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Abstract

We study causal inference in sample selection models where a continuous or multivalued treat-

ment affects both outcomes and their observability (e.g., employment or survey response). We

generalize the widely used Lee (2009)’s bounds for binary treatment effects. Our key innovation is

a “sufficient treatment value” assumption that imposes weak restrictions on selection heterogene-

ity and is implicit in separable threshold-crossing models, including monotone effects on selection.

Our double debiased machine learning estimator enables nonparametric and high-dimensional

methods, using covariates to tighten the bounds and capture heterogeneity. Applications to Job

Corps and Civilian Conservation Corps (CCC) program evaluations reinforce prior findings under

weaker assumptions.
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1 Introduction

Sample selection is a common challenge in studying treatment effects. A classic question in

empirical economics is estimating the effect of training programs on wages. There is sample

selection because a training program not only affects wages via human capital accumulation, but

also affects the chance that a worker is eventually employed and hence is selected into samples.

We only observe wages of employed workers. If the estimation is based on a selected sample with

observed outcomes, then one must isolate the effect on employment status (extensive margin) to

learn about the effect on wages (intensive margin). Nonetheless in survey data, when the treatment

affects response behavior, those who respond to the survey (i.e., who are selected into samples)

in the treatment group are no longer comparable to respondents from the control group. Such

problems of sample selection, attrition, or missing data arise in fields other than economics; for

example, in medical studies, quality of life after assignment of a new drug is only observed if a

patient does not die (truncation by death). In education, final test score is only observed if a

student does not drop out.

Due to the non-random sample selection, the causal effect on the outcome is not point-identified

without imposing further assumptions on functional forms or distributions; e.g., Heckman (1976,

1979), Imbens and Angrist (1994), Zhang et al. (2009), Honoré and Hu (2020), Chen and Roth

(2023). Assuming the treatment variable is randomly assigned (conditional on observables), we

build on the seminal work of Horowitz and Manski (1995) and Lee (2009), who bound the average

causal effect of a binary treatment. The setup is fully non-parametric and hence allows for general

heterogeneity. Many treatment or policy variables are continuous or discrete multivalued, e.g.,

hours in a social program, lottery prize, drug dosage, tuition subsidy, cash transfer, air pollution,

etc. As Lee (2009)’s bound has been a common practice in empirical economics, we fill in the

important gap to provide a corresponding tool to deal with sample selection in studying the causal

effect of a continuous or multivalued treatment. The replication package of codes and data for our

empirical applications is available on the authors’ websites for practical implementation.

We provide the worst-case sharp bounds for the average treatment effect, or the average dose-

response function, for always-takers who are selected into samples, or whose outcomes are observed,

regardless of the treatment values they receive.1 Note that the selected sample given a certain

treatment value d consists of always-takers and compliers who are not selected given other treat-

ment values d′ ̸= d. The key element of the bounds is the proportion of always-takers in the

1Always-takers are also known as always-observed, always-responders, always-employed, nonattriters, or sur-
vivors. The concept of always-takers is from the literature on imperfect compliance of treatment (Angrist et al.,
1996), where “taking” is the taking of the treatment affected by an instrument, rather than selection into the
sample affected by the treatment, considered in this paper.
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selected d-treated sample, which is used to trim the observed outcomes for the worst-case lower

(upper) bound when all always-takes’ outcomes are smaller (or larger) than all compliers’ out-

comes. Recall that for a binary treatment, Lee (2009) assumes monotone treatment effects on

selection, i.e., if a subject is selected in the control group, then it must be selected in the treat-

ment group. Then only always-takers can be in the selected untreated sample and are identified.

For a continuous or multivalued treatment, we propose a novel sufficient treatment value assump-

tion on selection: if a subject is selected into samples when it receives the sufficient treatment

value, then it remains selected when receiving any other treatment values. So we generalize the

monotonicity assumption in Lee (2009) by assuming the sufficient treatment value to be zero for a

binary treatment. Then the selected subjects who are treated with the sufficient treatment value

are always-takers. So the probability of always-takers is identified by the minimum conditional

selection probability over the treatment values.

For example, in a standard setting of survey attrition, if we find the response rate (conditional

selection probability) given cash transfer is lowest at $1,000, then our sufficient treatment value

assumption is that everyone who responded to a survey question when receiving a cash transfer of

$1,000 would also have responded if there received any other values (always-takers). And there are

some additional people (compliers) who only responded when they received some other transfer

values and did not respond given $1,000. We can interpret the sufficient treatment value $1000
as the least-favored treatment (cash transfer) to induce selection into samples (responding to the

survey) in the sense that if a subject is selected under the sufficient treatment value, then it is

selected under any other treatment values.

In fact, the sufficient treatment value is implicit under a separable structural error in selection,

or in a widely used class of latent variable threshold-crossing models (Vytlacil, 2002). This im-

portant observation suggests that the sufficient treatment value assumption is not restrictive, and

the subpopulation of always-takers is a natural target under minimal assumptions. The associated

always-takers are the largest subpopulation for whom we can partially identify the average effect

of switching treatment over a range of values chosen by researchers for treatment intervention.

Moreover we allow for unconfoundness assumption in observational studies, and subjects with

different pretreatment covariates can have different sufficient treatment values. So the information

of covariates could potentially tighten the bounds and confidence intervals, or capture heterogenous

effects that is not revealed without using the covariates, as supported by our empirical illustrations.

Our bounds and asymptotic inference are robust to the extensive margin effect on selection, in

the sense that when there is no selection bias or no extensive margin, our bounds contain the

point-identified causal object. So we avoid pre-testing the treatment effect on selection.

We note that one might be interested in the partial (or marginal) effect defined as the derivative
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of the average dose response function. However, we cannot bound such derivative by the same

approach of Lee (2009). Instead, we bound the average effects of switching treatment values

within a subset of the support of the treatment, or an average derivatives over two treatment

values, which could be interesting in practice.

We illustrate our methodology by two applications. We find significant effects when incorpo-

rating covariates, while the bounds estimates without covariates show positive but insignificant

effects. So incorporating covariates is useful to increases precision and captures heterogeneity.

First, we revisit the Job Corps program, one of the largest federally funded job training programs

in the U.S. The evaluation of these programs has been the focus of a substantive methodological

literature, due to the high cost of about $14,000 on average per participant; see Schochet et al.

(2008), Lee (2009), Flores et al. (2012), among others. The participants are exposed to different

numbers of actual hours of academic and vocational training. Their labor market outcomes may

differ if they accumulate different amounts of human capital acquired through different lengths of

exposure. We try to understand whether hours of training raise wages by helping them find a job

(extensive margin) or by increasing human capital that would affect the intensive margin effect on

the outcome. We find that increasing the training from 1.5 weeks to 9 months increases log weekly

earnings by at least 0.224 at 5% significance level for those always employed (always-takers).

The second application evaluates the Civilian Conservation Corps (CCC) in Aizer et al. (2024),

who conduct the first lifetime evaluation of the largest federal youth employment program in U.S.

history created to address high youth unemployment during the Great Depression. The Job

Corps is a modern-era job training program that was modeled after the CCC and shares many

features. We bound the effect of service duration on the age at death and strengthen the findings

in Aizer et al. (2024). As differential attrition could bias the OLS estimates, they find that the

effect of duration on longevity is consistently positive and statistically significant under various

imputation approaches. Our bounds suggest that increasing duration from about 3 months to 14

months increases the average death age by at least 1.17 years at 5% significance level.

Another theoretical contribution of this paper is a weaker sufficiency assumption of a sufficient

set of M treatment values, which is a useful approximation when the error of unobserved hetero-

geneity is non-separable in the selection equation. For example ofM = 2, if a program participant

is employed under both one week and fifteen months of training, then this participant is always

employed. Such a weaker identification assumption results in a tradeoff with less informative

(wider) bounds. Furthermore we utilize the well-known Fréchet-Hoeffding bounds for the discrete

treatment without imposing any shape restrictions on selection.

We incorporate covariates, following Semenova (2024) on the generalized Lee bounds for the

binary treatment. Our bound estimator is doubly debiased using an orthogonal moment func-
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tion and cross-fitting, which enables nonparametric and machine learning methods to handle

high-dimensional data, following the recent double debiased machine learning (DML) literature

(Chernozhukov et al., 2018). Since the average dose-response function, or the mean potential out-

come, and its bounds are functions of the continuous treatment, such non-regular estimand cannot

be estimated at the regular root-n rate. We use a kernel function for localizing the continuous

treatment as in Colangelo and Lee (2025).

The paper is organized as follows. Section 2 describes the sample selection model under the po-

tential outcome framework, or equivalently a nonparametric non-separable structural model (e.g.,

Imbens and Newey (2009)). We discuss related literature. Section 3 presents the basic Lee bounds

without covariates for a continuous/multivalued treatment under a sufficient value/set assump-

tion on the treatment effect on selection. We give estimation and inference theory in Section 4.

Section 6 incorporates the covariates and presents the DML inference. Section 5 and Section 7

present the empirical illustration on evaluating the Job Corps and the CCC programs. Appendix

contains the main proofs of Theorems and Lemmas. In the online supplementary appendix, we

present the proofs of Corollaries, and supplementary material for the empirical applications.

2 Sample selection model and related literature

The researcher chooses a compact subset of the support of the treatment variable D, denoted as D,

for treatment intervention. So we aim to learn about the intensive margin effect on the outcome

of switching the treatment values over D. For a continuous D, let D = [D,D]; for a discrete D,

let D =
{
D =: d1, d2, ..., dJ := D

}
with dimension J smaller or equal to the dimension of D.

For any treatment value d ∈ D that a subject receives, let Yd be the continuous potential

outcome, or the response function of d, and Sd ∈ {0, 1} be the potential selection indicator for

whether the subject’s outcome is observed. If a subject is treated at d, i.e., D = d, let the selection

status S = Sd and the outcome Y = Yd. The observed data vector W = (D,S, S · Y ), so the

outcome is recorded as zero if missing in the sample.

Following the literature and focusing on the sample selection bias, we begin with the indepen-

dence Assumption 1 on treatment assignment. After the key results are established, we consider

the standard conditional independence assumption given covariates in Section 6.

Assumption 1 (Independence) D is independent of
{
(Yd, Sd) : d ∈ D

}
.

Under Assumption 1, we identify the selection probability at treatment d, P(Sd = 1) = E[Sd] =
E[S|D = d], and hence the average treatment effect (ATE) on selection E[Sd − Sd′ ] = E[S|D =

d]− E[S|D = d′], also known as the extensive margin effect of switching treatment from d′ to d.
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Assumption 1 also identifies the average outcome of the selected population at d, E[Yd|Sd =

1] = E[Y |S = 1, D = d]. But E[Yd|Sd = 1]−E[Yd′ |Sd′ = 1] is not causal if {Sd = 1} and {Sd′ = 1}
are different subpopulations. There are two common assumptions for E[Yd|Sd = 1]−E[Yd′ |Sd′ = 1]

to capture the intensive margin:2 (i) Assume no ATE on selection (no extensive margin), or

{Sd = 1} = {Sd′ = 1} have the same distribution for all d, d′ ∈ D. (ii) Assume missing at random

(Rubin, 1976), so E[Yd|Sd = 1] − E[Yd′ |Sd′ = 1] = E[Yd − Yd′ ] is the population ATE on the

outcome. But these two assumptions can be restrictive and unrealistic.

To understand the source of selection bias, note that the selected population {Sd = 1} is

composed of always-takers and d-compliers. Define always-takers AT:= {Sd′ = 1 for all d′ ∈ D}
to be those selected into samples regardless of the treatment value they receive over D. Define

d-compliers CPd := {Sd = 1, Sd′ = 0 for some d′ ∈ D} to be those induced to selection due

to the treatment value d but are not selected at d′. Recall our goal of recovering the intensive

margin effect of switching treatment between any values in D. Always-takers are the common

subpopulation that are selected into samples for all treatment values in D, while d-compliers are

missing in some selected samples with d′, {D = d′, S = 1}. As we never observe d-compliers in

some samples with d′, it is not possible to learn about their causal effect of switching treatment

from d to d′. So without further assumptions such as functional form for extrapolation, we could

only hope to learn about the causal effect for the always-takers. Therefore our target parameter

is the mean potential outcome Yd for always-takers,

βd := E[Yd|{Sd′ = 1 for all d′ ∈ D}]

for d ∈ D. Note that the definition of always-takers depends on the range of treatment values of

interest D. So the notation βd should depend on D that is suppressed for simplicity.

When the treatment is continuous, βd is known as always-takers’ average dose-response func-

tion. When the treatment variable is binary, i.e., D = {0, 1}, always-takers’ ATE is β1 − β0 =

E[Y1 − Y0 | S1 = 1, S0 = 1], studied in Lee (2009). Nonetheless we cannot determine whether

a specific subject is an always-taker or a complier. So we take a bound/partial identification

approach following Lee (2009) and Zhang and Rubin (2003). Our bounds estimation and infer-

ence are robust to the extensive margin effect on selection. Gerard et al. (2020) propose similar

worst-case sharp bounds with manipulation-robust inference in regression discontinuity designs.

We also discuss how the sharp bounds might be tightened by our sufficient value/set assumption

or the covariates (e.g., Fan and Park (2010)).

2We can decompose E[Yd|Sd = 1]− E[Yd′ |Sd′ = 1] = InM +ExM , where InM := E[Yd|Sd = 1]− E[Yd′ |Sd = 1]
from the intensive margin and ExM = E[Yd′ |Sd = 1] − E[Yd′ |Sd′ = 1] from the extensive margin that cause the
selection bias. Because E[Yd′ |Sd = 1] is not identified, we cannot disentangle InM and ExM .

6



There are recent developments in sample selection models using the bound/partial identifi-

cation approach. Honoré and Hu (2020) and Honoré and Hu (2022) consider parametric and

semiparametric structural models. In addition to the concern of misspecification, the parametric

selection equation often relies on the monotonicity assumption. Estrada (2024) studies spillover

effects under sample selection, which can be viewed as Lee bound for the multivalued treatment

effect. Heiler (2024) and Olma (2021) study Lee bounds for the conditional average binary treat-

ment effect given a continuous covariate, which is a non-regular estimand as ours. Kroft et al.

(2024) extend Lee bounds for multilayered sample selection to account for training affecting work-

ers sorting to firms. Kline and Santos (2013) assess the sensitivity of empirical conclusions among

a continuum of assumptions ordered from strongest (missing at random) to weakest (worst-case

bounds). See the literature reviews on partial identification in Ho and Rosen (2017), Molinari

(2020), Kline and Tamer (2023), and references therein.

Alternatively another literature on sample selection models with exclusion restrictions or par-

tial randomization assumes a variable Z in the selection equation of S that does not enter Y . In

Heckman’s classic sample selection model (“Heckit”), the structural equations are linear in (D,Z)

and are separable in the normally distributed errors. Ahn and Powell (1993), Das et al. (2003),

and Escanciano et al. (2016) consider more nonparametric settings. The standard sample selection

model is generally not point-identified without exclusion restrictions. Nevertheless, it has been

noted to be difficult to find a credible instrument Z in practice; see, for example, Honoré and

Hu (2020). DiNardo et al. (2021) proactively create an instrument by ex-ante randomizing the

participants of the Moving to Opportunity experiment to differing intensity of follow-up. Behaghel

et al. (2015) use information on the number of calls made to each individual before responding

to the survey to identify the ATE of a binary treatment for a subpopulation of respondents, in

the absence of instruments. See also Garlick and Hyman (2022) for evaluation of various sample

selection correction methods and references therein. Chen and Roth (2023) discuss problems of

log-like transformations with zeros and propose some solutions. We capture general heterogenous

causal effects without exclusion restrictions and free from misspecification.

3 Lee Bounds

We establish the sharp worst-case bounds for βd with a continuous/multivalued treatment, building

on Horowitz and Manski (1995) and Lee (2009) for a binary treatment. The upper bound is when

all always-takers’ wages are larger than all d-compliers’ wages. Denote the fraction of always-takers

among the selected subjects with treatment d as pd. Then all always-takers’ wages are larger than

the (1 − pd)-quantile of the observed wage distribution at d. So we can construct the worst-case

7



bound by trimming the upper and lower tails of the observed outcome distribution by pd. Next we

present the well known worst-case bounds based on a given pd, and then we propose identification

strategies of pd for the continuous and multivalued treatment, which is new to the literature.

Independent treatment Assumption 1 identifies the selection probability at d by the conditional

selection probability given d, P(Sd = 1) = E[S|D = d] =: s(d). If the proportion of always-takers

πAT := P(Sd′ = 1 : d′ ∈ D) is known, then the fraction of always-takers among the selected

subjects with treatment d is pd = P(AT|Sd = 1) = πAT/s(d). Let Qd(u) be the u-quantile of

Y |D = d, S = 1. Then the bounds of βd are the trimmed means:

ρdU(πAT) := E[Y |Y ≥ Qd(1− πAT/s(d)), D = d, S = 1] (1)

for the upper bound and ρdL(πAT) := E[Y |Y ≤ Qd(πAT/s(d)), D = d, S = 1] for the lower bound.

The key element of the bounds is the proportion of always-takers πAT. Once we identify πAT and

hence pd = πAT/s(d), we can consistently estimate the bounds.

Note that when there is no complier, the selected sample is composed of always-takers only, so

s(d) = P(Sd′ = 1 : d′ ∈ D) is constant and pd = πAT/s(d) = 1 for all d ∈ D. That is, there is no

extensive margin, and βd = ρdU(πAT) = ρdL(πAT) = E[Y |D = d, S = 1] is point-identified.

Section 3.1 and Section 3.2 present novel sufficient assumptions on the treatment effect on

selection to identify the proportion of always-takers πAT. Section 3.3 discusses the connection

with the structural selection model. For expositional ease, we focus on the upper bound.

3.1 Identification of the proportion of always-takers

The key identification Assumption 2 requires one sufficient treatment value dAT such that if a

subject is selected at dAT then it will be selected at any treatment values.

Assumption 2 (Sufficient treatment value) There exists a treatment value dAT ∈ D such

that Sd ≥ SdAT
almost surely (a.s.) for any d ∈ D.

Assumption 2 essentially assumes that always-takers are the selected dAT-receipts, {Sd = 1 : d ∈
D} = {SdAT

= 1}. Together with Assumption 1, the proportion of always-takers πAT = P(SdAT
=

1) = E[S|D = dAT] =: s(dAT) is identified.

Assuming s(·) to be continuous for a continuous D, the extreme value theorem implies that

dAT = argmind∈D s(d) exists and πAT = s(dAT) = mind∈Ds(d) can be estimated from the data.

Notice that dAT depends on D that is a range of treatment values chosen by the researcher for

policy intervention. A larger D results in a smaller πAT, which trims more observations, and wider

bounds.
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Importantly Assumption 2 allows any shape of the effect on selection. Consider an example

of dAT = 1. A 2-complier can have {SdAT
= S1 = 0, S2 = 1, S3 = 0}. In contrast, a stronger

monotonicity assumption, which assumes Sd′ ≥ Sd a.s. for any d
′ > d, rules out this event because

it requires S3 = 1 if S2 = 1.

Lemma 1 formally presents our generalized Lee bounds with a continuous treatment or a

discrete multivalued treatment.

Lemma 1 Let Assumption 1 hold. Assuming s(d) > 0 for d ∈ D, then βd ∈ [ρdL(πAT), ρdU(πAT)]

with πAT = P(Sd′ = 1 : d′ ∈ D) given in equation (1). Further let Assumption 2 hold. Then we

identify πAT = s(dAT), the sharp bounds for βd ∈ [ρdL(s(dAT)), ρdU(s(dAT))], and βdAT
= E[Y |D =

dAT, S = 1].

Remark 1 (Binary treatment in Lee (2009)) Assumption 2 includes the familiar monotonic-

ity assumption for a binary treatment in Lee (2009) that assumes S1 ≥ S0 a.s., i.e., if a subject

in the control group {D = 0} is selected, then it remains selected if it was in the treated group

{D = 1}, i.e, dAT = 0. So defiers (0-compliers) are excluded (Imbens and Angrist, 1994). Then

Lemma 1 implies Proposition 1a in Lee (2009): the upper bound of the always-takers’ ATE,

β1 − β0 = E[Y1 − Y0|S0 = S1 = 1], is ρ1U(s(0)) − βdAT
= E[Y |Y ≥ Qd(1 − s(0)/s(1)), D = 1, S =

1] − E[Y |D = 0, S = 1] and the lower bound is ρ1L(s(0)) − βdAT
= E[Y |Y ≤ Qd(s(0)/s(1)), D =

1, S = 1]− E[Y |D = 0, S = 1].

We remark that if we are only interested in two values of the continuous treatment, then the

identification of the bounds for the binary treatment in Lee (2009) can be directly applied to the

case of two continuous treatment values. But policy makers rarely consider only two values, and

the always-takers at the two values could be different from the always-takers at another values;

for example, {Sd1 = 1, Sd2 = 1} ̸= {Sd3 = 1, Sd4 = 1}. New challenge in identification arises when

we consider many treatment values.

3.2 Sufficient set assumption

We introduce a weaker sufficient set Assumption 3 that does not assume one sufficient treatment

value dAT but assumes a set DM of M treatment values, which includes Assumption 2 as a special

case with M = 1. Assumption 3 essentially assumes that always-takers {Sd = 1 : d ∈ D} = {Sd =
1 : d ∈ DM}.

