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Abstract

We study causal inference in sample selection models where a continuous or multivalued treat-
ment affects both outcomes and their observability (e.g., employment or survey response). We
generalize the widely used Lee (2009)’s bounds for binary treatment effects. Our key innovation is
a “sufficient treatment value” assumption that imposes weak restrictions on selection heterogene-
ity and is implicit in separable threshold-crossing models, including monotone effects on selection.
Our double debiased machine learning estimator enables nonparametric and high-dimensional
methods, using covariates to tighten the bounds and capture heterogeneity. Applications to Job
Corps and Civilian Conservation Corps (CCC) program evaluations reinforce prior findings under

weaker assumptions.
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1 Introduction

Sample selection is a common challenge in studying treatment effects. A classic question in
empirical economics is estimating the effect of training programs on wages. There is sample
selection because a training program not only affects wages via human capital accumulation, but
also affects the chance that a worker is eventually employed and hence is selected into samples.
We only observe wages of employed workers. If the estimation is based on a selected sample with
observed outcomes, then one must isolate the effect on employment status (extensive margin) to
learn about the effect on wages (intensive margin). Nonetheless in survey data, when the treatment
affects response behavior, those who respond to the survey (i.e., who are selected into samples)
in the treatment group are no longer comparable to respondents from the control group. Such
problems of sample selection, attrition, or missing data arise in fields other than economics; for
example, in medical studies, quality of life after assignment of a new drug is only observed if a
patient does not die (truncation by death). In education, final test score is only observed if a
student does not drop out.

Due to the non-random sample selection, the causal effect on the outcome is not point-identified
without imposing further assumptions on functional forms or distributions; e.g., Heckman (1976,
1979), Imbens and Angrist (1994), Zhang et al. (2009), Honoré and Hu (2020), Chen and Roth
(2023). Assuming the treatment variable is randomly assigned (conditional on observables), we
build on the seminal work of Horowitz and Manski (1995) and Lee (2009), who bound the average
causal effect of a binary treatment. The setup is fully non-parametric and hence allows for general
heterogeneity. Many treatment or policy variables are continuous or discrete multivalued, e.g.,
hours in a social program, lottery prize, drug dosage, tuition subsidy, cash transfer, air pollution,
etc. As Lee (2009)’s bound has been a common practice in empirical economics, we fill in the
important gap to provide a corresponding tool to deal with sample selection in studying the causal
effect of a continuous or multivalued treatment. The replication package of codes and data for our
empirical applications is available on the authors’ websites for practical implementation.

We provide the worst-case sharp bounds for the average treatment effect, or the average dose-
response function, for always-takers who are selected into samples, or whose outcomes are observed,
regardless of the treatment values they receive.! Note that the selected sample given a certain
treatment value d consists of always-takers and compliers who are not selected given other treat-

ment values d’ # d. The key element of the bounds is the proportion of always-takers in the

L Always-takers are also known as always-observed, always-responders, always-employed, nonattriters, or sur-
vivors. The concept of always-takers is from the literature on imperfect compliance of treatment (Angrist et al.,
1996), where “taking” is the taking of the treatment affected by an instrument, rather than selection into the
sample affected by the treatment, considered in this paper.



selected d-treated sample, which is used to trim the observed outcomes for the worst-case lower
(upper) bound when all always-takes’ outcomes are smaller (or larger) than all compliers’ out-
comes. Recall that for a binary treatment, Lee (2009) assumes monotone treatment effects on
selection, i.e., if a subject is selected in the control group, then it must be selected in the treat-
ment group. Then only always-takers can be in the selected untreated sample and are identified.
For a continuous or multivalued treatment, we propose a novel sufficient treatment value assump-
tion on selection: if a subject is selected into samples when it receives the sufficient treatment
value, then it remains selected when receiving any other treatment values. So we generalize the
monotonicity assumption in Lee (2009) by assuming the sufficient treatment value to be zero for a
binary treatment. Then the selected subjects who are treated with the sufficient treatment value
are always-takers. So the probability of always-takers is identified by the minimum conditional
selection probability over the treatment values.

For example, in a standard setting of survey attrition, if we find the response rate (conditional
selection probability) given cash transfer is lowest at $1,000, then our sufficient treatment value
assumption is that everyone who responded to a survey question when receiving a cash transfer of
$1,000 would also have responded if there received any other values (always-takers). And there are
some additional people (compliers) who only responded when they received some other transfer
values and did not respond given $1,000. We can interpret the sufficient treatment value $1000
as the least-favored treatment (cash transfer) to induce selection into samples (responding to the
survey) in the sense that if a subject is selected under the sufficient treatment value, then it is
selected under any other treatment values.

In fact, the sufficient treatment value is implicit under a separable structural error in selection,
or in a widely used class of latent variable threshold-crossing models (Vytlacil, 2002). This im-
portant observation suggests that the sufficient treatment value assumption is not restrictive, and
the subpopulation of always-takers is a natural target under minimal assumptions. The associated
always-takers are the largest subpopulation for whom we can partially identify the average effect
of switching treatment over a range of values chosen by researchers for treatment intervention.

Moreover we allow for unconfoundness assumption in observational studies, and subjects with
different pretreatment covariates can have different sufficient treatment values. So the information
of covariates could potentially tighten the bounds and confidence intervals, or capture heterogenous
effects that is not revealed without using the covariates, as supported by our empirical illustrations.
Our bounds and asymptotic inference are robust to the extensive margin effect on selection, in
the sense that when there is no selection bias or no extensive margin, our bounds contain the
point-identified causal object. So we avoid pre-testing the treatment effect on selection.

We note that one might be interested in the partial (or marginal) effect defined as the derivative



of the average dose response function. However, we cannot bound such derivative by the same
approach of Lee (2009). Instead, we bound the average effects of switching treatment values
within a subset of the support of the treatment, or an average derivatives over two treatment
values, which could be interesting in practice.

We illustrate our methodology by two applications. We find significant effects when incorpo-
rating covariates, while the bounds estimates without covariates show positive but insignificant
effects. So incorporating covariates is useful to increases precision and captures heterogeneity.
First, we revisit the Job Corps program, one of the largest federally funded job training programs
in the U.S. The evaluation of these programs has been the focus of a substantive methodological
literature, due to the high cost of about $14,000 on average per participant; see Schochet et al.
(2008), Lee (2009), Flores et al. (2012), among others. The participants are exposed to different
numbers of actual hours of academic and vocational training. Their labor market outcomes may
differ if they accumulate different amounts of human capital acquired through different lengths of
exposure. We try to understand whether hours of training raise wages by helping them find a job
(extensive margin) or by increasing human capital that would affect the intensive margin effect on
the outcome. We find that increasing the training from 1.5 weeks to 9 months increases log weekly
earnings by at least 0.224 at 5% significance level for those always employed (always-takers).

The second application evaluates the Civilian Conservation Corps (CCC) in Aizer et al. (2024),
who conduct the first lifetime evaluation of the largest federal youth employment program in U.S.
history created to address high youth unemployment during the Great Depression. The Job
Corps is a modern-era job training program that was modeled after the CCC and shares many
features. We bound the effect of service duration on the age at death and strengthen the findings
in Aizer et al. (2024). As differential attrition could bias the OLS estimates, they find that the
effect of duration on longevity is consistently positive and statistically significant under various
imputation approaches. Our bounds suggest that increasing duration from about 3 months to 14
months increases the average death age by at least 1.17 years at 5% significance level.

Another theoretical contribution of this paper is a weaker sufficiency assumption of a sufficient
set of M treatment values, which is a useful approximation when the error of unobserved hetero-
geneity is non-separable in the selection equation. For example of M = 2, if a program participant
is employed under both one week and fifteen months of training, then this participant is always
employed. Such a weaker identification assumption results in a tradeoff with less informative
(wider) bounds. Furthermore we utilize the well-known Fréchet-Hoeffding bounds for the discrete
treatment without imposing any shape restrictions on selection.

We incorporate covariates, following Semenova (2024) on the generalized Lee bounds for the

binary treatment. Our bound estimator is doubly debiased using an orthogonal moment func-



tion and cross-fitting, which enables nonparametric and machine learning methods to handle
high-dimensional data, following the recent double debiased machine learning (DML) literature
(Chernozhukov et al., 2018). Since the average dose-response function, or the mean potential out-
come, and its bounds are functions of the continuous treatment, such non-regular estimand cannot
be estimated at the regular root-n rate. We use a kernel function for localizing the continuous
treatment as in Colangelo and Lee (2025).

The paper is organized as follows. Section 2 describes the sample selection model under the po-
tential outcome framework, or equivalently a nonparametric non-separable structural model (e.g.,
Imbens and Newey (2009)). We discuss related literature. Section 3 presents the basic Lee bounds
without covariates for a continuous/multivalued treatment under a sufficient value/set assump-
tion on the treatment effect on selection. We give estimation and inference theory in Section 4.
Section 6 incorporates the covariates and presents the DML inference. Section 5 and Section 7
present the empirical illustration on evaluating the Job Corps and the CCC programs. Appendix
contains the main proofs of Theorems and Lemmas. In the online supplementary appendix, we

present the proofs of Corollaries, and supplementary material for the empirical applications.

2 Sample selection model and related literature

The researcher chooses a compact subset of the support of the treatment variable D, denoted as D,
for treatment intervention. So we aim to learn about the intensive margin effect on the outcome
of switching the treatment values over D. For a continuous D, let D = [D, D]; for a discrete D,
let D = {2 =:dy,ds,...,dy := 2_)} with dimension J smaller or equal to the dimension of D.

For any treatment value d € D that a subject receives, let Y; be the continuous potential
outcome, or the response function of d, and S; € {0,1} be the potential selection indicator for
whether the subject’s outcome is observed. If a subject is treated at d, i.e., D = d, let the selection
status S = Sy and the outcome Y = Y,;. The observed data vector W = (D, S,S -Y), so the
outcome is recorded as zero if missing in the sample.

Following the literature and focusing on the sample selection bias, we begin with the indepen-
dence Assumption 1 on treatment assignment. After the key results are established, we consider

the standard conditional independence assumption given covariates in Section 6.

Assumption 1 (Independence) D is independent of {(Yy,Sa) : d € D}.

Under Assumption 1, we identify the selection probability at treatment d, P(S; = 1) = E[S,] =
E[S|D = d], and hence the average treatment effect (ATE) on selection E[S; — Sy] = E[S|D =

d| — E[S|D = d'], also known as the extensive margin effect of switching treatment from d’ to d.



Assumption 1 also identifies the average outcome of the selected population at d, E[Yy|Sq =
1] =E[Y|S =1,D =d]. But E[Y;|S; = 1] —E[Yy|Ss = 1] is not causal if {S; = 1} and {Sy = 1}
are different subpopulations. There are two common assumptions for E[Y;|S; = 1] —E[Yy|Sy = 1]
to capture the intensive margin:> (i) Assume no ATE on selection (no extensive margin), or
{Sq =1} = {Ss = 1} have the same distribution for all d,d’ € D. (ii) Assume missing at random
(Rubin, 1976), so E[Yy|Sq = 1] — E[Yy|Ses = 1] = E[Yy — Yu] is the population ATE on the
outcome. But these two assumptions can be restrictive and unrealistic.

To understand the source of selection bias, note that the selected population {S; = 1} is
composed of always-takers and d-compliers. Define always-takers AT:= {Sy = 1 for all d' € D}
to be those selected into samples regardless of the treatment value they receive over D. Define
d-compliers CP,; := {Sq = 1,S¢ = 0 for some d' € D} to be those induced to selection due
to the treatment value d but are not selected at d’. Recall our goal of recovering the intensive
margin effect of switching treatment between any values in D. Always-takers are the common
subpopulation that are selected into samples for all treatment values in D, while d-compliers are
missing in some selected samples with d', {D = d', S = 1}. As we never observe d-compliers in
some samples with d’, it is not possible to learn about their causal effect of switching treatment
from d to d’. So without further assumptions such as functional form for extrapolation, we could
only hope to learn about the causal effect for the always-takers. Therefore our target parameter

is the mean potential outcome Y, for always-takers,
Baq = E[Yy|{Sey = 1 for all d' € D}]

for d € D. Note that the definition of always-takers depends on the range of treatment values of
interest D. So the notation ; should depend on D that is suppressed for simplicity.

When the treatment is continuous, §; is known as always-takers’ average dose-response func-
tion. When the treatment variable is binary, i.e., D = {0,1}, always-takers’ ATE is 5 — fy =
E[Yy — Yy | S1 = 1,5y = 1], studied in Lee (2009). Nonetheless we cannot determine whether
a specific subject is an always-taker or a complier. So we take a bound/partial identification
approach following Lee (2009) and Zhang and Rubin (2003). Our bounds estimation and infer-
ence are robust to the extensive margin effect on selection. Gerard et al. (2020) propose similar
worst-case sharp bounds with manipulation-robust inference in regression discontinuity designs.
We also discuss how the sharp bounds might be tightened by our sufficient value/set assumption
or the covariates (e.g., Fan and Park (2010)).

2W€ can decompose E[Yd|5d = 1] — E[Yd/|Sd/ = 1] =InM + EJTM, where InM = E[Yd\Sd = 1] — ]E[Yd/|Sd = 1]
from the intensive margin and ExM = E[Yy|Sq = 1] — E[Y#|Se = 1] from the extensive margin that cause the
selection bias. Because E[Yy |Sq = 1] is not identified, we cannot disentangle InM and ExM.



There are recent developments in sample selection models using the bound/partial identifi-
cation approach. Honoré and Hu (2020) and Honoré and Hu (2022) consider parametric and
semiparametric structural models. In addition to the concern of misspecification, the parametric
selection equation often relies on the monotonicity assumption. Estrada (2024) studies spillover
effects under sample selection, which can be viewed as Lee bound for the multivalued treatment
effect. Heiler (2024) and Olma (2021) study Lee bounds for the conditional average binary treat-
ment effect given a continuous covariate, which is a non-regular estimand as ours. Kroft et al.
(2024) extend Lee bounds for multilayered sample selection to account for training affecting work-
ers sorting to firms. Kline and Santos (2013) assess the sensitivity of empirical conclusions among
a continuum of assumptions ordered from strongest (missing at random) to weakest (worst-case
bounds). See the literature reviews on partial identification in Ho and Rosen (2017), Molinari
(2020), Kline and Tamer (2023), and references therein.

Alternatively another literature on sample selection models with ezclusion restrictions or par-
tial randomization assumes a variable Z in the selection equation of S that does not enter Y. In
Heckman'’s classic sample selection model (“Heckit”), the structural equations are linear in (D, Z)
and are separable in the normally distributed errors. Ahn and Powell (1993), Das et al. (2003),
and Escanciano et al. (2016) consider more nonparametric settings. The standard sample selection
model is generally not point-identified without exclusion restrictions. Nevertheless, it has been
noted to be difficult to find a credible instrument Z in practice; see, for example, Honoré and
Hu (2020). DiNardo et al. (2021) proactively create an instrument by ex-ante randomizing the
participants of the Moving to Opportunity experiment to differing intensity of follow-up. Behaghel
et al. (2015) use information on the number of calls made to each individual before responding
to the survey to identify the ATE of a binary treatment for a subpopulation of respondents, in
the absence of instruments. See also Garlick and Hyman (2022) for evaluation of various sample
selection correction methods and references therein. Chen and Roth (2023) discuss problems of
log-like transformations with zeros and propose some solutions. We capture general heterogenous

causal effects without exclusion restrictions and free from misspecification.

3 Lee Bounds

We establish the sharp worst-case bounds for 5; with a continuous/multivalued treatment, building
on Horowitz and Manski (1995) and Lee (2009) for a binary treatment. The upper bound is when
all always-takers’ wages are larger than all d-compliers’ wages. Denote the fraction of always-takers
among the selected subjects with treatment d as p;. Then all always-takers’ wages are larger than

the (1 — pg)-quantile of the observed wage distribution at d. So we can construct the worst-case



bound by trimming the upper and lower tails of the observed outcome distribution by p,;. Next we
present the well known worst-case bounds based on a given py, and then we propose identification
strategies of pg for the continuous and multivalued treatment, which is new to the literature.

Independent treatment Assumption 1 identifies the selection probability at d by the conditional
selection probability given d, P(S; = 1) = E[S|D = d] =: s(d). If the proportion of always-takers
mar = P(S¢y = 1 : d € D) is known, then the fraction of always-takers among the selected
subjects with treatment d is pg; = P(AT|S; = 1) = war/s(d). Let Q%(u) be the u-quantile of
Y|D =d,S = 1. Then the bounds of ; are the trimmed means:

pav(mar) = E[Y[Y > Q"1 - mar/s(d)), D = d, S = 1] (1)

for the upper bound and pyr,(mar) := E[Y]Y < Q%(mar/s(d)), D = d, S = 1] for the lower bound.
The key element of the bounds is the proportion of always-takers mar. Once we identify mar and
hence p; = mar/s(d), we can consistently estimate the bounds.

Note that when there is no complier, the selected sample is composed of always-takers only, so
s(d) =P(Sy =1:d € D) is constant and p; = mar/s(d) = 1 for all d € D. That is, there is no
extensive margin, and 8y = pau(mar) = par(mar) = E[Y'|D = d, S = 1] is point-identified.

Section 3.1 and Section 3.2 present novel sufficient assumptions on the treatment effect on
selection to identify the proportion of always-takers mar. Section 3.3 discusses the connection

with the structural selection model. For expositional ease, we focus on the upper bound.

3.1 Identification of the proportion of always-takers

The key identification Assumption 2 requires one sufficient treatment value dar such that if a

subject is selected at dar then it will be selected at any treatment values.

Assumption 2 (Sufficient treatment value) There exists a treatment value dar € D such
that Sq > Sy, almost surely (a.s.) for any d € D.

Assumption 2 essentially assumes that always-takers are the selected dar-receipts, {Sq=1:d €
D} = {Sa,r = 1}. Together with Assumption 1, the proportion of always-takers mar = P(Sg,, =
1) = E[S|D = dat] =: s(dar) is identified.

