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Abstract

In theory, two-stage least squares (TSLS) identifies a weighted average of covariate-specific local
average treatment effects (LATEs) from a saturated specification without making parametric as-
sumptions on how available covariates enter the model. In practice, TSLS is severely biased when
saturation leads to a number of control dummies that is of the same order of magnitude as the
sample size, and the use of many, arguably weak, instruments. This paper derives asymptotically
valid tests and confidence intervals for an estimand that identifies the weighted average of LATEs
targeted by saturated TSLS, even when the number of control dummies and instrument interac-
tions is large. The proposed inference procedure is robust against four key features of saturated
economic data: treatment effect heterogeneity, covariates with rich support, weak identification
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1 Introduction

With endogenous treatment and a binary instrument, Imbens and Angrist (1994) show that the two-
stage least squares (TSLS) estimand has a causal interpretation as a local average treatment effect
(LATE). Recently, Blandhol, Bonney, Mogstad, and Torgovitsky (2022) point out that the causal in-
terpretation of the TSLS estimand is lost if we linearly include controls unless this is a correct para-
metric assumption. In the absence of a credible justification to linearly include the controls, Angrist
and Imbens (1995) show that TSLS can consistently estimate a weighted average of LATEs provided
that the number of possible values of the vector of controls is fixed: a researcher can select a satu-
rated specification that includes (i) a dummy for each unique realized value of the vector of control
variables and (ii) interactions of the instrument with these dummies. However, in most empirical
settings the vector of controls has rich support, and saturated TSLS breaks down. As a result, ap-
plied work continuous to use the more parsimonious linear specification at the risk of targeting a
non-causal estimand.

In this paper we propose a new method for inference in saturated specifications that do not re-
quire parametric assumptions even when the support of the controls is rich. More specifically, this
method provides asymptotically valid tests and confidence intervals for an estimand that identifies
the weighted average of LATEs targeted by saturated TSLS, allowing the number of control dummies
and instrument interactions to be large. As saturated specifications contain only dummy variables,
we can provide low-level assumptions for our results. The most important and rather mild assump-
tion is that each covariate group contains at least two individuals for which the instrument is active
and two for which the instrument is inactive. Settings with multiple or multivalued instruments also
reduce to this setting as in that case dummies for each value of the instrument are interacted with
the control dummies (Angrist and Imbens, 1995).

The proposed inference procedure is robust against four key features of saturated economic
data: treatment effect heterogeneity, many control dummies and instrument interactions, weak
identification strength, and conditional heteroskedasticity. While methods exist to address each of
these features individually, we are the first to tackle their combination by building upon two recent
advances in the literature. First, Chao, Swanson, and Woutersen (2023) propose an estimator for a
homogeneous slope coefficient under many weak instruments in a panel data setting where fixed
effects take the role of control dummies. We show that this estimator can consistently estimate a
weighted average of LATEs in the setting of saturated instrumental variable estimation (SIVE). Sec-
ond, in a setting with a fixed number of control dummies and instrument interactions, Kleibergen
and Zhan (2021) propose a variance estimator for the score of the continuous updating objective
function that is robust to treatment effect heterogeneity. While the SIVE estimator is very different
from continuous updating, we use analogous ideas to formulate a heterogeneity robust variance
estimator. We show that in the setting we consider, the assumptions in both papers can be relaxed
to allow for the number of control dummies and instrument interactions to be asymptotically non-
negligible relative to the sample size.

To highlight our contribution, we discuss the four features of the data we consider in turn. First,
the inference method is robust to fully heterogeneous treatment effects. Imbens and Angrist (1994)
focused attention on allowing for treatment effect heterogeneity in the estimation stage. In our set-
ting with multiple instrument interactions, this heterogeneity is equally important in the inference
stage as it affects the variance of the estimator. As such, we cannot use standard variance estima-



Table 1: Empirical examples from Blandhol et al. (2022): sample size and covariate values

Sample size Covariate values Ratio

Gelbach (2002) 440 186 0.42
Dube and Harish (2020) 107 11 0.10
Card (1995) 1780 238 0.13
Angrist and Krueger (1991) 329,463 659 0.002

Note: sample size is the effective sample size as reported in Blandhol et al. (2022) after accounting for
perfect multicollinearity in the first stage. Covariates/Instruments indicates the number of distinct
values of the available vector of controls, which equals the number of instrument interactions.

tors for TSLS with multiple instruments, as they rely on the assumption of homogeneous treatment
effects. A notable exception is the TSLS variance estimator proposed by Lee (2018), which how-
ever is not robust to the large number of instrument interactions in typical saturated specifications.
We therefore propose a new variance estimator that is robust to treatment heterogeneity when the
number of control dummies and instrument interactions are large.

Second, we allow for the number of control dummies and instrument interactions to be a non-
negligible fraction of the sample size. To illustrate that this matters in practice, consider the four
empirical examples studied by Blandhol et al. (2022): Table 1 shows the number of distinct covari-
ate values and the sample size. We see that the number of covariate values, and hence the number of
control dummies and instrument interactions in a saturated specification, is a substantial fraction of
the sample size. The fact that TSLS is biased when the number of instruments grows proportionally
with the sample size has been shown by Bekker (1994), and alternatives are provided by e.g. Hansen,
Hausman, and Newey (2008); Ackerberg and Devereux (2009); Hausman, Newey, Woutersen, Chao,
and Swanson (2012); Bekker and Crudu (2015). In addition to many instrument bias, Kolesar (2013)
proposes estimators that also remove the bias due to many controls. However, inferential proce-
dures based on these estimators have only been developed under the assumption that the number
of control dummies is a negligible fraction of the sample size (Evdokimov and Koleséar, 2018).

The third feature is that we accommodate weak instrument interactions. In particular, we allow
the first stage signal to decrease to zero asymptotically. A saturated specification exacerbates the
concern of weak identification, as even interacting a strong instrument with control dummies may
result in instrument interactions that are only weakly related to the treatment. The condition that
we impose on the identification strength has been shown by Mikusheva and Sun (2022) to be the
weakest possible. While there is an extensive literature that combines the notion of many and weak
instruments, e.g. Bekker and Kleibergen (2003); Chao and Swanson (2005); Hausman et al. (2012);
Mikusheva and Sun (2022); Crudu et al. (2021); Matsushita and Otsu (2022); Lim et al. (2024), the
focus has been on the linear IV model with a homogeneous slope coefficient.

The fourth feature is that the reduced form errors can be conditionally heteroskedastic. Infer-
ence in the presence of heteroskedasticity is non-trivial under many instruments and many controls
as consistency results underlying the usual robust standard errors do not apply, see for instance
Hausman, Newey, Woutersen, Chao, and Swanson (2012). Our newly proposed variance estimator
employs estimators for the variances and covariances of the first stage and reduced form errors as in
Hartley, Rao, and Kiefer (1969) to allow for heteroskedasticity. These variance estimators were also
recently used by Cattaneo, Jansson, and Newey (2018). Compared to existing methods that allow for



heteroskedasticity with many instruments, our newly proposed variance estimator is also robust to
many control dummies and heterogeneous treatment effects.

