 becomes

a (A2(x) − A2(y)) = 1 − A2(x),

b (A3(x) − A3(y)) = 1 − A3(x),

Rearranging the first equation gives a(1−y2) = (a+1)(1−x)2. Taking the positive square
root gives y = 1 − c(1 − x) where c ≡

√
1 + (1/a).

Next, we factor 1 − A3(x) = 1 − 3x2 + 2x3 = (1 − x)2(1 + 2x). Using this in the
second equation gives

b(1 − y)2(1 + 2y) = (b+ 1)(1 − x)2(1 + 2x)

Substituting 1 − y = c(1 − x) and cancelling the (1 − x)2 factor gives bc2(1 + 2y) =
(b+ 1)(1 + 2x). Substituting y = 1 − c(1 − x) gives

bc2(3 − 2c+ 2cx) = (b+ 1)(1 + 2x),

a linear equation in x. Solving gives

x = 1 − 3(1 − b/a)
2[1 − b(c3 − 1)] , y = 1 − c(1 − x)
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