Assuming s(-) to be continuous for a continuous D, the extreme value theorem implies that
dar = arg mingep s(d) exists and mar = s(dar) = mingeps(d) can be estimated from the data.
Notice that dar depends on D that is a range of treatment values chosen by the researcher for
policy intervention. A larger D results in a smaller mar, which trims more observations, and wider

bounds.



Importantly Assumption 2 allows any shape of the effect on selection. Consider an example
of dar = 1. A 2-complier can have {Sy,, = S; = 0,5 = 1,53 = 0}. In contrast, a stronger
monotonicity assumption, which assumes Sy > Sy a.s. for any d’ > d, rules out this event because
it requires S3 =1 if S, = 1.

Lemma 1 formally presents our generalized Lee bounds with a continuous treatment or a

discrete multivalued treatment.

Lemma 1 Let Assumption 1 hold. Assuming s(d) > 0 for d € D, then By € [par(mar), pav(Tar)]
with mar = P(Sy = 1 : d' € D) given in equation (1). Further let Assumption 2 hold. Then we
identify mar = s(dar), the sharp bounds for By € [par(s(dar)), pav(s(dar))], and By, = E[Y|D =
dar, S = 1].

Remark 1 (Binary treatment in Lee (2009)) Assumption 2 includes the familiar monotonic-
ity assumption for a binary treatment in Lee (2009) that assumes S; > Sy a.s., i.e., if a subject
in the control group {D = 0} is selected, then it remains selected if it was in the treated group
{D = 1}, i.e, dar = 0. So defiers (0-compliers) are excluded (Imbens and Angrist, 1994). Then
Lemma 1 implies Proposition la in Lee (2009): the upper bound of the always-takers’ ATE,
B — o = B[V — YolSo = $1 = 1], is pro(s(0)) = fuye = EIV]Y > QU1 = s(0)/s(1)), D = 1,5 =
1] = E[Y|D = 0,8 = 1] and the lower bound is pi7(s(0)) — Ba.. = E[Y]Y < Q%(s(0)/s(1)), D =
LS=1-E}Y|D=0,5=1].

We remark that if we are only interested in two values of the continuous treatment, then the
identification of the bounds for the binary treatment in Lee (2009) can be directly applied to the
case of two continuous treatment values. But policy makers rarely consider only two values, and
the always-takers at the two values could be different from the always-takers at another values;
for example, {Sy, = 1,5, = 1} # {S4, = 1,5, = 1}. New challenge in identification arises when

we consider many treatment values.

3.2 Sufficient set assumption

We introduce a weaker sufficient set Assumption 3 that does not assume one sufficient treatment
value daT but assumes a set Dy, of M treatment values, which includes Assumption 2 as a special
case with M = 1. Assumption 3 essentially assumes that always-takers {S; =1:d € D} = {S; =
1:d e Dy}

Assumption 3 (Sufficient set) There exists a set of treatment values Dy = {dl, da, ..., dM} -
D such that Sy > mingep,, S a.s. for any d € D.



To see how Assumption 3 is weaker than Assumption 2 or a larger M is weaker, consider an
example: Under Assumption 3 with M = 3 and D3 = {1,2,3} , {51 = 0,5, = 1,53 = 0} and
{S1 =1,5, =0,53 = 1} are both possible values for a complier. But Assumption 2 with dap =1
does not allow a complier to take {S; = 1,5, = 0,53 = 1}. What Assumption 3 does not allow
is this event {S; = 1,5, = 1,55 = 0,53 = 1} for example. But assuming a larger M = 4 and
Dy =1{1,2,2.5,3} would allow a complier to take that.

However, the proportion of always-takers mar = P(Sq = 1:d € Dy) for M > 2 is not point-
identified as we cannot observe the M potential outcomes {Sy : d € Dy} at the same time. We
can use the lower bound of mar for trimming, because pgy(mar) is decreasing in war and par(mar)
is increasing in mar. Theorem 1 below provides the Lee bounds formally.

Specifically, consider a practical example of M = 2 and D, = {D,D}. It implies that if a
subject is selected at the boundary D and D, then this subject must be selected at any treatment
value in D. This example of M = 2 includes the special case when the selection’s response is
a concave function of treatment D. The single-peaked pattern may fit well the law of marginal
returns. Therefore Sp = 1 and S5 = 1 if and only if S; = 1 for all d € D. This observation
gives the insight to use the well-known Fréchet-Hoeffding bounds for P(Sp = 1,55 = 1) given
in Theorem 1. The bounds resemble the Fréchet-Hoeffding bounds for P(Sy = 1,57 = 1) for the
binary treatment without shape restrictions, as shown in Heckman et al. (1997). We require the
sufficient set Assumption 3 due to the continuous treatment variable. It is important to note
that when the treatment is multivalued discrete with support D = D,;, Assumption 3 holds by
construction and is dropped. So Theorem 1 provides the sharp bounds without restricting the

selection response of the multivalued treatment.

Theorem 1 Let Dy = {dl, ds, ...,dM} C D with a fized dimension M. Let Assumption 1 hold.
Then

oM :zmax(Z S(d)—M+1,0) <P(S;=1:d€ Dy) < min s(d) =: /.

deD
deDas M

Further let Assumption 3 hold. Then mar = P(S; = 1 : d € Dy) € [W%,Wéﬂ and Bq €

[par(72), pav (7}1)]. The bounds are sharp.

A final goal is to derive the bounds without restrictions on the selection response of a continuous
treatment, i.e., dropping Assumption 3. To make progress, we may assume that the treatment
effect is a piecewise constant function 8 = SN ! 8, 1{d € [dyn, dymy1)}. Then treatment can be
effectively discretized and By, € [pa,,r.(7M), pa,,v (7)) for m = 1,.., M — 1. In practice, one might

discretize the continuous treatment variable into M-multivalued variable for sensitivity analysis.

10



In general and in theory, we’d like M to be large to allow for a general non-separable nonpara-
metric structural selection model, as discussed in Section 3.3. However, the bounds can be wide
or less informative for a large M. As shown in Theorem 1, 7 can be small, unless s(d) is close
to one when there is selection bias. We illustrate this tradeoff in Section 5 by evaluating the Job

Corps program and discuss how to choose M.

Remark 2 (Binary outcome) Kroft et al. (2024) provide the Lee bounds with a binary outcome
and a binary treatment. We can extend their bounds for a binary outcome to a continuous
treatment: pgz (M) = max{0,1 —P(Y = 0|S = 1,D = d)/pa} and pgy(7¥) = min{1,P(Y =
1/1S =1,D = d)/pg}, where pg = 7 /s(d).> We focus on the continuous outcome in this paper

and develop the inference for the binary outcome in a separate paper.

3.3 Structural selection equation

To understand how the sufficient treatment value Assumption 2 and the sufficient set Assump-
tion 3 impose conditions on the heterogeneity in the structural selection equation, we discuss its
relationship with the threshold-crossing model in Vytlacil (2002). Recall that our potential out-
come framework is equivalent to the structural equation S = 1{q(D,n) > 0} with unobserved
non-separable and multi-dimensional error 7. The structural equation ¢ is nonparametric and

model-free. Then we can write the potential variable S; = 1{q(d,n) > 0}.
Assumption 2’ (Latent index selection model) (i) Let S = 1{q(D) > n}, where q(d) is

measurable and nontrivial function of d. (ii) For a continuous treatment with a compact D, there

exists dyp = arginfzep q(d) € D.

Assumption 2" implies Assumption 2. For a multivalued treatment with a finite countable D,
dar exists under Assumption 2/(i). For a continuous D, assuming ¢(-) in Assumption 2'(i) to
be continuous, the extreme value theorem implies (ii). This important observation suggests our
new sufficient treatment value Assumption 2 not restrictive and implied by a common threshold-
crossing model with a separable error, or the latent index selection model in Vytlacil (2002).%

In the selected sample at d, {S = 1,D = d} = {Sq = 1, D = d}, the subpopulation {S; =
1} ={n < q(d)} = AT U CPy, where always-takers AT = {n < ¢(dar)} and d-compliers CP,; =

SP(Y = 1|S = 1,D = d) = P(Y = 1|AT,D = d)pg + P(Y = 1|CP4, D = d)(1 — pg). The bounds on
P(Y = 1|AT, D = d) = E[Yy|AT] are obtained by the worst-case bounds of P(Y = 1|CP,4, D = d) € [0, 1].

4Vytlacil (2002) shows that the latent index selection model Assumption 2/(i) is equivalent to the local average
treatment effect (LATE) model with Independence (as our Assumption 1) and Monotonicity assumptions in Imbens
and Angrist (1994). The LATE Monotonicity assumes the orders of Sy to be the same for everyone, i.e., for all
(d,d") € D x D, either Sy > Sy a.s., or Sg < S¢ a.s. Our Assumption 2 (or Assumption 2'(ii)) is weaker than
such Monotonicity assumption and only requires the sufficient treatment value dar (or a minimizer of ¢(d)) exists.

11



{q(daT) <1 < q(d)}. The sufficient treatment value has meaningful economic interpretation. For
example, Behaghel et al. (2015) interpret 7 as the individual reluctance to respond to surveys
and call the compliers as the marginal respondents. Then the sufficient treatment value can be
the least-favored treatment value to induce responding to surveys. So if subjects are willing to
respond to surveys when receiving dar, then they continue responding to surveys when receiving
any other treatment values.

To further appreciate always-takers as the target population, we discuss the gettable ATE
(GATE) E[Y; — Yp|n < k] for some constant k, defined by DiNardo et al. (2021). As k increases,
GATE converges to the population ATE E[Y; — Y]. As subpopulation-specific ATEs are common-
place, DiNardo et al. (2021) show how different GATE parameters may be identified under weaker
assumptions than in the traditional parametric framework. We choose k = ¢(dar) to characterize
always-takers that are the largest subpopulation for whom we can partially identify the ATE of
switching treatment values over D, without imposing further assumptions on the functional forms
or distributions.

Now we consider a more general non-separable nonparametric model in Assumption 3’ that

implies our sufficient set Assumption 3.

Assumption 3’ (Latent index selection model with non-separable errors) Let S =
1{q(D,n) > 0}. There exists dar(n) = arginfsep q(d,n) € Das for each 1.

The unobserved heterogeneity is captured by 7, so there could be an infinite number of types
and the corresponding sufficient value dar(n) in the most general structural model. Our sufficient
set Assumption 3 restricts there to be M types of unobserved heterogeneity 7, in the sense that
dar(n) belongs to Dyy.

Under Assumption 3’, Assumption 2 can be implied by further assuming dar(n) = dar to be
a constant for all individual with n, and M = 1. Therefore we argue that the sufficient value
Assumption 2 is reasonable with a separable structural error in selection as in Assumption 2’, and

the sufficient set Assumption 3 is a useful approximation under more general non-separable errors.

4 Estimation and inference

We estimate bounds over an equally spaced grid D; = {dy, ..,d;} C D for a continuous treatment.
We can view D as the set of treatment values where the policy maker considers treatment in-
tervention. The estimation procedure is easy to implement, as the bounds estimates are sample
analogs to the parameters defined in Theorem 1. When D is continuous, we use a kernel function
Kyn(D —d) = k((D —d)/h)/h, where the kernel function & includes a sub-population whose treat-
ment is around d, and the size of the sub-population is controlled by the bandwidth h shrinking
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to zero as the sample size grows. We provide inference on the causal effect of switching treatment
between any two values in D;. We present the asymptotic theory for a fixed J and also for J — oo
so D; — D.

For a multivalued discrete treatment, it is straightforward to use the treatment indicator
1{D = d} in place of the binary treatment indicator D in the estimator in Lee (2009) and
let D; be the (sub)support of D. We develop the inference theory for a discrete treatment in a
separate paper.

We implement the estimation procedure using leave-out estimators for s(d) and Q¢ in Step 1
and Step 2. The leave-out estimation is similar to the cross-fitting in the recent double debiased
machine learning literature (Chernozhukov et al., 2018). The leave-out preliminary estimation
achieves stochastic equicontinuity without strong entropy conditions using empirical process the-
ory. Specifically, for some fixed L € {2,...,n}, randomly partition the observation indices into
L distinct groups [I,,¢ = 1,..., L, such that the sample size of each group is the largest integer
smaller than n/L. The number of folds L is not random and typically small, such as five or ten
in practice; see, e.g., Chernozhukov et al. (2018), Velez (2025). When there is no sample splitting
(L =1), 1(d) and Q7 use all observations in the full sample.’

The estimation procedure under Assumption 2 follows four steps:

Step 0. Estimate the sufficient treatment value cfAT , = argmingep, $(d), where a kernel es-
timator §(d) = S0, S;K,(D; — d)) S0 Kn(D; — d). For d = dar,, Ba = S0, ViSiKy(D; —
d)/ > SiKy(D; — d). Estimate the proportion of always-takers mar by # = mingep, §(d) =

5(dar,).

For ¢ =1, ..., L, the estimators in Step 1 and in Step 2 use observations not in I,, denoted as
If = {1,...,n}\ L.

Step 1. Compute the leave-out kernel estimator §,(d) = Zielg SiKn(D; —d)/ Ziel; Ky(D; —d).
Estimate the trimming probability pg by pe = min{3,(dar,)/3¢(d),1} — v for some small positive

constant v used for robust inference that we explain in the following.

Step 2. Ford # a?ATJ, estimate the (1—p,)-quantile of Y|D = d, S = 1 by Q;’(l—m). A nonpara-
metric estimator can be the generalized inverse function of the CDF estimate ﬁy‘ p=d,s=1,y) =
Zie]; Y, < y}SiKu(D; — d)/ Ziefg SiKu(D; — d).

SWhen L = n, §; uses all observations except for the £t observation, and is well-known as the leave-one-out
estimator (i.e., leave the £** observation out), e.g., Powell et al. (1989). A large L is computationally costly.
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Step 3. Compute the kernel estimator of E[Y1{Y > Q%(1 — p)}|D = d, S = 1] and obtain

e X Dy LY 2 QUL p)S(D = )1

where p = 7/5(d) — v using the full sample from Step 0.

Our inference procedure is robust to extensive margin, allowing the selection probability to be
of any unknown functional form with respect to treatment. The challenge for the continuous or
multivalued treatment relative to the well studied binary treatment case comes from an infinite or
multiple number of treatment values (J) and the corresponding potential selections and outcomes.
Importantly, we allow the sufficient treatment value to be not unique in the sense that there exists
a subset D. C D such that d = argmingep s(d') for any d € D, and P(D € D.) > 0. So s(d) is
constant over d € D.., which is implied by no treatment effect on selection (extensive margin) when
changing d within the subset D.. Then we could use any d € D. as a sufficient treatment value dar.
So for any d € D., s(dar)/s(d) = 1 and B4 = pav(mar) = par(mar) = E[Y|D = d, S = 1] is point-
identified. However the asymptotic distributions of the bound-estimators [pm), de/(aT)] do
not converge to the asymptotic distribution of the point-estimator (4 as s(dar)/s(d) — 1. We
avoid the complication in testing s(d) = s(dar), e.g., if the hypothesis s(dar)/s(d) = 1 is not
rejected, then compute the point-estimator Bd. Instead, we estimate the tight bounds using the
trimming probability p, = min{s,(dar,)/3¢(d),1} —v B pg = s(dar)/s(d) —v < 1 —v < 1, which
contain the untrimmed point-estimator 8y = S YiS,Ky(D; —d)/ >0 SiKn(D; — d).°

Therefore we estimate bounds that are non-sharp with the trimming probability p; = s(dat)/s(d)—
v but still tight with small v. We choose this practical and conservative strategy so that our asymp-
totic theorem and inference are valid regardless of the extensive margin effect on selection, and
are easy to implement and interpret.

We show in Theorem 2 that the estimation errors of dat , and grid approximation are asymptot-
ically ignorable. That is, for any given J and for n large enough, dar , =dar, = arg mingep, s(d).
So for a any fixed set of treatment values D, we can find the sufficient treatment value dar, given
a large enough sample. As D contains an infinite number of values for a continuous treatment, we
give conditions on the grid size J going to infinity to approximate D. We show that as J,n — oo,
dar, — dar := argmingep s(d). Assumption 4 below gives conditions on J that depends on the

accuracy of 8,(d) and the shape of s(d) characterized by M.

6In the proof of Theorem 2, we show that cZATM = argmingep, $¢(d) = JAT,, when n large enough. So
Do = §5(JATJ)/§g(d) — v. However, in finite samples, it is possible that §g(cZATJ)/§g(d) > 1 for some d € Dy. In
such case, if dAATJ and JAT“ are in D,., then we let py < 1 — v and estimate bounds of Bd"ATM that contain its
point-estimate.
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Assumption 4 Let s (d) be the m*" derivative of s(d) form € {1,2,...}. Let D = D, UD,,
where D = {d : s"™(d) = 0,Ym > 1} and Dy := {d : s (d) # 0,3m < co}. If D, # 0, let
M = min{m : s™(d) # 0,m = 1,2,...,Vd € Ds} <oo. If Dy =0, let M = 0. Let an equally
spaced grid Dy = {dy, ..,d;} C D with J = O(s, M) and s, := supyep |5(d) — s(d)| = op(1).

D, is the set of treatment values not affecting the selection. For d € D,, s(d) = ¢ for some
generic constant ¢, so s'(d) = 0. For M = 0 (D = D,), there is no extensive margin, so 85 =
E[Y|D = d, S = 1] is point-identified, and there is no restriction on J — co. When s(d) is strictly
monotone over D, s'(d) # 0, so M =1 and D, = (). When s(d) is strictly concave, i.e., §'(d) = 0
for a d € D and D, = ), we have M = 2. A larger M implies that it is harder to compare s(d;)
and s(d;41), so we need to estimate s(d) more accurately, i.e., s, needs to go to zero faster for a
larger M on a given grid.