Provided that the weighted average of covariate-specific LATEs as derived by Angrist and Imbens
(1995) is a parameter of interest, this paper presents researchers with an inference framework that
is readily applicable to many empirical instrumental variable estimation problems. Evidently, there
are settings in which a researcher has a different causal parameter in mind. Stoczynski (2020) points
out that in our parameter of interest a larger weight is placed on covariate groups with large vari-
ation in the instrument assignment and a strong first stage. Researchers that are concerned about
this weighting, can use our identification robust methods to perform a subgroup-specific analy-
sis that zooms in on groups with little variation in the instrument. Inference on subgroup-specific
LATEs that are not weighted by the instrument strength may not provide much useful insights, as
any unidentified LATE that receives nonzero weight will trigger the confidence interval to be the
entire real line (Evdokimov and Lee, 2013).

We conduct a series of Monte Carlo simulations which set-up mimics key features of the data
used in Card (1995), and has also been used by Blandhol et al. (2022). The results illustrate that the
estimator we study is median unbiased for a range of values for the instrument strength and the
number of covariate groups. Fully saturated TSLS and various jackknife estimators incur a bias that
increases with the number of covariate groups and as the strength of the instrument decreases. A
t-test using our proposed variance estimator yields close to nominal size control regardless of the
instrument strength when the number of instruments is small. When the number of instruments
increases, the test becomes progressively more conservative under weak instruments, while main-
taining close to nominal size control under strong instruments. The standard ¢ -test based on the
fully saturated TSLS estimator with heteroskedasticity-robust standard errors shows large size dis-
tortions. The exception is the just-identified case where the control can take on only two values, in
which TSLS is known to offer close to nominal size control even under weak instruments (Angrist
and Kolesar, 2023). Finally, we verify numerically that not taking into account treatment heterogene-
ity when estimating the variance indeed leads to an oversized test. This underlines the importance
of not only accounting for treatment effect heterogeneity in the estimation stage, which has been
the main focus of the extant literature, but also in the inference stage.

To illustrate the estimator we briefly revisit the data used by Card (1995) in the specification
selected by Stoczyniski (2020). The goal of the study is to estimate the effect of going to college on in-
come, where the endogenous decision of going to college is instrumented by the distance to college.
In particular, we consider a specification with five binary controls and binarize the treatment to hav-
ing some college attendance. We document that unrealistically large estimates are obtained when
the covariate dummies are not interacted with the instruments. The estimator we study yields much
more reasonable point estimates although the effects statistically cannot be distinguished from zero
at conventional significance levels.

The remainder of this article is organized as follows. Section 2 explains the current practice of
inferring LATEs with covariates from the data and its challenges. Section 3 introduces our proposed
causal estimand and its inference procedure, supported by large sample theoretical results. Sec-
tion 4 discusses the Monte Carlo simulations, Section 5 the empirical application, and Section 6
concludes.



2 LATEs with covariates

Suppose we are interested in the causal effect of a binary treatment 7; on an outcome Y}, for individ-
uals i =1,..., n. For each individual, define the potential outcomes Y;(1) and Y;(0) corresponding to
the values of Y; if individual i is treated or not treated, respectively. Hence, the treatment effect is
defined as Y;(1)— Y;(0). The treatment is potentially endogenous and a binary instrument Q; and a
vector of covariates X; is available to help identifying a causal effect. The developed theory applies
equally well to the extensions to multivalued treatments and instruments in Angrist and Imbens
(1995) as we discuss in Appendix B.

Define X = {x;,..., xg} as the set of all possible G unique realizations of X;. Denote the poten-
tial treatment statuses T;(1) and 7;(0) corresponding to the values of T; if individual i’s treatment
assignment is given by Q; =1 and Q; =0, respectively. In case the outcome Y; also directly depends
on Q;, its corresponding potential outcomes are given by Y;(Q;, 7;). If we condition on the covari-
ates, the four instrumental variable assumptions in the Imbens and Angrist (1994) framework are
the following.

Assumption 1
1. Independence: (Y;(q,t), T;(q)) L Q;|X; forq €{0,1} and t € {0, 1},
2. Exclusion: P(Y;(1,t)=Y;(0,1)|X;)=1a.s. for t €{0,1},
3. Relevance: P[T;(1) # T;(0)|X;]>0 a.s.,
4. Monotonicity: P[T;(1) > T;(0)| X;]=1 a.s., or P[T;(1) < T;(0)| X;] =1 a.s.

These assumptions allow for complete treatment effect heterogeneity across all individuals, and do
not impose any parametric assumptions. The monotonicity assumption is referred to in Blandhol
etal. (2022) as weak monotonicity, because it allows the effect of the instrument on the treatment to
have a different direction for each covariate group. Strong monotonicity requires P[T;(1) > T;(0)] =
1 or P[T;(1) < T;(0)] = 1, and therefore assumes that the effect of switching on the instrument on
potential treatment status is (weakly) in the same direction for all individuals.

Within the LATE framework, causal effects are estimated of the form
T =Z w(xg)7T(xg) with Zw(xg) =1, w(xg)=0forg=1,...,G, and (1)
g g
7(xg) =E[Y;(1) = Y;(0)| T;(1) # T;(0), X; = X, ]. 2)

The causal effect is then a positively weighted average of covariate-specific LATEs. The following
well-known result shows that the covariate group specific LATEs 7(x,) are indeed identified.
Lemma 1 Assume thatE[Y;|Q;, X;] is almost surely bounded. Under Assumption I it holds that

]E[Yl|Ql :lyxizxg]_E[Yl‘|Ql‘ :O’Xi :xg] _
E[T”Ql = lei = Xg]—E[T;IQl ZO’Xi :xg]

T(xg). 3)

This result is discussed in Angrist and Pischke (2009), among others. For completeness, we provide
a short proof in Appendix C.1.
In practice, the number of observations in each covariate-group is usually small, and the mo-

ments in Lemma 1 cannot be accurately estimated. This provides a researcher with two options.



First, we can maintain the focus on the LATE parameters, and use an (estimated) propensity score
to aggregate the covariate specific LATEs. However, the propensity score can be difficult to esti-
mate and limited overlap produces substantial statistical challenges. To avoid having to estimate
the propensity score, an attractive option is to rely on regression to estimate a weighted average of
the covariate group specific LATEs as the parameter of interest, where the weights are automatically
selected through the regression model that is specified.

In this paper we focus on the regression approach. There are then several strategies for esti-
mating the causal effect in (1). First, we can make a parametric assumption that restricts how the
covariates enter the model. The default option is to include the covariates linearly in the first and
second stage. Blandhol et al. (2022) shows that if this parametric assumption is incorrect, then TSLS
has no causal interpretation.

To avoid parametric assumptions, a substantial and active literature considers semiparametric
estimators (Abadie, 2003), or non-parametric estimators (Frélich, 2007). In particular, recent de-
velopments highlight the potential of machine learning techniques as non-parametric estimators
for the effect of the controls on the outcome, endogenous treatment and instrumental variable, e.g.
Chernozhukov et al. (2018). However, these algorithms need to attain a particular convergence rate,
and it is not immediately clear whether the required conditions are met under weak identification
(Mikusheva and Sun, 2023).

Finally, we can saturate the specification as suggested by Angrist and Imbens (1995). If we sat-
urate, the two stage least squares estimator will only be consistent if the number of possible values
of the covariate vector is fixed. However, say we have 10 binary controls, then this already gives us
1,024 possible values of the covariate vector. To accommodate cases with increasingly rich support
of the covariates, we propose a new procedure that allows for reliable inference in saturated specifi-
cations. The only material additional assumption that we make is that in each covariate group there

are at least two individuals for each value of the instrument.