Assumption 3 (Sufficient set) There exists a set of treatment values DM :=
{
d1, d2, ..., dM

}
⊆

D such that Sd ≥ mind′∈DM
Sd′ a.s. for any d ∈ D.
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To see how Assumption 3 is weaker than Assumption 2 or a larger M is weaker, consider an

example: Under Assumption 3 with M = 3 and D3 = {1, 2, 3} , {S1 = 0, S2 = 1, S3 = 0} and

{S1 = 1, S2 = 0, S3 = 1} are both possible values for a complier. But Assumption 2 with dAT = 1

does not allow a complier to take {S1 = 1, S2 = 0, S3 = 1}. What Assumption 3 does not allow

is this event {S1 = 1, S2 = 1, S2.5 = 0, S3 = 1} for example. But assuming a larger M = 4 and

D4 = {1, 2, 2.5, 3} would allow a complier to take that.

However, the proportion of always-takers πAT = P(Sd = 1 : d ∈ DM) for M ≥ 2 is not point-

identified as we cannot observe the M potential outcomes {Sd : d ∈ DM} at the same time. We

can use the lower bound of πAT for trimming, because ρdU(πAT) is decreasing in πAT and ρdL(πAT)

is increasing in πAT. Theorem 1 below provides the Lee bounds formally.

Specifically, consider a practical example of M = 2 and D2 = {D,D}. It implies that if a

subject is selected at the boundary D and D, then this subject must be selected at any treatment

value in D. This example of M = 2 includes the special case when the selection’s response is

a concave function of treatment D. The single-peaked pattern may fit well the law of marginal

returns. Therefore SD = 1 and SD = 1 if and only if Sd = 1 for all d ∈ D. This observation

gives the insight to use the well-known Fréchet-Hoeffding bounds for P(SD = 1, SD = 1) given

in Theorem 1. The bounds resemble the Fréchet-Hoeffding bounds for P(S0 = 1, S1 = 1) for the

binary treatment without shape restrictions, as shown in Heckman et al. (1997). We require the

sufficient set Assumption 3 due to the continuous treatment variable. It is important to note

that when the treatment is multivalued discrete with support D = DM , Assumption 3 holds by

construction and is dropped. So Theorem 1 provides the sharp bounds without restricting the

selection response of the multivalued treatment.

Theorem 1 Let DM =
{
d1, d2, ..., dM

}
⊆ D with a fixed dimension M . Let Assumption 1 hold.

Then

πML := max

(∑
d∈DM

s(d)−M + 1, 0

)
≤ P(Sd = 1 : d ∈ DM) ≤ min

d∈DM

s(d) =: πMU .

Further let Assumption 3 hold. Then πAT = P(Sd = 1 : d ∈ DM) ∈
[
πML , π

M
U

]
and βd ∈[

ρdL(π
M
L ), ρdU(π

M
L )
]
. The bounds are sharp.

A final goal is to derive the bounds without restrictions on the selection response of a continuous

treatment, i.e., dropping Assumption 3. To make progress, we may assume that the treatment

effect is a piecewise constant function βd =
∑M−1

m=1 βdm1{d ∈ [dm, dm+1)}. Then treatment can be

effectively discretized and βdm ∈ [ρdmL(π
M
L ), ρdmU(π

M
L )] for m = 1, ..,M−1. In practice, one might

discretize the continuous treatment variable into M -multivalued variable for sensitivity analysis.
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In general and in theory, we’d like M to be large to allow for a general non-separable nonpara-

metric structural selection model, as discussed in Section 3.3. However, the bounds can be wide

or less informative for a large M . As shown in Theorem 1, πML can be small, unless s(d) is close

to one when there is selection bias. We illustrate this tradeoff in Section 5 by evaluating the Job

Corps program and discuss how to choose M .

Remark 2 (Binary outcome) Kroft et al. (2024) provide the Lee bounds with a binary outcome

and a binary treatment. We can extend their bounds for a binary outcome to a continuous

treatment: ρdL(π
M
L ) = max{0, 1 − P(Y = 0|S = 1, D = d)/pd} and ρdU(π

M
L ) = min{1,P(Y =

1|S = 1, D = d)/pd}, where pd = πML /s(d).
3 We focus on the continuous outcome in this paper

and develop the inference for the binary outcome in a separate paper.

3.3 Structural selection equation

To understand how the sufficient treatment value Assumption 2 and the sufficient set Assump-

tion 3 impose conditions on the heterogeneity in the structural selection equation, we discuss its

relationship with the threshold-crossing model in Vytlacil (2002). Recall that our potential out-

come framework is equivalent to the structural equation S = 1{q(D, η) ≥ 0} with unobserved

non-separable and multi-dimensional error η. The structural equation q is nonparametric and

model-free. Then we can write the potential variable Sd = 1{q(d, η) ≥ 0}.

Assumption 2′ (Latent index selection model) (i) Let S = 1{q(D) ≥ η}, where q(d) is

measurable and nontrivial function of d. (ii) For a continuous treatment with a compact D, there

exists dAT = arg infd∈D q(d) ∈ D.

Assumption 2′ implies Assumption 2. For a multivalued treatment with a finite countable D,

dAT exists under Assumption 2′(i). For a continuous D, assuming q(·) in Assumption 2′(i) to

be continuous, the extreme value theorem implies (ii). This important observation suggests our

new sufficient treatment value Assumption 2 not restrictive and implied by a common threshold-

crossing model with a separable error, or the latent index selection model in Vytlacil (2002).4

In the selected sample at d, {S = 1, D = d} = {Sd = 1, D = d}, the subpopulation {Sd =

1} = {η ≤ q(d)} = AT ∪ CPd, where always-takers AT = {η ≤ q(dAT)} and d-compliers CPd =

3P(Y = 1|S = 1, D = d) = P(Y = 1|AT, D = d)pd + P(Y = 1|CPd, D = d)(1 − pd). The bounds on
P(Y = 1|AT, D = d) = E[Yd|AT] are obtained by the worst-case bounds of P(Y = 1|CPd, D = d) ∈ [0, 1].

4Vytlacil (2002) shows that the latent index selection model Assumption 2′(i) is equivalent to the local average
treatment effect (LATE) model with Independence (as our Assumption 1) and Monotonicity assumptions in Imbens
and Angrist (1994). The LATE Monotonicity assumes the orders of Sd to be the same for everyone, i.e., for all
(d, d′) ∈ D × D, either Sd ≥ Sd′ a.s., or Sd ≤ Sd′ a.s. Our Assumption 2 (or Assumption 2′(ii)) is weaker than
such Monotonicity assumption and only requires the sufficient treatment value dAT (or a minimizer of q(d)) exists.
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{q(dAT) < η ≤ q(d)}. The sufficient treatment value has meaningful economic interpretation. For

example, Behaghel et al. (2015) interpret η as the individual reluctance to respond to surveys

and call the compliers as the marginal respondents. Then the sufficient treatment value can be

the least-favored treatment value to induce responding to surveys. So if subjects are willing to

respond to surveys when receiving dAT, then they continue responding to surveys when receiving

any other treatment values.

To further appreciate always-takers as the target population, we discuss the gettable ATE

(GATE) E[Y1 − Y0|η ≤ k] for some constant k, defined by DiNardo et al. (2021). As k increases,

GATE converges to the population ATE E[Y1−Y0]. As subpopulation-specific ATEs are common-

place, DiNardo et al. (2021) show how different GATE parameters may be identified under weaker

assumptions than in the traditional parametric framework. We choose k = q(dAT) to characterize

always-takers that are the largest subpopulation for whom we can partially identify the ATE of

switching treatment values over D, without imposing further assumptions on the functional forms

or distributions.

Now we consider a more general non-separable nonparametric model in Assumption 3′ that

implies our sufficient set Assumption 3.

Assumption 3′ (Latent index selection model with non-separable errors) Let S =

1{q(D, η) ≥ 0}. There exists dAT(η) = arg infd∈D q(d, η) ∈ DM for each η.

The unobserved heterogeneity is captured by η, so there could be an infinite number of types

and the corresponding sufficient value dAT(η) in the most general structural model. Our sufficient

set Assumption 3 restricts there to be M types of unobserved heterogeneity η, in the sense that

dAT(η) belongs to DM .

Under Assumption 3′, Assumption 2 can be implied by further assuming dAT(η) = dAT to be

a constant for all individual with η, and M = 1. Therefore we argue that the sufficient value

Assumption 2 is reasonable with a separable structural error in selection as in Assumption 2′, and

the sufficient set Assumption 3 is a useful approximation under more general non-separable errors.

4 Estimation and inference

We estimate bounds over an equally spaced grid DJ = {d1, .., dJ} ⊂ D for a continuous treatment.

We can view DJ as the set of treatment values where the policy maker considers treatment in-

tervention. The estimation procedure is easy to implement, as the bounds estimates are sample

analogs to the parameters defined in Theorem 1. When D is continuous, we use a kernel function

Kh(D− d) = k((D− d)/h)/h, where the kernel function k includes a sub-population whose treat-

ment is around d, and the size of the sub-population is controlled by the bandwidth h shrinking
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to zero as the sample size grows. We provide inference on the causal effect of switching treatment

between any two values in DJ . We present the asymptotic theory for a fixed J and also for J → ∞
so DJ → D.

For a multivalued discrete treatment, it is straightforward to use the treatment indicator

1{D = d} in place of the binary treatment indicator D in the estimator in Lee (2009) and

let DJ be the (sub)support of D. We develop the inference theory for a discrete treatment in a

separate paper.

We implement the estimation procedure using leave-out estimators for s(d) and Qd in Step 1

and Step 2. The leave-out estimation is similar to the cross-fitting in the recent double debiased

machine learning literature (Chernozhukov et al., 2018). The leave-out preliminary estimation

achieves stochastic equicontinuity without strong entropy conditions using empirical process the-

ory. Specifically, for some fixed L ∈ {2, ..., n}, randomly partition the observation indices into

L distinct groups Iℓ, ℓ = 1, ..., L, such that the sample size of each group is the largest integer

smaller than n/L. The number of folds L is not random and typically small, such as five or ten

in practice; see, e.g., Chernozhukov et al. (2018), Velez (2025). When there is no sample splitting

(L = 1), ŝ1(d) and Q̂
d
1 use all observations in the full sample.5

The estimation procedure under Assumption 2 follows four steps:

Step 0. Estimate the sufficient treatment value d̂ATJ
= argmind∈DJ

ŝ(d), where a kernel es-

timator ŝ(d) =
∑n

i=1 SiKh(Di − d)/
∑n

i=1Kh(Di − d). For d = d̂ATJ
, β̂d =

∑n
i=1 YiSiKh(Di −

d)/
∑n

i=1 SiKh(Di − d). Estimate the proportion of always-takers πAT by π̂ = mind∈DJ
ŝ(d) =

ŝ(d̂ATJ
).

For ℓ = 1, ..., L, the estimators in Step 1 and in Step 2 use observations not in Iℓ, denoted as

Icℓ := {1, ..., n} \ Iℓ.

Step 1. Compute the leave-out kernel estimator ŝℓ(d) =
∑

i∈Icℓ
SiKh(Di− d)/

∑
i∈Icℓ

Kh(Di− d).

Estimate the trimming probability pd by p̂ℓ = min{ŝℓ(d̂ATJ
)/ŝℓ(d), 1} − ν for some small positive

constant ν used for robust inference that we explain in the following.

Step 2. For d ̸= d̂ATJ
, estimate the (1−p̂ℓ)-quantile of Y |D = d, S = 1 by Q̂d

ℓ (1−p̂ℓ). A nonpara-

metric estimator can be the generalized inverse function of the CDF estimate F̂Y |D=d,S=1ℓ(y) =∑
i∈Icℓ

1{Yi ≤ y}SiKh(Di − d)/
∑

i∈Icℓ
SiKh(Di − d).

5When L = n, ŝℓ uses all observations except for the ℓth observation, and is well-known as the leave-one-out
estimator (i.e., leave the ℓth observation out), e.g., Powell et al. (1989). A large L is computationally costly.
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Step 3. Compute the kernel estimator of E[Y 1{Y ≥ Qd(1− p)}|D = d, S = 1] and obtain

ρ̂dU(π) =

∑L
ℓ=1

∑
i∈Iℓ Yi1{Yi ≥ Q̂d

ℓ (1− p̂ℓ)}SiKh(Di − d)∑n
i=1 SiKh(Di − d)

1

p̂
,

where p̂ = π̂/ŝ(d)− ν using the full sample from Step 0.

Our inference procedure is robust to extensive margin, allowing the selection probability to be

of any unknown functional form with respect to treatment. The challenge for the continuous or

multivalued treatment relative to the well studied binary treatment case comes from an infinite or

multiple number of treatment values (J) and the corresponding potential selections and outcomes.

Importantly, we allow the sufficient treatment value to be not unique in the sense that there exists

a subset Dc ⊆ D such that d = argmind′∈D s(d
′) for any d ∈ Dc and P(D ∈ Dc) > 0. So s(d) is

constant over d ∈ Dc, which is implied by no treatment effect on selection (extensive margin) when

changing d within the subset Dc. Then we could use any d ∈ Dc as a sufficient treatment value dAT.

So for any d ∈ Dc, s(dAT)/s(d) = 1 and βd = ρdU(πAT) = ρdL(πAT) = E[Y |D = d, S = 1] is point-

identified. However the asymptotic distributions of the bound-estimators
[ ̂ρdL(πAT), ̂ρdU(πAT)

]
do

not converge to the asymptotic distribution of the point-estimator β̂d as s(dAT)/s(d) → 1. We

avoid the complication in testing s(d) = s(dAT), e.g., if the hypothesis s(dAT)/s(d) = 1 is not

rejected, then compute the point-estimator β̂d. Instead, we estimate the tight bounds using the

trimming probability p̂ℓ = min{ŝℓ(d̂ATJ
)/ŝℓ(d), 1}− ν

p→ pd = s(dAT)/s(d)− ν ≤ 1− ν < 1, which

contain the untrimmed point-estimator β̂d =
∑n

i=1 YiSiKh(Di − d)/
∑n

i=1 SiKh(Di − d).6

Therefore we estimate bounds that are non-sharp with the trimming probability pd = s(dAT)/s(d)−
ν but still tight with small ν. We choose this practical and conservative strategy so that our asymp-

totic theorem and inference are valid regardless of the extensive margin effect on selection, and

are easy to implement and interpret.

We show in Theorem 2 that the estimation errors of d̂ATJ
and grid approximation are asymptot-

ically ignorable. That is, for any given J and for n large enough, d̂ATJ
= dATJ

:= argmind∈DJ
s(d).

So for a any fixed set of treatment values DJ , we can find the sufficient treatment value dATJ
given

a large enough sample. As D contains an infinite number of values for a continuous treatment, we

give conditions on the grid size J going to infinity to approximate D. We show that as J, n→ ∞,

dATJ
→ dAT := argmind∈D s(d). Assumption 4 below gives conditions on J that depends on the

accuracy of ŝℓ(d) and the shape of s(d) characterized by M̄ .

6In the proof of Theorem 2, we show that d̂ATJℓ
= argmind∈DJ

ŝℓ(d) = d̂ATJ
when n large enough. So

p̂ℓ = ŝℓ(d̂ATJ
)/ŝℓ(d) − ν. However, in finite samples, it is possible that ŝℓ(d̂ATJ

)/ŝℓ(d) > 1 for some d ∈ DJ . In

such case, if d̂ATJ
and d̂ATJℓ

are in Dc, then we let p̂ℓ ≤ 1 − ν and estimate bounds of βd̂ATJℓ
that contain its

point-estimate.
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Assumption 4 Let s(m)(d) be the mth derivative of s(d) for m ∈ {1, 2, ...}. Let D = Ds ∪ Dc,

where Dc := {d : s(m)(d) = 0, ∀m ≥ 1} and Ds := {d : s(m)(d) ̸= 0,∃m < ∞}. If Ds ̸= ∅, let
M̄ = min{m : s(m)(d) ̸= 0,m = 1, 2, ...,∀d ∈ Ds} < ∞. If Ds = ∅, let M̄ = 0. Let an equally

spaced grid DJ = {d1, .., dJ} ⊆ D with J = O(sn
−1/M̄) and sn := supd∈D |ŝ(d)− s(d)| = oP(1).

Dc is the set of treatment values not affecting the selection. For d ∈ Dc, s(d) = c for some

generic constant c, so s′(d) = 0. For M̄ = 0 (D = Dc), there is no extensive margin, so βd =

E[Y |D = d, S = 1] is point-identified, and there is no restriction on J → ∞. When s(d) is strictly

monotone over D, s′(d) ̸= 0, so M̄ = 1 and Dc = ∅. When s(d) is strictly concave, i.e., s′(d) = 0

for a d ∈ D and Dc = ∅, we have M̄ = 2. A larger M̄ implies that it is harder to compare s(dj)

and s(dj+1), so we need to estimate s(d) more accurately, i.e., sn needs to go to zero faster for a

larger M̄ on a given grid.

The kernel estimation is well-studied, and we use the results in Donald et al. (2012) and Hansen

(2022a).

Assumption 5 (i) The kernel function k is non-negative symmetric bounded kernel with a

compact support such that
∫
k(u)du = 1,

∫
uk(u)du = 0, and κ :=

∫
u2k(u)du <∞. Let the

roughness of the kernel be Rk :=
∫
k(u)2du.

(ii) h→ 0, nh→ ∞, nh5 → c ∈ [0,∞).

(iii) For d ∈ D and y ∈ Y, s(d) < 1; fY |DS(y|d, 1) is continuous and bounded away from 0;

FY |DS(y|d, 1)s(d)fD(d) is bounded and has bounded continuous second derivative with respect

to d; var(Y |D = d, S = 1), E
[
|Y |3

∣∣D = d, S = 1
]
, and the second derivative of E[Y |D =

d, S = 1] are continuous in d.

Theorem 2 Let Assumptions 1, 4, and 5 hold.

1. Under Assumption 2, π = s(dATJ
).Then for d ∈ DJ and d ̸= d̂ATJ

, as n→ ∞,

√
nh
(
ρ̂dU(π)− ρdU(π)− h2BdU

)
d→ N (0, VdU)

√
nh
(
ρ̂dL(π)− ρdL(π)− h2BdL

)
d→ N (0, VdL), (2)

where p = pd = s(dATJ
)/s(d) − ν, VdU := p−2

(
V1 + V2 + V3 + V23

)
Rk/(s(d)fD(d)), V3 :=

var(Y 1{Y ≥ Qd(1 − p)}|D = d, S = 1), V2 := p(1 − p)Qd(1 − p)2, V23 := −2p(1 −
p)ρdU(π)Q

d(1−p), V1 :=
(
Vπ+p

2Vs(d)
)
s(d)−1

(
Qd(1−p)−ρdU(π)

)2
, with Vs(d) := s(d)(1−s(d))

and Vπ = Vs(dATJ
)fD(d)/fD(dATJ

). For the lower bound, VdL := p−2
(
V1 + V2 + V L

3 +

15



V23
)
Rk/(s(d)fD(d)), where V L

3 := var(Y 1{Y ≤ Qd(p)}|D = d, S = 1), and V1, V2, V23

are defined as above with Qd(p) in place of Qd(1 − p) and with ρdL(π) in place of ρdU(π).

BdU and BdL are given explicitly in the proof in the Appendix.

For d = d̂ATJ
,
√
nh
(
β̂dATJ

− βdATJ
− h2B3

) d→ N
(
0, VdATJ

)
as n → ∞, where VdATJ

=

var(Y |D = dATJ
, S = 1)Rk/(s(dATJ

)fD(dATJ
)).

As J → ∞, dATJ
→ dAT and the above statements hold with dAT in place of dATJ

.

2. Under Assumption 3, choose DM to contain d̂ATJ
. Let p̂ℓ = π̂MLℓ/ŝℓ(d) in Step 1, and follow

Step 2 and Step 3 to obtain the bounds [ρ̂dL(π), ρ̂dU(π)], where π =
∑

d∈DM
s(d) − M +

1 > 0. Let Vπ =
∑M

m=1 Vs(dm)fD(d)/fD(dm). For d ∈ Dc
M ∩ DJ , the above asymptotic

distributions (2) hold. For d ∈ DM ∩ DJ , the above asymptotic distributions (2) hold with

V1 :=
(
Vπ + (p2 − 2p)Vs(d)

)
s(d)−1

(
Qd(1− p)− ρdU(π)

)2
.

Notice that we allow for no extensive margin, e.g., there exists d ̸= dATJ
and s(d) = s(dATJ

).

So we use pd = 1− ν to estimate tight bounds of βd, rather than a point-estimand.

The asymptotic variance VdU can be decomposed to the three steps of the estimation procedure:

V1 is from estimating the effect on selection and the trimming probability in Step 1. V2 is from

the quantile regression in Step 2. V3 comes from the Step 3 trimmed regression. V23 is from the

covariance of the Step 2 and Step 3 estimation errors.

Estimation of the variances is easily carried out by replacing all of the above quantities with

their sample analogs or by the sample variances of the influence functions given in equation (4) in

the proof of Theorem 2 in the appendix. No additional preliminary estimators are needed. The

confidence interval of at least 95% coverage can be computed by
[
ρ̂dL(π)−1.96×σ̂dL/

√
nh, ρ̂dU(π)+

1.96× σ̂dU/
√
nh
]
with σ̂dL :=

√
V̂dL and σ̂dU :=

√
V̂dU . This interval will asymptotically contain

the region [ρdL(π), ρdU(π)] with at least 95% probability.