The kernel estimation is well-studied, and we use the results in Donald et al. (2012) and Hansen

(2022a).

Assumption 5 (i) The kernel function k is non-negative symmetric bounded kernel with a
compact support such that [ k(u)du =1, fuk‘ Jdu =0, and k := [ u*k(u)du < co. Let the
roughness of the kernel be Ry, := [ k(u)

(ii) h — 0, nh — oo, nh® — ¢ € [0, 00).

(iii) For d € D and y € Y, s(d) < 1; fyips(y|d,1) is continuous and bounded away from 0;

Fyips(yld, 1)s(d) fp(d) is bounded and has bounded continuous second derivative with respect
to d; var(Y|D =d,S = 1), E[|[Y]*|D = d,S = 1], and the second derivative of E[Y|D =

d, S = 1] are continuous in d.

Theorem 2 Let Assumptions 1, 4, and 5 hold.

1. Under Assumption 2, m = s(dar,). Then for d € D; and d # CZATJ, as mn — 0o,

M(m pav () — thdU> 4 N(0, Var)
( par(m) — par(m) — hZBdL) iN(O,VdL), (2)

where p = pg = s(dar,)/s(d) — v, Vau := p (Vi + Vo + Vs + Vag) R/ (s(d) fo(d)), Vs :=
var(YI{Y > Q%1 — p)}ID = 4,5 = 1),Vo = p(1 — p)Q41 — p)?, Vg := —2p(1 —
p)pav (M)QU(1—p), Vi == (Va+p* Vi) s(d) ™ (Qd(l—p)—de(W))Q, with Vi) = s(d)(1—s(d))
and Vi = Viaur,)fpo(d)/fo(dar,). For the lower bound, Vi := p2(Vi+ Vo + Vi +
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Vgg)Rk/(s(d)fD(d)), where VI = var(Y1{Y < Q4p)}|D = d,S = 1), and Vi, Va, Vag
are defined as above with Q%(p) in place of Q4(1 — p) and with pgr () in place of pay (7).

Bau and By, are given explicitly in the proof in the Appendiz.

For d = JATJ, \/nh(BdATJ = Baur, — h2B3) < N(O, VgATJ) as n — oo, where Vg,, =

var(Y|D = dar,,S = 1)Ryi./(s(dar,) fp(darT,))-

As J — 00, dar, = dar and the above statements hold with dar in place of dar,.

2. Under Assumption 3, choose Dy to contain aAlATJ. Let py = 72 /5(d) in Step 1, and follow
Step 2 and Step 3 to obtain the bounds [par(7), pav(7)], where m = > ,.pn s(d) — M +
1 > 0. Let Vp = 2%21 Vi fo(d)/ fp(dy). For d € D§; NDy, the above asymptotic

distributions (2) hold. For d € Dy NDy, the above asymptotic distributions (2) hold with
Vii= (Ve t (07 = 20)Vi) s(d) ™ (QU(1 = p) — pau())”.

Notice that we allow for no extensive margin, e.g., there exists d # dar, and s(d) = s(dar, ).
So we use pg = 1 — v to estimate tight bounds of ;, rather than a point-estimand.

The asymptotic variance Vyy can be decomposed to the three steps of the estimation procedure:
Vi is from estimating the effect on selection and the trimming probability in Step 1. V5 is from
the quantile regression in Step 2. V3 comes from the Step 3 trimmed regression. Va3 is from the
covariance of the Step 2 and Step 3 estimation errors.

Estimation of the variances is easily carried out by replacing all of the above quantities with
their sample analogs or by the sample variances of the influence functions given in equation (4) in
the proof of Theorem 2 in the appendix. No additional preliminary estimators are needed The

confidence interval of at least 95% coverage can be computed by [,od L(m)—1.96 xa41./Vn de( )+

1.96 X oqr7/ \/%] with ogp, = ﬁ and ogp = Vd;. This interval will asymptotically contain
the region [par (), pav(7)] with at least 95% probability.

We can bound the ATE of increasing the treatment from d; to dy, Ay 4, = pa,r(7) = pa,v(7) <
Bay, — Bay, < payu(7) — pay(7) =1 Agya,- We note that one might be interested in the partial (or
marginal) effect defined as the derivative of 3, with respect to d, i.e., 04 = % (4. However, we could
not bound such derivative by the same approach of Lee (2009). We can view Ay, 4, := B4, — Ba, =
| ddf O.ds as an average derivate over d; to do. Corollary 1 provides the asymptotic distribution of
the bounds estimators for the ATE AdldQ = pm) - PZUF) and &th = pm) - pm).
Denote the bandwidth in ,od/L\(7r) and ﬂTU\(W) be hqr, and hgy, respectively.

Corollary 1 (ATE) Let the conditions in Theorem 2 hold. Then \/ﬁVU_nl/2 (£d1d2 — Agya, —

d
(h2,Bayw — W31 Bayr)) —= N(0,1) and /aVy,!* (Bga, — Dayay — (021 Bast — B2, Baw)) ——
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N(0,1), where Vi, = El(¢a,u — day1)?land Vi := E[(Qayr. — Qa,vr)?] with the influence func-
tions Gar, pau given explicitly in equation (4) in the Appendiz.

Assume Assumption 2. When hgpy = ha,r = h, lim, o0 0 PV = Vau + Vi, — 2Caya,0 -
When hayr, = hayu = h, limy o0 hso BV = Voo + Vayu — 2Caya,1, where pg = 7/s(d), Cayayu =
RiVe(Q®(1 = pa,) = papv (M) (QM (Pay) — par (7)) /(7 fp(dar)), and Cayapr = R Vi (Q™ (1 —pa,) —
payv (M) Q™ (pay) — pa,(7))/ (7 fp(daT)).

The variance can be estimated by the plug-in sample analogues Vi =nt Z?Zl(quwi—qul ri)? and
Vi, =nt Z?:l(gzngLi—édlUi)Q. And the 95% confidence interval [AdldQ —1.96x \/\7_m/\/ﬁ, 3d1d2+
1.96 % /Virn/v/1].

Next we briefly discuss how to choose an undersmoothing bandwidth h smaller than the optimal
bandwidth that minimizes the asymptotic mean squared error (AMSE) such that the bias is first-
order asymptotically negligible, i.e., h2v/nh — 0, so the above confidence interval is valid.

We could estimate the leading bias Bgy by the method in Powell and Stoker (1996) and
Colangelo and Lee (2025). Let the notation pd/a;,(\7r) be explicit on the bandwidth b and By :=
(pm) — pﬁb\(ﬂ))/(bQ(l —a?)) with a pre-specified fixed scaling parameter a € (0,1). From the
proof of Theorem 3.2 in Colangelo and Lee (2025), we can choose a by minimizing the leading term
of var(Byy), i.e., minimizing (1 — a2)~2a~% for a dr-dimensional continuous treatment. By de-
riving the first-order and second-order conditions, we obtain the minimizer a* = \/m =
\/1/5, for dr = 1 in our case.

Then we propose a data-driven bandwidth hgy = (Vd;/ (4§§U))1/ 5n~1/% to consistently es-
timate the AMSE optimal bandwidth A}, by Theorem 3.2 in Colangelo and Lee (2025). For
the lower bound, the same estimation applies to the leading bias EdL and the AMSE optimal
bandwidth hqr.

5 Empirical illustration: Job Corps

We illustrate our method by evaluating the Job Corps program. We use the Job Corps dataset
in Hsu et al. (2023). The continuous treatment variable (D) is the total hours spent in academic
and vocational training. The outcome variable (Y) is the weekly earnings in the fourth year.
Our sample consists of 4,024 subjects who completed at least 40 hours (one week) of training. In
the online appendix, Figure 8 shows the distribution of D, and Table 1 provides brief descriptive
statistics. As our analysis builds on Flores et al. (2012), Hsu et al. (2020), Hsu et al. (2023), we
refer the readers to the reference therein for further details of Job Corps.

We use J = 100 grid points over D = [40,2400] that ranges from one week to fifteen months.
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We use the Epanechnikov kernel with a undersmoothing bandwidth and ten-fold cross-fitting. The
undersmoothing bandwidth at each d is chosen by 0.8 x min(iLdL, iLdU), given in Section 4, where
we use the rule-of-thumb bandwidth h; = 1.05 x 6p % nzl/ ® % ¢y with a constant ¢; = 1 and the
sample standard deviation of D, ép, to estimate the initial variance and bias with a = v/0.2 and
b = hy/a. The resulting undersmoothing bandwidth ranges from 349.17 to 626.91. The estimated
trimming probability is capped by p, < 1 — v with v = 0.01.

To learn about the effects on selection (or the extensive margin effect), we estimate the average
dose-response function of selection E[Sy| = s(d). The left panel of Figure 1 presents the estimates
of the conditional selection probability given d, §(d). More training seems to increase the extensive
margin. The minimum selection probability estimate is 7ar = mingep, $(d) = §(40) ~ 0.8082.
So we use the least treatment value 40 as the sufficient treatment value, i.e., if a participant is
employed with one-week training, then this participant will remain employed when receiving more

training between one week to fifteen months.

Figure 1: (Job Corps) Estimated selection probability and bounds without covariates
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In Figure 9 in Section B.3 in the online appendix, the histograms of Y and log(Y") in the selected
sample {Y; > 0, or S; = 1,7 = 1,...,n} show that weekly earnings has a skewed distribution, and
log(weekly earnings) is closer to normal. It is well-known (e.g., Chen and Roth (2023)) that
averages can be heavily influenced by observations in the tail, especially when the outcome has
a skewed distribution, as the weekly earnings in the Job Corps data in Figure 9. So we estimate
the ATE in log, i.e., let 55 = E[log(Y4)|AT], a concave transformation of the outcome that is less
heavily influenced by outcomes in the tail of the distribution. The right panel of Figure 1 shows
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the estimated bounds under Assumption 2 with dar = 40 (M = 1). The thinner lines are the
95% confidence intervals using the sample variance of the influence function. We find the largest
ATE B0 — Pao = E[log(Yaseo) — log(Yao)|AT] bounded by [0.054,0.281] with a 90% confidence
[—0.251,0.543]. That is, increasing the training hours from one week to fifteen months would
increase the weekly earnings by at least 5.4%, but this effect is not significant at 10% level. We
also estimate the ATE in level and do not find any effects of switching hours within [40, 2400]; see
Figure 10 in Section B.3 in the online appendix.

For comparison, the black dash-dotted line is the estimate of E[Y|D = d, S = 1] assuming that
there is no effect on selection, i.e., the selected sample over D contains only the always-takers,
{Sy =1:d € D} ={S; =1} for all d € D. That is, 54 = E[Y'|D = d, S = 1] is point-identified.
Or under the missing at random assumption E[Y|D = d,5 = 1] = E[Yy]. We also plot the

estimates of E[Y'|D = d] ignoring selection using all observations including {7 : S; = 0}.

Sufficient set For sensitivity analysis and illustrating the sufficient set Assumption 3, Figure 2
presents the estimated bounds with M = 1,2, 3 given in Theorem 1. Since dyr = arg mingep s(d’)
is estimated as dar , = 40, we choose D)y, to contain 40 such that the trimming probability
7M/s(d) < 1. Tt is natural to include the boundary points D = 40 and D = 2400 in Dy;.
Following the discussion of the non-separable structural selection equation in Assumption 3', for
a subject with dar(n) = D, more training hours helps employment. On the other hand, for a
subject with dar(n) = D, the largest treatment value hurts selection probability (employment).
So for M = 2, we let Dy = {40,2400}. Assumption 3 allows a complier to be employed with 40
training hours but unemployed with 2400 hours. And if a participant is employed with both the
smallest and largest hours (d = 40,2400), then this participant must be employed at any hours
between one week to fifteen months, as an always-taker. The blue dashed line in Figure 2 uses the
lower bound 7% = 5(40) + §(2400) — 1 ~ 0.658.

For M > 2, we suggest choosing D), as a equally spaced sub-grid over D; and including
dar ,, if there is no further information on the structural selection model. So for M = 3, we let
D3 = {40,1208,2400}, the orange long-dashed line uses the lower bound 73 = 5(40) + §(1208) +
5(2400) — 1 =~ 0.5. As expected, the bounds are less informative when we assume more treatment
values, i.e., a larger M. So we note that the sufficient set assumption is more of theoretical
interest than practical. We focus on sufficient value Assumption 2 in empirical analysis. Next we

incorporate covariates to potentially tighten the bounds and confidence intervals.
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Figure 2: (Job Corps) Estimated bounds with sufficient sets
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6 Estimation and inference conditional on covariates

We weaken the independent treatment assumption and the sufficient value/set assumption by
conditioning on the covariates. So the covariates X can serve two purposes: First, in observa-
tional data, it is more plausible and standard to assume conditional independence, also known
as unconfoundedness, selection on observables, or ignorability. Second, we allow subjects with
different pretreatment covariates to have different sufficient treatment values dat, € D. It might
be reasonable that participants with some particular covariates benefit from more training, but
more training could hurt the employment of some participants with different covariates. So the
bounds may be tightened by incorporating the covariates.

After conditional on the covariates, we follow Semenova (2024) to represent the generalized Lee
bounds as a moment equation and derive an orthogonal moment for it. The advantage of using
the orthogonality moment is that the first-stage estimation has no contribution to the asymptotic
variance of the bounds. We utilize cross-fitting to remove overfitting bias without strong entropy
conditions, following the recent double debiased machine learning (DML) literature (Chernozhukov
et al., 2018). Then we show the asymptotic theory that accommodates low-dimensional smooth
and high-dimensional sparse designs.

Notice that B4 and its bounds are functions of d over D and hence are of infinite dimension
for a continuous treatment. Such non-regular nonparametric estimands cannot be estimated at a
regular root-n rate without further assumptions. The asymptotic theory is more involved with the

kernel function and bandwidth h, compared with the semiparametric inference in Chernozhukov
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et al. (2018). Colangelo and Lee (2025) provide DML inference for §; that is point-identified when
there is no selection bias. In particular, if researchers assume “no effect on selection” by using the
selected sample excluding those with zero outcomes, then they estimate E[E[Y|S =1, D = d, X]].
Or if researchers “ignore selection” by including all observations with zero outcomes, then they
estimate E[E[Y|D = d, X]|. See also Kennedy et al. (2017), Su et al. (2019), and Chernozhukov
et al. (2022b) for non-regular estimands and machine learning.

The conditional independence Assumption 6 means that conditional on observables, the treat-

ment variable is as good as randomly assigned, or conditionally exogenous.

Assumption 6 (Conditional independence) D is independent of {(Yy,S4) : d € D} condi-

tional on X.

Assumption 7 relaxes Assumption 2 to allow subjects with different values of pretreatment

covariates x to have different sufficient values dat, € D.

Assumption 7 (Conditional sufficiency) For x € X, there ezists dar, € D such that P(Sy >
S, ¥d € DX = 2) = 1.

As discussed in Assumption 2', a sufficient condition of Assumption 7 is to assume a separable
structural error 7 in selection S = 1{q(D, X') > n}, and there exists dar, = arg mingep q(d, x).

Let the conditional average dose-response function of always-takers be fy(x) := E[Yy|{Sa =
1:d € D}, X = x|, 50 Bq = [, Ba(®)fx(x|Sy = 1:d € D)dx. Let the conditional probability of
always-takers be mar(z) := P(Sy = 1:d € D|X = z). Let the corresponding conditional upper
bound given in (1) be B4() := pav(7ar(x), ) == E[Y|Y > Q%1 — mar(x)/s(d,x),7),D = d, S =
1, X = z], where the conditional selection probability s(d,z) := P(S = 1|D = d,X = z) and
Q%(u, ) is the u-quantile of Y|D = d, S = 1, X = . Define the aggregate upper bound for 3, as
Bi:= [, Ba(x) fx(x|AT)dz.

Lemma 2 below extends Lemma 1 in Semenova (2024) to show that the upper bound Sy is
a ratio of two moments, by replacing the binary treatment indicator D with a kernel function
Kp(D — d). The moment function for the lower bound is defined analogously in the proof of
Lemma 2 in the Appendix.

Lemma 2 (Moment-based representation) Assuming Assumption 6, s(d,x) = E[S4|X =
x].  Further assuming Assumption 7, mar(xr) = mingep s(d,z) = s(dare,x). Assume mar =

E[mar(X)] > 0 and the generalized propensity score pq(x) := fpix(d|z) > 0 with probability one,
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for d € D. Then the sharp upper bound of B4 is

Bi = E[By(X)mar(X)]/Tar = EL%E[mdU(W §)]/mar, where
Kp(D —d)

() SY -1{Y > Q%1 — mar(X)/s(d, X), X)},

mdU(I/Va f) =

the nuisance parameter {(d,z) = {s(d, z), pa(z), Q* (1 — war(z)/s(d, ), z)}.

Remark 3 (Conditional sufficient set) We discuss incorporating the covariates under the suf-
ficient set Assumption 3. We provide a non-sharp bound that can be implemented in practice.
The sharp bound is out of the scope of this paper. Under Assumption 3, Theorem 1 directly

implies the conditional version of the bounds on mar(x):

M (z) == max ( Z s(d,x) — M + 1,0> <mar(z) =P(Sg=1:d € Dy|X =x)

deDyy

< mi = 1M (z).

< min s(d,x) =: 1y (x)
Then together with the proof of Lemma 2, the sharp upper bound E[pgy (mar(X), X)mar(X)]/7AT
is not point-identified and is smaller than E[pg (7 (X), X)mf (X)]/7¥ = limy,_o E[may (W, €) -
oM (X)) /7 (X)) /7] with map(X) = 7M(X) in may (W, €), which likely is a non-sharp bound. Sim-
ilar, the sharp lower bound E[pgr,(7a1(X), X) - mar(X)]/7ar > Elpar (7M(X), X) - 7M(X)] /7 =
limy, 0 Blmar, (W, €) - o (X) /! (X)] /iy, with mar(X) = 73/ (X) in ma, (W, €).