2.1 Saturating the covariates

Angrist and Imbens (1995) show that 7 can be estimated by TSLS in saturated specifications: the
first stage includes dummies for each possible value of X; and a full set of interactions between
these dummies and the instrument, and the second stage includes the treatment variable and the
control dummies. By including dummies for each possible value of the covariates, no parametric
assumptions are required. To be more precise, define the G x 1 vector W; has elements W;, = 1[X; =
Xg], indicating the covariate group of individual i. The G x 1 vector Z; contains the instrument
interactions Z;, = Q;1[X; = x,]. Note that >, W, = 1 and >, Z;, = Q;. Define n, = >, W, as
the number of individuals in covariate group g, and mg = >z ¢ as the number of individuals in
covariate group g with an active instrument.

Both the full set of covariate group indicators and the full set of instrument interactions are re-
quired for nonparametric estimation of 7 by TSLS (Blandhol et al., 2022). This ensures that the con-
ditional expectation of the instrument given the covariate groups E[Q;|X;] is linear in the covariate
group indicators. This allows for correctly partialling out the covariates, which otherwise may in-
duce negative weights into 7. Without the instrument interactions, the first stage does not neces-
sarily reproduce the direction of the monotonicity assumption in all covariate groups. With a binary
instrument, omitting the instrument interactions requires the direction of the monotonicity to be

invariant to the covariate group.



Itis clear that saturation can only work if we observe each covariate value more than once. More-
over, to achieve identification each covariate groups has to include both individuals with an active
and an inactive instruments. The setup we consider, with many control dummies and many in-
strument interactions, requires the number of observations in each group to satisfy the following
assumption.

Assumption 2 Group sizes: mg >2 and ng—mg >2 forallg=1,...,G.

This assumption is rather mild. It requires that both the number of individuals with an active in-

strument and nonactive instrument has to be larger than one in each covariate group.

2.2 Estimation challenges

While saturation results in a causal TSLS estimand if the number of possible covariate values is small,
itis not straightforward to find a causal estimand in the empirically more common setting in which
the controls have rich support. Since each group requires an indicator, and the instrument is inter-
acted with these indicators, this automatically results into a large set of control dummies and a large
set of instruments. In this setting, TSLS is known to be biased, see e.g. Kolesar (2013).

Second, the instrument interactions may weaken the instrument strength. Instrument strength
is measured by the first stage signal, which can be written as FS=_ < PlX; = xg]ﬂ(xg)zV[Q,- |Xi = x,]
with complier shares 7(xg) = P[T;(1) # T(0)|X; = Xg] and treatment assignment variation V[Q;|X; =
Xg]. If the complier share and the variation in treatment assignment is homogeneous across covari-
ate groups, that is 71(xg) = 7w and V[Q;|X; = x,] = V[Q;], the strength of the instrument interactions
Z equals the strength of the instrument Q. However, in settings where the proportion of compliers
islarge in groups with alow number of treated or untreated units, while the proportion of compliers
is small in groups with a number of treated units close to half of the number of group members, the
first stage is likely weak. It is well known that under a large number of potentially weak instruments
TSLS can be severely biased, see e.g. Bekker (1994) and Chao and Swanson (2005).

2.3 Two-stage least squares

Define the n-dimensional vectors Y =(Y;,...,Y,) and T =(T;,...,T,), and the n x G-dimensional
matrices W = (W/,..., W) and Z = (Z],...,Z;). Define the residual maker matrix My, = I, —
W(W’'W)~'W’ with I, the n-dimensional identity matrix. The TSLS estimand is commonly defined
as

1sis_ ELT’PYIQ, X]

p E[T'PT|Q,X]’

4

where P = My, Z(Z' My, Z)™ Z' M, partials out the controls W from the first stage and the second
stage. However, this estimand is problematic when the number of covariate groups is large as the
following result makes precise.

Lemma 2 Under Assumption 1 and 2 it holds that
TSLS _ > PLXG = xgIm(xg PVIQiX; = xg () + 5 3 Elwii1Qy, X 1Py
> PIX = xg (2 PVIQu1 X; = xg 1+ 5 X, Eluf|Qi, X 1P
where PIX; = x;] = 3¢, n(xg) = PIT(1) # TOIX; = x], VIQiIX; = x] = 3£(1—

&
g
(Zig—PlQi=11X;=x,])*
E[T;|Q;, X, &; = Y, —E[Y|Q;, X;], and P; =3 émgw

) ®)

mg
g

)'uizT;'_



A proof is deferred to Appendix C.2. Note that P[X; = x,], V[Q;|X; = x,], and P[Q; = 1|X; = x,] are
the sample analogues of P[X; = x,], V[Q;|X; = x¢], and P[Q; = 1| X; = x,].
Lemma 2 shows that both the second term in the numerator and the second term in the denom-

inator have to go to zero for ™ to identify 7. In this case the weights in (1) equal w™"(x,) =
PIX;=x Im(xg ) VIQi 1 X =]

D¢ PXi=x Im(xg 2 VIQi1 X =2, ]

pretation of this result can be obtained by noting that

1 ng—m 1 m
Piizzmg(zig_g"'(l_zig)i_g)- (6)
z mg g Ng— Mg Ng

. Itis clear that the additional terms go to zero when P;; is small. Some inter-

Hence, for TSLS to have a causal interpretation, in each covariate group the number of individuals
for which the instrument is active (myg) and the number of individuals for which the instrument is
inactive (ng —my) need to be large. This requirement becomes more stringent as the strength of the
instrument interactions measured by >’ . PIX; = xg]m(x4)* VIQ;|X; = x,] decreases.

As we have seen in Table 1, the number of covariate groups is generally large and nonneglible
relative to the number of individuals. In this case, at least a number of covariate groups has to have
a small number of observations, and the additional terms in Lemma 2 do not go to zero. This bias
is known as the many instrument bias of TSLS. Under homogenous treatment effects, and assum-
ing homoskedastic errors, one can follow Bekker (1994) in using LIML to avoid this bias. However,
Kolesar (2013) points out that with treatment effect heterogeneity, the estimand of LIML is generally
not causal.

In Lemma 2 we condition both on the instrument and the covariates. This estimand can gener-
ally be more accurately inferred from the data relative to the unconditional counterpart. This point
is made by Crump et al. (2009) in a regression context. In the IV context, Evdokimov and Kolesar
(2018) show that both the conditional and unconditional estimands are a weighted combination of
covariate specific LATEs, where the unconditional estimand integrates out sampling uncertainty in
the combination weights. As such, confidence intervals for the unconditional estimand are wider.
We focus on the conditional estimand in the subsequent analysis.