We can bound the ATE of increasing the treatment from d1 to d2, ∆d1d2
:= ρd2L(π)−ρd1U(π) ≤

βd2 − βd1 ≤ ρd2U(π) − ρd1L(π) =: ∆̄d1d2 . We note that one might be interested in the partial (or

marginal) effect defined as the derivative of βd with respect to d, i.e., θd =
∂
∂d
βd. However, we could

not bound such derivative by the same approach of Lee (2009). We can view ∆d1d2 := βd2 − βd1 =∫ d2
d1
θsds as an average derivate over d1 to d2. Corollary 1 provides the asymptotic distribution of

the bounds estimators for the ATE ∆̂d1d2
:= ρ̂d2L(π) − ρ̂d1U(π) and ˆ̄∆d1d2 := ρ̂d2U(π) − ρ̂d1L(π).

Denote the bandwidth in ρ̂dL(π) and ρ̂dU(π) be hdL and hdU , respectively.

Corollary 1 (ATE) Let the conditions in Theorem 2 hold. Then
√
nV

−1/2
Un

( ˆ̄∆d1d2 − ∆̄d1d2 −
(h2d2UBd2U − h2d1LBd1L)

) d−→ N (0, 1) and
√
nV

−1/2
Ln

(
∆̂d1d2

− ∆d1d2
− (h2d2LBd2L − h2d1UBd1U)

) d−→

16



N (0, 1), where VUn := E[(ϕd2U − ϕd1L)
2]and VLn := E[(ϕd2L − ϕd1U)

2] with the influence func-

tions ϕdL, ϕdU given explicitly in equation (4) in the Appendix.

Assume Assumption 2. When hd2U = hd1L = h, limn→∞,h→0 hVUn = Vd2U + Vd1L − 2Cd1d2U .

When hd2L = hd1U = h, limn→∞,h→0 hVLn = Vd2L + Vd1U − 2Cd1d2L, where pd = π/s(d), Cd1d2U :=

RkVπ(Q
d2(1−pd2)−ρd2U(π))(Qd1(pd1)−ρd1L(π))/(π2fD(dAT)), and Cd1d2L := RkVπ(Q

d1(1−pd1)−
ρd1U(π))(Q

d2(pd2)− ρd2L(π))/(π
2fD(dAT)).

The variance can be estimated by the plug-in sample analogues V̂Un = n−1
∑n

i=1(ϕ̂d2Ui−ϕ̂d1Li)2 and
V̂Ln = n−1

∑n
i=1(ϕ̂d2Li−ϕ̂d1Ui)2. And the 95% confidence interval

[
∆̂d1d2

−1.96×
√

V̂Ln/
√
n, ˆ̄∆d1d2+

1.96×
√

V̂Un/
√
n
]
.

Next we briefly discuss how to choose an undersmoothing bandwidth h smaller than the optimal

bandwidth that minimizes the asymptotic mean squared error (AMSE) such that the bias is first-

order asymptotically negligible, i.e., h2
√
nh→ 0, so the above confidence interval is valid.

We could estimate the leading bias BdU by the method in Powell and Stoker (1996) and

Colangelo and Lee (2025). Let the notation ̂ρdU,b(π) be explicit on the bandwidth b and B̂dU :=( ̂ρdU,b(π)− ̂ρdU,ab(π)
)/(

b2(1−a2)
)
with a pre-specified fixed scaling parameter a ∈ (0, 1). From the

proof of Theorem 3.2 in Colangelo and Lee (2025), we can choose a by minimizing the leading term

of var(B̂dU), i.e., minimizing (1 − a2)−2a−dT for a dT -dimensional continuous treatment. By de-

riving the first-order and second-order conditions, we obtain the minimizer a∗ =
√
dT/(dT + 4) =√

1/5, for dT = 1 in our case.

Then we propose a data-driven bandwidth ĥdU := (V̂dU/(4B̂
2
dU))

1/5n−1/5 to consistently es-

timate the AMSE optimal bandwidth h∗dU by Theorem 3.2 in Colangelo and Lee (2025). For

the lower bound, the same estimation applies to the leading bias B̂dL and the AMSE optimal

bandwidth ĥdL.

5 Empirical illustration: Job Corps

We illustrate our method by evaluating the Job Corps program. We use the Job Corps dataset

in Hsu et al. (2023). The continuous treatment variable (D) is the total hours spent in academic

and vocational training. The outcome variable (Y ) is the weekly earnings in the fourth year.

Our sample consists of 4,024 subjects who completed at least 40 hours (one week) of training. In

the online appendix, Figure 8 shows the distribution of D, and Table 1 provides brief descriptive

statistics. As our analysis builds on Flores et al. (2012), Hsu et al. (2020), Hsu et al. (2023), we

refer the readers to the reference therein for further details of Job Corps.

We use J = 100 grid points over D = [40, 2400] that ranges from one week to fifteen months.
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We use the Epanechnikov kernel with a undersmoothing bandwidth and ten-fold cross-fitting. The

undersmoothing bandwidth at each d is chosen by 0.8×min(ĥdL, ĥdU), given in Section 4, where

we use the rule-of-thumb bandwidth h1 = 1.05× σ̂D × n
−1/5
ℓ × c1 with a constant c1 = 1 and the

sample standard deviation of D, σ̂D, to estimate the initial variance and bias with a =
√
0.2 and

b = h1/a. The resulting undersmoothing bandwidth ranges from 349.17 to 626.91. The estimated

trimming probability is capped by p̂ℓ ≤ 1− ν with ν = 0.01.

To learn about the effects on selection (or the extensive margin effect), we estimate the average

dose-response function of selection E[Sd] = s(d). The left panel of Figure 1 presents the estimates

of the conditional selection probability given d, ŝ(d). More training seems to increase the extensive

margin. The minimum selection probability estimate is π̂AT = mind∈DJ
ŝ(d) = ŝ(40) ≈ 0.8082.

So we use the least treatment value 40 as the sufficient treatment value, i.e., if a participant is

employed with one-week training, then this participant will remain employed when receiving more

training between one week to fifteen months.

Figure 1: (Job Corps) Estimated selection probability and bounds without covariates
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In Figure 9 in Section B.3 in the online appendix, the histograms of Y and log(Y ) in the selected

sample {Yi > 0, or Si = 1, i = 1, ..., n} show that weekly earnings has a skewed distribution, and

log(weekly earnings) is closer to normal. It is well-known (e.g., Chen and Roth (2023)) that

averages can be heavily influenced by observations in the tail, especially when the outcome has

a skewed distribution, as the weekly earnings in the Job Corps data in Figure 9. So we estimate

the ATE in log, i.e., let βd = E[log(Yd)|AT], a concave transformation of the outcome that is less

heavily influenced by outcomes in the tail of the distribution. The right panel of Figure 1 shows
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the estimated bounds under Assumption 2 with dAT = 40 (M = 1). The thinner lines are the

95% confidence intervals using the sample variance of the influence function. We find the largest

ATE β2400 − β40 = E[log(Y2400) − log(Y40)|AT] bounded by [0.054, 0.281] with a 90% confidence

[−0.251, 0.543]. That is, increasing the training hours from one week to fifteen months would

increase the weekly earnings by at least 5.4%, but this effect is not significant at 10% level. We

also estimate the ATE in level and do not find any effects of switching hours within [40, 2400]; see

Figure 10 in Section B.3 in the online appendix.

For comparison, the black dash-dotted line is the estimate of E[Y |D = d, S = 1] assuming that

there is no effect on selection, i.e., the selected sample over D contains only the always-takers,

{Sd′ = 1 : d′ ∈ D} = {Sd = 1} for all d ∈ D. That is, βd = E[Y |D = d, S = 1] is point-identified.

Or under the missing at random assumption E[Y |D = d, S = 1] = E[Yd]. We also plot the

estimates of E[Y |D = d] ignoring selection using all observations including {i : Si = 0}.

Sufficient set For sensitivity analysis and illustrating the sufficient set Assumption 3, Figure 2

presents the estimated bounds withM = 1, 2, 3 given in Theorem 1. Since dAT = argmind′∈D s(d
′)

is estimated as d̂ATJ
= 40, we choose DM to contain 40 such that the trimming probability

πML /s(d) < 1. It is natural to include the boundary points D = 40 and D = 2400 in DM .

Following the discussion of the non-separable structural selection equation in Assumption 3′, for

a subject with dAT(η) = D, more training hours helps employment. On the other hand, for a

subject with dAT(η) = D, the largest treatment value hurts selection probability (employment).

So for M = 2, we let D2 = {40, 2400}. Assumption 3 allows a complier to be employed with 40

training hours but unemployed with 2400 hours. And if a participant is employed with both the

smallest and largest hours (d = 40, 2400), then this participant must be employed at any hours

between one week to fifteen months, as an always-taker. The blue dashed line in Figure 2 uses the

lower bound π̂2
L = ŝ(40) + ŝ(2400)− 1 ≈ 0.658.

For M > 2, we suggest choosing DM as a equally spaced sub-grid over DJ and including

d̂ATJ
, if there is no further information on the structural selection model. So for M = 3, we let

D3 = {40, 1208, 2400}, the orange long-dashed line uses the lower bound π̂3
L = ŝ(40) + ŝ(1208) +

ŝ(2400)− 1 ≈ 0.5. As expected, the bounds are less informative when we assume more treatment

values, i.e., a larger M . So we note that the sufficient set assumption is more of theoretical

interest than practical. We focus on sufficient value Assumption 2 in empirical analysis. Next we

incorporate covariates to potentially tighten the bounds and confidence intervals.
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Figure 2: (Job Corps) Estimated bounds with sufficient sets
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6 Estimation and inference conditional on covariates

We weaken the independent treatment assumption and the sufficient value/set assumption by

conditioning on the covariates. So the covariates X can serve two purposes: First, in observa-

tional data, it is more plausible and standard to assume conditional independence, also known

as unconfoundedness, selection on observables, or ignorability. Second, we allow subjects with

different pretreatment covariates to have different sufficient treatment values dATx ∈ D. It might

be reasonable that participants with some particular covariates benefit from more training, but

more training could hurt the employment of some participants with different covariates. So the

bounds may be tightened by incorporating the covariates.

After conditional on the covariates, we follow Semenova (2024) to represent the generalized Lee

bounds as a moment equation and derive an orthogonal moment for it. The advantage of using

the orthogonality moment is that the first-stage estimation has no contribution to the asymptotic

variance of the bounds. We utilize cross-fitting to remove overfitting bias without strong entropy

conditions, following the recent double debiased machine learning (DML) literature (Chernozhukov

et al., 2018). Then we show the asymptotic theory that accommodates low-dimensional smooth

and high-dimensional sparse designs.

Notice that βd and its bounds are functions of d over D and hence are of infinite dimension

for a continuous treatment. Such non-regular nonparametric estimands cannot be estimated at a

regular root-n rate without further assumptions. The asymptotic theory is more involved with the

kernel function and bandwidth h, compared with the semiparametric inference in Chernozhukov
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et al. (2018). Colangelo and Lee (2025) provide DML inference for βd that is point-identified when

there is no selection bias. In particular, if researchers assume “no effect on selection” by using the

selected sample excluding those with zero outcomes, then they estimate E[E[Y |S = 1, D = d,X]].

Or if researchers “ignore selection” by including all observations with zero outcomes, then they

estimate E[E[Y |D = d,X]]. See also Kennedy et al. (2017), Su et al. (2019), and Chernozhukov

et al. (2022b) for non-regular estimands and machine learning.

The conditional independence Assumption 6 means that conditional on observables, the treat-

ment variable is as good as randomly assigned, or conditionally exogenous.

Assumption 6 (Conditional independence) D is independent of
{
(Yd, Sd) : d ∈ D

}
condi-

tional on X.

Assumption 7 relaxes Assumption 2 to allow subjects with different values of pretreatment

covariates x to have different sufficient values dATx ∈ D.

Assumption 7 (Conditional sufficiency) For x ∈ X , there exists dATx ∈ D such that P(Sd ≥
SdATx

, ∀d ∈ D|X = x) = 1.

As discussed in Assumption 2′, a sufficient condition of Assumption 7 is to assume a separable

structural error η in selection S = 1{q(D,X) ≥ η}, and there exists dATx = argmind∈D q(d, x).

Let the conditional average dose-response function of always-takers be βd(x) := E[Yd|{Sd′ =
1 : d′ ∈ D}, X = x], so βd =

∫
X βd(x)fX(x|Sd′ = 1 : d′ ∈ D)dx. Let the conditional probability of

always-takers be πAT(x) := P(Sd′ = 1 : d′ ∈ D|X = x). Let the corresponding conditional upper

bound given in (1) be β̄d(x) := ρdU(πAT(x), x) := E[Y |Y ≥ Qd(1− πAT(x)/s(d, x), x), D = d, S =

1, X = x], where the conditional selection probability s(d, x) := P(S = 1|D = d,X = x) and

Qd(u, x) is the u-quantile of Y |D = d, S = 1, X = x. Define the aggregate upper bound for βd as

β̄d :=
∫
X β̄d(x)fX(x|AT)dx.

Lemma 2 below extends Lemma 1 in Semenova (2024) to show that the upper bound β̄d is

a ratio of two moments, by replacing the binary treatment indicator D with a kernel function

Kh(D − d). The moment function for the lower bound is defined analogously in the proof of

Lemma 2 in the Appendix.

Lemma 2 (Moment-based representation) Assuming Assumption 6, s(d, x) = E[Sd|X =

x]. Further assuming Assumption 7, πAT(x) = mind∈D s(d, x) = s(dATx, x). Assume πAT =

E
[
πAT(X)

]
> 0 and the generalized propensity score µd(x) := fD|X(d|x) > 0 with probability one,
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for d ∈ D. Then the sharp upper bound of βd is

β̄d = E[β̄d(X)πAT(X)]/πAT = lim
h→0

E
[
mdU(W, ξ)

]
/πAT , where

mdU(W, ξ) :=
Kh(D − d)

µd(X)
SY · 1{Y ≥ Qd(1− πAT(X)/s(d,X), X)},

the nuisance parameter ξ(d, x) =
{
s(d, x), µd(x), Q

d(1− πAT(x)/s(d, x), x)
}
.

Remark 3 (Conditional sufficient set) We discuss incorporating the covariates under the suf-

ficient set Assumption 3. We provide a non-sharp bound that can be implemented in practice.

The sharp bound is out of the scope of this paper. Under Assumption 3, Theorem 1 directly

implies the conditional version of the bounds on πAT(x):

πML (x) := max

(∑
d∈DM

s(d, x)−M + 1, 0

)
≤ πAT(x) = P(Sd = 1 : d ∈ DM |X = x)

≤ min
d∈DM

s(d, x) =: πMU (x).

Then together with the proof of Lemma 2, the sharp upper bound E[ρdU(πAT(X), X)πAT(X)]/πAT

is not point-identified and is smaller than E[ρdU(πML (X), X)πMU (X)]/πML = limh→0 E[mdU(W, ξ) ·
πMU (X)/πML (X)]/πJL with πAT(X) = πML (X) in mdU(W, ξ), which likely is a non-sharp bound. Sim-

ilar, the sharp lower bound E[ρdL(πAT(X), X) · πAT(X)]/πAT ≥ E[ρdL(πML (X), X) · πML (X)]/πMU =

limh→0 E[mdL(W, ξ) · πML (X)/πML (X)]/πMU , with πAT(X) = πML (X) in mdL(W, ξ).

6.1 Estimation and inference

We estimate the bounds over an evenly spaced grid DJ := {d1, ..., dJ} ⊆ D. Let the sets Xj := {x :

s(dj, x)/s(d, x) ≤ 1, ∀d ∈ DJ} for j = 1, ..., J . So for x ∈ Xj, dATxJ = dj = argmind∈DJ
s(d, x).

We can classify the subjects into J groups X = ∪j=1,...,JXj. By consistently estimating s(d, x)

over the grid DJ , we show that the mis-classification error is asymptotically first-order ignorable.

We allow the subsets Xj to overlap, i.e., the sufficient treatment value can be not unique,

so there could be no treatment effect on selection over some range in D. For example, if there

exists x ∈ Xj ∩ Xj+1 so that s(dj, x)/s(dj+1, x) = 1, then the bounds degenerate to points at

dj and dj+1, i.e., β̄dj(x) = β
dj
(x) = E[Y |D = dj, S = 1, X = x] and β̄dj+1

(x) = β
dj+1

(x) =

E[Y |D = dj+1, S = 1, X = x]. We estimate the robust bounds using the trimming probability

p̂dj+1dj(x) = ŝ(dj, x)/ŝ(dj+1, x) − ν for some small positive ν, rather than the untrimmed point-

estimator, as discussed in Section 4.
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For Xi ∈ Xj, define the moment function to be mj
dU(Wi, ξ) := mdU(Wi, ξ) with πAT(Xi) =

s(dj, Xi). To construct orthogonality as h→ 0, we derive the correction terms for s(dj, x), s(d, x),

Qd(u, x), µd(x), respectively, collected in

corjdU(W, ξ) = Qd(1− pddj(X), X) ·
(
Kh(D − dj)

µdj(X)
(S − s(dj, X))− Kh(D − d)

µd(X)
pddj(X)(S − s(d,X))

+
Kh(D − d)S

µd(X)

(
− 1{Y ≥ Qd(1− pddj(X), X)}+ pddj(X)

))
+
(
µd(X)−Kh(D − d)

)
· E
[
Y
∣∣Y ≥ Qd(1− pddj(X), X), D = d, S = 1, X

]s(dj, X)

µd(X)

for pddj(X) ≤ 1− ν < 1 with ν > 0. For d = dj, let ν = 0, pddj(X) = 1, and

mj
dU(W, ξ) = mj

dL(W, ξ) =
Kh(D − d)

µd(X)
SY,

corjdU(W, ξ) = corjdL(W, ξ) =
(
µd(X)−Kh(D − d)

)
E
[
Y
∣∣D = d, S = 1, X

]s(d,X)

µd(X)
. (3)

Then the orthogonal moment function is defined as gjdU := mj
dU + corjdU . Let gdU(W, ξ) =∑J

j=1 g
j
dU(W, ξ)1{X ∈ Xj}/

∑J
j=1 1{X ∈ Xj} that allows overlapping Xjs.

These correction terms are derived based on equation (4.7) in Semenova (2024). Specifically

let the true nuisance parameter be ξ0 and ξr := ξ0 + r(ξ− ξ0) for some ξ close to ξ0 and r ∈ (0, 1).

Then we verify that the partial derivative of the moment function gjdU with respect to r is zero.

When pddj(x) = 1, β̄d(x) = β
d
(x) is point-identified. So the correction term (3) is only for the

nuisance function µd(x) as derived in Colangelo and Lee (2025).

The estimation procedure follows four steps:

Step 1. (L-fold Cross-fitting) As defined in Section 4, L-fold cross-fitting randomly partitions

the observation indices into L distinct groups Iℓ, ℓ = 1, ..., L. For ℓ = 1, ..., L, the estimator

ξ̂ℓ(W ) for the nuisance function ξ(W ) =
(
s(d,X), Qd(1 − pddj(X), X), µd(X),E[Y |Y ≥ Qd(1 −

pddj(X), X), D = d, S = 1, X], d ∈ D
)
uses observations not in Iℓ, satisfying Assumption 8 below.

Step 2. (Double robustness) For i ∈ Iℓ andXi ∈ X̂jℓ = {x : ŝℓ(dj, x)/ŝℓ(d, x) ≤ 1, ∀d ∈ DJ}, esti-
mate the orthogonal moment function by gdU(Wi, ξ̂ℓ) =

∑J
j=1 g

j
dU(Wi, ξ̂ℓ)1{Xi ∈ X̂jℓ}/

∑J
j=1 1{Xi ∈

X̂jℓ}.

Step 3. The DML estimator in Colangelo and Lee (2025) for πAT: π̂AT = n−1
∑L

ℓ=1

∑
i∈Iℓ ψ(Wi, ξ̂ℓ),

where ψ(Wi, ξ) := Kh(Di − dj)(Si − s(dj, Xi))/µdj(Xi) + s(dj, Xi) if Xi ∈ X̂jℓ.
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Step 4. The DML estimator β̂d = n−1
∑L

ℓ=1

∑
i∈Iℓ gdU(Wi, ξ̂ℓ)/π̂AT.

Denote the L2-norm
∥∥ξ̂ − ξ

∥∥
2
= ∥∆ξ̂(W )∥2 =

(∫
(ξ̂(w)− ξ(w))2fW (w)dw

)1/2
.

Assumption 8 (i) (Strict overlap) s(d, x) ∈ (c, 1 − c) for some constant c ∈ (0, 1/2), for all

(d, x) ∈ D × X . infd∈D ess infx∈X µd(x) ≥ c for some positive constant c.

(ii) s(d, x), fY SDX(y, 1, d, x) and E[Y |D = d, S = 1, X = x] are two-times differentiable with

respect to d with all two derivatives being bounded uniformly over Y ×D × X .

The derivative of Qd(u, x) with respect to u and var(Y |D = d, S = 1, X = x) is bounded

uniformly over D ×X .

E[|Y |3|S = 1, D = d,X = x] is continuous in d uniformly over X .

(iii) The following terms are oP(1) for d ∈ D: ∥∆µ̂d(X)∥2, supy∈Y0
∥∆Ê[Y |Y ≥ y, S = 1, D =

d,X]∥2, ∥∆ŝ(d,X)∥2, supp ∥∆Q̂d(p,X)∥2, where Y0 be a compact subset of the support of Y .