6.1 Estimation and inference

We estimate the bounds over an evenly spaced grid D := {d, ...,d;} C D. Let the sets X; := {x :
s(dj,x)/s(d,x) < 1,Vd € Dy} for j =1,...,J. So for x € &;, dar,, = d; = argmingep, s(d, ).

We can classify the subjects into J groups X = U;—;_ s&;. By consistently estimating s(d, x)

over the grid D, we show that the mis-classification error is asymptotically first-order ignorable.

We allow the subsets X; to overlap, i.e., the sufficient treatment value can be not unique,
so there could be no treatment effect on selection over some range in D. For example, if there
exists € AX; N Xj4; so that s(dj,z)/s(djr1,2) = 1, then the bounds degenerate to points at
d; and djiq, ie., By (z) = édj(x) = EY|D = d;,S = 1,X = 2] and By, (z) = ﬁdjﬂ(x) =
EY|D = d;j11,S = 1,X = z]. We estimate the robust bounds using the trimming probability
Pd;ird; (x) = 8(dj,7)/8(djs1, ) — v for some small positive v, rather than the untrimmed point-

estimator, as discussed in Section 4.
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For X; € A&}, define the moment function to be leU(VVi,g) = mgy (W3, &) with map(X;) =
s(d;, X;). To construct orthogonality as h — 0, we derive the correction terms for s(d;, z), s(d, z),

Q%(u, x), pa(z), respectively, collected in

KuD—d) o i FKalD—d)
) O X)) =

(—1{Y > Q%1 — pag,(X), X)} +pddj(X)))

corly (W, €) = QU1 — pug, (X), X) - ( pua, (X)(S — 5(d, X))

Ku(D — d)S
fa(X)

4 (1aX) = Kn(D — d)) - E[Y|Y = QU1 = pas, (X), X), D = d, 5 = 1, ] 21 X)

1a(X)

for pga,(X) <1 —v <1 with v > 0. For d = d;, let v =0, pag;(X) = 1, and

Kp(D —d)

iy (W, €) = mgy (W, €) = SY,
dU( ) dL( ) /de(X)
J J s(d, X)
corly; (W, €) = corlp (W, €) = (na(X) — Kp(D — d))E[Y|D =d,5 =1, X] (X (3)
Then the orthogonal moment function is defined as géU = mle + coréU. Let gau(W,€) =

Z}'I=1 G (W, OU{X € X;}/ Z}'I=1 1{X € A&} that allows overlapping X)s.

These correction terms are derived based on equation (4.7) in Semenova (2024). Specifically
let the true nuisance parameter be & and &, := &, + (£ — &) for some £ close to § and r € (0, 1).
Then we verify that the partial derivative of the moment function ggU with respect to r is zero.
When pgq,(z) = 1, Ba(z) = 8 () is point-identified. So the correction term (3) is only for the
nuisance function pg(x) as derived in Colangelo and Lee (2025).

The estimation procedure follows four steps:

Step 1. (L-fold Cross-fitting) As defined in Section 4, L-fold cross-fitting randomly partitions
the observation indices into L distinct groups [,,¢ = 1,...,L. For ¢ = 1,..., L, the estimator
&(W) for the nuisance function £(W) = (s(d, X), Q%1 — pag,(X), X), na(X), EY[Y > Q4(1 —
paa;(X),X),D=d,S=1,X],de D) uses observations not in [,, satisfying Assumption 8 below.

Step 2. (Double robustness) Fori € I, and X; € Xj, = {x : 5(d;, ) /50(d, z) < 1,¥d € Dy}, esti-
mate the orthogonal moment function by gqu (W, ég) = Z;.Izl géU(VVi, ég)]_{Xi € /\?ﬂ}/ Z}]=1 1{X; €
X/},

Step 3. The DML estimator in Colangelo and Lee (2025) for mar: 7iar = n~' S0 > ier, VWi, &),
where (W, €) := Ky, (D; — d;)(S; — s(dj, X))/ pa, (X) + s(dj, X;) if X; € Xy
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Step 4. The DML estimator Ed =0t S S er, 9ar (Wi, &) /.
R N N /
Denote the Lonorm [[€ — €], = A = ( f(E(w) - ﬁ(w))QfW(w)dw>1 g

Assumption 8 (i) (Strict overlap) s(d,z) € (¢,1 — ¢) for some constant ¢ € (0,1/2), for all

(d,x) € D x X. infgep essinf ey uq(x) > ¢ for some positive constant c.

(i1) s(d,x), fyspx(y,1,d,xz) and E]Y|D = d,S = 1,X = x| are two-times differentiable with

respect to d with all two derivatives being bounded uniformly over Y x D x X.

The derivative of Q%(u,z) with respect to u and var(Y|D = d,S = 1,X = x) is bounded
uniformly over D x X.

E[|Y[]?|S =1,D = d, X = z] is continuous in d uniformly over X.

(iii) The following terms are op(1) for d € D: ||Afia(X)||2, sup,ey, IAR[Y|Y >y, 8 =1,D =
d, X]l|2, [|A3(d, X)||2, sup, IAQ%(p, X) |2, where Yy be a compact subset of the support of Y.

(i) The following terms are op(1/v/nh) for d € D:
sup,cy, IAEY|Y >y, 8 = 1, D = d, X]||al| Afia(X)
Dy 0.) 18Q (0, X) 2 (5D 0.y 1AQUD, X) 2 + [ A71a(X) 2 + [ A5(d, X))
125(d, X)2 (I185(d, X) 2 + b, ey, [ABY]Y =y, 8 =1, D = d, X][ls + [|Afa(X)]l2).

(v) h — 0, nh — oo, Vnhh? — c € [0, 0).

Assumption 8(i) requires the generalized propensity score (GPS) pq(X) to be bounded away
from zero, which is the standard overlap assumption (Semenova, 2024). We note that such common
support assumption should be made with care in practice and is strong especially with many
control variables (D’Amour et al., 2021). In our empirical application, we find a common support
by trimming away observations whose estimated GPSs are smaller than some fixed trimming
parameter. Details are in Section 7 and Section B.1 in the online appendix.

Assumption 8(iii)(iv) gives tractable high-level rate conditions on the nuisance function esti-
mators. These are standard conditions similarly assumed in the DML literature (Chernozhukov
et al., 2018; Colangelo and Lee, 2025). The rate conditions use a “partial Ly” norm in the sense
that the regressor D is fixed at d and the expectation is based on the marginal distribution of X,
e.g., [|AS(d, X)|2 = ( [,(5(d, z) — s(d,z))* fx (x)dx)l/z. See Colangelo and Lee (2025) for detailed
discussion on the low-level conditions of the nuisance function estimators that satisfy such high-
level conditions, such as kernel, series, and neural network in low-dimensional settings with fixed

dimension of X. In high-dimensional settings where the dimension of X grows with the sample
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size, our inference theory is valid as long as the nuisance function estimators satisfy the high-level
rate conditions, e.g., Lasso, as we illustrate in Section 6.2.

Similar to Assumption 4, Assumption 9 imposes conditions on the grid.

Assumption 9 Let s(™(d, x) be the m* derivative of s(d,z) w.r.t. d form € {1,2,...}. Let D =
Dyp UDey for any x € X, where Dy, = {d : s"™(d, ) = 0,Ym > 1} and Dy, = {d :sM(d, x) #
0,3m < oo}, If Dyp # 0, let M, = min{m : s(™(d,z) # 0,m = 1,2,...Vd € Dy} < oco. If
D, =0, let M, =0. Let M = max,cx M,. Let an equally spaced grid Dy = {d,..,d;} C D with
J = 0(s," V™) and s, = Supyep oex |3(d, 2) — s(d, )| = op(1).

Theorem 3 Let Assumptions 5, 6, 7, 8, and 9 hold. Then ford € D, Ed—ﬁd =n Y " pawr (W, &)—
By + op(1/V/nh), where ¢ay(Wi, &) = gavr(W;,&)/mar — W(Wi, €)By/mar. And Vnh(Ba — Ba —
hQBdU) a4 N(0,Vay). Similarly for the lower bounds, @ — Pa = nY T b (Wi &) — Ba +
op(1/V/nh), where ¢ (W;, €) = gar,(Wi, €)/mar — b (W;, €)Ba/mar. And Vnh(Ba— Ba— h?Bay) t
N(0,Vqr) , where Bay, Vau, Bar, and Vg, are given explicitly in the proof in the Appendiz.

We can estimate the asymptotic variance Vg by the sample variance of the estimated in-
fluence function Vyy = hn~! Yo 1gde(VVi,€)2 As described in Section 4, we could estimate
the leading bias Bgy by the method in Powell and Stoker (1996) and Colangelo and Lee (2025).
Let the notation ﬂdb be explicit on the bandwidth b and BdU = (ﬂdb — Bd ab)/( (1 a2))
with a pre-specified fixed scaling parameter a € (0,1). Then a data-driven bandwidth hay =
(Vi /(4B2,))/5n=1/5 consistently estimates the optimal bandwidth that minimizes the AMSE.
For the lower bound, the same estimation applies to \7dL, @dL, and iLdL. Then we can choose an

undersmoothing bandwidth h that is smaller than iLdU and ﬁdL to construct the 95% confidence
interval @— 1.96 x U/;L/\/E, §d+ 1.96 x U/C}E/\/E] with o47, = ﬁ and oy = @. Under
additional assumptions, we can straightforwardly show consistency of \7de @dU, and iLdU following
Theorem 3.2 in Colangelo and Lee (2025), so we omit the repetition.

We can bound the ATE of increasing the treatment from dy to d2, Ay 4, = Ba, — Ba, <
Bay, — Ba, < BdQ — @ =: AdldQ. Denote the bandwidth in é p and Ed be hyr, and hgy, respectively.

Corollary 2 (ATE) Let the conditions in Theorem 3 hold. Let Vi, = E[(da,u — ¢a,1)?]and
Vin = El(¢apr — bav)2]. Then iNVun > (Asa, — Dy, — (h2,Bays — B3, Bay)) — N(0,1)
and iV (Dg 0, — Dava, — (B2 Basr — B2, yBayr)) —= N (0, 1).

The variance can be estimated by Vi, = 07t S0 (¢ay (Wi, €) — ¢a, (Wi, €))% and Vp,, =
S (bayr (Wi, €)—da,u (Wi, €))2. The 95% confidence interval [Adldz—l.%x \/V_M/\/ﬁ, Zd1d2+
1.96 % /Virn/v/1].
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6.2 First-step nuisance parameter estimation

We illustrate our estimation procedure by applying Lasso methods in Step 1 to estimate the
nuisance functions, when X is potentially high-dimensional. We provide sufficient conditions to
verify the high-level Assumption 8. We follow Su et al. (2019) (SUZ, hereafter) to approximate
the outcome, selection, and treatment models by varying coefficient linear regressions and logistic
regressions. Particularly, the penalized kernel-smoothing least square and maximum likelihood
estimations select covariates for each value of the continuous treatment. The approximation errors
satisfy Assumption 10 below that imposes sparsity structures so that the number of effective
covariates that can affect them is small. See Farrell (2015), Chernozhukov et al. (2022a), for
example, for in-depth discussions on the specification of high-dimensional sparse models.

To estimate the Q%(p, x), we first estimate the conditional CDF Fyspx(y|l,d,z) and then
compute the generalized inverse function. To estimate the conditional density pq(x) = fpx(d|z),
we first estimate the conditional CDF Fpx and then take the numerical derivative. We estimate
the s(d, x), Fp|x, and Fy|spx by the logistic distributional Lasso regression in Belloni et al. (2017)
and SUZ. We modify the penalized local least squares estimators and use the conditional density
estimator in SUZ. For completeness, we present the estimators and asymptotic theory in SUZ in
the Appendix and refer readers to SUZ for details.

Let b(X) be a px 1 vector of basis functions and A be the logistic CDF'. Define the approximation
errors r4(x; Fp) = Fpx(djx) — A(b(x)'Ba), Tay(x; Fy) = Fyispx (y|1,d, x) — A(b(z) aay), Ta(z;5) =
s(d,x) — A(b(x)'0y), and r4(z; p) = pav (7, ) — b(x) 4.

Denote the usual 1-norm |lafy = >°7_, |y for a vector a = (au, ..., ;). Denote |[W|po =
SUP e [w] and [[Wlley, 2 = (N7 ' 22,0, WP)'/? for a generic random variable W with support W.
Assumption 10 collects the conditions in Theorems 3.1 and 3.2 in SUZ.

Assumption 10 (Lasso) Let Dy be a compact subset of the support of D, Yy be a compact subset
of the support of Y, and X be the support of X.

(i) (a) || maxj<, [b;(X)|||poo < G and C < E[b;(X)?*] < 1/C, for some positive constant C,

J =1, (b) suPyep, yey, max(||Ballo; [[aayllo, [[0allo, |7allo) < s for some s which possibly
depends on n, where ||0||o denotes the number of nonzero coordinates of 6.

(¢) supgep, Ta(X; Fp)llp, 2 = Op((slog(p V n)/n)'/?) and supep, yey, (HTdy(X% Fy)k((D —
d)/h1)1/2|‘pn,2+||7“d(X;S)k((D_d)/hl)l/Q||]pn72+H7ﬂd(X;p)k((D_d)/hl)l/Qllpn72> = Op((slog(pVv
n)/n)l/Q).
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(d) SUPgep, I7a(X; Fp)llpoo = O((s°C log(p\/”)/”)l/Q) and SUPgeDy,yedo (||Tdy(X; FY)HROO+
[ra(Xs8)llp o, + [[ra(X: 9),.) = O (822 105w v )/ (mh)) ).

(e) fpix(d,x) is second-order differentiable w.r.t. d with bounded derivatives uniformly over

(d,x) € Dy x X. (f) (3s*21og(p V n)/(nhy) — 0, nhi/(log(p vV n)) — 0.

(i1) Uniformly over (d,x,y) € DoxX XYy, (a) there exists some positive constant C < 1 such that
C < fpix(dlz) <1/C, C < Fyispx(y/1,d,x) <1—C, and C < s(d,z) <1-C; (b) s(d, r)
and Fyispx(y|1,d,x) are three times differentiable w.r.t. d with all three derivatives being
bounded.

(iti) There exists a sequence v, — oo such that 0 < k' < infszo|sj0<sn [[B(X)0]lp,2/[0]]2 <
SUP;20, 1510 <sn 1P(X) 0,2/ 110]l2 < K" < 00 w.p.a.1.

Let Assumption 10 hold. Then Theorems 3.1 and 3.2 in SUZ imply sup g, ep, < |3¢(d, z) —
s(d, )| = Op(An), SUD(g.4)eDyx X,ue(0,1) \@?(U, 2)=Q(u, )| = Op(Ay), SUD (d,2,y)€Do x X x Vo ’AE[Y‘Y 2
y,S =1,D =d, X = 1]|Op(Ay), where A, = 1,,(log(pVn)s®¢2/(nh1))'/2. And sup g ey liae(x)—
pa(z)] = Op(R,), where R, = hi*(log(pVn)s2C2/n)*/2. Then we can obtain the L, rates || — &|
to verify Assumption 8. In particular a sufficient condition of Assumption 8(iii) is 4, — 0 and
R, — 0. And a sufficient condition of Assumption 8(iv) is vVnhA,R, — 0 and vnhA2 — 0.

7 Empirical illustration with covariates

We illustrate our DML estimator by evaluating the Job Corps and CCC program. First in Step
0, we prepare a sub-sample that satisfies Assumption 8(i) for estimating the bounds. We use the
full sample to estimate the GPS by fi4(X;) and the selection probability by §(d, X;). We obtain
a sub-sample where fi4(X;) > trimgps and 5(d, X;) > 5% for all i in this sub-sample and for
all d € Dy, where the trimming parameter trimgpgs is based on Imbens (2004) and detailed in
Section B.1 in the online appendix. Then we use this sub-sample to estimate the bounds following
the procedure described in Section 6.1. For JC, we remove 11 observations whose 5(d, X;) < 5%
for some d € Dy, and no observation is removed by trimgps. For CCC, we remove 94 observation
whose fiq(X;) < trimgps, and all observations have 3(d, X;) > 5%. So we only trim a small
number of observations relative to the sample size.

In Step 1, we use the Lasso estimation given in Section 6.2. We present the results with a linear
basis function b(X) for the regularized varying coefficient linear regression, e.g., pau(m, X) = X'v,.

Results with a quadratic basis function for specification robustness and implementation details are
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in Section B in the online appendix. Same as the setting in Section 5, we use the Epanechnikov

5
/ Xy,

kernel with a undersmoothing bandwidth and ten-fold cross-fitting. Let hy = 1.05x 6 p X nzl
where we use a range of constants ¢; for robustness check.

We allow subjects to have different sufficient treatment values depending on X, i.e., the mini-
mizer of the conditional selection probability given X and D = d. So we might tighten the bounds
and the confidence intervals, or capture heterogenous causal effects that are not revealed without
the covariates. Figure 3 reports histograms of the sufficient treatment values, {JATxi,i =1,..n}.
For Job Corps in the left panel, most sufficient treatment values are 40 or 2400, but we also see
values over D. In particular, about 20% of the participants have dat, = 40, i.e., 40 training
hours give them the lowest likelihood of employment. For about 9% of the participants who have
dat, = 2400, any hours smaller than 2400 would help employment. For the CCC data in the right
panel, about 59.2% of the participants have dat, < 0.5 years and about 26.19% of the participants

have dat, > 1.2 years.

Figure 3: Histograms of the sufficient treatment values
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7.1 Job Corps

We follow the literature to assume the conditional independence Assumption 6, which is indirectly
assessed in Flores et al. (2012). It means that receiving different levels of the treatment is random,
conditional on a rich set of observed covariates measured at the baseline survey. We may further
use a control function with an instrumental variable to address the concern that the conditional
independence assumption might not hold (Imbens and Newey, 2009; Lee, 2015).