2.4 Jackknife instrumental variables estimation

It follows from Lemma 2 that the bias in TSLS is due to the diagonal elements P;;. A frequently

used approach to reduce many instrument bias is to employ a jackknife-style correction (Angrist,

Imbens, and Krueger, 1999; Ackerberg and Devereux, 2009). In the current setting, we could remove

the diagonal of P, denoted by Dp, to obtain an estimand referred to as the JIVE1,
E[T'(P—Dp)Y|Q, X]

JIVE1 _
P S ETr—DyTIQX v

This diagonal removal has been the basis of recent papers in the literature on identification-robust
inference under many instrument sequences (Mikusheva and Sun, 2022; Crudu, Mellace, and San-
dor, 2021; Matsushita and Otsu, 2022). It ensures that the many instrument bias present in TSLS
disappears. However, in the present case it may nevertheless not be an attractive option. With a
potentially large set of control variables, the consequence of removing the diagonal elements P;; is
that the controls are no longer projected out. Indeed, the following result shows that removing the
diagonal of the projection matrix biases the estimand.



Lemma3 Under Assumption 1 and 2 it holds that

D¢ PIXi = X Im(g PV[Qi X = xgJ(1—P[Q; = 1, X; = X, ])T(xg) — By

B = = - - ) )

Zg P[X; = xg |m(x PVIQi1 X; = x, J(1—P[Q; =1, X; = x¢])— By

where

- - ~ 1

By =D PLX; = xIn(x g + T VIQiIX; = % PQi =1 Xi = xg ]+ —Wredp, )
g
~ - ~ 1

By =2§P[Xi = 0 m(xg g VIQuIX; = xgIPIQ = 1, X, = xg )+ — ), (10

withP[Q; =1,X; = x,]= ng Yo =E[T;|Z;g =0, W, =1], and ¢, =E[Y;|Z;, =0, W, =1].
A proof is deferred to Appendix C.3. While removing the diagonal elements has removed the many
instrument bias, this is done at a high cost. When the effect of the controls on the treatment and/or
the outcome are large, as measured by ¢, and 1)/, the estimand for JIVE1 can be substantially dif-
ferent from 7 and seems difficult to interpret.

An alternative jackknife approach is to first partial out the controls before removing the diagonal.

This gives the following estimand labeled JIVE2.
ﬁIIVEZZE[T/MW(P_DP)MwleyX]. an
E[T’My (P —Dp)My T|Q, X]

The following theorem shows that this in fact reintroduces the many instrument bias, although it is

smaller than that in TSLS. Also, while the estimand differs from TSLS, the weights on the covariate

specific LATEs continue to be positive.

Lemma4 Under Assumption 1 and 2 it holds that
VE2 Zg PX; = xg]m(x4)*V[Q;|X; = x,17(xg) + By,1 + By,

TS, P = g PVIQuIX: = g1+ By + B 12
where
Byy === >l P[1-3VIQuIX = %, ]] 7). Byz= 1iE[u,-si|x,-,Q,-1(3P,-i - iz)
n 2 n P ng n
1 N 1< 2 1 =
Br, =—;§n(xg)2[1—3vm,-|x,- =xl], Bra= ;;E[uflxi,oil(n—gai— n—é)

The proof is similar as for Lemma 3 and omitted. In this case, the causal estimand still changes
relative to TSLS, but under Assumption 2 the weights on 7(x,) will lie between 0 and the TSLS
weights. When the noise terms are nonzero we see that the many instrument bias returns. To quan-
tify this bias, consider momentarily a homoskedastic setting where E[u; ¢;|X;, Q;] = 0 .. We see that
compared to the bias in TSLS that is < 5:1 1. We conclude that JIVE2 offers a

n

[ G 1
n g=1 ng

substantial bias reduction, especially when n, is large. However, under many instruments, n, is

By,z =

fixed and the bias is of the same order as for TSLS.

3 Saturated instrumental variable estimation

3.1 A causal estimand

We now consider an estimand identical to that of TSLS when the number of possible values of the

vector of controls is fixed, but that does not suffer from the many instrument bias when the number



of covariate values grows. Define the matrix V = [Z, W] consisting of the instrument interactions
and the covariate group indicators, and define the residual maker matrix M, v = I —V(V'V )1V’
The SIVE estimand is specified as
BOIVE E[T'(P—M, wDM, )Y|Q,X]
E[T/(P—MzwDM;w)T|Q,X]

(14)

where D is a diagonal matrix with diagonal elements such that P;; = [M; w DM y];;. It follows
that (14) is a jacknife estimand, which removes the diagonal of P and hence the bias in the TSLS
estimand. At the same time, by pre- and post-multiplying D by M 1, the controls are projected
out correctly and the bias in JIVE is prevented. In addition to the controls, M i also projects out
the instrument interactions, removing the bias in the TSLS estimand.

The SIVE estimator has been proposed by Chao, Swanson, and Woutersen (2023) as Fixed Effect
Jackknife IV (FEJIV). They show that the diagonal elements of D can be obtained by solving a system
of linear equations with a unique solution, and derive consistency results in a linear instrumental
variable regression with fixed effects using panel data with many weak instruments. Within our sat-
urated setting, we can derive a closed-form expression for D, and show that the estimator identifies a
weighted average of covariate-specific LATEs. These results require a different, but arguably weaker
set of assumptions. For instance, we allow the number of control dummies and instrument inter-
actions to be asymptotically non-negligible relative to the sample size, and Assumption 2 relaxes
Assumption 6 in Chao et al. (2023) that requires m, >3 and n; —mg > 3.

The following result shows that the diagonal matrix D in (14) exists under Assumption 2 and its
elements are available in closed form.

Lemma5 Under Assumption 2, it holds that if D is a diagonal matrix with elements

Dii= ) —W,
g 4

thel’l Pii = [MZ,WDMZ,W]ii LUlﬂ’lP =MWZ(Z’MWZ)_1Z’MW Cll’ldMW = In — W(W/W)_l W/.

£ Zie+
mg—1

1 ng—m Mg
1 (1=Zi) (15)
g g

The proof is deferred to Appendix C.4. The result shows that when the number of covariate values
is small and both m, and n, — m, are large, the diagonal elements D;; are small and the estimator
reduces to the TSLS estimator.

Because the term that is substracted in the numerator and denominator of (14) is orthogonal to
the instruments and controls, it is straightforward to establish that the SIVE estimand has a causal
interpretation that is identical to the unbiased TSLS estimand, without requiring the number of
control dummies or instrument interactions to be small.

Theorem 1 Under Assumption 1 and 2 it holds that
zg p[Xl = xg]ﬂ(xg)zv[zilxi = xg]T(xg
Zg P[Xl = xg]n(xg)zv[zilxi = xg]

ﬁSIVE —

)
:Zw(xg)r(xg). (16)
g

The proof is deferred to Appendix C.5.

3.2 Inference on the estimand

While having a causal estimand is a crucial first step, we also need to be able to infer the estimand
from the data. In this section, we therefore consider the testing problem

H,: B5VE = B, against H; : B5VE £ By, (17)



for a given f3,. We develop a test statistic that is valid when treatment effects are heterogeneous, the
number of values x, that the control vector can take is non-negligible relative to the sample size,
identification is weak, and the errors are heteroskedastic. The testing procedure is standard and
based on the fact that under Hy,

(BSVE—By)
VVIBSVE|Q, X]

Here, S5VE is simply the sample analogue of (14) and given by,

4 N(O,1). (18)

asve _ 1'(P—MywDMyzw)Y
T(P—My DMy )T

(19)

The crucial part to make the test operational is to find an appropriate estimator for the variance of
BSIVE. Denote by u; = T, —E[T;|Q;, X;], &; = Y; —E[Y;|Q;, X;] and v; = £; — u; BSVE. We propose the
following variance estimator.