(iv) The following terms are oP(1/
√
nh) for d ∈ D:

supy∈Y0
∥∆Ê[Y |Y ≥ y, S = 1, D = d,X]∥2∥∆µ̂d(X)∥2,

supp∈(0,1) ∥∆Q̂d(p,X)∥2
(
supp∈(0,1) ∥∆Q̂d(p,X)∥2 + ∥∆µ̂d(X)∥2 + ∥∆ŝ(d,X)∥2

)
,

∥∆ŝ(d,X)∥2
(
∥∆ŝ(d,X)∥2 + supy∈Y0

∥∆Ê[Y |Y ≥ y, S = 1, D = d,X]∥2 + ∥∆µ̂d(X)∥2
)
.

(v) h→ 0, nh→ ∞,
√
nhh2 → c ∈ [0,∞).

Assumption 8(i) requires the generalized propensity score (GPS) µd(X) to be bounded away

from zero, which is the standard overlap assumption (Semenova, 2024). We note that such common

support assumption should be made with care in practice and is strong especially with many

control variables (D’Amour et al., 2021). In our empirical application, we find a common support

by trimming away observations whose estimated GPSs are smaller than some fixed trimming

parameter. Details are in Section 7 and Section B.1 in the online appendix.

Assumption 8(iii)(iv) gives tractable high-level rate conditions on the nuisance function esti-

mators. These are standard conditions similarly assumed in the DML literature (Chernozhukov

et al., 2018; Colangelo and Lee, 2025). The rate conditions use a “partial L2” norm in the sense

that the regressor D is fixed at d and the expectation is based on the marginal distribution of X,

e.g., ∥∆ŝ(d,X)∥2 =
( ∫

X (ŝ(d, x)− s(d, x))2fX(x)dx
)1/2

. See Colangelo and Lee (2025) for detailed

discussion on the low-level conditions of the nuisance function estimators that satisfy such high-

level conditions, such as kernel, series, and neural network in low-dimensional settings with fixed

dimension of X. In high-dimensional settings where the dimension of X grows with the sample
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size, our inference theory is valid as long as the nuisance function estimators satisfy the high-level

rate conditions, e.g., Lasso, as we illustrate in Section 6.2.

Similar to Assumption 4, Assumption 9 imposes conditions on the grid.

Assumption 9 Let s(m)(d, x) be the mth derivative of s(d, x) w.r.t. d for m ∈ {1, 2, ...}. Let D =

Dsx ∪ Dcx for any x ∈ X , where Dcx := {d : s(m)(d, x) = 0,∀m ≥ 1} and Dsx := {d : s(m)(d, x) ̸=
0, ∃m < ∞}. If Dsx ̸= ∅, let M̄x = min{m : s(m)(d, x) ̸= 0,m = 1, 2, ..., ∀d ∈ Dsx} < ∞. If

Dsx = ∅, let M̄x = 0. Let M̄ = maxx∈X M̄x. Let an equally spaced grid DJ = {d1, .., dJ} ⊆ D with

J = O(sn
−1/M̄) and sn := supd∈D,x∈X |ŝ(d, x)− s(d, x)| = oP(1).

Theorem 3 Let Assumptions 5, 6, 7, 8, and 9 hold. Then for d ∈ D, β̂d−βd = n−1
∑n

i=1 ϕdU(Wi, ξ)−
βd + oP(1/

√
nh), where ϕdU(Wi, ξ) := gdU(Wi, ξ)/πAT − ψ(Wi, ξ)βd/πAT. And

√
nh
( ˆ̄βd − β̄d −

h2BdU
) d→ N (0,VdU). Similarly for the lower bounds, β̂d − βd = n−1

∑n
i=1 ϕdL(Wi, ξ) − βd +

oP(1/
√
nh), where ϕdL(Wi, ξ) := gdL(Wi, ξ)/πAT−ψ(Wi, ξ)βd/πAT. And

√
nh
(
β̂d−βd−h2BdL

) d→
N (0,VdL) , where BdU , VdU , BdL, and VdL are given explicitly in the proof in the Appendix.

We can estimate the asymptotic variance VdU by the sample variance of the estimated in-

fluence function V̂dU := hn−1
∑n

i=1 ϕdU(Wi, ξ̂)
2. As described in Section 4, we could estimate

the leading bias BdU by the method in Powell and Stoker (1996) and Colangelo and Lee (2025).

Let the notation ˆ̄βd,b be explicit on the bandwidth b and B̂dU :=
( ˆ̄βd,b − ˆ̄βd,ab

)/(
b2(1 − a2)

)
with a pre-specified fixed scaling parameter a ∈ (0, 1). Then a data-driven bandwidth ĥdU :=

(V̂dU/(4B̂
2
dU))

1/5n−1/5 consistently estimates the optimal bandwidth that minimizes the AMSE.

For the lower bound, the same estimation applies to V̂dL, B̂dL, and ĥdL. Then we can choose an

undersmoothing bandwidth h that is smaller than ĥdU and ĥdL to construct the 95% confidence

interval
[
β̂d− 1.96× σ̂dL/

√
nh, ˆ̄βd+1.96× σ̂dU/

√
nh
]
with σ̂dL :=

√
V̂dL and σ̂dU :=

√
V̂dU . Under

additional assumptions, we can straightforwardly show consistency of V̂dU , B̂dU , and ĥdU following

Theorem 3.2 in Colangelo and Lee (2025), so we omit the repetition.

We can bound the ATE of increasing the treatment from d1 to d2, ∆d1d2
:= βd2 − βd1 ≤

βd2 − βd1 ≤ βd2 − βd1 =: ∆̄d1d2 . Denote the bandwidth in β̂
d
and ˆ̄βd be hdL and hdU , respectively.

Corollary 2 (ATE) Let the conditions in Theorem 3 hold. Let VUn := E[(ϕd2U − ϕd1L)
2]and

VLn := E[(ϕd2L − ϕd1U)
2]. Then

√
nVUn

−1/2
( ˆ̄∆d1d2 − ∆̄d1d2 − (h2d2UBd2U − h2d1LBd1L)

) d−→ N (0, 1)

and
√
nV

−1/2
Ln

(
∆̂d1d2

−∆d1d2
− (h2d2LBd2L − h2d1UBd1U)

) d−→ N (0, 1).

The variance can be estimated by V̂Un = n−1
∑n

i=1(ϕd2U(Wi, ξ̂) − ϕd1L(Wi, ξ̂))
2 and V̂Ln =

n−1
∑n

i=1(ϕd2L(Wi, ξ̂)−ϕd1U(Wi, ξ̂))
2. The 95% confidence interval

[
∆̂d1d2

−1.96×
√

V̂Ln/
√
n, ˆ̄∆d1d2+

1.96×
√
V̂Un/

√
n
]
.
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6.2 First-step nuisance parameter estimation

We illustrate our estimation procedure by applying Lasso methods in Step 1 to estimate the

nuisance functions, when X is potentially high-dimensional. We provide sufficient conditions to

verify the high-level Assumption 8. We follow Su et al. (2019) (SUZ, hereafter) to approximate

the outcome, selection, and treatment models by varying coefficient linear regressions and logistic

regressions. Particularly, the penalized kernel-smoothing least square and maximum likelihood

estimations select covariates for each value of the continuous treatment. The approximation errors

satisfy Assumption 10 below that imposes sparsity structures so that the number of effective

covariates that can affect them is small. See Farrell (2015), Chernozhukov et al. (2022a), for

example, for in-depth discussions on the specification of high-dimensional sparse models.

To estimate the Qd(p, x), we first estimate the conditional CDF FY |SDX(y|1, d, x) and then

compute the generalized inverse function. To estimate the conditional density µd(x) = fD|X(d|x),
we first estimate the conditional CDF FD|X and then take the numerical derivative. We estimate

the s(d, x), FD|X , and FY |SDX by the logistic distributional Lasso regression in Belloni et al. (2017)

and SUZ. We modify the penalized local least squares estimators and use the conditional density

estimator in SUZ. For completeness, we present the estimators and asymptotic theory in SUZ in

the Appendix and refer readers to SUZ for details.

Let b(X) be a p×1 vector of basis functions and Λ be the logistic CDF. Define the approximation

errors rd(x;FD) = FD|X(d|x)−Λ(b(x)′βd), rdy(x;FY ) = FY |SDX(y|1, d, x)−Λ(b(x)′αdy), rd(x; s) =

s(d, x)− Λ(b(x)′θd), and rd(x; ρ) = ρdU(π, x)− b(x)′γd.

Denote the usual 1-norm ∥α∥1 =
∑p

j=1 |αj| for a vector α = (α1, ..., αp). Denote ∥W∥P,∞ =

supw∈W |w| and ∥W∥PNℓ
,2 = (N−1

ℓ

∑
i/∈Iℓ W

2
i )

1/2 for a generic random variable W with support W .

Assumption 10 collects the conditions in Theorems 3.1 and 3.2 in SUZ.

Assumption 10 (Lasso) Let D0 be a compact subset of the support of D, Y0 be a compact subset

of the support of Y , and X be the support of X.

(i) (a) ∥maxj≤p |bj(X)|∥P,∞ ≤ ζn and C ≤ E [bj(X)2] ≤ 1/C, for some positive constant C,

j = 1, ..., p. (b) supd∈D0,y∈Y0
max(∥βd∥0, ∥αdy∥0, ∥θd∥0, ∥γd∥0) ≤ s for some s which possibly

depends on n, where ∥θ∥0 denotes the number of nonzero coordinates of θ.

(c) supd∈D0
∥rd(X;FD)∥Pn,2 = OP((s log(p ∨ n)/n)1/2) and supd∈D0,y∈Y0

(∥∥rdy(X;FY )k((D −

d)/h1)
1/2
∥∥
Pn,2

+
∥∥rd(X; s)k((D−d)/h1)1/2

∥∥
Pn,2

+
∥∥rd(X; ρ)k((D−d)/h1)1/2

∥∥
Pn,2

)
= OP

((
s log(p∨

n)/n
)1/2)

.
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(d) supd∈D0
∥rd(X;FD)∥P,∞ = O((s2ζ2n log(p∨n)/n)1/2) and supd∈D0,y∈Y0

(∥∥rdy(X;FY )
∥∥
P,∞+∥∥rd(X; s)

∥∥
P,∞ +

∥∥rd(X; ρ)
∥∥
P,∞

)
= O

(
(s2ζ2n log(p ∨ n)/(nh1))

1/2
)
.

(e) fD|X(d, x) is second-order differentiable w.r.t. d with bounded derivatives uniformly over

(d, x) ∈ D0 ×X . (f) ζ2ns
2ι2n log(p ∨ n)/(nh1) → 0, nh51/(log(p ∨ n)) → 0.

(ii) Uniformly over (d, x, y) ∈ D0×X×Y0, (a) there exists some positive constant C < 1 such that

C ≤ fD|X(d|x) ≤ 1/C, C ≤ FY |SDX(y|1, d, x) ≤ 1− C, and C ≤ s(d, x) ≤ 1− C; (b) s(d, x)

and FY |SDX(y|1, d, x) are three times differentiable w.r.t. d with all three derivatives being

bounded.

(iii) There exists a sequence ιn → ∞ such that 0 < κ′ ≤ infδ ̸=0,∥δ∥0≤sιn ∥b(X)′δ∥Pn,2

/
∥δ∥2 ≤

supδ ̸=0,∥δ∥0≤sιn ∥b(X)′δ∥Pn,2

/
∥δ∥2 ≤ κ′′ <∞ w.p.a.1.

Let Assumption 10 hold. Then Theorems 3.1 and 3.2 in SUZ imply sup(d,x)∈D0×X |ŝℓ(d, x) −
s(d, x)| = OP(An), sup(d,x)∈D0×X ,u∈(0,1) |Q̂d

ℓ (u, x)−Qd(u, x)| = OP(An), sup(d,x,y)∈D0×X×Y0
|∆Ê[Y |Y ≥

y, S = 1, D = d,X = x]|OP(An), whereAn = ιn(log(p∨n)s2ζ2n/(nh1))1/2. And sup(d,x)∈D0×X |µ̂dℓ(x)−
µd(x)| = OP(Rn), where Rn = h−1

1 (log(p∨n)s2ζ2n/n)1/2. Then we can obtain the L2 rates ∥ξ̂ℓ− ξ∥2
to verify Assumption 8. In particular a sufficient condition of Assumption 8(iii) is An → 0 and

Rn → 0. And a sufficient condition of Assumption 8(iv) is
√
nhAnRn → 0 and

√
nhA2

n → 0.

7 Empirical illustration with covariates

We illustrate our DML estimator by evaluating the Job Corps and CCC program. First in Step

0, we prepare a sub-sample that satisfies Assumption 8(i) for estimating the bounds. We use the

full sample to estimate the GPS by µ̃d(Xi) and the selection probability by s̃(d,Xi). We obtain

a sub-sample where µ̃d(Xi) ≥ trimGPS and s̃(d,Xi) ≥ 5% for all i in this sub-sample and for

all d ∈ DJ , where the trimming parameter trimGPS is based on Imbens (2004) and detailed in

Section B.1 in the online appendix. Then we use this sub-sample to estimate the bounds following

the procedure described in Section 6.1. For JC, we remove 11 observations whose s̃(d,Xi) < 5%

for some d ∈ DJ , and no observation is removed by trimGPS. For CCC, we remove 94 observation

whose µ̃d(Xi) < trimGPS, and all observations have s̃(d,Xi) ≥ 5%. So we only trim a small

number of observations relative to the sample size.

In Step 1, we use the Lasso estimation given in Section 6.2. We present the results with a linear

basis function b(X) for the regularized varying coefficient linear regression, e.g., ρdU(π,X) = X ′γd.

Results with a quadratic basis function for specification robustness and implementation details are
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in Section B in the online appendix. Same as the setting in Section 5, we use the Epanechnikov

kernel with a undersmoothing bandwidth and ten-fold cross-fitting. Let h1 = 1.05×σ̂D×n−1/5
ℓ ×c1,

where we use a range of constants c1 for robustness check.

We allow subjects to have different sufficient treatment values depending on X, i.e., the mini-

mizer of the conditional selection probability given X and D = d. So we might tighten the bounds

and the confidence intervals, or capture heterogenous causal effects that are not revealed without

the covariates. Figure 3 reports histograms of the sufficient treatment values, {d̂ATxi, i = 1, ...n}.
For Job Corps in the left panel, most sufficient treatment values are 40 or 2400, but we also see

values over D. In particular, about 20% of the participants have dATx = 40, i.e., 40 training

hours give them the lowest likelihood of employment. For about 9% of the participants who have

dATx = 2400, any hours smaller than 2400 would help employment. For the CCC data in the right

panel, about 59.2% of the participants have dATx < 0.5 years and about 26.19% of the participants

have dATx > 1.2 years.

Figure 3: Histograms of the sufficient treatment values
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7.1 Job Corps

We follow the literature to assume the conditional independence Assumption 6, which is indirectly

assessed in Flores et al. (2012). It means that receiving different levels of the treatment is random,

conditional on a rich set of observed covariates measured at the baseline survey. We may further

use a control function with an instrumental variable to address the concern that the conditional

independence assumption might not hold (Imbens and Newey, 2009; Lee, 2015).

The top left panel of Figure 4 shows the estimated selection probability Ê[Sd] with covariates
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and without covariates.7 The bottom left panel of Figure 4 presents the estimated bounds [β̂d,
ˆ̄βd]

and the 95% confidence intervals. We find a positive intensive margin effect: increasing the training

from 1.5 week to 9 months increases log weekly earnings by at least 0.224, at 5% significance level.

This is from the largest lower-bound estimate for the ATE of switching hours over D. That is, we

find the largest ATE β1446.465 − β63.838 bounded by [0.224, 0.718] with the 95% confidence interval

[0.127, 0.865].8 We also not that we do not find significant positive effects on level of weakly

earnings.

Consistent with prior empirical research on the Job Corps, e.g., Flores et al. (2012) and Hsu

et al. (2023) have found inverted-U shaped average dose-response functions on labor outcomes.

The concave shape is reasonable to consider the optimal treatment intensity in other settings. Our

sufficient treatment values assumption does not assume any shape restrictions and hence includes

a concave or monotone selection response.

For comparison, the top right panel presents the bounds without X, [ρ̂dL, ρ̂dU ] (red solid line)

given in Figure 4. We also compute two point-estimators of the average dose-response function

“ignoring selection” and “no effect on selection” by the DML estimator in Colangelo and Lee

(2025) incorporating X. The “ignoring selection” estimates use the full sample including those

with zero outcomes, while the “no effect on selection” estimates use the selected sample with

positive outcomes. Our bounds are around the “no effect on selection” estimates, as expected.

To demonstrate the usefulness of the DML method, the bottom right panel presents two al-

ternative estimators from Lemma 2: the regression-type estimator of E[β̄d(X)πAT(X)]/E
[
πAT(X)

]
(Bounds ρ(·)) and the inverse-probability-weighting estimator of limh→0 E

[
mdU(W, ξ)

]
/πAT (Bounds

m(·)). These two estimators are not doubly robust, so we see that they are both biased downward,

compared with our bounds (Bounds g(·)) using a doubly robust moment function.

7.2 Civilian Conservation Corps (CCC)

We study the effect of service duration on the age at death, using the data for panel A of Table III

in Aizer et al. (2024). They include the 17,639 men (75% of the original sample size 23,722) who

have information on death age and who dies after age 45. Aizer et al. (2024) investigate the extent

of sample selection and the effects of missing data on their estimates, and conclude modest bias

from non-random attrition. They estimate an accelerated failure time model with added controls

7We estimate the selection probability E[Sd] with covariates X by the DML estimator in Colangelo and Lee

(2025), Ê[Sd] = n−1
∑L

ℓ=1

∑
i∈Iℓ

Kh(Di − d)(Si − ŝℓ(d,Xi))/µ̂dℓ(Xi) + ŝℓ(d,Xi).
8c1 = 1. For robustness check, we find positive ATE at 5% significance level over c1 ∈ {0.75, 1, 1.25, 1.5, 1.75}

and using a linear or quadratic basis function b(X) in Section B.3 in the online appendix. The undersmoothing
bandwidths range from 159.008 to 259.490.
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Figure 4: (Job Corps) Estimated selection probability and bounds with covariates
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for the characteristics of the enrollees and the camps to show that the estimates remain stable.

They find one more year of training increases the death age by one year.

From the histograms of the death age and log(death age) in Figure 13 in Section B.4 in the

online appendix, we see that the distribution of log(death age) is more skewed. So we use the level

of death age as our outcome variable Y and estimate the bounds for βd = E[death age|AT].
We consider one hundred equally spaced grid points D100 ⊂ D = [0.238, 1.5], which are from

the 15% to 85% quantiles of duration in years. Figure 5 reports the estimates without using

covariates. The largest ATE is when increasing duration from 0.238 to 1.488 years with the bounds

[0.747, 1.765] and 90% confidence interval [−1.031, 3.476].9 The proportion of always-takers, or

9The undersmoothing bandwidths range from 0.1909 to 0.4409. ν = 0.01 and c1 = 1. For robustness check, the
lower bound estimates of the largest ATE with c1 ∈ {0.75, 1, 1.25, 1.5, 1.75, 2} are positive but insignificant at 10%
level.
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the minimum selection probability, is π̂AT = ŝ(0.2382) = 0.8155. Our sufficient treatment value

Assumption 2 means that if the participants’ death ages are observed when they received 0.2382

years of service, then they would remained observed for any duration over these one hundred grid

points.

Next we include covariates as in column (3) Add Indiv Controls in Panel A in Table III in Aizer

et al. (2024). Figure 6 reports the estimates with covariates. The largest ATE is when increasing

duration from 0.238 to 1.156 years with the bounds [1.169, 1.755] and 95% confidence interval

[0.366, 2.795]. That is, increasing duration from 0.238 to 1.156 years would at least increase the

average death age by 1.169 years and the effect is significant at 5% level, which is consistent with

the findings in Aizer et al. (2024).10 However, the effects are not significant for other choices of

c1. By the histogram in Figure 12 and summary statistics in Table 2 in the online appendix,

the distribution of duration might have mass points at 0.5, 1, 1.5, 2 years. So the caveat of

implementing our method on this dataset is that the smoothness conditions could be violated. This

may explain why the estimates in Figure 6 are not smooth. Nevertheless, we are able to implement

our method at a coarser grid with 100 grid points and assume the distributions are smooth locally

at these grid points. We also consider thirty equally spaced grid points D30 ⊂ D = [0.238, 1.5] in

Figure 7 and obtain similar results as D100.
11

8 Conclusion

We study causal effects of a treatment/policy variable that could be either continuous, multivalued

discrete or binary, in a sample selection model where the treatment affects the outcome and also

researchers’ ability to observe the outcome. To account for the non-random selection into samples,

we provide sharp bounds for the mean potential outcome of always-takers whose outcomes are

observed regardless of their treatment value, generalizing Lee (2009)’s bound. We propose a novel

sufficient treatment value (set) assumption to (partially) identify the share of always-takers in the

observed selected d-receipts for each treatment value d.

By incorporating pretreatment covariates X, we allow for unconfoundedness and allow subjects

with different values of X to have different sufficient treatment values, which might tighten the

bounds, increase precision (tighten the confidence intervals), and reveal heterogeneity, as we illus-

trate in our empirical analysis of the Job Corps and CCC programs. The inference procedure is

10ν = 0.01 and c1 = 1.5. For robustness check, the lower bounds with c1 ∈ {1.75, 2} and linear/quadratic basis
functions range from 0.288 to 0.54 but are not significant at 10% level. The undersmoothing bandwidths range
from 0.162 to 0.313.