The top left panel of Figure 4 shows the estimated selection probability ]E[Sd] with covariates
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and without covariates.” The bottom left panel of Figure 4 presents the estimated bounds [@, 5d]
and the 95% confidence intervals. We find a positive intensive margin effect: increasing the training
from 1.5 week to 9 months increases log weekly earnings by at least 0.224, at 5% significance level.
This is from the largest lower-bound estimate for the ATE of switching hours over D. That is, we
find the largest ATE [1446.465 — Bo3.83s bounded by [0.224,0.718] with the 95% confidence interval
[0.127,0.865].8 We also not that we do not find significant positive effects on level of weakly
earnings.

Consistent with prior empirical research on the Job Corps, e.g., Flores et al. (2012) and Hsu
et al. (2023) have found inverted-U shaped average dose-response functions on labor outcomes.
The concave shape is reasonable to consider the optimal treatment intensity in other settings. Our
sufficient treatment values assumption does not assume any shape restrictions and hence includes
a concave or monotone selection response.

For comparison, the top right panel presents the bounds without X, [par, pav| (red solid line)
given in Figure 4. We also compute two point-estimators of the average dose-response function
“ignoring selection” and “no effect on selection” by the DML estimator in Colangelo and Lee
(2025) incorporating X. The “ignoring selection” estimates use the full sample including those
with zero outcomes, while the “no effect on selection” estimates use the selected sample with
positive outcomes. Our bounds are around the “no effect on selection” estimates, as expected.

To demonstrate the usefulness of the DML method, the bottom right panel presents two al-
ternative estimators from Lemma 2: the regression-type estimator of E[34(X )mar(X)]/E[mar(X)]
(Bounds p(-)) and the inverse-probability-weighting estimator of lim_,o E[may (W, §)] /™ ar (Bounds
m(+)). These two estimators are not doubly robust, so we see that they are both biased downward,

compared with our bounds (Bounds ¢(-)) using a doubly robust moment function.

7.2 Civilian Conservation Corps (CCCQC)

We study the effect of service duration on the age at death, using the data for panel A of Table III
in Aizer et al. (2024). They include the 17,639 men (75% of the original sample size 23,722) who
have information on death age and who dies after age 45. Aizer et al. (2024) investigate the extent
of sample selection and the effects of missing data on their estimates, and conclude modest bias

from non-random attrition. They estimate an accelerated failure time model with added controls

"We estimate the selection probability E[S,] with covariates X by the DML estimator in Colangelo and Lee
(2025), B[Sa] = n~1 320y s, Kn(Ds — d)(Si — 8e(d, X))/ frae(Xi) + 0(d, X).

8¢; = 1. For robustness check, we find positive ATE at 5% significance level over ¢; € {0.75,1,1.25,1.5,1.75}
and using a linear or quadratic basis function b(X) in Section B.3 in the online appendix. The undersmoothing
bandwidths range from 159.008 to 259.490.
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Figure 4: (Job Corps) Estimated selection probability and bounds with covariates
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for the characteristics of the enrollees and the camps to show that the estimates remain stable.
They find one more year of training increases the death age by one year.

From the histograms of the death age and log(death age) in Figure 13 in Section B.4 in the
online appendix, we see that the distribution of log(death age) is more skewed. So we use the level
of death age as our outcome variable Y and estimate the bounds for ; = E[death age|AT)].

We consider one hundred equally spaced grid points Dyp9 C D = [0.238, 1.5], which are from
the 15% to 85% quantiles of duration in years. Figure 5 reports the estimates without using
covariates. The largest ATE is when increasing duration from 0.238 to 1.488 years with the bounds
[0.747,1.765] and 90% confidence interval [—1.031,3.476].° The proportion of always-takers, or

9The undersmoothing bandwidths range from 0.1909 to 0.4409. v = 0.01 and ¢; = 1. For robustness check, the
lower bound estimates of the largest ATE with ¢; € {0.75,1,1.25,1.5,1.75,2} are positive but insignificant at 10%
level.
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the minimum selection probability, is 7ar = §(0.2382) = 0.8155. Our sufficient treatment value
Assumption 2 means that if the participants’ death ages are observed when they received 0.2382
years of service, then they would remained observed for any duration over these one hundred grid
points.

Next we include covariates as in column (3) Add Indiv Controls in Panel A in Table IIT in Aizer
et al. (2024). Figure 6 reports the estimates with covariates. The largest ATE is when increasing
duration from 0.238 to 1.156 years with the bounds [1.169,1.755] and 95% confidence interval
[0.366,2.795]. That is, increasing duration from 0.238 to 1.156 years would at least increase the
average death age by 1.169 years and the effect is significant at 5% level, which is consistent with
the findings in Aizer et al. (2024).1° However, the effects are not significant for other choices of
c1. By the histogram in Figure 12 and summary statistics in Table 2 in the online appendix,
the distribution of duration might have mass points at 0.5, 1, 1.5, 2 years. So the caveat of
implementing our method on this dataset is that the smoothness conditions could be violated. This
may explain why the estimates in Figure 6 are not smooth. Nevertheless, we are able to implement
our method at a coarser grid with 100 grid points and assume the distributions are smooth locally
at these grid points. We also consider thirty equally spaced grid points D3g C D = [0.238,1.5] in

Figure 7 and obtain similar results as Djgo.'

8 Conclusion

We study causal effects of a treatment /policy variable that could be either continuous, multivalued
discrete or binary, in a sample selection model where the treatment affects the outcome and also
researchers’ ability to observe the outcome. To account for the non-random selection into samples,
we provide sharp bounds for the mean potential outcome of always-takers whose outcomes are
observed regardless of their treatment value, generalizing Lee (2009)’s bound. We propose a novel
sufficient treatment value (set) assumption to (partially) identify the share of always-takers in the
observed selected d-receipts for each treatment value d.

By incorporating pretreatment covariates X, we allow for unconfoundedness and allow subjects
with different values of X to have different sufficient treatment values, which might tighten the
bounds, increase precision (tighten the confidence intervals), and reveal heterogeneity, as we illus-

trate in our empirical analysis of the Job Corps and CCC programs. The inference procedure is

103 = 0.01 and ¢; = 1.5. For robustness check, the lower bounds with ¢; € {1.75,2} and linear/quadratic basis
functions range from 0.288 to 0.54 but are not significant at 10% level. The undersmoothing bandwidths range
from 0.162 to 0.313.

HThe largest ATE is when increasing the duration from 0.238 to 1.109 years with the bounds [1.255,1.822] and
95% confidence interval [0.43,2.918]. ¢; = 1.5. The undersmoothing bandwidths range from 0.158 to 0.294.
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Figure 5: (CCC) Estimated selection probability and bounds without covariates
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robust to extensive margin, allowing for any unknown functional form of the selection probability

with respect to treatment.

There are many potential applications of our bounds for continuous/multivalued treatments.

For example, Ao et al. (2021) study the multivalued treatments of the Workforce Investment Act

program on participants’ earnings. Cesarini et al. (2017) use Swedish lotteries data to study the

effect of wealth on labor supply.
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Figure 7: (CCC) Estimated selection probability and bounds with covariates over D
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Appendices
Proof of Lemma 1: The proof is implied by Theorem 1 with M = 1 and d; = dar. O
Proof of Theorem 1: P(Sy =Sy, = ... =S4, = 1) = P(Sq, = 1,{Sq, = ... = Sq,, = 1}) =
P(Sdl = 1) +P({Sd2 = ... = SdM = 1}) _P<Sd1 =1lor {Sd2 = ... = SdM = 1}) Z P(Sdl =
1) +P({Sa, = ... = S4,, = 1}) — 1 that is the Fréchet-Hoeffding bound. The same argument gives
]P)({Sdm = ... = SdM = 1}) 2 ]P)(Sdm = 1) + P({Sdm+1 = ... = SdM = 1}) — 1 form = 2, ,M — 1.

Under Assumption 1, P(S;, = 1) = s(d,,). So we obtain 7 by induction.
Denote the always-takers AT = {S; = 1 : d € D} and the d-complier CP; = {S; = 1, Sy =
0 for some d' € D}. By the law of iterated expectations,

E[Y|S =1,D = d] = E[Y,|S; = 1] = E[Y,|S; = 1,AT] - P(Sy = 1,AT|S; = 1)
+ E[Y;]Ss =1,CPy] - (1 = P(S; = 1,AT|S; = 1))
= ﬂd . WAT/S(d) —f-E[YdlSd = 1, CPd] . (1 — WAT/S(d)).

Then we apply Proposition la in Lee (2009). Specifically, we replace AY? in Lee (2009) with
EY|D = d,S = 1,Y > Q41 — war/s(d))], replace py with 1 — wat/s(d), replace D = 1 with
D = d, replace Y{* with Yy, replace {Sy = 1,.5; = 1} with AT | replace {Sy = 1,5; = 1} with CPy,
and remove E[Y|D = 0,5 = 1]. Then the same arguments in the proof of Proposition la in Lee
(2009) yields that 8; < E[Y]Y > Q41 — war/s(d)), D = d, S = 1] =: pau(7ar) that is sharp.
Since pgy(mar) is decreasing in mar, par(7Tar) < par(7M) that is sharp. A similar argument
for the sharp lower bound follows. O
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Proof of Theorem 2: We prove the result using a given dar and Dj,. In the later section
Misclassification of the proof, we show that using dar , 1s equivalent asymptotically. Let W;
be a generic random variable and W denote the observations W; for i ¢ I,. Denote the sample
average operator over all observations as E,[W]:=n"1>"" | W;, the sample average operator over
the observations in group [, as E, [W] := n[l D oic 7, Wi, the sample average operator over the
observations in group If as E [W] := (n —ng)™' Y, 1¢ Wi, and the conditional mean operator
given the observations in group I as E,[W] := E[W|W¥¢]. Denote as 1, := 1{Y; > Q%(1 — p)} and
10 = 1{Y; > Q¥(1 — p,)} for i € I,.

We first derive the asymptotically linear representation m) —pav (7) = E,, [pav]+0p(1/v/nh),
where for p = pg < 1,12

Garr = (b12 + ¢3 — pav (m)p1)p ", (4)
o Kn(D — d)S _ _ _
b = g V1 ED D =d .S =1).
P12 = ¢y = ¢1Q (1 — p) — d2(1 — p)Q(1 — p) fyps(Q?(1 — p)|d, 1),
1 = <¢7r - p¢s<d)) /3<d)7 with
ould) = (5 — s(d) L= & B (6] + op(1/VAR),

fp(d)
) 08 — B (o] 4o i L Kn(D—=d)S (1 —1{Y <Q%n)})
Qé (T) Q ( ) - ]E’ng [9252( )] + P(l/\/_h')v th ¢2( ) T S(d)fD(d)fy|Ds(Qd(T)|d, 1)

For m = ZdeDM s(d) - Mi1\>¢7r = ZdeDM ¢8(d)'

For the lower bound par(7) — par(7) = K, [par] + op(1/vnh), let 1 = 1{Y < Q(p)}, 1¢ =
HY; < Qi(p)}, and 12 = ¢y = 41Q%(p) + ¢2(p)Q(P) fyps(Q(p)|d, 1). For p = 1, ¢ar =

K,(D—d)S

Gar, 1= T2 (V —E[Y|D = d, 5 = 1]).

We focus on the upper bound pgy(7) in the proof, and similar arguments for the lower bound
par(m) are given later.

Let pau(m) =: num/p, where num := E[Y1{Y > Q%(1 —p)}|D = d, S = 1]. By a linearization
of the estimator,

—_—
— num —num  pau(m)

pav () — pav () = 5 (p —p) + Op (|[oum — numl||||p — pll + 5 —plI?) . (5)

Decompose the numerator estimator num = L~' 34 num in (5) to the Stepl&Step2 esti-
mation error and the Step 3 estimation,

——Y Eng [YieKh(-D - d)S] Y 0
num = = num,y + nums, where

E, [Kn(D — d)S]

12To simplify notation and without loss of clarity, we suppress the subscript of d in py.
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_ E, [Y(1!-1)Ky(D —d)S] ____ E,, [Y1K,(D —d A
sty = T Y= DIND = d)S] o B WIKWD = d)S] 220 _ g (D — a)s).
den den

To derive the influence function at each step, we use the following four Claims, whose proofs
are in the online appendix.

Claim-Stepl: For any d € D, (i) §(d) — s(d) = E, [¢s(d)] + Op(1/(nh) + h*) = Op(1/v/nh+ h?).
(it) limp—0 RE[¢7(d)] = Vi) Br/ fo(d).
(iii) For any d' # d, limp_.o hE[dga)Ps)] = 0.
(iv) Let p = #/5(d) — v. p— p = Bulos] + Op(L/(nh) + h%).

Claim-Step2: Theorems 3.7 and 4.1 in Donald et al. (2012) provide that for any d € D, Q%(r) —

QY1) = E,[¢po(7)] + op(1/vnh), uniformly in 7 € [0,1]. And Vi(7) := lim,_o hE[po(7)?] =
7(1-7)R

S(d)fD(ﬂl)fY\Ds(Qk"l(T)\d,l)2 ’

Claim-Step3: den — den = Op(1/v/nh + h?), where den = s(d)fp(d). num; — E[Y1|D =
d, S = 1] = E,,[¢s] + op(1/v/nh). limy_o hE[$3] = VaRy./(fp(d)s(d)).

Claim-SE: aump = num’ty + op(1/v/nh), where
numty = (5 = p)Q(1 = p) — (QH1 = p) = Q1 = p)) Q"1 = p) frips(Q"(1 — p)ld, 1)

for pyp(m), and numi, := (pe — p)Q*(p) + (Q?(P) - Qd@)) Q(p) fy1ps(Q(p)|d, 1) for prp(T).

Rum — num = numt, + mg —E[Y1|D =d, S = 1] + op((nh)™1/?)
— (= P)Q"(1 = p) = (Q¢(1 = p) = Q"1 =) Q"1 = ) frips(Q*(1 = p)Id, 1)
+Ey, [¢5] + 0p((nh)~1/?)
= E;,[0:]Q"(1 = p) — E, [0]Q"(1 = p) frips(Q(1 = p)Id, 1) + En, [¢s] + 0p((nh)™2),
where the first and second equalities is by Claim-SE and Claim-Step3, and the third equality is

by Claim-Stepl and Claim-Step2.
Note that L~ 25:1 K7, W] =1L 25:1(71_”6)_1 Zielg W; = (L(n—n/L))~"(L-1) > i Wi =

E,[W]. And L= Y E,,,[W] = E,[W]. Then mum—num = L™ Y"1 um’ —num = B, [¢,Q%(1—

p) — 02Q4(1 —p) fyps(Q*(1 —p)|d, 1) + ¢3} +op(1/v/nh) = B, [¢1a + ¢3] +op(1/v/nh). By (5), we
obtain ¢.

Variance. We derive the asymptotic variance Vg by E [( U+ ¢ — de(ﬂ)qgl)?] — E[¢l{22 n

@3+ pav (m)2¢% + 20%,03 — 2pav (1) 10Y, — 2pav (T)P1¢3]. Since ¢1 does not involve Y, the law of
iterated expectations yields limy_,o hE[¢1¢2] = 0 and limy,_o hE[p1¢3] = 0.
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i E[O8] = limo(E[G2] + 5° - REIO2AN)/d)* = (Ve + Via) B/ (ol d)s(@). by
Claim-Stepl (ii)(iii), where V; = Vj dATJ)fD( )/ fp(dar,) if 7 = s(dar,). Under Assumption 3,
when d € Dy so that 7 contains s(d), there is an additional term in limy,_,o hE[¢?],
—2p i hE[56,(d))/5(d)? = ~20Viga) R/ (F(d)s(d)?).
limy o E | 64”| = Ty o A [62] QU(1—p)?* + HE [62(1 — p)] Q41— p)2fyips(QU(1 —p)Id. 1)
By Claim-Step2, limy,_,0 hE[ps(1 — p)?] = V(1 — p) = DTl )fY(\lDSp()C;dk(l —yamz- We obtain V5.
limy, 0 RE[¢1 %] = limy, 0 hE[Qﬁ]Qd(l —p)-
For E[¢1U2¢3]’

hE[¢2(7)¢s] % s(d)* fp(d)® frps(Q%(7)]d, 1)
— hE [SKx(D — d*E[(Y1 —E[Y1|D = d,S = 1)) (r — 1{Y < Q%(n)}) |D, ]]

= hE [SKh(D - d)2<IE[Y1\D, Slr —E[Y1|D =d,S = 1]r

YE[Y1D =d,S = E[1{Y < Q%(r)}|D, 5])} (6)
— Rys(d) fo(d)TE[Y1|D = d, S = 1]
as h — 0. So limy_o hE[¢pUps] = limy o —hE[pa(1 — p)és]QUL — p) fyips(QI(1 — p)ld, 1) =
Vas Ry, /(2fp(d)s(d)).
For prp(p) with 1 = 1{Y < Q%(p)}, (6) becomes hE [SKh(D - d)2(E[Y1|D, Slp—E[Y1|D =
d,S = 1p +E[Y1|D = d,§ = 1JE1{Y < Qd(p)}|D,S]) - ]E[Y1|D,S]] — Rys(d) fo(d)(p —

DEYLD = d,5 = 1]. S0 limy 0 KE[¢kyos] = im0 RE[03(5)65)Q"(0) fyps(QX(0)|d, 1) = —(1 —
P)EY1D =d, S =1]Q"(p)Ry/(s(d) fp(d)) = VasRi/ (2fp(d)s(d)).
Putting together the above results yields Vyy = limy, g p_Q{hE[ﬁ] QY1 = p)? + pav(m)? —

2pau (m)Q(1 — p)) + hE[¢2(1 — p)?] - Q%(1 — p)2fY|DS(Qd(1 —p)|d, 1)* + hE[¢3] + h2E[¢12¢3]}-
Bias. We show E[¢q] = h?Bay + op(h?), where Byy := (B — pBs(d))Q%(1 — p)/s(d) — Ba(1 —
p)Q%(1 = p) fyips(QUL — p)|d, 1) + Bs — pay(m)Bi)p~"' derived below. So the bias is first-order

asymptotically ignorable by assuming v'nhh? = o(1).
Assuming the second derivatives of s(d) and fp(d) are bounded continuous,

El¢s(d)] = E[(s(D) — s(d)) Kn(D — d)/ fp(d)] = h*Bi(d) + op(h?), where
Bld) = e {(50) = @) (0} o o)

Under Assumption 2, By = By(dar). Under Assumption 3, El¢,] = > ,cp E[ds(d)], so By =
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> dep, Bs(d). We obtain B, = (Br — pBy)/s(d). By the same argument,

Eléa(1 - p)] = E {m ~ Fyps(@U(1L—p)|D. 1))
= h*Bsy(1 — p) + op(h?), where

(D = d)s(D) ]
@@ frps( Q71— )4, 1)

By(1—p) = Edd— <7r - Fm(@ (1= p)lo, D) o))}/ (5(d) fo () frips(Q(1 = p)ld, 1)
{ (D) (EY1|D,S=1]-E[Y1|D=d,S = 1])} = h?Bs + op(h?), where
B; = gddZ{fD ( Y1D=v,5=1]—-E}Y1|D=d,5=1])}| _,/(s(d)fp(d)).