(Y — TSSVEY ADy, A(Y — TPSVE)+ T/ ADy, AT +2(Y — T BSVEYAD, | AT

&7 ASIVE _

, o (20)

where A= P—My, DMy with D as defined in Lemma 5, and D2, Dg> and Dy, are diagonal ma-

trices with [Ds J;; = 6

i Doz lii = (3'2”, [Ds,,lii = Gy, on their respective diagonals. The testing

procedure is completed by defining the estimators [6];, [62];, and [6',,, ];, for 02, ; = E[u?|Q;, X;],
Uzw = E[vi2|Qi,Xi], and o,,; = E[u; v;|Q;, X;], respectively. In the presence of many instruments,
standard heteroskedasticity robust Eicker-Huber-White variance estimators are inconsistent (Cat-
taneo etal., 2018). We therefore consider the Hartley et al. (1969) variance estimators, also discussed
in the previous section:

6% . =e/(Myz©My ) (My T My ,T),

u,i

6> . =e/(My, © My )" (M2 (Y —TB) o My, (Y — T B3F)), 21

v,i

G uvi =€, (M7 © My, z) " (My,2(Y — TBSVE)© My, T).

We show that when 5IVE is replaced by its population counterpart S5VE, the estimators are unbiased
conditional on the instrument and covariates. This removes the main driver of the inconsistency of
standard heteroskedasticity robust variance estimators. We show below that when using (21) and
(20) in the test (18) leads to a conservative test under weak identification.

One issue with the estimators in (21) is that they require a strengthening of Assumption 2 to
mg > 3 and ng —my > 3 for the inverse of My, ; ® My, to exist. Instead, we can use the following
estimators on the individuals with an instrument status that is only shared with one other individual

in the same covariate group:

G2 =4e(My,z T @My, T),
02 =4e/(My,,(Y =TS F)o My, ,(Y — T ), (22)
G v =4e](My, (Y — TBSVE)© My, , T).

These estimators can be shown to generate a positive bias in the variance estimator (20). Hence, the
presence of many small groups will make the inference procedure more conservative.
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3.3 Assumptions

To study the asymptotic properties of the test statistic in (18) with variance estimator (20), we im-
pose the following assumptions. Throughout, C denotes a generic positive constant that can differ
between occurrences.

Assumption 3
The error terms (u;, €;) are independent across i, conditionally on Q and X, and for all i it holds that

almost surely
1. E[Y;|Q;, X;] is almost surely bounded.
2. Elu;|Q,X]=0andE[g;|Q, X]=0.

3. IE[uZ.Z|Q,X] >C> OandIE[sl?lQ,X] > C > 0 for some positive constant C, and|corfu;, &;|Q, X]| <
Cc<1.

4. E[u?]|Q,X]< C < 00 andE[£?#|Q, X]< C < o0.

Assumption 3 part 1 ensures that the treatment effect is bounded for all individuals. Part 2 is a stan-
dard assumption on the residuals in the reduced form model. Part 3 ensures that the distribution
of the test statistic is non-degenerate. Part 4 is used to control the behavior of the estimators for the
conditional variances of u; and &;.

Assumptions 1 to 3 allow for the inference on the weighted average of LATEs in (1) in a wide range
of empirically relevant settings. First, the treatment effects Y;(1)— ¥;(0) are allowed to be heteroge-
neous across all i. It follows that treatment effects may vary across the covariate groups defined
by the elements of X, and hence SIVE identifies a weighted average of potentially heterogeneous
conditional treatment effects. This is in line with the LATE identification literature. Note that the
literature on inference in IV models often assumes that the data satisfies a model along the lines of

L=mn'Z+6Wi+e, Y,=TL+6,W+u;, (23)

in which the treatment effect of T; on Y¥; is modelled with  which is specified to be homogeneous.
Since we conduct inference with saturated instruments and covariates, no parametric assumptions
or a model specification is required.

Second, the first stage and reduced form errors u; = T; —E[ T;|Q;, X;] and ¢; = Y; —E[ Y;|Q;, X;] are
allowed to be heteroskedastic. That is, E[ ul.2|Q, X1, E[sle, X], and corr{u;, €;|Q, X] may differ across
i. Although heteroskedasticity has been accounted for in existing methods with many instruments
(e.g. Hausman et al. (2012), Mikusheva and Sun (2022), Crudu et al. (2021)), this is usually within IV
models similar to (23) that restrict treatment effect heterogeneity.

Third, inference based on our test statistic in (18) is robust to weak identification under a min-
imal assumption on the identification strenght. That is, the test works with sets of instrument in-
teractions that have a strong or a weak signal. The instrument interactions are referred to as strong

when the concentration parameter

n . _ -
Hn=FS — 0o with FS = ZIP’[X,- = x I7(x, PVIQi1 X; = x, . (24)
4

Since |7(xg)| <1 and Var[Q;|X; = x,] < i, in the scenario with the strongest identification possible

within each covariate group, we require 7 > G for the instrument interaction set to be considered
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as strong. In this case, we show that the SIVE estimator is consistent, its variance estimator is con-
sistent, and the asymptotic confidence intervals constructed from the test statistic attain nominal
coverage. Under weak identification, that is if as G — oo,

VGu, — oo, (25)

the SIVE estimator remains consistent. Mikusheva and Sun (2022) show that this is the weakest
identification strenght under which a consistent estimator exists. In this case, the fact that we take
into account treatment effect heterogeneity leads to a positive asymptotic bias in the variance esti-
mator. This is common also in the case when the number of instruments is small (Kleibergen and
Zhan, 2021). The positive bias means that the asymptotic confidence intervals may be conservative.
In the case that one is worried that the identification is even weaker so that vGu,, — C < oo and
G — o0, the results we provide allow for the construction of fully identification robust confidence

intervals by inverting a score statistic as in Kleibergen (2005).

3.4 Largesample theory

We first provide a consistency result for SSVE,

Lemma 6 (Consistency SIVE) Under Assumption 2 and 3 with ‘/%FS —, 09, it holds that BSIVE »
ﬁ SIVE'

The proof is deferred to Appendix D.2. The most stringent condition on the identification strength
occurs when G o< n, in which case we require that +/nFS — p 00. Note that this allows the first stage
FS to decrease to zero asymptotically, but it limits the rate at which it can decrease to zero.

The following result shows the asymptotic validity of a standard ¢-test that uses the variance
estimator from (20). What is particularly important to note is that the theorem does not limit the
rate at which G can grow with n. In particular, we allow G/n — a € (0,1) which are the many-
instrument sequences by Bekker (1994). In our setting G can never exceed n because G is governed

by the number of unique observations on the vector of controls.

Theorem 2 Let Assumption 2 and 3 hold. If zFS —, 5 00, or ‘/%FS —g4.5. 00 and G — oo, then,

( ﬁSIVE_ﬁSIVE
VVIBSIVE|Q, X]

lim P

n—oo

s@*u—aﬂzl—m (26)

with V[ BSVE] defined in (20).

The proof is deferred to Appendix D.3. Part of the result follows from a central limit theorem for
quadratic forms first derived by Chao et al. (2012). We use a version by Evdokimov and Kolesar
(2018) that allows us to efficiently verify the necessary conditions for the central limit theorem to
apply. The most challenging result to establish is that the variance estimator converges to a quantity
at least as large as the population variance, conditional on the covariates X and instrument Q. The
requirement that ‘/%FS —4.5. 00 ensures that we can apply Lemma 6 when analyzing the variance
estimator in (20).