11The largest ATE is when increasing the duration from 0.238 to 1.109 years with the bounds [1.255, 1.822] and
95% confidence interval [0.43, 2.918]. c1 = 1.5. The undersmoothing bandwidths range from 0.158 to 0.294.

31



Figure 5: (CCC) Estimated selection probability and bounds without covariates
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Figure 6: (CCC) Estimated selection probability and bounds with covariates over D100
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robust to extensive margin, allowing for any unknown functional form of the selection probability

with respect to treatment.

There are many potential applications of our bounds for continuous/multivalued treatments.

For example, Ao et al. (2021) study the multivalued treatments of the Workforce Investment Act

program on participants’ earnings. Cesarini et al. (2017) use Swedish lotteries data to study the

effect of wealth on labor supply.
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Figure 7: (CCC) Estimated selection probability and bounds with covariates over D30
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Appendices

Proof of Lemma 1: The proof is implied by Theorem 1 with M = 1 and d1 = dAT. □

Proof of Theorem 1: P(Sd1 = Sd2 = ... = SdM = 1) = P(Sd1 = 1, {Sd2 = ... = SdM = 1}) =
P(Sd1 = 1) + P({Sd2 = ... = SdM = 1}) − P(Sd1 = 1 or {Sd2 = ... = SdM = 1}) ≥ P(Sd1 =
1) + P({Sd2 = ... = SdM = 1})− 1 that is the Fréchet-Hoeffding bound. The same argument gives
P({Sdm = ... = SdM = 1}) ≥ P(Sdm = 1) + P({Sdm+1 = ... = SdM = 1}) − 1 for m = 2, ...,M − 1.
Under Assumption 1, P(Sdm = 1) = s(dm). So we obtain πML by induction.

Denote the always-takers AT = {Sd = 1 : d ∈ D} and the d-complier CPd = {Sd = 1, Sd′ =
0 for some d′ ∈ D}. By the law of iterated expectations,

E[Y |S = 1, D = d] = E[Yd|Sd = 1] = E[Yd|Sd = 1,AT] · P(Sd = 1,AT|Sd = 1)

+ E[Yd|Sd = 1,CPd] · (1− P(Sd = 1,AT|Sd = 1))

= βd · πAT/s(d) + E[Yd|Sd = 1,CPd] · (1− πAT/s(d)).

Then we apply Proposition 1a in Lee (2009). Specifically, we replace ∆UB
0 in Lee (2009) with

E[Y |D = d, S = 1, Y ≥ Qd(1 − πAT/s(d))], replace p0 with 1 − πAT/s(d), replace D = 1 with
D = d, replace Y ∗

1 with Yd, replace {S0 = 1, S1 = 1} with AT , replace {S0 = 1, S1 = 1} with CPd,
and remove E[Y |D = 0, S = 1]. Then the same arguments in the proof of Proposition 1a in Lee
(2009) yields that βd ≤ E[Y |Y ≥ Qd(1− πAT/s(d)), D = d, S = 1] =: ρdU(πAT) that is sharp.

Since ρdU(πAT) is decreasing in πAT, ρdU(πAT) ≤ ρdU(π
M
L ) that is sharp. A similar argument

for the sharp lower bound follows. □
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Proof of Theorem 2: We prove the result using a given dAT and DM . In the later section
Misclassification of the proof, we show that using d̂ATJ

is equivalent asymptotically. Let Wi

be a generic random variable and Wc
ℓ denote the observations Wi for i /∈ Iℓ. Denote the sample

average operator over all observations as En[W ] := n−1
∑n

i=1Wi, the sample average operator over
the observations in group Iℓ as Enℓ

[W ] := n−1
ℓ

∑
i∈Iℓ Wi, the sample average operator over the

observations in group Icℓ as Ecnℓ
[W ] := (n − nℓ)

−1
∑

i∈Icℓ
Wi, and the conditional mean operator

given the observations in group Icℓ as Eℓ[W ] := E[W |Wc
ℓ ]. Denote as 1i := 1{Yi ≥ Qd(1− p)} and

1̂ℓi := 1{Yi ≥ Q̂d
ℓ (1− p̂ℓ)} for i ∈ Iℓ.

We first derive the asymptotically linear representation ρ̂dU(π)−ρdU(π) = En [ϕdU ]+oP(1/
√
nh),

where for p = pd < 1,12

ϕdU := (ϕ12 + ϕ3 − ρdU(π)ϕ1)p
−1, (4)

ϕ3 :=
Kh(D − d)S

s(d)fD(d)
(Y 1− E[Y 1|D = d, S = 1]) ,

ϕ12 = ϕU12 := ϕ1Q
d(1− p)− ϕ2(1− p)Qd(1− p)fY |DS(Q

d(1− p)|d, 1),
ϕ1 := (ϕπ − pϕs(d)) /s(d),with

ϕs(d) := (S − s(d))
Kh(D − d)

fD(d)
, π̂ℓ − π = Ecnℓ

[ϕπ] + oP(1/
√
nh),

Q̂d
ℓ (τ)−Qd(τ) = Ecnℓ

[ϕ2(τ)] + oP(1/
√
nh),with ϕ2(τ) :=

Kh(D − d)S
(
τ − 1

{
Y ≤ Qd(τ)

})
s(d)fD(d)fY |DS(Qd(τ)|d, 1)

.

For π =
∑

d∈DM
s(d)−M + 1, ϕπ =

∑
d∈DM

ϕs(d).

For the lower bound ρ̂dL(π) − ρdL(π) = En [ϕdL] + oP(1/
√
nh), let 1 = 1{Y ≤ Q(p)}, 1̂ℓi =

1{Yi ≤ Q̂d
ℓ (p̂ℓ)}, and ϕ12 = ϕL12 := ϕ1Q

d(p) + ϕ2(p)Q
d(p)fY |DS(Q

d(p)|d, 1). For p = 1, ϕdU =

ϕdL := Kh(D−d)S
s(d)fD(d)

(Y − E[Y |D = d, S = 1]).

We focus on the upper bound ρdU(π) in the proof, and similar arguments for the lower bound
ρdL(π) are given later.

Let ρdU(π) =: num/p, where num := E[Y 1{Y ≥ Qd(1− p)}|D = d, S = 1]. By a linearization
of the estimator,

ρ̂dU(π)− ρdU(π) =
n̂um− num

p
− ρdU(π)

p
(p̂− p) +OP

(
∥n̂um− num∥∥p̂− p∥+ ∥p̂− p∥2

)
. (5)

Decompose the numerator estimator n̂um = L−1
∑L

ℓ=1 n̂um
ℓ
in (5) to the Step1&Step2 esti-

mation error and the Step 3 estimation,

n̂um
ℓ
=

Enℓ

[
Y 1̂ℓKh(D − d)S

]
En [Kh(D − d)S]

= n̂um
ℓ
12 + n̂um

ℓ
3, where

12To simplify notation and without loss of clarity, we suppress the subscript of d in pd.
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n̂um
ℓ
12 :=

Enℓ

[
Y (1̂ℓ − 1)Kh(D − d)S

]
d̂en

, n̂um
ℓ
3 :=

Enℓ
[Y 1Kh(D − d)S]

d̂en
, d̂en := En [Kh(D − d)S] .

To derive the influence function at each step, we use the following four Claims, whose proofs
are in the online appendix.

Claim-Step1: For any d ∈ D, (i) ŝ(d)−s(d) = En [ϕs(d)]+OP(1/(nh)+h
4) = OP(1/

√
nh+h2).

(ii) limh→0 hE[ϕ2
s(d)] = Vs(d)Rk/fD(d).

(iii) For any d′ ̸= d, limh→0 hE[ϕs(d′)ϕs(d)] = 0.
(iv) Let p̂ = π̂/ŝ(d)− ν. p̂− p = En[ϕ1] +OP(1/(nh) + h4).

Claim-Step2: Theorems 3.7 and 4.1 in Donald et al. (2012) provide that for any d ∈ D, Q̂d(τ)−
Qd(τ) = En[ϕ2(τ)] + oP(1/

√
nh), uniformly in τ ∈ [0, 1]. And VQ(τ) := limh→0 hE[ϕ2(τ)

2] =
τ(1−τ)Rk

s(d)fD(d)fY |DS(Q
d(τ)|d,1)2 .

Claim-Step3: d̂en − den = OP(1/
√
nh + h2), where den := s(d)fD(d). n̂um3

ℓ − E[Y 1|D =
d, S = 1] = Enℓ

[ϕ3] + oP(1/
√
nh). limh→0 hE[ϕ2

3] = V3Rk/(fD(d)s(d)).

Claim-SE: n̂um12
ℓ
= numℓ

12 + oP(1/
√
nh), where

numℓ
12 := (p̂ℓ − p)Qd(1− p)−

(
Q̂d
ℓ (1− p)−Qd(1− p)

)
Qd(1− p)fY |DS(Q

d(1− p)|d, 1)

for ρUB(π), and num
ℓ
12 := (p̂ℓ − p)Qd(p) +

(
Q̂d
ℓ (p)−Qd(p)

)
Qd(p)fY |DS(Q

d(p)|d, 1) for ρLB(π).

n̂um
ℓ − num = numℓ

12 + n̂um
ℓ
3 − E[Y 1|D = d, S = 1] + oP((nh)

−1/2)

= (p̂ℓ − p)Qd(1− p)−
(
Q̂d
ℓ (1− p)−Qd(1− p)

)
Qd(1− p)fY |DS(Q

d(1− p)|d, 1)

+ Enℓ
[ϕ3] + oP((nh)

−1/2)

= Ecnℓ
[ϕ1]Q

d(1− p)− Ecnℓ
[ϕ2]Q

d(1− p)fY |DS(Q
d(1− p)|d, 1) + Enℓ

[ϕ3] + oP((nh)
−1/2),

where the first and second equalities is by Claim-SE and Claim-Step3, and the third equality is
by Claim-Step1 and Claim-Step2.

Note that L−1
∑L

ℓ=1 Ecnℓ
[W ] = L−1

∑L
ℓ=1(n−nℓ)−1

∑
i∈Icℓ

Wi = (L(n−n/L))−1(L−1)
∑n

i=1Wi =

En[W ]. And L−1
∑L

ℓ=1 Enℓ
[W ] = En[W ]. Then n̂um−num = L−1

∑L
ℓ=1 n̂um

ℓ−num = En
[
ϕ1Q

d(1−
p)− ϕ2Q

d(1− p)fY |DS(Q
d(1− p)|d, 1)+ ϕ3

]
+ oP(1/

√
nh) = En[ϕ12 + ϕ3] + oP(1/

√
nh). By (5), we

obtain ϕ.

Variance. We derive the asymptotic variance VdU by E
[(
ϕU12 + ϕ3 − ρdU(π)ϕ1

)2]
= E

[
ϕU12

2
+

ϕ2
3 + ρdU(π)

2ϕ2
1 + 2ϕU12ϕ3 − 2ρdU(π)ϕ1ϕ

U
12 − 2ρdU(π)ϕ1ϕ3

]
. Since ϕ1 does not involve Y , the law of

iterated expectations yields limh→0 hE[ϕ1ϕ2] = 0 and limh→0 hE[ϕ1ϕ3] = 0.
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limh→0 hE[ϕ2
1] = limh→0(hE[ϕ2

π] + p2 · hE[ϕ2
s(d)])/s(d)

2 =
(
Vπ + p2Vs(d)

)
Rk/(fD(d)s(d)

2), by
Claim-Step1 (ii)(iii), where Vπ = Vs(dATJ

)fD(d)/fD(dATJ
) if π = s(dATJ

). Under Assumption 3,

when d ∈ DM so that π contains s(d), there is an additional term in limh→0 hE[ϕ2
1],

−2p limh→0 hE[ϕπϕs(d)]/s(d)2 = −2pVs(d)Rk/(fD(d)s(d)
2).

limh→0 hE
[
ϕU12

2
]
= limh→0 hE [ϕ2

1]Q
d(1−p)2+hE [ϕ2(1− p)2]Qd(1−p)2fY |DS(Q

d(1−p)|d, 1)2.

By Claim-Step2, limh→0 hE[ϕ2(1− p)2] = VQ(1− p) = p(1−p)Rk

s(d)fD(d)fY |DS(Q
d(1−p)|d,1)2 . We obtain V2.

limh→0 hE[ϕ1ϕ
U
12] = limh→0 hE[ϕ2

1]Q
d(1− p).

For E[ϕU12ϕ3],

hE[ϕ2(τ)ϕ3]× s(d)2fD(d)
2fY |DS(Q

d(τ)|d, 1)
= hE

[
SKh(D − d)2E

[
(Y 1− E[Y 1|D = d, S = 1])

(
τ − 1{Y ≤ Qd(τ)}

)
|D,S

]]
= hE

[
SKh(D − d)2

(
E[Y 1|D,S]τ − E[Y 1|D = d, S = 1]τ

+ E[Y 1|D = d, S = 1]E[1{Y ≤ Qd(τ)}|D,S]
)]

(6)

→ Rks(d)fD(d)τE[Y 1|D = d, S = 1]

as h → 0. So limh→0 hE[ϕU12ϕ3] = limh→0−hE[ϕ2(1 − p)ϕ3]Q
d(1 − p)fY |DS(Q

d(1 − p)|d, 1) =
V23Rk/(2fD(d)s(d)).

For ρLB(p) with 1 = 1{Y ≤ Qd(p)}, (6) becomes hE
[
SKh(D − d)2

(
E[Y 1|D,S]p− E[Y 1|D =

d, S = 1]p + E[Y 1|D = d, S = 1]E[1{Y ≤ Qd(p)}|D,S]
)
− E[Y 1|D,S]

]
→ Rks(d)fD(d)(p −

1)E[Y 1|D = d, S = 1]. So limh→0 hE[ϕL12ϕ3] = limh→0 hE[ϕ2(p)ϕ3]Q
d(p)fY |DS(Q

d(p)|d, 1) = −(1−
p)E[Y 1|D = d, S = 1]Qd(p)Rk/(s(d)fD(d)) = V23Rk/(2fD(d)s(d)).

Putting together the above results yields VdU = limh→0 p
−2
{
hE[ϕ2

1] ·
(
Qd(1 − p)2 + ρdU(π)

2 −

2ρdU(π)Q
d(1− p)

)
+ hE[ϕ2(1− p)2] ·Qd(1− p)2fY |DS(Q

d(1− p)|d, 1)2 + hE[ϕ2
3] + h2E[ϕ12ϕ3]

}
.

Bias. We show E[ϕdU ] = h2BdU + oP(h
2), where BdU :=

(
Bπ − pBs(d)

)
Qd(1− p)/s(d)−B2(1−

p)Qd(1 − p)fY |DS(Q
d(1 − p)|d, 1) + B3 − ρdU(π)B1)p

−1 derived below. So the bias is first-order

asymptotically ignorable by assuming
√
nhh2 = o(1).

Assuming the second derivatives of s(d) and fD(d) are bounded continuous,

E[ϕs(d)] = E[(s(D)− s(d))Kh(D − d)/fD(d)] = h2Bs(d) + oP(h
2),where

Bs(d) :=
κ

2

d2

dv2
{
(s(v)− s(d))fD(v)

}∣∣
v=d

/fD(d).

Under Assumption 2, Bπ = Bs(dAT). Under Assumption 3, E[ϕπ] =
∑

d∈DJ
E[ϕs(d)], so Bπ =
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∑
d∈DJ

Bs(d). We obtain B1 =
(
Bπ − pBs

)
/s(d). By the same argument,

E[ϕ2(1− p)] = E
[
(π − FY |DS(Q

d(1− p)|D, 1)) Kh(D − d)s(D)

s(d)fD(d)fY |DS(Qd(1− p)|d, 1)

]
= h2B2(1− p) + oP(h

2),where

B2(1− p) :=
κ

2

d2

dv2
{
(π − FY |DS(Q

d(1− p)|v, 1))fD(v)s(v)
}∣∣
v=d

/(s(d)fD(d)fY |DS(Q
d(1− p)|d, 1));

E[ϕ3] = E
[
Kd(D − d)s(D)

s(d)fD(d)

(
E[Y 1|D,S = 1]− E[Y 1|D = d, S = 1]

)]
= h2B3 + oP(h

2),where

B3 :=
κ

2

d2

dv2
{
fD(v)s(v)

(
E[Y 1|D = v, S = 1]− E[Y 1|D = d, S = 1]

)}∣∣
v=d

/(s(d)fD(d)).

Similarly for the lower bound, BdL :=
(
Bπ−pBs(d)

)
Qd(p)/s(d)−B2(p)Q

d(p)fY |DS(Q
d(p)|d, 1)+

B3 − ρdU(π)B1)p
−1, where 1 = 1{Y ≤ Qd(p)}.

Asymptotic normality. The asymptotic normality follows from the Lyapunov central limit the-
orem with the third absolute moment. Specifically, the Lyapunov condition holds if limn→∞ n−1/2h3/2

E[|ϕ|3] = 0. Under the condition that E[|Y |31|D = d, S = 1] is continuous in d ∈ D, we can show
that E[|ϕ3|3] = O(h−2) by a similar algebra as for the variance in Claim-Step 1(ii).

Misclassification. Let the true τj = s(dj+1)−s(dj) with the estimate τ̂j = ŝ(dj+1)− ŝ(dj). First
consider d̂ATJ

= argmind∈DJ
ŝ(d) = dj′ ∈ Dc and τj′ = 0. As both dj′ and dd′+1 are minimizers

of s(d), βdj′ and βdj′+1
are point-identified. There is no misclassification problem, as we can use

d̂ATJ
= dj′ and p̂ℓ = min{ŝℓ(dj′)/ŝℓ(dj′+1), 1} − ν in finite samples to estimate valid bounds at

d = dj′+1 that contains the point estimates β̂dj′+1
.

We consider misclassification when τ̂j ≤ 0 < τj or τ̂j ≥ 0 > τj for some j ∈ {1, ..., J − 1}.
Suppose τj ̸= 0, dAT = argmind∈D s(d) ∈ Ds, and dATJ

= argmind∈DJ
s(d) ∈ Ds . Because

|τ̂j−τj| ≤ |ŝ(dj+1)−s(dj+1)|+|ŝ(dj)−s(dj)| ≤ 2sn, misclassification implies that 0 < |τj| ≤ 2sn. For
a discrete multivalued treatment, |τj| > 2sn for n large enough, which implies correct classification.
For a continuous treatment, let D = D −D, so dj+1 − dj = D/(J − 1) for all equally spaced grid
point dj ∈ DJ . By the Taylor expansion and mean-value theorem, for dj ∈ Ds, for some d̄j between
dj and dj+1, and for some generic constant C,

|τj | =

∣∣∣∣∣∣
M̄−1∑
m=1

s(m)(dj)D
m/(m!(J − 1)m) + s(M̄)(d̄j)D

M̄/(M̄ !(J − 1)M̄ )

∣∣∣∣∣∣ ≥ C/JM̄ .

Assuming for n large enough, 2sn < CJ−M̄ , and hence |τj| > 2sn, which implies correct classifi-
cation, for all j ∈ {1, .., J − 1} and J ≥ 2. So for n large enough, there is no misclassification and
d̂ATJ

= dATJ
:= argmind∈DJ

s(d). Similarly in each leave-out group ℓ, d̂ATJℓ
= argmind∈DJ

ŝℓ(d) =

d̂ATJ
= dATJ

for n large enough.
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Since s(d) is continuous, as J → ∞, |dATJ
− dAT| ≤ D/(J − 1). So dATJ

→ dAT as J → ∞. □

Proof of Lemma 2: Let pd(X) := π/s(d,X). E[mdU(W, ξ)|X = x]

= E[E[Y 1{Y ≥ Qd(1− pd(x), x)}|S = 1, D,X = x]Kh(D − d)|S = 1, X = x]
P(S = 1|X = x)

µd(x)

=

∫
E[Y 1{Y ≥ Qd(1− pd(x), x)}|S = 1, D = d+ uh,X = x]k(u)fD|X=x,S=1(d+ uh)du

× P(S = 1|X = x)

µd(x)

= E[Y 1{Y ≥ Qd(1− pd(x), x)}|S = 1, D = d,X = x] · fD|X=x,S=1(d)
P(S = 1|X = x)

µd(x)
+ o(h)

= E[Y |Y ≥ Qd(1− pd(x), x)}, S = 1, D = d,X = x]pd(x) · s(d, x) + o(h) = ρdU (π, x) · π + o(h).

Then the aggregate sharp upper bound is
∫
X ρdU(πAT(x), x)fX(x|Sd′ = 1 : d′ ∈ D)dx =∫

X ρdU(πAT(x), x)πAT(x)fX(x)
fX(x|AT)

πAT(x)fX(x)
dx = limh→0 E

[
mdU(W, ξ)

]
/πAT.

Similarly for the lower bound, define

mdL(W, ξ) :=
Kh(D − d)

µd(X)
· S · Y · 1{Y ≤ Qd(pd(X), X)}.

For Xi ∈ Xj, define the moment function to be mj
dL(W, ξ) := mdL(W, ξ) with πAT(X) = s(dj, X).