Similarly for the lower bound, Byp, := (Bz—pBs(d))Q%(p)/s(d)—B2(p)Q(p) fv1ps(Q%(p)|d, 1)+
Bs — pau(m)By)p~t, where 1 = 1{Y < Q%(p)}.

Asymptotic normality. The asymptotic normality follows from the Lyapunov central limit the-
orem with the third absolute moment. Specifically, the Lyapunov condition holds if lim,,_,o n~"/2h%/?
E[|#|*] = 0. Under the condition that E[|Y|*1|D = d, S = 1] is continuous in d € D, we can show
that E[|¢3|’] = O(h™2) by a similar algebra as for the variance in Claim-Step 1(ii).

Misclassification. Let the true 7; = s(d;4+1) —s(d;) with the estimate 7; = §(d;j4+1) —$(d;). First
consider cZATJ = arg Mingep, $(d) = dj € D, and 7, = 0. As both dj and dg4; are minimizers
of s(d), ij, and ij,+ . are point-identified. There is no misclassification problem, as we can use
dar, = dy and P, = min{3,(d;)/5¢(d;41),1} — v in finite samples to estimate valid bounds at
d = dj 4, that contains the point estimates ij,+1.

We consider misclassification when 7; < 0 < 7; or 7; > 0 > 7; for some j € {1,...,J — 1}.
Suppose 7; # 0, dar = argmingep s(d) € Dy, and dar, = argmingep, s(d) € Ds . Because
|75 —7;] <18(djs1)—s(djs1)|+]5(dj)—s(d;)| < 2s,, misclassification implies that 0 < |7;| < 2s,,. For
a discrete multivalued treatment, |7;| > 2s,, for n large enough, which implies correct classification.
For a continuous treatment, let D = D — D, so dj4; — d; = D/(J — 1) for all equally spaced grid
point d; € D;. By the Taylor expansion and mean-value theorem, for d; € D, for some d; between
d; and dj;q, and for some generic constant C,

M—1
il = 37 st (d)D™/(mi(J — 1)™) + s (d)DM /(M1(T — 1)M)| > ¢/ M.
m=1

Assuming for n large enough, 2s, < C'J -M , and hence |7;] > 2s,,, which implies correct classifi-
cation, for all j € {1,..,J — 1} and J > 2. So for n large enough, there is no misclassification and
OZATJ = dar, = argmingep, s(d). Similarly in each leave-out group /, CZAT“ = argmingep, 5¢(d) =
dar , = dat, for n large enough.
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Since s(d) is continuous, as J — 00, |dar, — dar| < D/(J —1). So dar, — dat as J — oo. [

Proof of Lemma 2: Let pg(X) := 7/s(d, X). E[may(W,&)|X = z]

:EmwuyzQ%LﬂM@JMSzLaxzxmup—@w:LX:ﬂszg;:@
EY1L{Y > QU1 — py(z),2)}[S = 1,D = d + uh, X = z]k(u) fp|x—s5-1(d + uh)du
P(S=1|X =x)

fa(z)
~ BYLY > QUL - pul@).2)}IS = 1,D = d, X = a] - fppxmpsr(d) o= o)

pa()
=E[Y|Y > Q%1 —pyg(x),2)},S =1,D = d, X = z|pg(z) - s(d, z) + o(h) = pav (7, ) - 7 + o(h).

Then the aggregate sharp upper bound is [, pav(mar(x), z) fx(2|Sey = 1:d € D)dx =

[y pav(mar(x), 2)mar(2) fx (@ )m—ljf()diﬂ limy, 0 E[mau (W, €)] /mar.
Similarly for the lower bound, deﬁne

Ky (D —d)
pa(X)
For X; € X;, define the moment function to be m’, (W, &) := mgr,(W, €) with map(X) = s(d;, X).

To construct orthogonality as h — 0, corl, (W,€) = Q4(paa,(X), X) (KZE?;;]')(S — s(dj, X)) —

mar (W, §) = S Y - H{Y < Qd(pd(X)7X)}-

o paa, (X)(S — s(d, X)) + F2EE (1Y > Q(pag,(X), X)} — 1 +pddv<x>)) + (pa(X) —
En(D = d)EY[Y < QUpas,(X),X),D = d,§ = 1,X]2%5.

function is g}, := mJ; + cor’;. O

Proofs of Theorem 3: For ease of exposition, we collect the notations below.
Notations. «:= [~ w?k(u)du. Kg:= K(D —d), sq := s(d, X), A\g := 1/pa(X

)-
For the upper bound, Q := Q%(1 — paq,(X), X), 1 := 1{YV > Q%1 — pya,(X), X)}, p :=E[Y |V >
Q,D=4d,S=1,X].
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Ba == (Byu — Byf3a) /mar, where By, := JE[%S(CZ,X)%fmx(d\x)/fm(d])() + 2 s(d, X)] /2,

82

K
By := | 2
v = 97| g2

(fpix(d|X)s(d, z)E[Y]Y > Q,S =1,D =d, X](1 — Fy|spx(Q[1,d, X)))

0?2 0?2
+ QXg, 55 (foix (dj, X)s(dj, X)) — QAg;54; 75 fpx (d51X)
8dj 0dj

2 2

0 0
+(Q = p)Aasa, @fD\X(d,X) — Qg

@(fmx(d\X)S(d?X)(l — Fy1spx(QlS = 1,d,X)))].

VdU = (VgU + VIZJBC% — QBdVgUw)/ﬂ'iT, where Vw = RkE[de(l — de))\dj], VgU = [UGT(Y’Y 2
Q, S = 1, D= d, X)de/\d+ (QQ)\dj + (,0- Q)de)sdj(l —de)} Rk, and VgUw = RkE[Q)\ddej(l - de)].

Cdlng = RyE [le (pdldj (X>7 X)Qd2(1 — Pdad,; (X)a X))\djsdj(l - sdj)} :

For the lower bound, Q := Q%(p4a,(X), X), 1 := 1{YV < Q%paqg,(X),X)}, and p := E[Y|Y <
Q,D=4d,5=1,X].
BdL = (BgL — B¢&)/7TAT7 where
k| 0
BgL = §E ﬁ(fDIX(le)S(d’ I‘)E[Yly S Q,S = 1,D = d, X]Fy|spx(Q|1,d, X))
2 2

0 0
+ Q)\djW(fD|X(dj7X)S(dja X)) — QAg;54; @fmx(dﬂX)
J J

2 2

0 0
+(Q— P))\dsdj@fmx(d,)() - Q)\d@(fD\X(d|X)5(d>X)FY|SDX(Q’S =1,d,X))|.

Var := (Vg + VyBi® — 284Vyry) /m3r, where Vg = Efvar(Y]Y < QS =1,D = d, X)sq,\a +
(QQ)\dj + (p - Q)2)\d)5dj(1 — de)} Rk, and Vng/z = Rk]E[Q)\ddej(l — de)].
Carar = RiE[Q (1 = paya,(X), X)Q® (Paya, (X), X)Ag;5a, (1 — s4,)]-

We can write Ed :AA/B, where A = E[gqy(W,¢)] and B = mar. By linearization, A/B =
A/B+(A—A)/B— (B—- B)A/B?+ O[p(|(A —A)(B-B)+ (B - B)2|).

By Theorem 3.1 in Colangelo and Lee (2025), tar =n"* Y o (W5, &) =n~t Y0 w(Wi, &)+
0[@(1/\/ nh), the bias E[ﬁ'AT] — TTAT = h2B¢ + Op<h2), and V nh(frAT — TTAT — th?/)) i) N(O,Vw)

The proof focuses on deriving the asymptotically linear representation of the numerator A:

-1 n : 2 o -1 n : . . . .

Y gar (Wi, &) =t Y00 gau (Wi, &) + op(1/v/nh). By linearization, we obtain the asymp-
totically linear representation 3, — B, = n ™'Y o(W;,€) — B, + op(1/vnh) and the bias
E[B4 — Ba = h2By + 0p(h?). Then we will show vnh(3s — Ba — h?By) > N(0,V,). We first
show the special case under Assumption 7 with J = 1, i.e., everyone has the same known unique

sufficient treatment value dar. The results for J > 2 are implied if there is no classification error.
Finally we show that the classification error is asymptotically ignorable.
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The proof follows the arguments in the proof of Theorem 3.1 in Colangelo and Lee (2025) for
the DML estimator of 8; under unconfoundedness without selection. The new challenges for 3,
arise due to more nuisance functions £ that enter the orthogonal moment function nonlinearly
and complicate the notations. We re-define the nuisance functions so that the orthogonal moment
function is linear in each of the re-defined nuisance functions.

The nuisance function estimator & uses observations Wy. We will show L™ ZeLﬂ E,,g(W, ég) =
E,g(W, &)+ op(1/v/nh) by showing E,,,g(W, &) —En,g(W,€) = op(1/v/nh). Below we suppress the
subscript ¢ in ég to simplify notation as f . We focus on the upper bound as the same arguments
apply to the lower bound.

The orthogonal moment function géU = méU + coriU is denoted as

g(VV, f) = Kd)\dSY]- + Q(de)\dj(S — de) + Kd)\d(sdj — Sl)) —+ (1 — Kd)\d)psdj,

where the nuisance parameter { = (sq;, Q, Aa, Ag;, 0, 1).

Let £, = £\ & for v = 1,..,6. As g(W,&) is linear in each element in &, we can write
gW,E.6.) — g(W,&,6-,) = A, - g_,(E). And g_,(£_,) is also linear in each of the remaining
elements in &_,.

For example, as & = sy, and {1 = (Q, Ag, Ag;, p, 1), we can write g(W, &, Eq)—g(W,&,&4) =
A8y, - g_1(€-1), where g1 (1) = Q(— KgyAg, + Kada) + (1 — Kara)p.

As & =Q aHdAfflz =&\ (§1,62) =& \€2A: (Ady Ag;5 5 1), afld g-12(&-12) = —Kg; Mg, + KaAa,
we can write g_1 (&2, {-12) — g-1(§2,&12) = A& - g_12(§-12) = AQ( —Ade )\dj + Kd>\d)-

Further as §3 = A\g and g 123(§-123) = Kg, we can write g 12(83,§ 123) — g-12(&3,§-123) =
A& - g-123(€-123) = ANaKy. )
We decompose the remainder term E,, [g(VV, £) — g(W, 5)} for £ =1, .., L to the following and

control each term to be op(1/v/nh):

6

E,, [9(W,) —g(W,&)] = > By, [g(W,&,6) — g(W,€)] —Be[g(W,€,6,) —g(W,&)]  (SE)

=1

+E[g(W, €, &) — g(W,€)]  (DR)

+0s | > M =Gl —&lla |+ (Rem)

(DR) We show the sufficient conditions for (DR)= o0,(1/v/nh) are v/nhh?E[|AE,|] = op(1) for
1 =1,2,3,4,5 and vVnh|Q — Q|2 = op(1).

For + = 1,...,5, & is a function of X. We can show E[g_,(£,)|X] = Op(h?) by Assumption 8.
This is the key benefit of the doubly robust moment function. Then by the law of iterated
expectations, [E¢[g(W,&,,6-,) — g(W,&)]| = |[Be[AL - g-.(2))]| < Ee[|A&| - |Elg-.(6-)IX]|] =
Op(E,[|A&,|]h?). So it suffices to assume vVhh?E[|AE,[] = op(1).

For example, by a standard algebra for kernel, we can show that E[K4|X] = p14(X)+Op(h?). For
& = 5a;, |Ee[g(W, &1, 6-1) — g(W, )] | < Ee[[8a, —sa;| - [E[Q(—Ka, Mg, + Kara) + (1 — Kada)p| X]|] =
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Op (Ex [|Asq; |]1%).

The same argument applies to & = Q, Aq, Ag;, p. We can verify E[g_,({-,)|X] = Op(h?) by
Assumption 8(ii), where g_5({_2) = Kg,Ag,(S — sq;) + Kd/\d(sdj — Sl), g-3(§3) = KySY1 +
QKa(sq; — S1) — Kapsa,, g-1(E-a) = QKg, (S —sq,), 9-5(E-5) = (1 — Kgha)sa, -

Now consider (DR) with £ = 1. The following second equality uses fgo (v — Q) fyispxdy =
Jo (v —Q) fyispxdy — 1Qfy1spx(Q)(Q — Q)2 + 02((AQ)?), by Taylor expansion, Leibniz rule, and
uniformly bounded fi5py- S0 Be[Ads - g_¢(¢-6)] = E[(1 - 1) - KadaS(Y — Q)]

o0

=T, [Kd)\dS . </Q (v — Q) fyispxdy — /Qoo(y - Q)fY|SDXdy>}

o [(5(d, %) + 0p() - (= 3Qvisox (Q(Q~ Q) + 02((AQ)) )]
O=(/|AQI[3)-

So it suffices to assume v/nh||Q — Q|2 = op(1).

(SE) We show that the sufficient condition for (SE)= o0,(1/v/nh) is ||A& ||y = op(1) for + =
1,...,5, due to cross-fitting.

Define Aif = g(W17 éw éfb)_g<Wi> 5)_]}35 |:g<W’L7 éu é;L)_g(VVZ'? f)] = Afbg,L(é;L)—]E@ [Ang,L<£,L)} :
By construction and independence of Wy and W; for i € I, E/[A;] = 0 and E,[A;;Ajg] = 0 for

i,J € I ERo[(\/h/ne Y icp, Die)?] = hEAF] = 0,(1), then the conditional Markov’s inequality
implies that \/h/ng Y, A = op(1). So it suffices to show that hE,[AZ] = 0,(1).

Because E[A,g-,(€-,)] = op(1/v/nh) as shown above for (DR), hE,[A%] = Op (h]Eg[(AfL)2
xg-i(6-0)°]) = Oz (RE[(A&)*E[g-.(¢-)1X]] ) = Os (Ec[(A&)?] ), by showing hE[g-.(¢2,)|X] =

Op(1).
Specifically RE[K3|X] = [h k(D — d)/h)*fpix(D|X)dD = [ k(u)®fpx(d + uh|X)du =

By Sy (d X)+0p(1) = Op(1). For example of & = sy, NE,[A%] = Op (RE[(A84,)* E[(Q(~Ka, Mg,
Kada) + (1 — Kd)\d)p)2|X]]> = Op(||AS4,|3). The same argument applies to &, = Q, p, A, Ag, -

For & = 1, it suffices to show that hE,[(1 —1)2- K2\2S(Y — Q)?] = hE,[K2A\2S-E[1{Q < V' <
Q} (Y —Q)?|S, D, X]] = op(1), considering Q > Q without loss of generality. By integration by
parts, E[1{Q < Y < Q} (Y —Q)?S,D, X] = fQ y — Q)% fyispx(y)dy = (Q — Q)ZFY|SDX(Q) —
2f;(y — Q)Fyispx(y)dy = O]p:(|AQ|2) = op(1), because the 1E}St term fg(y — Q)Fyspx(y)dy =
1(Q—Q)?Fyispx(Q) = Op(|AQJ?) for some Q between Q and Q, by Taylor expansion and Leibniz

rule. By the same algebra of kernel as above, we can show hE;[K3A\2S] = Op(1). Then we obtain
the result.

(Rem) We show that the sufficient condition for (Rem)= op(1/v/nh) is || AL ||| A& ||z = op(1/v/nh)
for « # 7.
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Consider a simplified case when there are three elements in £ = (£, &, &3). The same arguments
apply to the general result with more complicated notations. We suppress W in the function
g(W, &) = g(&1, &, &) when there is no confusion. We show the remainder terms in (Rem)

9(€) — g(&) — (9(5175—1) —9(8) — (9(5275—2) —9(8) — (9(&2375—3) —9(9))

— 961,62, 83) + 9(&1, 62, &)

= MG AGg_12(&3) + A& AEG-13(E2) + AbaAlsg_03(61) + A& AEAEsg— 103, Where (7)
9(€) — g(&1,60,63) — (9(E1,6-1) — 9(€)) = Ab1g_1(E2, &) — A1g_1(E2,&3) + Aig—1(Ea,E3) — Abrg_1(2,E3)
= A& AEg 12(63) + A AEg_15(62) + A& A g 12(E3) — A& AGg-12(&3)

= A& A&g_13(&2) + A& AE G 12(63) + A& A (g-12(&3) — 9-12(&3))

= A& AGg-13(8&2) + A& AE g 12(&3) + AGASAE3g 123, and

— (9(&2,€22) — 9(9)) — 9(&3,€23) + 9(€1,&2.63) = —Abog_o(€1,&) + Abog_a(&1,&3) = A& AL g 23(&1).