Theorem 2 shows that tests and confidence intervals based on the proposed procedure will be
conservative. This property is due to the fact that the variance estimator allows for treatment effect

heterogeneity, and has also been found in the setting with a fixed number of instruments (Kleibergen
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and Zhan, 2021). A natural question is then how conservative tests and confidence intervals based

on the SIVE estimator actually are. To quantify this, we have the following result.

Corollary 1 Strengthen Assumption 2 to mg >3 and ng— mg > 3 and let Assumption 3 hold. Then, If

&FS—,; 00, 0or ‘/LEFS—M_S_ 0o and G — oo,
BSIVE _ gSIVE
VIIBSIVEIQ, X]

with V[BSVE|Q, X] as in (20) and where A = 1 when £FS —, . 00 (strong identification) and A €
[1/4,1] when £FS —, ; u €[0, 00) (weak identification) and A is increasing in u.

—d N(Or )L)v (27)

Corollary 1 follows from the proof of Theorem 2. The strengthening of Assumption 2 shuts down one
source of positive bias in the variance estimator (20) that is due to the existence of covariate groups
with only two individuals with a particular instrument status for which we use (22) to estimate the
error variances. When excluding those groups, we see that as the identification strength increases
the rejection rates and coverage probabilities of the 7 -test attain the nominal values. In terms of the
confidence intervals, in a very weakly identified model, the confidence intervals are twice as wide
as needed to achieve the nominal size.

A second question regarding Theorem 2 concerns settings in which the identification may be
even weaker than that required by the theorem. These concerns can be mitigated by constructing
an identification-robust procedure. If we replace in (20) the estimator S5"VE by f3,, then Theorem 2
holds under Hy: """ = B, without the requirement that =FS —, ;. 0o and only requires G — 0o.
The following results formalizes that our testing procedure is fully identification-robust with the

asymptotic rejection rate not exceeding the nominal rate.

Corollary 2 Let Assumption 2 and 3 hold. When G — oo,

( /JSSIVE_ﬁswE
VV[BSIVE|Q, X]

with V[BSVE|Q, X] as in (20) with BSIVE replaced by BSIVE.

lim P

n—oo

scb—l(l—a))zl—a, (28)

Corollary 1 follows from the proof of Theorem 2. As usual, confidence intervals can now be con-

structed using test inversion. Finally, the analogous result to Corollary 1 can be established.

4 Monte Carlo Study

We build on the Monte Carlo set-up considered in Blandhol et al. (2022) that is designed to match
some key features of the data used by Card (1995). Consider a sample with n = 3,000 observations.
We have a single control variable X; that can take on L = {1, 2,25, 50, 100, 200, 300} values taken from

a one-dimensional Halton sequence. The binary instrument satisfies
E[Q;X;]1=0.119+1.785X; — 1.534X +0.597X_". (29)

We generate (u;, &;) ~ N(0,X) where [X];; =[X],, =1 and [X];, = 0.527. The endogenous treatment

and the outcome variable are generated as,

T =o(u;) < ppllZ; = 0]+ p1[Z; = 1], 30)
Y; =1og(129.7+1247.7X; —2149.0X? + 1515.7X>) + B(r, T;) + ;.
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Figure 1: Average absolute bias in the estimand
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Note: the figure shows the absolute median difference with the causal estimand in a setting without treatment
heterogeneity. The size of the circles indicates the number of covariate groups with the small circle correspond-
ingto L =1, the medium circle corresponding to L = 25 and the large circle corresponding to L = 300. The x-axis
is the instrument strength p(1)— p(0), with p(0) = 0.22 and p(1) = {0.39,0.49,0.59, 0.69}. Because non-saturated
TSLS shows large biases for L =25 and L =300, the y-axis is broken between 0.9 and 3 and limited to [0,4].

where y; = 1 in the homogeneous treatment effect design and 8 = 0.2. We set py, = 0.22 and vary
the identification strength through p, € {0.29,0,39,...,0.69}. To simulate heterogeneous treatment
effects, we set y; = 1+ h with h € {2,4,...,10} for the 900 observations with the smallest value of X;

and 7; = 1 for the remaining. Throughout, we only use covariate groups that satisfy Assumption 2.

Bias We first study the bias of the following estimators: SIVE, nonsaturated TSLS and saturated
TSLS. Results for the saturated JIVE estimators considered in Section 2.4 are reported in the ap-
pendix. Figure 1 shows the absolute median bias of the various estimators as a function of the in-
strument strength in the absence of treatment heterogeneity. The small circles correspond to L =1
covariate groups, the medium circles to L = 25 groups and the large circles to L = 300 groups. We
analyze the effects of varying the instrument strength by setting p(2) = {0.39,0.49,0.59, 0.69}.

We see that SIVE is median unbiased regardless of the number of covariate groups and the values
of p(2) under consideration. For TSLS, we see that it is median unbiased for L =1 covariate group.
However, as the number of covariate groups increases, non-saturated TSLS incurs a bias because
estimand is non-causal. For saturated TSLS the (many instrument) bias enters. As is well known,
this bias is more pronounced is settings where the instruments are weak. In the appendix we find
that for JIVE1 removing the diagonal of the projection matrix leads to a large (omitted variable) bias
as the controls are no longer correctly projected out. As we have shown in Section 2.4 this effect is
mitigated by moving to the JIVE2 estimator. However, this estimator also shows an increasing bias

with increasing number of covariate groups and an decreasing instrument strength.
Size In Figure 2 we show that the size of a test of Hy: f; = 8 with § = 0.2 in a setting without

treatment heterogeneity (left panel) and with treatment heterogeneity (right panel). In the latter
case, in (30) we set 7; = 11 for the 900 observations with the lowest values of X; and y; = 1 for the
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Figure 2: Size versus instrument strength for an increasing number of instruments
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Note: the figure shows the size of testing H,: f = 0.2 at a nominal level of 5%. The x-axis is the instrument strength,
with p(0) =0.22 and p(1) = {0.39,0.49, 0.59,0.69}. The circles of increasing size correspond to L = {1, 25,100,300}. TSLS
is fully saturated and we use heteroskedasticity-robust (HC0) standard errors to construct the ¢-statistic. SIVE uses
standard errors based on (20). The observed size for TSLS when L = {100,300} is above 0.2.

remaining. The size of the circles indicates the number of covariate groups, which we choose as
L ={1,25,100,300}. Given the large bias in non-saturated TSLS observed in Figure 1, we now only
consider saturated TSLS. As expected TSLS yields accurate size control when L = 1. For L = 25,
we have seen a substantial bias in Figure 1 and consequently we observe a size distortion that is
increasing with decreasing instrument strength. For SIVE, we obtain close to nominal size control
for L =1 for all values of the instrument strength. As expected based on the theory we see that for
a larger number of covariate groups, the test becomes progressively more conservative. Increasing
the instrument strength makes the test less conservative, as formalized in Corollary 1. The results
with and without treatment heterogeneity do not show any qualitative differences.