To construct orthogonality as h → 0, corjdL(W, ξ) = Qd(pddj(X), X)

(
Kh(D−dj)
µdj (X)

(S − s(dj, X)) −

Kh(D−d)
µd(X)

pddj(X)(S − s(d,X)) + Kh(D−d)S
µd(X)

(
1{Y > Qd(pddj(X), X)} − 1 + pddj(X)

))
+ (µd(X) −

Kh(D − d))E[Y |Y ≤ Qd(pddj(X), X), D = d, S = 1, X]
s(dj ,X)

µd(X)
. Then the orthogonal moment

function is gjdL := mj
dL + corjdL. □

Proofs of Theorem 3: For ease of exposition, we collect the notations below.

Notations. κ :=
∫∞
−∞ u2k(u)du. Kd := Kh(D − d), sd := s(d,X), λd := 1/µd(X).

For the upper bound, Q := Qd(1− pddj(X), X), 1 := 1{Y ≥ Qd(1− pddj(X), X)}, ρ := E[Y |Y ≥
Q, D = d, S = 1, X].

38



BdU :=
(
BgU − Bψβ̄d

)
/πAT, where Bψ := E

[
2 ∂
∂d
s(d,X) ∂

∂d
fD|X(d|X)/fD|X(d|X) + ∂2

∂d2
s(d,X)

]
κ/2,

BgU :=
κ

2
E

[
∂2

∂d2
(
fD|X(d|X)s(d, x)E[Y |Y ≥ Q, S = 1, D = d,X]

(
1− FY |SDX(Q|1, d,X)

))
+ Qλdj

∂2

∂d2j

(
fD|X(dj , X)s(dj , X)

)
− Qλdj sdj

∂2

∂d2j
fD|X(dj |X)

+ (Q− ρ)λdsdj
∂2

∂d2
fD|X(d,X)− Qλd

∂2

∂d2
(
fD|X(d|X)s(d,X)(1− FY |SDX(Q|S = 1, d,X))

)]
.

VdU :=
(
VgU + Vψβ̄

2
d − 2β̄dVgUψ

)
/π2

AT, where Vψ := RkE[sdj(1 − sdj)λdj ], VgU := E
[
var(Y |Y ≥

Q, S = 1, D = d,X)sdjλd+
(
Q2λdj +(ρ−Q)2λd

)
sdj(1− sdj)

]
Rk, and VgUψ = RkE[Qλdjsdj(1− sdj)].

Cd1d2U := RkE
[
Qd1(pd1dj(X), X)Qd2(1− pd2dj(X), X)λdjsdj(1− sdj)

]
.

For the lower bound, Q := Qd(pddj(X), X), 1 := 1{Y ≤ Qd(pddj(X), X)}, and ρ := E[Y |Y ≤
Q, D = d, S = 1, X].
BdL :=

(
BgL − Bψβd

)
/πAT, where

BgL :=
κ

2
E

[
∂2

∂d2
(
fD|X(d|X)s(d, x)E[Y |Y ≤ Q, S = 1, D = d,X]FY |SDX(Q|1, d,X)

)
+ Qλdj

∂2

∂d2j

(
fD|X(dj, X)s(dj, X)

)
− Qλdjsdj

∂2

∂d2j
fD|X(dj|X)

+ (Q− ρ)λdsdj
∂2

∂d2
fD|X(d,X)− Qλd

∂2

∂d2
(
fD|X(d|X)s(d,X)FY |SDX(Q|S = 1, d,X)

)]
.

VdL :=
(
VgL + Vψβd

2 − 2βdVgLψ
)
/π2

AT, where VgL := E
[
var(Y |Y ≤ Q, S = 1, D = d,X)sdjλd +(

Q2λdj + (ρ− Q)2λd
)
sdj(1− sdj)

]
Rk, and VgLψ = RkE[Qλdjsdj(1− sdj)].

Cd1d2L := RkE
[
Qd1(1− pd1dj(X), X)Qd2(pd2dj(X), X)λdjsdj(1− sdj)

]
.

We can write ˆ̄βd = Â/B̂, where A = E[gdU(W, ξ)] and B = πAT. By linearization, Â/B̂ =
A/B + (Â− A)/B − (B̂ −B)A/B2 +OP

(
|(Â− A)(B̂ −B) + (B̂ −B)2|

)
.

By Theorem 3.1 in Colangelo and Lee (2025), π̂AT = n−1
∑n

i=1 ψ(Wi, ξ̂ℓ) = n−1
∑n

i=1 ψ(Wi, ξ)+

oP(1/
√
nh), the bias E[π̂AT]− πAT = h2Bψ + oP(h

2), and
√
nh
(
π̂AT − πAT − h2Bψ

) d→ N (0,Vψ)

The proof focuses on deriving the asymptotically linear representation of the numerator Â:
n−1

∑n
i=1 gdU(Wi, ξ̂ℓ) = n−1

∑n
i=1 gdU(Wi, ξ) + oP(1/

√
nh). By linearization, we obtain the asymp-

totically linear representation β̂d − βd = n−1
∑n

i=1 ϕ(Wi, ξ) − βd + oP(1/
√
nh) and the bias

E[ ˆ̄βd] − β̄d = h2Bd + oP(h
2). Then we will show

√
nh
( ˆ̄βd − β̄d − h2Bd

) d→ N (0,Vd). We first
show the special case under Assumption 7 with J = 1, i.e., everyone has the same known unique
sufficient treatment value dAT. The results for J ≥ 2 are implied if there is no classification error.
Finally we show that the classification error is asymptotically ignorable.
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The proof follows the arguments in the proof of Theorem 3.1 in Colangelo and Lee (2025) for
the DML estimator of βd under unconfoundedness without selection. The new challenges for β̄d
arise due to more nuisance functions ξ that enter the orthogonal moment function nonlinearly
and complicate the notations. We re-define the nuisance functions so that the orthogonal moment
function is linear in each of the re-defined nuisance functions.

The nuisance function estimator ξ̂ℓ uses observationsWc
ℓ . We will show L−1

∑L
ℓ=1 Enℓ

g(W, ξ̂ℓ) =

Eng(W, ξ)+oP(1/
√
nh) by showing Enℓ

g(W, ξ̂ℓ)−Enℓ
g(W, ξ) = oP(1/

√
nh). Below we suppress the

subscript ℓ in ξ̂ℓ to simplify notation as ξ̂. We focus on the upper bound as the same arguments
apply to the lower bound.

The orthogonal moment function gjdU := mj
dU + corjdU is denoted as

g(W, ξ) = KdλdSY 1+ Q

(
Kdjλdj(S − sdj) + Kdλd

(
sdj − S1

))
+ (1− Kdλd)ρsdj ,

where the nuisance parameter ξ = (sdj ,Q, λd, λdj , ρ, 1).
Let ξ−ι = ξ \ ξι for ι = 1, .., 6. As g(W, ξ) is linear in each element in ξ, we can write

g(W, ξ̂ι, ξ−ι) − g(W, ξι, ξ−ι) = ∆ξ̂ι · g−ι(ξ−ι). And g−ι(ξ−ι) is also linear in each of the remaining
elements in ξ−ι.

For example, as ξ1 = sdj and ξ−1 = (Q, λd, λdj , ρ, 1), we can write g(W, ξ̂1, ξ−1)−g(W, ξ1, ξ−1) =
∆ŝdj · g−1(ξ−1), where g−1(ξ−1) = Q

(
− Kdjλdj + Kdλd

)
+ (1− Kdλd)ρ.

As ξ2 = Q and ξ−12 = ξ \ (ξ1, ξ2) = ξ−1 \ ξ2 = (λd, λdj , ρ, 1), and g−12(ξ−12) = −Kdjλdj + Kdλd,

we can write g−1(ξ̂2, ξ−12)− g−1(ξ2, ξ−12) = ∆ξ̂2 · g−12(ξ−12) = ∆Q̂
(
− Kdjλdj + Kdλd

)
.

Further as ξ3 = λd and g−123(ξ−123) = Kd, we can write g−12(ξ̂3, ξ−123) − g−12(ξ3, ξ−123) =
∆ξ̂3 · g−123(ξ−123) = ∆λdKd.

We decompose the remainder term Enℓ

[
g(W, ξ̂)− g(W, ξ)

]
for ℓ = 1, .., L to the following and

control each term to be oP(1/
√
nh):

Enℓ

[
g(W, ξ̂)− g(W, ξ)

]
=

6∑
ι=1

Enℓ

[
g(W, ξ̂ι, ξ−ι)− g(W, ξ)

]
− Eℓ

[
g(W, ξ̂ι, ξ−ι)− g(W, ξ)

]
(SE)

+Eℓ
[
g(W, ξ̂ι, ξ−ι)− g(W, ξ)

]
(DR)

+OP

 ∑
ι̸=j∈{1,...,6}

∥ξ̂ι − ξι∥2∥ξ̂j − ξj∥2

+ ... (Rem)

(DR) We show the sufficient conditions for (DR)= op(1/
√
nh) are

√
nhh2E[|∆ξ̂ι|] = oP(1) for

ι = 1, 2, 3, 4, 5 and
√
nh∥Q̂− Q∥22 = oP(1).

For ι = 1, ..., 5, ξι is a function of X. We can show E[g−ι(ξι)|X] = OP(h
2) by Assumption 8.

This is the key benefit of the doubly robust moment function. Then by the law of iterated
expectations,

∣∣Eℓ[g(W, ξ̂ι, ξ−ι) − g(W, ξ)
]∣∣ = ∣∣Eℓ[∆ξ̂ι · g−ι(ξ−ι)]∣∣ ≤ Eℓ

[∣∣∆ξ̂ι∣∣ · ∣∣E[g−ι(ξ−ι)|X]
∣∣] =

OP(Eℓ
[∣∣∆ξ̂ι∣∣]h2). So it suffices to assume

√
nhh2E[|∆ξ̂ι|] = oP(1).

For example, by a standard algebra for kernel, we can show that E[Kd|X] = µd(X)+OP(h
2). For

ξ1 = sdj ,
∣∣Eℓ[g(W, ξ̂1, ξ−1)− g(W, ξ)

]∣∣ ≤ Eℓ
[∣∣̂sdj − sdj

∣∣ · ∣∣E[Q(−Kdjλdj +Kdλd)+ (1−Kdλd)ρ|X]
∣∣] =
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OP
(
Eℓ
[∣∣∆ŝdj

∣∣]h2).
The same argument applies to ξι = Q, λd, λdj , ρ. We can verify E[g−ι(ξ−ι)|X] = OP(h

2) by
Assumption 8(ii), where g−2(ξ−2) = Kdjλdj(S − sdj) + Kdλd

(
sdj − S1

)
, g−3(ξ−3) = KdSY 1 +

QKd
(
sdj − S1

)
− Kdρsdj , g−4(ξ−4) = QKdj(S − sdj), g−5(ξ−5) = (1− Kdλd)sdj .

Now consider (DR) with ξ6 = 1. The following second equality uses
∫∞
Q̂
(y − Q)fY |SDXdy =∫∞

Q
(y−Q)fY |SDXdy− 1

2
QfY |SDX(Q)(Q̂−Q)2 + oP((∆Q̂)2), by Taylor expansion, Leibniz rule, and

uniformly bounded f ′
Y |SDX . So Eℓ

[
∆ξ̂6 · g−6(ξ−6)

]
= Eℓ

[
(1̂− 1) · KdλdS(Y − Q)

]
= Eℓ

[
KdλdS ·

(∫ ∞

Q̂

(y − Q)fY |SDXdy −
∫ ∞

Q

(y − Q)fY |SDXdy
)]

= Eℓ
[(
s(d,X) +OP(h

2)
)
·
(
− 1

2
QfY |SDX(Q)(Q̂− Q)2 + oP((∆Q̂)2)

)]
= OP(∥∆Q̂∥22).

So it suffices to assume
√
nh∥Q̂− Q∥22 = oP(1).

(SE) We show that the sufficient condition for (SE)= op(1/
√
nh) is ∥∆ξ̂ι∥2 = oP(1) for ι =

1, ..., 5, due to cross-fitting.
Define ∆iℓ := g(Wi, ξ̂ι, ξ−ι)−g(Wi, ξ)−Eℓ

[
g(Wi, ξ̂ι, ξ−ι)−g(Wi, ξ)

]
= ∆ξιg−ι(ξ−ι)−Eℓ

[
∆ξιg−ι(ξ−ι)

]
.

By construction and independence of Wc
ℓ and Wi for i ∈ Iℓ, Eℓ[∆iℓ] = 0 and Eℓ[∆iℓ∆jℓ] = 0 for

i, j ∈ Iℓ. If Eℓ[(
√
h/nℓ

∑
i∈Iℓ ∆iℓ)

2] = hEℓ[∆2
iℓ] = op(1), then the conditional Markov’s inequality

implies that
√
h/nℓ

∑
i∈Iℓ ∆iℓ = oP(1). So it suffices to show that hEℓ[∆2

iℓ] = op(1).

Because Eℓ
[
∆ξιg−ι(ξ−ι)

]
= oP(1/

√
nh) as shown above for (DR), hEℓ[∆2

iℓ] = OP

(
hEℓ
[
(∆ξι)

2

×g−ι(ξ−ι)2
])

= OP

(
hEℓ
[
(∆ξι)

2E
[
g−ι(ξ−ι)

2|X
]])

= OP

(
Eℓ
[
(∆ξι)

2
])

, by showing hE
[
g−ι(ξ

2
−ι)|X

]
=

OP(1).
Specifically hE[K2

d|X] =
∫
h−1k((D − d)/h)2fD|X(D|X)dD =

∫
k(u)2fD|X(d + uh|X)du =

RkfD|X(d|X)+oP(1) = OP(1). For example of ξ1 = sdj , hEℓ[∆2
iℓ] = OP

(
hEℓ[(∆ŝdj)

2·E[(Q(−Kdjλdj+

Kdλd) + (1− Kdλd)ρ)
2|X]]

)
= OP(∥∆ŝdj∥22). The same argument applies to ξι = Q, ρ, λd, λdj .

For ξ6 = 1, it suffices to show that hEℓ
[
(1̂− 1)2 ·K2

dλ
2
dS(Y −Q)2

]
= hEℓ

[
K2
dλ

2
dS ·E[1{Q < Y ≤

Q̂} · (Y − Q)2|S,D,X]
]
= oP(1), considering Q̂ > Q without loss of generality. By integration by

parts, E[1{Q < Y ≤ Q̂} · (Y − Q)2|S,D,X] =
∫ Q̂

Q
(y − Q)2fY |SDX(y)dy = (Q̂ − Q)2FY |SDX(Q̂) −

2
∫ Q̂

Q
(y − Q)FY |SDX(y)dy = OP(|∆Q̂|2) = oP(1), because the last term

∫ Q̂

Q
(y − Q)FY |SDX(y)dy =

1
2
(Q̂−Q)2FY |SDX(Q̄) = OP(|∆Q̂|2) for some Q̄ between Q and Q̂, by Taylor expansion and Leibniz

rule. By the same algebra of kernel as above, we can show hEℓ[K
2
dλ

2
dS] = OP(1). Then we obtain

the result.

(Rem) We show that the sufficient condition for (Rem)= oP(1/
√
nh) is ∥∆ξ̂ι∥2∥∆ξ̂j∥2 = oP(1/

√
nh)

for ι ̸= j.
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Consider a simplified case when there are three elements in ξ = (ξ1, ξ2, ξ3). The same arguments
apply to the general result with more complicated notations. We suppress W in the function
g(W, ξ) = g(ξ1, ξ2, ξ3) when there is no confusion. We show the remainder terms in (Rem)

g(ξ̂)− g(ξ)−
(
g(ξ̂1, ξ−1)− g(ξ)

)
−
(
g(ξ̂2, ξ−2)− g(ξ)

)
−
(
g(ξ̂3, ξ−3)− g(ξ)

)
− g(ξ1, ξ̂2, ξ̂3) + g(ξ1, ξ̂2, ξ̂3)

= ∆ξ̂1∆ξ̂2g−12(ξ3) + ∆ξ̂1∆ξ̂3g−13(ξ2) + ∆ξ̂2∆ξ̂3g−23(ξ1) + ∆ξ̂1∆ξ̂2∆ξ̂3g−123,where (7)

g(ξ̂)− g(ξ1, ξ̂2, ξ̂3)−
(
g(ξ̂1, ξ−1)− g(ξ)

)
= ∆ξ̂1g−1(ξ̂2, ξ̂3)−∆ξ̂1g−1(ξ2, ξ3) + ∆ξ̂1g−1(ξ2, ξ̂3)−∆ξ̂1g−1(ξ2, ξ̂3)

= ∆ξ̂1∆ξ̂2g−12(ξ̂3) + ∆ξ̂1∆ξ̂3g−13(ξ2) + ∆ξ̂1∆ξ̂2g−12(ξ3)−∆ξ̂1∆ξ̂2g−12(ξ3)

= ∆ξ̂1∆ξ̂3g−13(ξ2) + ∆ξ̂1∆ξ̂2g−12(ξ3) + ∆ξ̂1∆ξ̂2
(
g−12(ξ̂3)− g−12(ξ3)

)
= ∆ξ̂1∆ξ̂3g−13(ξ2) + ∆ξ̂1∆ξ̂2g−12(ξ3) + ∆ξ̂1∆ξ̂2∆ξ̂3g−123, and

−
(
g(ξ̂2, ξ−2)− g(ξ)

)
− g(ξ̂3, ξ−3) + g(ξ1, ξ̂2, ξ̂3) = −∆ξ̂2g−2(ξ1, ξ3) + ∆ξ̂2g−2(ξ1, ξ̂3) = ∆ξ̂2∆ξ̂3g−23(ξ1).

We start with the term ∆ξ̂1∆ξ̂2g−12(ξ−12) in (7). We show Eℓ
[∣∣∣√h/nℓ

∑
i∈Iℓ ∆ξ̂1∆ξ̂2g−12(ξ−12)

∣∣∣] =
oP(1) by focusing on the second term in g−12(ξ−12) = −Kdjλdj +Kdλd below, as the same argument

applies to the first term. So (Rem) is oP(1/
√
nh) follows by the conditional Markov’s inequality

and triangle inequalities.

Eℓ

[∣∣∣∣∣√h/nℓ

∑
i∈Iℓ

∆ξ̂1∆ξ̂2Kdλd

∣∣∣∣∣
]
≤
√
nℓh

∫
X

∫
D

∣∣∆ŝdj

∣∣ ∣∣∣∆Q̂
∣∣∣Kd(D − d)λdfDX(D,X)dDdX

≤
√
nℓh

(∫
X

∫
D

(
∆ŝdj

)2
Kd(D − d)λdfDX(D,X)dDdX

)1/2(∫
X

∫
D

(
∆Q̂
)2

Kd(D − d)λdfDX(D,X)dDdX

)1/2

= OP

(√
nℓh

(∫
X

(
∆ŝdj

)2
fX(X)dX

)1/2(∫
X

(
∆Q̂
)2

fX(X)dX

)1/2
)

= oP(1)

by Cauchy-Schwarz inequality and Assumption 8. The same argument applies to other terms in
(7). Specifically, g−13(ξ−13) = Kd(Q−ρ), g−14(ξ−14) = −KdjQ, g−15(ξ−15) = 1−Kdλd, g−16(ξ−16) =
0. By the law of iterated expectations and assuming E

[
|g−1ι(W, ξ−1ι)|

∣∣X] is uniformly bounded, for

ι = 3, 4, 5, Eℓ
[∣∣∣√h/nℓ

∑
i∈Iℓ ∆ξ̂1∆ξ̂ιg−1ι(W, ξ−1ι)

∣∣∣] ≤ √
nℓhE

[∣∣∆ξ̂1∣∣∣∣∆ξ̂ι∣∣E[|g−1ι(W, ξ−1ι)|
∣∣X]] ≤

√
nℓh

(∫
X

(
∆ξ̂1

)2E[|g−1ι(W, ξ−1ι)|
∣∣X]f(X)dX

)1/2 (∫
X

(
∆ξ̂ι
)2E[|g−1ι(W, ξ−1ι)|

∣∣X]fX(X)dX
)1/2

=

OP

(√
nℓh

(∫
X

(
∆ξ̂1

)2
fX(X)dX

)1/2 (∫
X

(
∆ξ̂ι
)2
fX(X)dX

)1/2)
= oP(1).

The same argument applies to ξι, ι = 2, 3, 4, 5. Specifically we can show that g−23 = Kd(sdj −
S1), g−24 = Kdj(S − sdj), g−25 = 0, g−34 = 0, g−35 = −Kdjsdj , g−45 = 0.

Now consider ξ6 = 1 = 1{Y ≥ Q}. Then g−6(ξ−6) = KdλdS(Y − Q), g−26(ξ−26) = −KdλdS,
g−36(ξ−36) = KdS(Y − Q), and g−ι6 = 0 for ι = 1, 4, 5.

We first compute Eℓ
[(

∆1̂
)2 ∣∣∣S,D,X] = Eℓ

[(
1{Y ≥ Q̂} − 1{Y ≥ Q}

)2 ∣∣∣S,D,X] = ∣∣FY |SDX(Q̂)−
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FY |SDX(Q)
∣∣ = fY |SDX(Q)

∣∣Q̂− Q
∣∣+OP((∆Q̂)2). For ∆ξ̂2∆ξ̂6g−26(ξ−26) in (7),

Eℓ

∣∣∣∣∣∣√h/nℓ
∑
i∈Iℓ

∆Q̂∆1̂KdλdS

∣∣∣∣∣∣
 ≤

√
nℓhEℓ

[∣∣∣∆Q̂
∣∣∣ ∣∣∣∆1̂

∣∣∣Kd(D − d)λdS
]

≤
√

nℓh

(∫
X

∫
D

(
∆Q̂
)2

Kd(D − d)λds(D,X)fDX(D,X)dDdX

)1/2

×
(∫

X

∫
D
Eℓ
[(

∆1̂
)2

|S = 1, D,X

]
Kd(D − d)λds(d,X)fDX(D,X)dDdX

)1/2

= OP

(√
nℓh

(∫
X

(
∆Q̂
)2

fX(X)dX

)1/2(∫
X

∣∣∣∆Q̂
∣∣∣ fX(X)dX

)1/2
)
,

which is oP(1) by assuming
√
nh∥∆Q̂∥22 = oP(1).