We start with the term Aé]_AéQg_]_Q(g_]_Q) in (7). We show E, H Vh/ng Zie& A51A529_12<5_12> H =
op(1) by focusing on the second term in g_12({_12) = —Kg, Ay, +KgAg below, as the same argument

applies to the first term. So (Rem) is op(1/v/nh) follows by the conditional Markov’s inequality
and triangle inequalities.

] < \/J/ / 884, [AQ| Ka(D — d)Nafox (D, X)aDdX

N Z A& AEK A

i€ly

< \/neh ( /X /D (A84,) Ka(D — d)Aq fDX(D,X)dDdX>1/2 ( /X /D (AQ)ZKd(D—d)/\d fDX(D,X)dDdX)1/2

— Op (W (/X (As4,)° fX(X)dX)l/2 (/X (AQ)2 fX(X)dX>1/2> = op(1)

by Cauchy-Schwarz inequality and Assumption 8. The same argument applies to other terms in

(7). Specifically, g_13(§-13) = Ka(Q —p), g-14(§-14) = Ky, Q, g- 15(5 15) = 1=Kada, g-16(§-16) =
0. By the law of iterated expectations and assuming E[|g_ h(W £ 1) ‘X ] is uniformly bounded, for

= 34,5, B |0 5, DA g, (V.61 < VAT | 6|6 B [l 7. 1) [X)] <
Vidh ([ (A&)QEUg_mws SIS X)) ([ (A6 E[lgr W, )| X] f(X)ix)
0s (Vi (f (46" re(x)ax) (J‘X(A@) Fe(x)ax) ") = oeta).

The same argument applies to ,, ¢ = 2,3,4,5. Specifically we can show that g_ss = Ky(sq, —
S1), 921 = Kg; (S —54;), 925 = 0, 934 = 0, g_35 = —Ky;54;, 945 = 0.

Now consider £ = 1 = 1{Y > Q}. Then g (&) = KiraS(Y — Q), g-26(€_26) = —KgA\aS,
g-36(&-36) = KgS(Y —Q), and g_,6 = 0 for « = 1,4, 5.

N2 R 2 R
We first compute E, {(Al) ’S,D,X} =E, [(1{3/ >Q} —1{Y > Q}) ’S,D,X} = ‘FY|SDX(Q)_
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Fyispx(Q)] = frispx(Q)]Q — Q| + Op((AQ)?). For AéA&sg-26(E-26) in (7),

|

< \/neh (/X/D (AQ)de(D—d))\ds(D,X)fDX(D,X)dDdX)1/2

Vh/ne)  AQATKgA:S

’iEIg

< /nghEy HAQ’ ‘Ai‘ Kq(D — d)AdS}

) </X /pEe [<Ai)2 S=LD X] Ka(D — d)\gs(d, X) fpx (D, X)dDdX> :

_ 0p (JnTh(/X (AQ)QfX<X>dX>1/2 </X\AQ\fX<X>dX>U2>,

which is 0p(1) by assuming v/nh|AQ|2 = op(1).

Now we turn to AésA&eg_s6(E_ss) in (7). We first compute Ky {(Ai)Q Y —Q||S=1,D, X] =
E(1{Q>Y > Qb+ 1{Q <Y <Q}) [V = QlIS = 1,D, X| = 1{Q > Q} [§(Q-Y) frispx(y)dy+
1{Q < Q} J§(V = Q) fvispx (v)dy = L frispx (Q)(AQ)? + 0p((AQ)?). Then

Eg \/h/ﬂgZAj\dAinS(Y - Q)

i€ly

] < e, ||k [ai[ ksl — al]

.\ 2 1/2
< v/neh (// (md) de(D,X)IEHY—QHS_1,D,X]fDX(D,X)dDdX>
X JD

X <//1EZ [(Ai)2|Y—Q|‘S:1,D,X] de(D,X)fDX(D,X)dDdX>1/2
X JD

—O]p(\/nTh</X (Md)Qs(d,X)EHY—QHS: l,D:d,X]fDX(d,X)dX)l/Q

1/2

<(3 ][ misox(@(aQ7s(a s x)ax) ) + oein),

which is op(1) by assuming vnh|AX|2[[AQ|l2 = op(1) and E[[Y — Q||S = 1,D = d, X] and
Jyispx are uniformly bounded.

In sum, to control the reminder term E,, [g(VV, f) —g(W, 5)] = op(1/v/nh), the sufficient rate
conditions are ||A|[|A& |2 = op(1/v/nh) for © # §, [|AE |l = op(1) for ¢ = 1,2,3,4,5, and
V|| Q - Q|3 = oz (1).

Assuming v/nhh? — C € [0,00) and ||AE, |2 = 0,(1) yields \/%hQEg[ ASq,|] = 0,(1).

We derive the sufficient rate conditions in Assumption 8(iii)(iv) based on |AE]|5. For Q =
Q* (1 Pag,(X), X), AQ = Q41— pag; (X), X) = Q* (1~ Paa, (X), X) + Q1 — paa, (X), X) +Q*(1 -
s, (X).X) = O (supyeon) |40, X) - Q1(p. X)| ) 405 (15(d. X) (e, X)| +]8(d;. X)—s(dy, X))).

For p=E[Y|Y > QS =1,D=d X], |Ap, < |E[Y|]Y > QS =1,D=d, X]-E[Y|Y >
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S=1,D=d X -EY|lY >QS =1,D=d,X]||s <

Q.S =1,D=dX]:+|EY]Y > Q )
= d, X]ls + Op(sup,e (o) |AQ]2).

Sup,ey, [AEY Y >y, S=1,D

Bias We use the law of iterated expectations, the dominated convergence theorem, and standard
algebra of kernel in the following.

E [KdAdSE[YHS, D, X] + Q(deAdJ(S(D,X) —sq;) + Kara(sa, — S(1 — Fyspx(QlS, D,X))))
+ (1 - E[Kd|X]>\d)dej:|

= EI:Kd)‘dS(DaXﬂE[Y’Y >Q,5= 17D7X](1 - FY|SDX(Q‘17D7X)) + Q()‘dj{fDLX(d]’X)S(d]’X)

h2 62 h2 82
+ ?H@(fD|X(dj’X)5(dj,X)) - fD|X(dj‘X)de - ?’isdj (%l?fD|X(dj|X)}

h? 02
+ )\d{fD\X(d|X)5dj + 5 s, @fmx(d»X) —Kas(D, X)(1 — Fy|spx(Q|S = 1,D>X))}>

h? 0?
(1= Fo (XN = kg Foix(d, X)) | + 0n (8

hZ 9?2
=E [Ps(dij) + SR (fD\X(d|X)3(da$)E[Y|Y >Q,5=1,D=d,X](1- FY|5DX(Q\1,CZ,X))>

h2 2 h2 82
+ Q(de + R S o (fpix(dj, X)s(dj, X)) — sq; — ?H)\djsdj@fmx(dj\X) + 54
J

2 2 h2 82
+ *’Q\dsdj WfMX(da X) - Sd; — ?’Q\d@

h? 02
— 5 hAapsd 5 BYP foix(d, X)} + op(h?)

= E[psq,] + h*Bgu + op(h?).

(foux(dX)s(d. X)(1 = Frispx(QlS = 1,4.X))) )

The same arguments apply to By,

Variance. Note that E[S|D = d;, X| = s(d;, X) = sq, and hense var(S|D = dj, X) = sq,(1 —
sq,)- Theorem 3.1 in Colangelo and Lee (2025) gives hvar((W;,§)) — RiE[E[(S — sq4,)*|D =
d;, X\ ] = RiElvar(S|D = d;, X)Ag ] = V.

First compute AE[KS (S —s4;)*[X] = h [, h72k((v — d;) /h)’E[(S = 54;)*| D = v, X] fp)x (v)dv =
[ k(u)?E[(S = sq,)?|D = d; + hu, X|fpx(d; + uh)du = Ryvar(S|D = d;, X) fpix(dj) + o(1) =
Rksdj(l - de)/\;j + 0(1)

In RE[g(W, &)1 (W;,£)], the product term with Ky, Ky results in a convolution kernel [ k((d —
d;j)/h+u)k(u)du and hence is o(1). So hE[g(W, )y (Wi, §)] = hE[QKE AL, (S —s4;)*] +0(1) = Vgy.

Next we compute hvar(g(W;,€)) = hE[(g(W, &) — Elpsg,])?] + o(1) with

g(W,€) —Elpsq;] = Kaha(SY'1 — psq,) + QKg; Mg, (S — sa;) + QKaAa(sq; — S1) + (psq; — Elpsq;]),  (8)
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For the first term in (8), hE[KIAG(SY'1 — psq;)?] = hE[E[KF(SY?1 — 2SY1psq; + p°s7 )| X|AF]

= hEEKEY?]Y > Q, D, X](1 - Fy|s,p.x(Q1, D, X))s(D, X)
—2E[Y|Y > Q, D, X](1 = Fy|s,p.x(Q[1, D, X))s(D, X)psa, + p’s3, )| X]AJ]
= RE[E[Y?)Y > Q, D = d, Xlsa; — 2p°s, + p°si,) foix (d, X)AF] + o(1)
= RE[E[Y?Y > Q,D = d, Xlsq; — pQS?lj + pQde — ,02de))\d] +0o(1)

= RyE[(var(Y?|Y > Q, D = d, X]sq, + p’sq,(1 — sq,))Aa] + o(1).

Similar arguments apply to the second term in (8), so hE[QQsz)\?lj (S —s4,)?] = ReE[Q*A\g;s4,(1—
sq,)] + o(1). And for the third term, hE[Q*KZA](sq, — S1)?] = RiE[Q*Agsq, (1 — sq4,)] + o(1). For
the last term, hE[(psq, — E[psq,])?] = O(h) = o(1).

For the product of the first and third terms, hE[QKIA;(SY 1—psy, ) (sq,—S1)] = —RiE[QAapsq, (1—
sq;)] + o(1). The other cross products are o(1) by the law of iterated expectations. Therefore, we
obtain hvar(g(W;,§)) =V, + o(1).

Asymptotic normality. Asymptotic normality follows from the Lyapunov central limit theo-
rem with the third absolute moment. Let s2 := 37" var (vVnhn=t¢(W;, €)) = hvar(¢) = Va+o(1)
as shown above. If E[{\/_hn*1¢(m f)m = O((n*h)~1/2), then the Lyapunov condition holds:
S 1EH\/_n Loy( I/Vl,f)| /s = O((nh)='/?) = o(1). That is, it suffices to show that E[|¢|*] =

O(h™?%), which holds by assuming that E[|Y|*1|D = d, S = 1, X] is continuous in d uniformly over
X and other assumed conditions.

Misclassification. Following the proof of Theorem 2, let the true 7;(z) = s(dj 1, 2) — s(d;, )
with the estimate 7;(z) = §(d;41,2) — 5(dj,z). Let M; = {z: 7j(z) < 0 < 7j(x)} U{z : 75(x) >
0 > 7j(x)}. As we have discussed in the proof of Theorem 2, there is no mis-classified problem
when 7;(z) = 0. We define the correctly-classified set C; = {x : 7;(z) x 7j(x) > 0}U{z : 7j(x) = 0}.

Let 1y, = 1{X € Ujeqr,..7—13M,} for the mis-classified set and 1¢, = 1{X € Njcq,. s-13C5}
for the correctly classified set. So 1a, 4+ 1¢, = 1. We have shown that E,[g(W, f)lc(,] -
E,[g(W,€)] = op(1/v/nh). The goal is to show E,[g(W,&)1n,] = os(1/v/nh).

Because |7(z) —7;(2)| < [8(dj41, %) = s(djs1, )|+ [8(dj, ©) — 5(dj, )| < 280, M; © M = {x:
0 < |7j(z)] < 2s,}. Thus it suffices to show E, [g(W, f)lMﬂ = op(1/v/nh) for all j € {1,..,J —1}.

Let D=D —D, so d;js; —d; = D/(J —1). By the Taylor expansion and mean-value theorem,
for d; € Ds,, for some d; between d; and d;;, and for some generic constant C,

Mz—1

|7(@)] = Z s (dy, 2)D™ /(ml(] = 1)) + s (dj, 2)DYe J(MLA(T = 1)) | = O/ T,

,,,,,

The above calculation of variance hE[g(W,&)?|X, W5] = Op(1) uniformly in X. By the cond-
tional Markov inequality, for any ¢ > 0 and for n large enough, IP’(|\/ nhE,.[g(W, &)1 M}H >
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W) < E[hg(W,&)1u0 [We] /€ < E[RELg(W, £)21X, Wil 1o W] /e = 0. -
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Online Supplementary Appendix for
Lee Bounds with a Continuous Treatment in Sample Selection

Ying-Ying Leef Chu-An Liu?

Section A presents the proofs of Claim-Stepl, 2, 3 in Proof of Theorem 2 and Corollaries 1 and
2. Section B presents the details of the first-step Lasso estimation in Section 6.2 and supplementary
material for the empirical applications.

A Additional proofs

A.1 Proofs of Claim-Stepl, 2, 3 in Proof of Theorem 2:

Proof of Claim-Stepl: (i) The kernel regression estimator §,(d) = E,, [SK(D — d)]/fpe(d),
where the denominator fp,(d) = E,, [Kn(D — d)], is well studied. For example, Theorems 19.1
and 19.2 Hansen (2022a) provide that §,(d) — s(d) = Op(1/v/nh+ h?). By a linearization as in (5),

_ By, [SKW(D —d)] = s(d)fp(d) _ s(d)

uld) = D ~ 4 (Foe@ = fo(@)
+ Op (ILfpe = Il + | foe = folllB, [SK(D — )] = s(d) fp(d)])
= (B [SK(D = )] = (@), [5(D = )+ oe(1/¥uh)

= En, [62(d)] + 0p(1/Vnh).

(i) A standard algebra (e.g., Theorem 19.2 in Hansen (2022a)) yields V. Specifically,
hE| S(d} = hE[(S s(d)*Kn(D—d)*/ fp(d)?] = h [ E[(S—s(d))*|D = v] Kn(v—d)*fp(v)dv/ fp(d)* =
fE ))?|D = d+uhlk(u) fp(d+uh)du/ fp(d)* = E[(S - s(d))*| D = d] R/ fp(d) + O(h) —

Vi) R/ s( ) under the condition that s( ) fp(d ) and its first derivative are bounded uniformly.

(iii) Let the convolution kernel k(z f k(wk(u — z)du. hE[gsadsa)] = ME[(S — s(d'))(S —

s(d) Kn(D — d')Kn(D — d)] /(fp(d) fD f]E = s(d))(S = s(d))|D = d + uh]k(u)k(5E +
)fD(d+uh)dU/(fD(d’)fD( ) —E[(S—S(d’))(s s(d)|D = dlk(454)/ fo(d') +o(1) = s(d)(1 —
s(d )(/f( t) [fo(d) +o(1) = o(1), as h — 0.

) Similar arguments and a linearization as in (5) give the result for py.

Proof of Claim-Step3: The kernel regression estimator of E[Y'1|D = d, S = 1, Wf] is standard
as in Claim-Stepl.
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Proof of Claim-SE: Let W, := Y;(1¢ — 1,)K,(D; — d)S;.

E W] =E

Q4(1—py)

= — (@10 =p) = Q"1 =) QU =P frps(Q"(1 = p)Id: 1)s(d) fo(d) + Ou(k?)

Q¥ (1-p)
/ yfyms(mD,S)Kh(D—d)S]w;

by a Taylor series expansion and Leibniz rule. By Claim-Stepl and Claim-Step2, we show

Qf(1 = pe) = Q1 = p) = QF(1 = pe) — QY(1 = pe) + QF(1 = he) — Q(1 — p)
= Eqglda(1 = )] = (pe = p)OQ(T) /07| 21— + 06(1/Vrh) + Op (|[e — p|I?).

where the second inequality Q¥(1 — ) — Q¥(1 — pe) — (Q¥(1 —p) — Q%1 — p)) = op(1/v/nh) that
we show below.
Claim-Step2, Theorem 4.1 in Donald et al. (2012), and the functional delta method imply

that vVnh(Qf(p1) — QL (p1) — (Qf(po) — Q4 (p0))) = VnhES[d2(p1) — ¢2(po)] + op(1) weakly con-

verges to a Gaussian process indexed by (pg,p1) € [0,1]%, which has mean zero and variance

: 27 LY <QY(p1)} ~1{Y <o)} 2
limy, 0 B[ (d2(p1) — é2(po)) "] = hm"*wE[hKh(D —d)*S (?st(Qd(pl)Zfd,l) - ﬁms(@d(m)ﬁl)) }

x(s(d)*fp(d)?)™ = O(|lp1 —pol|)- So the condition in Theorem 18.5 in Hansen (2022b) holds, i.e.,

1/2
for all § > 0 and (po,p1) € [0,1]?, <E[sup”p1,p0”§5 Vh(da(p1) — (,bz(po))\ﬂ) < C4Y for some
C < ooand 0 < < oco. It follows that vVnhES, [¢2(p)] is stochastic equicontinuous, i.e., Vn, e > 0,
there exists some 6 > 0 such that limsupn_mIP’<sup||p1_pOH§5 | VRhES, [2(p1) — d2(po)]|| >

77) < e. We obtain vVnhES,[¢2(p1) — ¢2(po)] = op(1) uniformly over ||p; — po|| < 9, and hence

Q¥ (1=pe)— Q¢ (1—pe) — (QF (1—p) —Q*(1-p)) = Efy[6a(1—p¢) —¢2(1—p)]+0p(1/v/nh) = 0p(1/v/nh)
as ||ps — p|| = op(1) by Claim-Stepl.