Alternative variance estimators. For SIVE, we use the variance estimator given in (20), which is
robust to treatment effect heterogeneity. We first compare this with using the variance estimator
proposed by Chao et al. (2023) that is given by

V. =(T'AD,AT +(¢0 21) J(A® A)J(¢ ® 01))/(T' AT, 31)

where J = (My © My)™!, [D)]; = [J(§©8)];, & = My, z(y — TBSVE) = My 4(e — upSVF) and @t =
My T = My, zu. Thevariance estimator (31) is proposed in the context of alinear panel data model
with homogeneous slope coefficient. We now assess the effect of treatment effect heterogeneity on
tests that rely on (31).

In Figure 3 we show the size of the test of Hy: f, = 8 with = 0.2 in a setting with weak instru-
ments (p(2) = 0.39, left panel) and with strong instruments (p(2) = 0.69, right panel). On the x-axis
we vary the treatment effect heterogeneity through the parameter y; =1+ h with h € {2, 4,...,10} for
the 900 observations with the smallest value of X; and y; =1 for the remaining. In the left panel, we
again observe that SIVE offers a conservative test under weak instruments. As expected based on the
theory, the level of heterogeneity has no effect on size of the test. For the alternative variance esti-

mator, we see that increasing the level of treatment effect heterogeneity leads to a slightly oversized
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Figure 3: Size versus treatment effect heterogeneity: compared to Chao et al. (2023).
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Note: the figure shows the size of testing Hy: 8 = B5IVF at a nominal level of 5%. The left panel is for weak instruments,
p(2)— p(1) =0.17, the right panel for strong instruments p(2)— p(1) = 0.47. The x-axis is the heterogeneity level k. In
(30), we set y; = 1+ h with h € {0,2,...,10} for the 900 observations with the smallest value of X; and y; = 1 for the
remaining. SIVC uses the SIVE estimator, but the variance estimator (31) proposed by Chao et al. (2023). We consider
L = {25,100, 300} for the number of covariate groups, which correspond to the solid, dashed and dotted lines respec-
tively.

test, but no ordering in terms of the number of covariate groups is observed. The fact that treat-
ment effect heterogeneity has only a mild effect in this case is due to the fact that the heterogene-
ity is flooded by the additional uncertainty introduced by the presence of many weak instruments.
When the instruments are strong, as in the right panel of Figure 3, accounting for treatment effect
heterogeneity becomes more important. Again, SIVE shows no dependence on the level of treat-
ment effect heterogeneity. The alternative variance estimator now become progressively oversized
as the level of heterogeneity increases for all values of the number of covariate groups.

Lee (2018) proposes a variance estimator for TSLS that is valid in overidentified systems where
each instrument identifies a different LATE. It therefore allows for treatment effect heterogeneity.
However, the analysis in Lee (2018) proceeds under the assumption that the number of instruments
is fixed relative to the sample size. We therefore study its performance in a setting where the num-
bere of covariate groups L increases.

In Figure 4, the left panel shows a setting with weak instruments p(2)—p(1) =0.17, the right panl
a setting with strong instruments p(2) — p(1). The variance estimator in Lee (2018) is designed for
the right panel with a number of covariate groups that is small relative to the sample size. Indeed,
for L = {2,25} the variance estimator (dashed line, triangle markers) shows excellent size control
and a substantial improvement over the standard Eicker-Huber-White variance estimator (solid line,
circle markers). However, when the number of covariate groups increases, the many instrument
bias manifests itself and the size increases above its nominal value. This effect is even stronger in
the weakly identified setting in the left panel.

5 Application: Card (1995)

As an illustration of the proposed estimator and inference procedures we revisit the study by Card
(1995) that uses the distance to the nearest college to instrument educational attainment. The data
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Figure 4: Size versus covariate groups: compared to Lee (2018).

(a) Weak identification (b) Strong identification
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Note: the figure shows the size of testing Hy: = B5VE at a nominal level of 5%. The x-axis is the number of covariate
groups L. The left panel is for weak instruments, p(2)— p(1)=0.17, the right panel for strong instruments p(2)—p(1)=
0.47. In (30), we set y; = 11 for the 900 observations with the smallest value of X; and y; = 1 for the remaining. The red
solid line with circle marker is for TSLS, the red dashed line with triangle marker uses the variance estimator from Lee
(2018), the blue solid line with square marker is for SIVE.

considers men aged 14-24 sampled in 1966 from the National Longitudinal Survey of Young Men
(NLSYM). These men were followed until 1981. Following Card (1995), we consider individuals that
provided education and wage information when they were interviewed in 1976.

The instrument used by Card (1995) is the distance to the nearest four-year college. We consider
some adjustments to the original model as proposed by Kitagawa (2015) and Stoczyniski (2020). In
particular, the specification includes five binary controls (Black, living in a metropolitan area (SMSA)
in 1966, living in a metropolitan area (SMSA) in 1976, living in the South in 1966, living in the South in
1976). With these five binary controls, we potentially have 32 covariate groups after saturation. The
original sample size is 3,010. We restrict the sample by requiring at least five observations in each
covariate group, which brings the sample size to 2,988. In each of the covariate group we have at
least two treated individuals and two non-treated individuals. Finally, we follow Kitagawa (2015) and
Stoczynski (2020) and redefine the instrument to equal 1 ifindividuals have some college attendance
(defined as having strictly more than 12 years of education) and 0 otherwise.

We consider the TSLS and SIVE estimators under different specifications for the controls and
the instruments. First, the standard TSLS estimator that uses the binary instrument and linearly
includes the controls. This estimator is inconsistent if the assumption of a linear relation with the
controls is violated. Moreover, it supposes strong monotonicity in the instrument. We then sat-
urate the model in the controls. To allow for weak monotonicity interact these controls with the
instruments. This estimator is inconsistent due to the many instrument bias. We consider then two
restricted versions of the fully saturated TSLS estimator. First, we only saturate in the controls, as-
suming strong monotonicity such that saturation in the instrument is not necessary. Second, we
only saturate in the instrument, assuming a linear relation with the controls so that we do not need
to saturate the controls. We follow the same specifications for SIVE with the exception of the model
without any saturation.

Table 2 shows the point estimates, standard errors and 95% confidence intervals. For TSLS these
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Table 2: Empirical application: estimates, standard errors and confidence intervals

(mg, ng—mg) Estimator Specification Estimate Standard error 95% CI
>2 2SLS not saturated 0.524 0.296 [ -0.056,1.104 ]
fully saturated 0.156 0.138 [ -0.116,0.427 ]
saturated instruments  0.209 0.102 [ 0.009,0.408 ]
saturated controls 0.570 0.298 [ -0.014,1.154 ]
SIVE fully saturated 0.125 0.342 [ -0.546,0.795 ]
saturated instruments  0.217 0.171 [ -0.119,0.553 ]
saturated controls 0.644 0.440 [ -0.218,1.506 ]
>3 2SLS not saturated 0.499 0.278 [ 0.041,0.957 ]
fully saturated 0.190 0.139 [ -0.038,0.417 ]
saturated instruments  0.218 0.106 [ 0.044,0.392 ]
saturated controls 0.538 0.282 [ 0.074,1.001 ]
SIVE fully saturated 0.215 0.273 [ -0.234,0.664 |
saturated instruments  0.233 0.159 [ -0.079,0.545 ]
saturated controls 0.599 0.388 [ -0.040,1.237 ]

are based on the HCO based estimator for the variance covariance matrix. We reproduce the key
findings by Stoczynski (2020). In particular, not interacting the instruments leads to unreasonably
large estimates for the effect of schooling both when using TSLS and SIVE. When we saturate the
instrument, the point estimates drop from around 0.5 to 0.2, which is much more in line with the
recent literature on wage gains resulting from education. In terms of statistical efficiency, we see that
the standard errors from SIVE are generally higher. This is to be expected as it takes into account
the many instrument effect, as well as treatment effect heterogeneity.