Now we turn to ∆ξ̂3∆ξ̂6g−36(ξ−36) in (7). We first compute Eℓ
[(

∆1̂
)2

|Y − Q||S = 1, D,X

]
=

Eℓ
[(

1{Q > Y ≥ Q̂}+ 1{Q ≤ Y < Q̂}
)
|Y − Q||S = 1, D,X

]
= 1{Q > Q̂}

∫ Q

Q̂
(Q−Y )fY |SDX(y)dy+

1{Q < Q̂}
∫ Q̂

Q
(Y − Q)fY |SDX(y)dy = 1

2
fY |SDX(Q)(∆Q̂)2 + oP((∆Q̂)2). Then

Eℓ

∣∣∣∣∣∣√h/nℓ
∑
i∈Iℓ

∆λ̂d∆1̂KdS(Y − Q)

∣∣∣∣∣∣
 ≤

√
nℓhEℓ

[∣∣∣∆λ̂d

∣∣∣ ∣∣∣∆1̂
∣∣∣KdS|Y − Q|

]

≤
√
nℓh

(∫
X

∫
D

(
∆λ̂d

)2
Kds(D,X)E[|Y − Q||S = 1, D,X]fDX(D,X)dDdX

)1/2

×
(∫

X

∫
D
Eℓ
[(

∆1̂
)2

|Y − Q|
∣∣∣S = 1, D,X

]
Kds(D,X)fDX(D,X)dDdX

)1/2

= OP

(√
nℓh
(∫

X

(
∆λ̂d

)2
s(d,X)E[|Y − Q||S = 1, D = d,X]fDX(d,X)dX

)1/2
×
(1
2

∫
X

∫
D
fY |SDX(Q)(∆Q̂)2s(d,X)fDX(d,X)dX

)1/2)
+ oP(h

2),

which is oP(1) by assuming
√
nh∥∆λ̂d∥2∥∆Q̂∥2 = oP(1) and E[|Y − Q||S = 1, D = d,X] and

fY |SDX are uniformly bounded.

In sum, to control the reminder term Enℓ

[
g(W, ξ̂)− g(W, ξ)

]
= oP(1/

√
nh), the sufficient rate

conditions are ∥∆ξ̂ι∥2∥∆ξ̂j∥2 = oP(1/
√
nh) for ι ̸= j, ∥∆ξ̂ι∥2 = oP(1) for ι = 1, 2, 3, 4, 5, and√

nh∥Q̂− Q∥22 = oP(1).
Assuming

√
nhh2 → C ∈ [0,∞) and ∥∆ξ̂ι∥2 = op(1) yields

√
nhh2Eℓ

[∣∣∆ŝdj
∣∣] = op(1).

We derive the sufficient rate conditions in Assumption 8(iii)(iv) based on ∥∆ξ̂∥2. For Q̂ =
Q̂d(1− p̂ddj(X), X), ∆Q̂ = Q̂d(1− p̂ddj(X), X)−Qd(1− p̂ddj(X), X)+Qd(1− p̂ddj(X), X)+Qd(1−
pddj(X), X) = OP

(
supp∈(0,1)

∣∣∣Q̂d(p,X)−Qd(p,X)
∣∣∣)+OP

(
|ŝ(d,X)−s(d,X)|+|ŝ(dj, X)−s(dj, X)|

)
.

For ρ̂ = Ê[Y |Y ≥ Q̂, S = 1, D = d,X], ∥∆ρ̂∥2 ≤ ∥Ê[Y |Y ≥ Q̂, S = 1, D = d,X] − E[Y |Y ≥
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Q̂, S = 1, D = d,X]∥2 + ∥E[Y |Y ≥ Q̂, S = 1, D = d,X] − E[Y |Y ≥ Q, S = 1, D = d,X]∥2 ≤
supy∈Y0

∥∆Ê[Y |Y ≥ y, S = 1, D = d,X]∥2 +OP(supp∈(0,1) ∥∆Q̂∥2).

Bias We use the law of iterated expectations, the dominated convergence theorem, and standard
algebra of kernel in the following.

E
[
KdλdSE[Y 1|S,D,X] + Q

(
Kdjλdj (s(D,X)− sdj ) + Kdλd

(
sdj − S(1− FY |SDX(Q|S,D,X))

))
+ (1− E[Kd|X]λd)ρsdj

]
= E

[
Kdλds(D,X)E[Y |Y ≥ Q, S = 1, D,X]

(
1− FY |SDX(Q|1, D,X)

)
+ Q

(
λdj

{
fD|X(dj , X)s(dj , X)

+
h2

2
κ
∂2

∂d2j

(
fD|X(dj , X)s(dj , X)

)
− fD|X(dj |X)sdj −

h2

2
κsdj

∂2

∂d2j
fD|X(dj |X)

}
+ λd

{
fD|X(d|X)sdj +

h2

2
κsdj

∂2

∂d2
fD|X(d,X)− Kds(D,X)(1− FY |SDX(Q|S = 1, D,X))

})
+
(
1− fD|X(d|X)λd −

h2

2
κλd

∂2

∂d2
fD|X(d,X)

)
ρsdj

]
+ oP(h

2)

= E
[
ρs(dj , X) +

h2

2
κ
∂2

∂d2

(
fD|X(d|X)s(d, x)E[Y |Y ≥ Q, S = 1, D = d,X]

(
1− FY |SDX(Q|1, d,X)

))
+ Q

(
sdj +

h2

2
κλdj

∂2

∂d2j

(
fD|X(dj , X)s(dj , X)

)
− sdj −

h2

2
κλdj sdj

∂2

∂d2j
fD|X(dj |X) + sdj

+
h2

2
κλdsdj

∂2

∂d2
fD|X(d,X)− sdj −

h2

2
κλd

∂2

∂d2

(
fD|X(d|X)s(d,X)

(
1− FY |SDX(Q|S = 1, d,X)

)))
− h2

2
κλdρsdj

∂2

∂d2
fD|X(d,X)

]
+ oP(h

2)

= E
[
ρsdj

]
+ h2BgU + oP(h

2).

The same arguments apply to BgL.

Variance. Note that E[S|D = dj, X] = s(dj, X) = sdj and hense var(S|D = dj, X) = sdj(1 −
sdj). Theorem 3.1 in Colangelo and Lee (2025) gives hvar(ψ(Wi, ξ)) → RkE[E[(S − sdj)

2|D =
dj, X]λdj ] = RkE[var(S|D = dj, X)λdj ] = Vψ.

First compute hE[K2
dj
(S− sdj)

2|X] = h
∫
D h

−2k((v−dj)/h)2E[(S− sdj)
2|D = v,X]fD|X(v)dv =∫

k(u)2E[(S − sdj)
2|D = dj + hu,X]fD|X(dj + uh)du = Rkvar(S|D = dj, X)fD|X(dj) + o(1) =

Rksdj(1− sdj)λ
−1
dj

+ o(1).

In hE[g(W, ξ)ψ(Wi, ξ)], the product term with KdjKd results in a convolution kernel
∫
k((d −

dj)/h+u)k(u)du and hence is o(1). So hE[g(W, ξ)ψ(Wi, ξ)] = hE[QK2
dj
λ2dj(S− sdj)

2]+o(1) → Vgψ.

Next we compute hvar(g(Wi, ξ)) = hE[(g(W, ξ)− E[ρsdj ])2] + o(1) with

g(W, ξ)− E[ρsdj ] = Kdλd(SY 1− ρsdj ) + QKdjλdj (S − sdj ) + QKdλd
(
sdj − S1

)
+
(
ρsdj − E[ρsdj ]

)
, (8)
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For the first term in (8), hE[K2
dλ

2
d(SY 1− ρsdj)

2] = hE[E[K2
d(SY

21− 2SY 1ρsdj + ρ2s2dj)|X]λ2d]

= hE[E[K2
d(E[Y 2|Y ≥ Q, D,X](1− FY |S,D,X(Q|1, D,X))s(D,X)

− 2E[Y |Y ≥ Q, D,X](1− FY |S,D,X(Q|1, D,X))s(D,X)ρsdj + ρ2s2dj )|X]λ2
d]

= RkE[E[Y 2|Y ≥ Q, D = d,X]sdj − 2ρ2s2dj + ρ2s2dj )fD|X(d,X)λ2
d] + o(1)

= RkE[E[Y 2|Y ≥ Q, D = d,X]sdj − ρ2s2dj + ρ2sdj − ρ2sdj )λd] + o(1)

= RkE[(var(Y 2|Y ≥ Q, D = d,X]sdj + ρ2sdj (1− sdj ))λd] + o(1).

Similar arguments apply to the second term in (8), so hE[Q2K2
dj
λ2dj(S− sdj)

2] = RkE[Q2λdjsdj(1−
sdj)] + o(1). And for the third term, hE[Q2K2

dλ
2
d(sdj − S1)2] = RkE[Q2λdsdj(1 − sdj)] + o(1). For

the last term, hE[(ρsdj − E[ρsdj ])2] = O(h) = o(1).
For the product of the first and third terms, hE[QK2

dλ
2
d(SY 1−ρsdj)(sdj−S1)] = −RkE[Qλdρsdj(1−

sdj)] + o(1). The other cross products are o(1) by the law of iterated expectations. Therefore, we
obtain hvar(g(Wi, ξ)) = Vg + o(1).

Asymptotic normality. Asymptotic normality follows from the Lyapunov central limit theo-
rem with the third absolute moment. Let s2n :=

∑n
i=1 var

(√
nhn−1ϕ(Wi, ξ)

)
= hvar(ϕ) = Vd+o(1)

as shown above. If E
[∣∣√nhn−1ϕ(W, ξ)

∣∣3] = O((n3h)−1/2), then the Lyapunov condition holds:∑n
i=1 E

[∣∣√nhn−1ϕ(Wi, ξ)
∣∣3]/s3n = O((nh)−1/2) = o(1). That is, it suffices to show that E[|ϕ|3] =

O(h−2), which holds by assuming that E[|Y |31|D = d, S = 1, X] is continuous in d uniformly over
X and other assumed conditions.

Misclassification. Following the proof of Theorem 2, let the true τj(x) = s(dj+1, x) − s(dj, x)
with the estimate τ̂j(x) = ŝ(dj+1, x) − ŝ(dj, x). Let Mj = {x : τ̂j(x) < 0 < τj(x)} ∪ {x : τ̂j(x) >
0 > τj(x)}. As we have discussed in the proof of Theorem 2, there is no mis-classified problem
when τj(x) = 0. We define the correctly-classified set Cj = {x : τ̂j(x)×τj(x) > 0}∪{x : τj(x) = 0}.

Let 1MJ
= 1{X ∈ ∪j∈{1,..,J−1}Mj} for the mis-classified set and 1CJ = 1{X ∈ ∩j∈{1,..,J−1}Cj}

for the correctly classified set. So 1MJ
+ 1CJ = 1. We have shown that En

[
g(W, ξ̂)1CJ

]
−

En
[
g(W, ξ)

]
= oP(1/

√
nh). The goal is to show En

[
g(W, ξ̂)1MJ

]
= oP(1/

√
nh).

Because |τ̂j(x)−τj(x)| ≤ |ŝ(dj+1, x)−s(dj+1, x)|+ |ŝ(dj, x)−s(dj, x)| ≤ 2sn, Mj ⊆ M1
j := {x :

0 < |τj(x)| ≤ 2sn}. Thus it suffices to show En
[
g(W, ξ̂)1M1

j

]
= oP(1/

√
nh) for all j ∈ {1, .., J − 1}.

Let D = D −D, so dj+1 − dj = D/(J − 1). By the Taylor expansion and mean-value theorem,
for dj ∈ Dsx, for some d̄j between dj and dj+1, and for some generic constant C,

|τj(x)| =

∣∣∣∣∣
M̄x−1∑
m=1

s(m)(dj, x)D
m/(m!(J − 1)m) + s(M̄x)(d̄j, x)D

M̄x/(M̄x!(J − 1)M̄x)

∣∣∣∣∣ ≥ C/JM̄ .

So infj∈{1,...,J−1},x∈X |τj(x)| ≥ CJ−M̄ . Assuming 2sn < CJ−M̄ for n large enough, 1M1
j
= 0.

The above calculation of variance hE[g(W, ξ̂ℓ)2|X,Wc
ℓ ] = OP(1) uniformly in X. By the cond-

tional Markov inequality, for any ϵ > 0 and for n large enough, P
(∣∣√nhEnℓ[g(W, ξ̂ℓ)1M1

j
]
∣∣ >
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ϵ
∣∣Wc

ℓ

)
< E

[
hg(W, ξ̂ℓ)

21M1
j

∣∣Wc
ℓ

]
/ϵ2 ≤ E

[
hE[g(W, ξ̂ℓ)2|X,Wc

ℓ ]1M1
j

∣∣Wc
ℓ

]
/ϵ2 = 0. □
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Online Supplementary Appendix for
Lee Bounds with a Continuous Treatment in Sample Selection

Ying-Ying Lee† Chu-An Liu‡

Section A presents the proofs of Claim-Step1, 2, 3 in Proof of Theorem 2 and Corollaries 1 and
2. Section B presents the details of the first-step Lasso estimation in Section 6.2 and supplementary
material for the empirical applications.

A Additional proofs

A.1 Proofs of Claim-Step1, 2, 3 in Proof of Theorem 2:

Proof of Claim-Step1: (i) The kernel regression estimator ŝℓ(d) = Enℓ
[SKh(D − d)]/f̂Dℓ(d),

where the denominator f̂Dℓ(d) = Enℓ
[Kh(D − d)], is well studied. For example, Theorems 19.1

and 19.2 Hansen (2022a) provide that ŝℓ(d)−s(d) = OP(1/
√
nh+h2). By a linearization as in (5),

ŝℓ(d) =
Enℓ

[SKh(D − d)]− s(d)fD(d)

fD(d)
− s(d)

fD(d)

(
f̂Dℓ(d)− fD(d)

)
+OP

(
∥f̂Dℓ − fD∥2 + ∥f̂Dℓ − fD∥∥Enℓ

[SKh(D − d)]− s(d)fD(d)∥
)

=
1

fD(d)
(Enℓ

[SKh(D − d)]− s(d)Enℓ
[Kh(D − d)]) + oP(1/

√
nh)

= Enℓ
[ϕ2(d)] + oP(1/

√
nh).

(ii) A standard algebra (e.g., Theorem 19.2 in Hansen (2022a)) yields Vs(d). Specifically,
hE[ϕ2

s(d)] = hE[(S−s(d))2Kh(D−d)2/fD(d)2] = h
∫
E[(S−s(d))2|D = v]Kh(v−d)2fD(v)dv/fD(d)2 =∫

E[(S− s(d))2|D = d+uh]k(u)2fD(d+uh)du/fD(d)
2 = E[(S− s(d))2|D = d]Rk/fD(d)+O(h) →

Vs(d)Rk/s(d), under the condition that s(d)fD(d) and its first derivative are bounded uniformly.
(iii) Let the convolution kernel k̄(x) =

∫
k(u)k(u− x)du. hE[ϕs(d′)ϕs(d)] = hE

[
(S − s(d′))(S −

s(d))Kh(D − d′)Kh(D − d)
]
/(fD(d

′)fD(d)) =
∫
E[(S − s(d′))(S − s(d))|D = d+ uh]k(u)k

(
d−d′
h

+

u
)
fD(d+ uh)du/(fD(d

′)fD(d)) = E[(S − s(d′))(S − s(d))|D = d]k̄
(
d′−d
h

)
/fD(d

′) + o(1) = s(d)(1−
s(d))k̄

(
d′−d
h

)
/fD(d

′) + o(1) = o(1), as h→ 0.
(iv) Similar arguments and a linearization as in (5) give the result for p̂ℓ.

Proof of Claim-Step3: The kernel regression estimator of E[Y 1|D = d, S = 1,Wc
ℓ ] is standard

as in Claim-Step1.
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Proof of Claim-SE: Let Wi := Yi(1̂
ℓ
i − 1i)Kh(Di − d)Si.

Eℓ[W ] = E

[∫ Qd(1−p)

Q̂d
ℓ (1−p̂ℓ)

yfY |DS(y|D,S)Kh(D − d)S

∣∣∣∣Wc
ℓ

]
= −

(
Q̂d
ℓ (1− p̂ℓ)−Qd(1− p)

)
Qd(1− p)fY |DS(Q

d(1− p)|d, 1)s(d)fD(d) +OP(h
2)

by a Taylor series expansion and Leibniz rule. By Claim-Step1 and Claim-Step2, we show

Q̂d
ℓ (1− p̂ℓ)−Qd(1− p) = Q̂d

ℓ (1− p̂ℓ)−Qd
ℓ (1− p̂ℓ) +Qd

ℓ (1− p̂ℓ)−Qd(1− p)

= Ecnℓ[ϕ2(1− p)]− (p̂ℓ − p)∂Qd(τ)/∂τ |τ=1−p + oP(1/
√
nh) +OP

(
∥p̂ℓ − p∥2

)
,

where the second inequality Q̂d
ℓ (1− p̂ℓ)−Qd

ℓ (1− p̂ℓ)−
(
Q̂d
ℓ (1− p)−Qd(1− p)

)
= oP(1/

√
nh) that

we show below.
Claim-Step2, Theorem 4.1 in Donald et al. (2012), and the functional delta method imply

that
√
nh
(
Q̂d
ℓ (p1)−Qd

ℓ (p1)−
(
Q̂d
ℓ (p0)−Qd(p0)

))
=

√
nhEcnℓ[ϕ2(p1)− ϕ2(p0)] + oP(1) weakly con-

verges to a Gaussian process indexed by (p0, p1) ∈ [0, 1]2, which has mean zero and variance

limn→∞ E
[
h
(
ϕ2(p1)− ϕ2(p0)

)2]
= limn→∞ E

[
hKh(D − d)2S

(
p1−1{Y≤Qd(p1)}
fY |DS(Q

d(p1)|d,1) −
p0−1{Y≤Qd(p0)}
fY |DS(Q

d(p0)|d,1)

)2]
×(s(d)2fD(d)

2)−1 = O
(
∥p1−p0∥

)
. So the condition in Theorem 18.5 in Hansen (2022b) holds, i.e.,

for all δ > 0 and (p0, p1) ∈ [0, 1]2,
(
E
[
sup∥p1−p0∥≤δ ∥

√
h(ϕ2(p1) − ϕ2(p0))∥2

])1/2
≤ Cδψ for some

C <∞ and 0 < ψ <∞. It follows that
√
nhEcnℓ [ϕ2(p)] is stochastic equicontinuous, i.e., ∀η, ϵ > 0,

there exists some δ > 0 such that lim supn→∞ P
(
sup∥p1−p0∥≤δ

∥∥√nhEcnℓ[ϕ2(p1) − ϕ2(p0)
]∥∥ >

η
)

≤ ϵ. We obtain
√
nhEcnℓ[ϕ2(p1) − ϕ2(p0)] = oP(1) uniformly over ∥p1 − p0∥ ≤ δ, and hence

Q̂d
ℓ (1−p̂ℓ)−Qd

ℓ (1−p̂ℓ)−
(
Q̂d
ℓ (1−p)−Qd(1−p)

)
= Ecnℓ[ϕ2(1−p̂ℓ)−ϕ2(1−p)]+oP(1/

√
nh) = oP(1/

√
nh)

as ∥p̂ℓ − p∥ = oP(1) by Claim-Step1.
Further assuming

√
nhh2 = o(1) and

√
nh∥p̂ℓ−p∥2 = oP(1), we obtain Eℓ[W ] = numℓ

12×den+
oP(1/

√
nh).

hEℓ
[
W 2
]
= hE

[
Y 2(1̂ℓ − 1)2K2

h(D − d)S

∣∣∣∣Wc
ℓ

]
= E[Y 2(1̂ℓ − 1)2|D = d, S = 1,Wc

ℓ ]s(d)fD(d)Rk +OP(h)

= oP(1)

by the consistency of Step 1 and Step 2. By the conditional Markov inequality,
√
nℓh(Enℓ

[W ] −
Eℓ[W ]) =

√
nℓh(Enℓ

[W ]− numℓ
12 × den) + oP(1) = oP(1).

By a linearization as (5),

n̂um
ℓ
12 = numℓ

12 +
Enℓ

[W ]− numℓ
12 × den

den
− numℓ

12

den
(d̂en− den) + oP(1/

√
nh).
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By the consistency of Step 1 and Step 2, numℓ
12 = oP(1), and by Claim-Step3, the above third

term
numℓ

12

den
(d̂en−den) = oP(1/

√
nh+h2). Note that ∂Qd(τ)/∂τ |τ=1−p×fY |DS(Q

d(1−p)|d, 1) = 1.

For ρLB(τ), 1̂ = 1{Y ≤ Q̂d(p̂ℓ)}.