Further assuming vnhh? = o(1) and vVnh/||p, — p||> = op(1), we obtain E,[W] = num?, x den +
op(1/v/nh).

hE, [W?] = hE |Y*(1* — 1)’ K}(D — d)S‘Wg}

=E[Y*(1' - 1)’|D =d,S = 1, W]s(d) fp(d) Ry, + Op(h)
= 0@(1)

by the consistency of Step 1 and Step 2. By the conditional Markov inequality, /nh(E,, [W] —
E W]) = Vneh(E,, [W] — numiy, x den) + op(1) = op(1).

By a linearization as (5),

_— E,,[W] — numf, x den B nums,

numy, = numfz +

(je\n — den) + op(1/V/nh).

den den



By the consistency of Step 1 and Step 2, num{, = op(1), and by Claim-Step3, the above third
Y4 —_—
term 12 (den —den) = op(1/v/nh+ h?). Note that 0Q%(7)/07|,=1-p X fyips(Q%(1—p)|d, 1) = 1.

den

For prp(r), 1= 1{Y < Q(p,)}.

E W] =E

Q4 (py)
[ ubvnstolD,$) KD - d)S]w;
Q4(p)

= (Q?(ﬁe) - Qd<p>> Qd(p)fY|DS(Qd(p)|d, 1)S(d)fD(d) + O]p(hQ), where

Qi (he) — Q(p) = Q¥ (pe) — Q4 (Pe) + Q4 (Pe) — Q*(p)
= Qi(p) — Q“(p) + (pe — p)OQ"(7)/07|r—p + Op(QF — Q|1* + [|pe — pII*)-

A.2 Proofs of Corrollaries

Proof of Corollary 1: By (4) in the proof of Theorem 2, £d1d2 — Agya, =300 (Papui —
Gayri) + op((nh)~?), where h = min{hg,u, hg,r.}. We next verify the third-absolute-moment
condition for the Lyapunov CLT. By the variance calculation in the proof of Theorem 2, let

n 2 — — n

Si = Zi:l ]E[(¢d2Ui - ¢d1Li)/\/ﬁ) ] = Vyn = O(h 1) and E[W‘g] =O(h 2)- So Zi:l EH (¢d2Ui —
qﬁdlu)/\/ﬁ‘g}/si = O(nh™2n=3/2/h=3/2) = O((nh)~*/?) = o(1). Then by the Lyapunov CLT,
57 i (basvi—bayni—(h,0 Bayw—=h3, 1 Ban)) /i = Vi Van™ S0 (bayri—Gayi— (W, Basu—
h2 1 Ba)) 2 N(0,1). A

The remainder term V[;i/Q\/ﬁoP((nh)*lﬂ) = op(1), so we obtain V;}/Q\/ﬁ(ﬁdlb — ANgya, —
(h2,uBa,u — h3, ;Ba,1)) KN N(0,1). The same arguments apply to AdldQ.

We show that as n — oo, h — 0, hVy, = h]E[qSZQU + ¢31L = 20a,uPa,) = Vayu + Vao —

2Cy, 4,0 + o(1). In hE[pg,u¢a, 1], the cross-product terms with K (D — dy) K, (D — dg) result in a
convolution kernel [ k((dy — di)/h + u)k(u)du and hence is o(1). From the proof of Theorem 2,

hE[¢7] = RV / fo(dar) + o(1). Then hE[¢a,u¢a,1] = hE[$(Q™(1 = pa,) — pa,v (7)) (Q™ (pay) —
pa, (7)) /(s(d1)s(d2)paypay)] + 0(1) = Cayayu + 0(1). The same arguments apply to Cg, 4,1 for the
lower bound Ay 4, O

Proof of Corollary 2: By Theorem 3, 5d1d2 —Ngg, =n! S (¢d2U(VVi, &) — ¢ay (Wi, 5)) +
op((nh)~Y2), where h = min{hg,;, ha,z}. We next verify the third-absolute-moment condi-
tion for the Lyapunov CLT. By the variance calculation in the proof of Theorem 3, let s? =

S E[ (g (W5, €) — qbdlL(Wi,f))/\/ﬁ)Q} = Vy, = O(h™') and E[|¢]})] = O(h™?). Therefore
S E[ (b (Wi &) — ¢a, (Wi, €)) /vl /53 = Omh=2n=32/h=3/2) = O((nh)~"/?) = o(1).
By the Lyapunov CLT, s;' 35", (Sar(Wi,€) — bay (Wi, €) — (hG,0Bau — B3, 1Ban))/vn =
Vi 2Vin S (600 (Wi, €) = 6, (Wi, €) — (B3,0Ba,w — 13, 1Barn) 5 N (0,1).

The remainder term Vy,/?\/nop((nh)=/2) = op(1), so we obtain v;}/Q\/ﬁ(ZdIdQ — ANgya, —



(h3,uBau — B3, Ba1)) A N(0,1). The same arguments apply to AdldQ' O

B Supplements and details for empirical applications

B.1 Step 0 strict overlap sub-sample

We prepare a sub-sample that satisfies Assumption 8(i) for estimating the bounds. In Step 0, we
use the full sample and bandwidth h; to estimate the GPS by fiq(X;) and the selection probability

We choose the fixed trimming parameter trimgps by extending the idea of Imbens (2004) for a
binary treatment to a continuous treatment. We limit the “importance weight” k/(pq(X;)neh) <
5%, where ny is the floor of n/L (the largest integer less than or equal to n/L) and the kernel
function is bounded by k := max,cx k(u) (for the Epanechnikov kernel, k& = 0.75/+/5). So the
trimming rule is to drop the observation ¢ if

ﬂd(XZ) < ]2‘/(5%71@]11) =:trimgps

for some d € D;. So we obtain an overlap sample, denoted as Samplegps, where fi4(X;) >
trimgps for all @ € Samplegps and for all d € Dy. For JC, trimgps = 0.000055. For CCC,
trimgps = 0.01205.

For the selection probability and sufficient always-takers, we drop observation ¢ in the full
sample if mingep, §(d', X;) < 5%. We obtain a sample Samples where 5(d, X;) > 5% for all
1 € Sampleg and for all d € D;.

Finally, we obtain a sub-sample that is an intersection of Samplegps and Sampleg for esti-
mating the bounds.

But in the cross-fitting sub-samples in Step 1, it is possible to obtain a GPS estimate below
trimgps and a small proportion of always-takers. So we set the GPS estimate below trimgps to
trimgps, following Hsu et al. (2023) to obtain a more stable estimator. That is, replace fiqg(X;)
with max{ﬂdg(Xi), t”f’imgps}.

To further address possible small proportion of always-takers pgq,¢(X;) in estimating the con-
ditional bounds, we restrict the conditional bounds estimates by the maximum and minimum of
the outcome variable Y in the sample. That is, we estimate pgy(maT(X;), X;) by min {Ee Y)Y >

QI — Paae(X,), Xi)e, D = d,S = 1, X = X,],max{Y;,i = 1,....,n}}, for i € I,. Similarly, esti-
mate de(WAT(Xi>,X7;) by max {]Eg[Y|Y < Qg(ﬁddjﬁ(xi>7Xi)E; D = d, S = 1,X = XZ],H’IIH{Y;,Z =
1, ,n}}

B.2 First-step Lasso estimation in Section 6.2

Let the logistic likelihood M (y,z; g) = —(ylog(A(b(z)'g)) + (1 — y) log(1 — A(b(z)'g))), where A is
the logistic CDF. Penalty loading matrix Uy, \i/dyg, Z4 are computed by Algorithm 1 below from
the iterative Algorithms 3.1 and 3.2 in SUZ. Let the final penalty loading matrix Wy be \ifgé from
Algorithm 1 for some fixed positive integer M.



For ¢ € {1, ..., L},
o Fpix,(D|X) = A(b(X) Bar), where

5 1 A
Bae = arg min — E M(1{D; <d}, X;; B) + — Va1, (5.1)
B Ng il Ng

N; = n—ny, the penalty A = 1.1&71(1 —r/{pV nhy})n'/?, for some r — 0 and hy — 0, with
the standard normal CDF ®. We follow SUZ and set r = 1/log(n).
Compute FD‘XZ(d|x) — A(b(X)'B4) from (S.1). Then the conditional density estimator

_ FDIXe(d + ha|z) — FDng(d — hy|x)

flae(T) = oh, :

o Qi(p,x) =inf{y: FY|SDXZ(?/|17 d,x) > p}, where FY|SDX5(?/|17 d,x) = A(x'bqye) with

. 1 D; —d A
Gigye = argm;nE;M(l{K <y}, Xi,a)Sik ( " ) + Equdy@aul, (S.2)
1&g

Ne =341, Siy and the penalty A = £, (log(p v nhi)nhy)? and £, = /log(log(nh,)).

~

o Si(d,z) = A(b(x) 04), where

A 1 D;—d Ao
ng = arg Hbln E é[ ]\4(5“)(27 Q)k < h1 ) + EHngQHl, (SS)
1ele

Ng:n—ng.

e pay,(m,x) = E[Y|Y > Q;l(l —7t¢/8¢(d,x),x),S =1,D =d, X = x] = b(x) 4, where

. 1 D;—d A L.
Aae := arg min—- E (Y; — b(X3)"y)*k Si1{Y; > QF(1 — 74/34(d, X3), Xi)}
v 2Ng 21 1
i¢l,
2] (5.4)
N, =deY |1 .

with Ny = Y, Sil{Y; > Q41 — #,/5,(d, X3), Xi)}.
Algorithm 1 (SUZ Algorithm 3.1 and 3.2) For /(e {1,...,L},
o For jua(x),

1. Let ¥9, = diag(lgey, - lge,), where Ig,; = [|1{D < d}bj(X)l|ey, 2. Compute B39, by
(S.1) with WY, in place of Ugy. Let FB|X£(D|X) = A(b(z)'39,).



2. Compute V7 = diag(y ,, ..., l.,), wherely; ; = H (1{D < d}—FgL‘}i(le))bj(X)H ;
’ ’ ’ Py,.2
form = 1,..., M. Compute B, by (S.1) with V7, in place of Wyp. Let Fgﬁxe(dM) =
A(b(x) )
o For Q{(p,x),
1. Let VY, = diag(ly,, 1, ..., 19,.,), where 1y, ; = |[1{Y < y}Sbj(X)k((D—d)/hl)h;”?HPW.
Compute &g, by (S.2) with \i/gyg in place of Way,. Let F&SDXZ (y|1,d, x) = A(b(x)'ag,,).
2. Compute @g;e = diag(lfye s lie ), where Ly, ; = H <1{Y < y}—F{,’EEXZ(yH, d, X))S
xbj(X)K((D — d)/hl)hl_l/QH , form =1,.., M. Compute &y, by (S.2) with \ilg”;e
Py, .2
in place of Waye. Let Fyigpy, (y[1,d,x) = A(b(z) dgy,).
o For §(d,z),
1. Let Y9 = diag(l%;, ... 1%,). where 19, ; = [|Sb;(X)k((D — d) /h1)hy ?|lpy, 2. Compute
09, by (S.3) with Y9, in place of Tgr. Let 39(d, ) = A(b(x)'69,).
2. Compute Y7 = diag(lg ;- Ui ,), where I, = H (S — §T’1(d,X))bj(X)K((D —
d)/h)hy "?
Pn,2
87 (d, w) = A(b(x)'07)-

, form=1,..., M. Compute ég} by (S.3) with TZ} in place of Ty Let
2

o For pay,(m, x),

1. Let=Y, = diag(1Y,,,...,1%,), where 9, ; = |[Yb;(X)SU{Y > Q¢ (1—#¢/3¢(d, X), X) e((D—
d)/hl)h;1/2||pw,2. Compute 39, by (S.4) with 29, in place of Sq. Let Pavy, (T, ) =
)3l

2. Compute =1 = diag(lgp 1, - Ui ), where I = H (Y — ﬁ;”U_él(w,X)>Sl{Y > Q41 —
fo/80(d, X), X) Yoy (X)K (D — d)/hl)h;WHP form = 1. M. Compute 4j; by

Ny»

(S.4) with Z7% in place of Zgp. Let piyt,(m, x) = b(z)'Am.
Following SUZ, we choose M = 5.

B.3 Supplements for empirical applications: Job Corps

Let the covariates X = (X, X;, X¢,), with continuous X, binary X, and categorical X,,. Fig-
ure 11 presents the estimated bounds with a quadratic basis function b(X) = (X, X2, X3, Xee, X2)
for the Job Corps. The bounds estimates for the largest effect of switching training hours from



87.677 to 1112.727 are bounded by [0.276,0.787] with the 95% confidence interval [0.172,0.928].'3
These results are similar to the estimates using the linear basis function in Figure 4.

Table 1: (Job Corps) Descriptive statistics

Variable Mean  Median Std Dev  Min Max  Nonmissing
weekly earnings in fourth year (Y) 215.52  194.31  202.62 0.00 1879.17 4024
hours in training (D) 1195.32  966.43  965.93  0.86 5142.86 4024
selection status (S) 0.83 1.00 0.37 0.00 1.00 4024
female 0.43 0.00 0.50 0.00 1.00 4024
age 18.33 18.00 2.14 16.00  24.00 4024
White 0.25 0.00 0.43 0.00 1.00 4024
Black 0.50 1.00 0.50 0.00 1.00 4024
Hispanic 0.17 0.00 0.38 0.00 1.00 4024
years of education 9.91 10.00 1.93 0.00 20.00 3968
native English 0.85 1.00 0.36 0.00 1.00 4024
has children 0.18 0.00 0.38 0.00 1.00 4024
ever worked 0.14 0.00 0.35 0.00 1.00 4024
mean gross weekly earnings 19.59 0.00 98.67 0.00  2000.00 4024
household size 3.48 3.00 2.03 0.00 15.00 3968
household gross income brackets 2.21 1.00 2.44 0.00 7.00 2529
personal gross income brackets 0.49 0.00 0.63 0.00 7.00 1789
mother’s years of education 9.40 12.00 5.03 0.00 20.00 3288
father’s years of education 7.17 10.00 6.00 0.00 20.00 2519
welfare receipt during childhood 1.93 1.00 1.26 0.00 4.00 3753
poor or fair general health 0.12 0.00 0.33 0.00 1.00 4024
physical or emotional problems 0.04 0.00 0.20 0.00 1.00 4024
ever arrested 0.24 0.00 0.43 0.00 1.00 4024
extent of recruiter support 1.56 1.00 1.07 0.00 5.00 3934
idea about the desired training 0.84 1.00 0.37 0.00 1.00 4024
expected hourly wage after Job Corps 4.50 0.00 6.73 0.00 96.00 1808
expected to be training for a job 1.03 1.00 0.27 0.00 3.00 3945
expected stay in Job Corps 6.60 0.00 9.78 0.00 36.00 4024

Note: We use missing dummies for missing observations in covariates.

B.4 Supplements for empirical applications: CCC

We include the following covariates as in column (3) of Aizer et al. (2024).

o X4-X7: X4 and X6 are family and individual characteristics, and X5 and X7 are imputation
indicators. There are 8 continuous variables and 24 dummy variables.

e Year dummies: The birth year is varied from 1870 to 1929. After dropping the birth year
dummies with the observations less than 10, we have 23 year dummies.

13The undersmoothing bandwidths range from 160.298 to 274.602. v = 0.01 and ¢; = 1.
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Figure 10: (Job Corps) Estimated bounds and 95% confidence intervals for Weekly Earnings without X
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Figure 11: (Job Corps) Estimated bounds and 95% confidence intervals with quadratic b(X)
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Table 2: (CCC) Descriptive statistics

Variable Mean  Median Std Dev  Minimum Maximum Non-imputing
death age (Y) 57.03 68.79 31.00 0.00 102.80 23722
duration of service (D) 0.82 0.51 0.71 0.00 8.37 23722
selection status (S) 0.82 1.00 0.39 0.00 1.00 23722
birth yerar 1919.78  1920.00 3.71 1870.00 1929.00 23722
ever rejected 0.02 0.00 0.14 0.00 1.00 23722
disabled 0.01 0.00 0.09 0.00 1.00 23722
non-junior 0.01 0.00 0.08 0.00 1.00 23722
reported age younger than DMF 0.09 0.00 0.28 0.00 1.00 23722
reported age older than DMF 0.17 0.00 0.37 0.00 1.00 23722
not eligible 0.02 0.00 0.12 0.00 1.00 23722
age is 17 or 18 0.56 1.00 0.49 0.00 1.00 23722
first allottee amount 21.63 22.00 3.71 0.00 30.00 22970
allottee is father 0.33 0.00 0.47 0.00 1.00 23722
allottee is mother 0.47 0.00 0.50 0.00 1.00 23722
gap in service 0.16 0.00 0.37 0.00 1.00 23722
log distance from home to camp 4.25 4.40 1.66 -9.40 8.04 23722
hispanic 0.48 0.00 0.50 0.00 1.00 23722
highest grade completed 8.60 8.61 1.65 0.00 17.00 14506
household size excluding applicant 4.74 4.74 1.50 0.00 22.00 7870
live on farm 0.25 0.25 0.25 0.00 1.00 8101
height 67.79 67.79 1.81 49.00 91.00 8141
weight 1.38 1.38 0.10 0.68 2.90 8234
father living 0.80 0.80 0.23 0.00 1.00 7943
mother living 0.85 0.85 0.21 0.00 1.00 8006
tenure in county 12.66 12.66 3.10 0.00 35.00 0432

Note: We use imputation dummies for imputed observations in covariates.
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Figure 12: (CCC) Histogram of duration of service
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Figure 13: (CCC) Histograms of Y and log(Y) in {Y; > 0,i =1,...,n}
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Figure 14 presents the estimated bounds with a quadratic basis function b(X) for the CCC. For
the estimates with quadratic b(X') on Dy, the largest ATE is when increasing the duration from
0.276 to 1.156 years with the bounds [0.836,2.205] and 95% confidence interval [0.119, 3.230].14

4The undersmoothing bandwidths range from 0.166 to 0.356. ¢; = 1.5, = 0.01.
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Figure 14: (CCC) Estimated bounds and 95% confidence intervals with quadratic b(X)
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