Eℓ[W ] = E

[∫ Q̂d(p̂ℓ)

Qd(p)

yfY |DS(y|D,S)Kh(D − d)S

∣∣∣∣Wc
ℓ

]
=
(
Q̂d
ℓ (p̂ℓ)−Qd(p)

)
Qd(p)fY |DS(Q

d(p)|d, 1)s(d)fD(d) +OP(h
2), where

Q̂d
ℓ (p̂ℓ)−Qd(p) = Q̂d

ℓ (p̂ℓ)−Qd
ℓ (p̂ℓ) +Qd

ℓ (p̂ℓ)−Qd(p)

= Q̂d
ℓ (p)−Qd(p) + (p̂ℓ − p)∂Qd(τ)/∂τ |τ=p +OP(∥Q̂d

ℓ −Qd∥2 + ∥p̂ℓ − p∥2).

A.2 Proofs of Corrollaries

Proof of Corollary 1: By (4) in the proof of Theorem 2, ˆ̄∆d1d2 − ∆̄d1d2 = n−1
∑n

i=1

(
ϕd2Ui −

ϕd1Li
)
+ oP((nh)

−1/2), where h = min{hd2U , hd1L}. We next verify the third-absolute-moment
condition for the Lyapunov CLT. By the variance calculation in the proof of Theorem 2, let

s2n =
∑n

i=1 E
[(
ϕd2Ui − ϕd1Li

)/√
n
)2]

= VUn = O(h−1) and E[|ϕ|3] = O(h−2). So
∑n

i=1 E
[∣∣(ϕd2Ui −

ϕd1Li
)/√

n
∣∣3]/s3n = O(nh−2n−3/2/h−3/2) = O((nh)−1/2) = o(1). Then by the Lyapunov CLT,

s−1
n

∑n
i=1

(
ϕd2Ui−ϕd1Li−(h2d2UBd2U−h2d1LBd1L)

)
/
√
n = V

−1/2
Un

√
nn−1

∑n
i=1

(
ϕd2Ui−ϕd1Li−(h2d2UBd2U−

h2d1LBd1L)
) d→ N (0, 1).

The remainder term V
−1/2
Un

√
noP((nh)

−1/2) = oP(1), so we obtain V
−1/2
Un

√
n
( ˆ̄∆d1d2 − ∆̄d1d2 −

(h2d2UBd2U − h2d1LBd1L)
) d→ N (0, 1). The same arguments apply to ∆̂d1d2

.
We show that as n → ∞, h → 0, hVUn = hE[ϕ2

d2U
+ ϕ2

d1L
− 2ϕd2Uϕd1L] = Vd2U + Vd1L −

2Cd1d2U + o(1). In hE[ϕd2Uϕd1L], the cross-product terms with Kh(D − d1)Kh(D − d2) result in a
convolution kernel

∫
k((d2 − d1)/h + u)k(u)du and hence is o(1). From the proof of Theorem 2,

hE[ϕ2
π] = RkVπ/fD(dAT) + o(1). Then hE[ϕd2Uϕd1L] = hE[ϕ2

π(Q
d2(1 − pd2) − ρd2U(π))(Q

d1(pd1) −
ρd1L(π))/(s(d1)s(d2)pd1pd2)] + o(1) = Cd1d2U + o(1). The same arguments apply to Cd1d2L for the
lower bound ∆d1d2

. □

Proof of Corollary 2: By Theorem 3, ˆ̄∆d1d2 − ∆̄d1d2 = n−1
∑n

i=1

(
ϕd2U(Wi, ξ)− ϕd1L(Wi, ξ)

)
+

oP((nh)
−1/2), where h = min{hd2U , hd1L}. We next verify the third-absolute-moment condi-

tion for the Lyapunov CLT. By the variance calculation in the proof of Theorem 3, let s2n =∑n
i=1 E

[(
ϕd2U(Wi, ξ) − ϕd1L(Wi, ξ)

)/√
n
)2]

= VUn = O(h−1) and E[|ϕ|3] = O(h−2). Therefore∑n
i=1 E

[∣∣(ϕd2U(Wi, ξ) − ϕd1L(Wi, ξ)
)/√

n
∣∣3]/s3n = O(nh−2n−3/2/h−3/2) = O((nh)−1/2) = o(1).

By the Lyapunov CLT, s−1
n

∑n
i=1

(
ϕd2U(Wi, ξ) − ϕd1L(Wi, ξ) − (h2d2UBd2U − h2d1LBd1L)

)
/
√
n =

V
−1/2
Un

√
nn−1

∑n
i=1

(
ϕd2U(Wi, ξ)− ϕd1L(Wi, ξ)− (h2d2UBd2U − h2d1LBd1L)

) d→ N (0, 1).

The remainder term V
−1/2
Un

√
noP((nh)

−1/2) = oP(1), so we obtain V
−1/2
Un

√
n
( ˆ̄∆d1d2 − ∆̄d1d2 −
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(h2d2UBd2U − h2d1LBd1L)
) d→ N (0, 1). The same arguments apply to ∆̂d1d2

. □

B Supplements and details for empirical applications

B.1 Step 0 strict overlap sub-sample

We prepare a sub-sample that satisfies Assumption 8(i) for estimating the bounds. In Step 0, we
use the full sample and bandwidth h1 to estimate the GPS by µ̃d(Xi) and the selection probability
by s̃(d,Xi).

We choose the fixed trimming parameter trimGPS by extending the idea of Imbens (2004) for a
binary treatment to a continuous treatment. We limit the “importance weight” k̄/(µd(Xi)nℓh) ≤
5%, where nℓ is the floor of n/L (the largest integer less than or equal to n/L) and the kernel
function is bounded by k̄ := maxu∈R k(u) (for the Epanechnikov kernel, k̄ = 0.75/

√
5). So the

trimming rule is to drop the observation i if

µ̃d(Xi) < k̄/(5%nℓh1) =: trimGPS

for some d ∈ DJ . So we obtain an overlap sample, denoted as SampleGPS, where µ̃d(Xi) ≥
trimGPS for all i ∈ SampleGPS and for all d ∈ DJ . For JC, trimGPS = 0.000055. For CCC,
trimGPS = 0.01205.

For the selection probability and sufficient always-takers, we drop observation i in the full
sample if mind′∈DJ

s̃(d′, Xi) < 5%. We obtain a sample SampleS where s̃(d,Xi) ≥ 5% for all
i ∈ SampleS and for all d ∈ DJ .

Finally, we obtain a sub-sample that is an intersection of SampleGPS and SampleS for esti-
mating the bounds.

But in the cross-fitting sub-samples in Step 1, it is possible to obtain a GPS estimate below
trimGPS and a small proportion of always-takers. So we set the GPS estimate below trimGPS to
trimGPS, following Hsu et al. (2023) to obtain a more stable estimator. That is, replace µ̂dℓ(Xi)
with max{µ̂dℓ(Xi), trimGPS}.

To further address possible small proportion of always-takers p̂ddiℓ(Xi) in estimating the con-
ditional bounds, we restrict the conditional bounds estimates by the maximum and minimum of
the outcome variable Y in the sample. That is, we estimate ρdU(πAT(Xi), Xi) by min

{
Êℓ[Y |Y ≥

Q̂d
ℓ (1 − p̂ddjℓ(Xi), Xi)ℓ, D = d, S = 1, X = Xi],max{Yi, i = 1, ..., n}

}
, for i ∈ Iℓ. Similarly, esti-

mate ρdL(πAT(Xi), Xi) by max
{
Êℓ[Y |Y ≤ Q̂d

ℓ (p̂ddjℓ(Xi), Xi)ℓ, D = d, S = 1, X = Xi],min{Yi, i =
1, ..., n}

}
.

B.2 First-step Lasso estimation in Section 6.2

Let the logistic likelihood M(y, x; g) = −
(
y log(Λ(b(x)′g))+ (1− y) log(1−Λ(b(x)′g))

)
, where Λ is

the logistic CDF. Penalty loading matrix Ψ̂dℓ, Ψ̂dyℓ, Ξ̂dℓ are computed by Algorithm 1 below from

the iterative Algorithms 3.1 and 3.2 in SUZ. Let the final penalty loading matrix Ψ̂dℓ be Ψ̂
m
dℓ from

Algorithm 1 for some fixed positive integer M .
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For ℓ ∈ {1, ..., L},

• F̂D|Xℓ
(D|X) = Λ(b(X)′β̂dℓ), where

β̂dℓ = argmin
β

1

Nℓ

∑
i/∈Iℓ

M(1{Di ≤ d}, Xi; β) +
λ̃

Nℓ

∥Ψ̂dℓβ∥1, (S.1)

Nℓ = n−nℓ, the penalty λ̃ = 1.1Φ−1(1− r/{p∨nh1})n1/2, for some r → 0 and h1 → 0, with
the standard normal CDF Φ. We follow SUZ and set r = 1/ log(n).

Compute F̂D|Xℓ
(d|x) = Λ(b(X)′β̂dℓ) from (S.1). Then the conditional density estimator

µ̂dℓ(x) =
F̂D|Xℓ

(d+ h1|x)− F̂D|Xℓ
(d− h1|x)

2h1
.

• Q̂d
ℓ (p, x) = inf{y : F̂Y |SDXℓ

(y|1, d, x) ≥ p}, where F̂Y |SDXℓ
(y|1, d, x) = Λ(x′α̂dyℓ) with

α̂dyℓ := argmin
α

1

Nℓ

∑
i/∈Iℓ

M(1{Yi ≤ y}, Xi, α)Sik

(
Di − d

h1

)
+

λ

Nℓ

∥Ψ̂dyℓα∥1, (S.2)

Nℓ =
∑

i/∈Iℓ Si, and the penalty λ = ℓn(log(p ∨ nh1)nh1)1/2 and ℓn =
√

log(log(nh1)).

• ŝℓ(d, x) = Λ(b(x)′θ̂dℓ), where

θ̂dℓ := argmin
θ

1

Nℓ

∑
i/∈Iℓ

M(Si, Xi; θ)k

(
Di − d

h1

)
+

λ

Nℓ

∥Υ̂dℓθ∥1, (S.3)

Nℓ = n− nℓ.

• ρ̂dUℓ
(π, x) = Ê[Y |Y ≥ Q̂d

ℓ (1− π̂ℓ/ŝℓ(d, x), x), S = 1, D = d,X = x] = b(x)′γ̂dℓ, where

γ̂dℓ := argmin
γ

1

2Nℓ

∑
i/∈Iℓ

(Yi − b(Xi)
′γ)2k

(
Di − d

h1

)
Si1{Yi ≥ Q̂d

ℓ (1− π̂ℓ/ŝℓ(d,Xi), Xi)}

+
λ

Nℓ

∥Ξ̂dℓγ∥1, (S.4)

with Nℓ =
∑

i/∈Iℓ Si1{Yi ≥ Q̂d
ℓ (1− π̂ℓ/ŝℓ(d,Xi), Xi)}.

Algorithm 1 (SUZ Algorithm 3.1 and 3.2) For ℓ ∈ {1, ..., L},

• For µ̂dℓ(x),

1. Let Ψ̂0
dℓ = diag(l0dℓ,1, ..., l

0
dℓ,p), where l0dℓ,j = ∥1{D ≤ d}bj(X)∥PNℓ

,2. Compute β̂0
dℓ by

(S.1) with Ψ̂0
dℓ in place of Ψ̂dℓ. Let F̂

0
D|Xℓ

(D|X) = Λ(b(x)′β̂0
dℓ).
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2. Compute Ψ̂m
dℓ = diag(lmdℓ,1, ..., l

m
dℓ,p), where l

m
dℓ,j =

∥∥∥(1{D ≤ d}−F̂m−1
D|Xℓ

(d|X)
)
bj(X)

∥∥∥
PNℓ

,2
,

for m = 1, ...,M . Compute β̂mdℓ by (S.1) with Ψ̂m
dℓ in place of Ψ̂dℓ. Let F̂m

D|Xℓ
(d|x) =

Λ(b(x)′β̂mdℓ).

• For Q̂d
ℓ (p, x),

1. Let Ψ̂0
dyℓ = diag(l0dyℓ,1, ..., l

0
dyℓ,p), where l

0
dyℓ,j =

∥∥1{Y ≤ y}Sbj(X)k((D−d)/h1)h−1/2
1

∥∥
PNℓ

,2
.

Compute α̂0
dyℓ by (S.2) with Ψ̂0

dyℓ in place of Ψ̂dyℓ. Let F̂
0
Y |SDXℓ

(y|1, d, x) = Λ(b(x)′α̂0
dyℓ).

2. Compute Ψ̂m
dyℓ = diag(lmdyℓ,1, ..., l

m
dyℓ,p), where l

m
dyℓ,j =

∥∥∥(1{Y ≤ y}−F̂m−1
Y |SDXℓ

(y|1, d,X)
)
S

×bj(X)K((D − d)/h1)h
−1/2
1

∥∥∥
PNℓ

,2
, for m = 1, ...,M . Compute α̂mdyℓ by (S.2) with Ψ̂m

dyℓ

in place of Ψ̂dyℓ. Let F̂
m
Y |SDXℓ

(y|1, d, x) = Λ(b(x)′α̂mdyℓ).

• For ŝℓ(d, x),

1. Let Υ̂0
dℓ = diag(l0dℓ,1, ..., l

0
dℓ,p), where l

0
dℓ,j = ∥Sbj(X)k((D − d)/h1)h

−1/2
1 ∥PNℓ

,2. Compute

θ̂0dℓ by (S.3) with Υ̂0
dℓ in place of Υ̂dℓ. Let ŝ

0
ℓ(d, x) = Λ(b(x)′θ̂0dℓ).

2. Compute Υ̂m
dℓ = diag(lmdℓ,1, ..., l

m
dℓ,p), where lmdℓ,j =

∥∥∥(S − ŝm−1
ℓ (d,X)

)
bj(X)K((D −

d)/h1)h
−1/2
1

∥∥∥
PNℓ

,2
, for m = 1, ...,M . Compute θ̂mdℓ by (S.3) with Υ̂m

dℓ in place of Υ̂dℓ. Let

ŝmℓ (d, x) = Λ(b(x)′θ̂mdℓ).

• For ρ̂dUℓ
(π, x),

1. Let Ξ̂0
dℓ = diag(l0dℓ,1, ..., l

0
dℓ,p), where l

0
dℓ,j = ∥Y bj(X)S1{Y ≥ Q̂d

ℓ (1−π̂ℓ/ŝℓ(d,X), X)}k((D−
d)/h1)h

−1/2
1 ∥PNℓ

,2. Compute γ̂0dℓ by (S.4) with Ξ̂0
dℓ in place of Ξ̂dℓ. Let ρ̂0dUUℓ

(π, x) =

b(x)′γ̂0dℓ.

2. Compute Ξ̂mdℓ = diag(lmdℓ,1, ..., l
m
dℓ,p), where l

m
dℓ,j =

∥∥∥(Y − ρ̂m−1
dUℓ

(π,X)
)
S1{Y ≥ Q̂d

ℓ (1 −

π̂ℓ/ŝℓ(d,X), X)}bj(X)K((D − d)/h1)h
−1/2
1

∥∥∥
PNℓ

,2
, for m = 1, ...,M . Compute γ̂mdℓ by

(S.4) with Ξ̂mdℓ in place of Ξ̂dℓ. Let ρ̂
m
dUℓ(π, x) = b(x)′γ̂mdℓ.

Following SUZ, we choose M = 5.

B.3 Supplements for empirical applications: Job Corps

Let the covariates X = (Xc, Xb, Xca), with continuous Xc, binary Xb, and categorical Xca. Fig-
ure 11 presents the estimated bounds with a quadratic basis function b(X) = (Xc, X

2
c , Xb, Xca, X

2
ca)

for the Job Corps. The bounds estimates for the largest effect of switching training hours from
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87.677 to 1112.727 are bounded by [0.276, 0.787] with the 95% confidence interval [0.172, 0.928].13

These results are similar to the estimates using the linear basis function in Figure 4.

Table 1: (Job Corps) Descriptive statistics

Variable Mean Median Std Dev Min Max Nonmissing

weekly earnings in fourth year (Y ) 215.52 194.31 202.62 0.00 1879.17 4024
hours in training (D) 1195.32 966.43 965.93 0.86 5142.86 4024
selection status (S) 0.83 1.00 0.37 0.00 1.00 4024
female 0.43 0.00 0.50 0.00 1.00 4024
age 18.33 18.00 2.14 16.00 24.00 4024
White 0.25 0.00 0.43 0.00 1.00 4024
Black 0.50 1.00 0.50 0.00 1.00 4024
Hispanic 0.17 0.00 0.38 0.00 1.00 4024
years of education 9.91 10.00 1.93 0.00 20.00 3968
native English 0.85 1.00 0.36 0.00 1.00 4024
has children 0.18 0.00 0.38 0.00 1.00 4024
ever worked 0.14 0.00 0.35 0.00 1.00 4024
mean gross weekly earnings 19.59 0.00 98.67 0.00 2000.00 4024
household size 3.48 3.00 2.03 0.00 15.00 3968
household gross income brackets 2.21 1.00 2.44 0.00 7.00 2529
personal gross income brackets 0.49 0.00 0.63 0.00 7.00 1789
mother’s years of education 9.40 12.00 5.03 0.00 20.00 3288
father’s years of education 7.17 10.00 6.00 0.00 20.00 2519
welfare receipt during childhood 1.93 1.00 1.26 0.00 4.00 3753
poor or fair general health 0.12 0.00 0.33 0.00 1.00 4024
physical or emotional problems 0.04 0.00 0.20 0.00 1.00 4024
ever arrested 0.24 0.00 0.43 0.00 1.00 4024
extent of recruiter support 1.56 1.00 1.07 0.00 5.00 3934
idea about the desired training 0.84 1.00 0.37 0.00 1.00 4024
expected hourly wage after Job Corps 4.50 0.00 6.73 0.00 96.00 1808
expected to be training for a job 1.03 1.00 0.27 0.00 3.00 3945
expected stay in Job Corps 6.60 0.00 9.78 0.00 36.00 4024

Note: We use missing dummies for missing observations in covariates.

B.4 Supplements for empirical applications: CCC

We include the following covariates as in column (3) of Aizer et al. (2024).

• X4-X7: X4 and X6 are family and individual characteristics, and X5 and X7 are imputation
indicators. There are 8 continuous variables and 24 dummy variables.

• Year dummies: The birth year is varied from 1870 to 1929. After dropping the birth year
dummies with the observations less than 10, we have 23 year dummies.

13The undersmoothing bandwidths range from 160.298 to 274.602. ν = 0.01 and c1 = 1.
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Figure 8: (Job Corps) Histogram of hours of training
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Figure 9: (Job Corps) Histograms of Y and log(Y ) in {Yi > 0, i = 1, ..., n}
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Figure 10: (Job Corps) Estimated bounds and 95% confidence intervals for Weekly Earnings without X
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Figure 11: (Job Corps) Estimated bounds and 95% confidence intervals with quadratic b(X)
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Table 2: (CCC) Descriptive statistics

Variable Mean Median Std Dev Minimum Maximum Non-imputing

death age (Y) 57.03 68.79 31.00 0.00 102.80 23722
duration of service (D) 0.82 0.51 0.71 0.00 8.37 23722
selection status (S) 0.82 1.00 0.39 0.00 1.00 23722
birth yerar 1919.78 1920.00 3.71 1870.00 1929.00 23722
ever rejected 0.02 0.00 0.14 0.00 1.00 23722
disabled 0.01 0.00 0.09 0.00 1.00 23722
non-junior 0.01 0.00 0.08 0.00 1.00 23722
reported age younger than DMF 0.09 0.00 0.28 0.00 1.00 23722
reported age older than DMF 0.17 0.00 0.37 0.00 1.00 23722
not eligible 0.02 0.00 0.12 0.00 1.00 23722
age is 17 or 18 0.56 1.00 0.49 0.00 1.00 23722
first allottee amount 21.63 22.00 3.71 0.00 30.00 22970
allottee is father 0.33 0.00 0.47 0.00 1.00 23722
allottee is mother 0.47 0.00 0.50 0.00 1.00 23722
gap in service 0.16 0.00 0.37 0.00 1.00 23722
log distance from home to camp 4.25 4.40 1.66 -9.40 8.04 23722
hispanic 0.48 0.00 0.50 0.00 1.00 23722
highest grade completed 8.60 8.61 1.65 0.00 17.00 14506
household size excluding applicant 4.74 4.74 1.50 0.00 22.00 7870
live on farm 0.25 0.25 0.25 0.00 1.00 8101
height 67.79 67.79 1.81 49.00 91.00 8141
weight 1.38 1.38 0.10 0.68 2.90 8234
father living 0.80 0.80 0.23 0.00 1.00 7943
mother living 0.85 0.85 0.21 0.00 1.00 8006
tenure in county 12.66 12.66 3.10 0.00 35.00 5432

Note: We use imputation dummies for imputed observations in covariates.
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Figure 12: (CCC) Histogram of duration of service
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Figure 13: (CCC) Histograms of Y and log(Y ) in {Yi > 0, i = 1, ..., n}
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Figure 14 presents the estimated bounds with a quadratic basis function b(X) for the CCC. For
the estimates with quadratic b(X) on D100, the largest ATE is when increasing the duration from
0.276 to 1.156 years with the bounds [0.836, 2.205] and 95% confidence interval [0.119, 3.230].14

14The undersmoothing bandwidths range from 0.166 to 0.356. c1 = 1.5, ν = 0.01.
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Figure 14: (CCC) Estimated bounds and 95% confidence intervals with quadratic b(X)
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