If we have individuals that share the treatment status with only one other individual in the co-
variate group, we use the estimators from (22) that leads to an upward bias in the variance estimator
(20). To analyze whether these individuals drive the results, we remove those individuals from the
data. This reduces the sample size to 2,957 individuals. the bottom panel of Table 2 shows the point
estimates, standard errors and confidence intervals of the methods. The main finding of interest is
that the point estimate from the fully saturated SIVE slightly increases and is almost equal to that of
the SIVE estimator that only saturates the instrument. Despite the smaller sample size, the standard
errors are also somewhat lower.

6 Conclusion

We show how to conduct inference in a saturated IV model where the number of covariate values is
of the same order as the sample size. The estimator is consistent under a minimal assumption on
the identification strength. Crucially, and unlike existing procedures we allow arbitrary treatment
effect heterogeneity. Our findings are confirmed through numerical experiments that rely on data
with similar characteristics to the data analyzed by Card (1995). Applying the proposed estimator to
that data yields realistic point estimates.
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Appendix to “Inference on LATEs with covariates"

A Conventions and notation

Without loss of generality, we assume that the observations are ordered according to the columns of
the matrix W that contains the dummies indicating the values of the control variate(s) in the sense
that

lp, Onl m
W= Of” e Of” : (32)
O0p, Opng -ov lpg

As a subsequent ordering, we assume again without loss of generation that the matrix with instru-
ment interactions has the following structure

U, O, 0,
0 1~ O"l—ml 0 1~
0, L, 0,
Z=| Onm, Onpm, -+ Opye, |. (33)
me O, R .
ng—mg ng—mg  °°° Onc—mc

Throughout we denote by r,, = Gu,, under strong identification and r,, = G under weak identifica-
tion as defined in the main paper.

For any vector v, y is the vector of observations from v that have W;, = 1. Additionally, yg ) is
the vector of observations that have Z;, =1 and vy , is the vector of observations that have W, =1
and Z;, =0.

B Generalizations

This section extends the binary treatment and binary instrument setting to a multivalued treatment
and instrument using respectively Theorem 1 and Theorem 2 in (Angrist and Imbens, 1995).

B.1 Multivalued treatment

Suppose the multivalued treatment 7; takes values in the set {0, 1,2, ..., /}, where T; = 0 corresponds
tono treatment, and 7; = 1,..., J correspond to different treatment levels. Define D;; = 1[T; > j]with
D;; =(1—Q;)D;(0)+ Q; D; ;(1). Under Assumption 1.2, we have

J
Y= Z(Di,j =Dy ;1) V()
=0

; (34)

J
=(1-Q) D (D1 ;(0)=D; ;1 (O) V() +Q: D (D1 j(1) =Dy, s (DY),
j=0

J Jj=0
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where we use that D;; =1 and D; ;,; = 0. It follows from Assumption 1.1 that

0(x,) =E[Y;|Q; =1, X; = x, |- E[¥;|Q; =0, X; = x,]

J
=§ [(D;,;(1)= Dj, j1 (1) — D j(0)+ D;, 111 (0) Y; ()1 X = ] 45)

—

D, ;(0)(Y;(j) = Yi(j = )IX; = xg].

—

From Assumption 1.4 follows that either T;(1) > 7;(0) or T;(1) < T;(0) for all i with X; = x,. Hence, we
either have D; ;(1) = D; ;(0), D; ;(1) > D; ;(0), or D; ;(1) < D; ;(0), where the latter two cases occur if
max(7;(1), T;(0)) = j > min(T;(1), T;(0)). It follows that

J
0(xg)= > _E[Y(j)— Yi(j = DID; ;(1) = D; j(0) # 0, X; = x, IP[D; ;(1) = D; j(0) £01X; = %] (36)

j=1
J
= EI¥%(j)— Yi(j — Dmax(T;(1), ,0)) > j > min(T;(1), T;(0)), X; = x] (37)
j=1
x Plmax(T;(1), T;(0)) = j > min(T;(1), T;(0))|X; = xg . (38)

Similarly, we have

mxg) =E[T|Q; =1, X; = x|~ E[T}|Q; =0, X; = x,]
J
=ZE[D,](1) D; j(0)1X; = x,]

(39)

]
= PID; j(1)— Dy, ;(0) # 01X; = xg]
j=1

J
Z]P’[max (1), T;(0)) = j > min(T;(1), T;(0))|X; = xg].

Hence, with a multivalued treatment we obtain a covariate-specific weighted average of LATEs,
known as an average causal response:

0(xg) <

T(xg) = =55 =D E[%(j)— %(j — Dmax(,(1), T(0)) > j > min(7;(1), T;(0)), X; = x¢] (40)
m(xg) =
Plmax(T;(1), 7;(0)) 2 j > min(T;(1), )X = x] an
I Plmax(T(1), T,(0)) > j > min(T;(1), T0)IX; = xg]
J
= " E[%(j)— %(j— Dlmax(T;(1), T;(0))> j > min(G,(1), 0), X; = %], (42)
j=1
where

- P[max(T-u), T,(0) > j > min(T;(1), TO)IX; = x,] )
g _ Plmax(T(1), ;,(0)) > j > min(T;(1), T;(0))|X; = x,]’

with Zj n; = 1. From Assumptlon 1.3 follows that P[max(7;(1), 7;(0)) = j > min(T;(1), T;(0))|X; =
Xg] >0 for atleast one treatment level j, and therefore n; > 0 for all j. It follows that 7(x,) identifies
an retains its causal interpretation with a multivalued treatment T. Note that with J =1 the result
boils down to the covariate-specific LATE with a binary treatment.

Since all results in this paper are written in terms of 7(x, ) using the reduced form and first stage

(in which T iswritten in terms of Z and W), they directly apply to the multivalued treatment setting.
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B.2 Multivalued instrument

Suppose we have L mutually exclusive binary instruments Q;; with [ = 1,..., L. This set of instru-
ments may be interpreted as L different instruments, which includes a full set of interactions across
an original set of instruments in case they are not mutually exclusive, or the L levels in a single in-
strument. The instruments in the set are ordered such that / < k implies that E[T;|Q;; =1, X; = x¢] <
E[T;|Qix = 1,X; = xg]. Define Q;o = I—Zlel Q;;. The LG x 1 vector Z; contains the instrument
interactions Z;g; = Q;; Wg, and Z is defined as an n x LG matrix with Z; as rows.
Define

E[Y}]Q;; =1, X; = x;]— E[Y|Q; ;-1 =1, X; = x|
E[T;|Q; =1,X; = Xg]— E[T;|Q; -1 = 1, X; = x|

T11-1(xg) = (44)

It follows from Lemma 1 that 7, ;_;(x,) = E[Y;(1)— ¥;(0)| T;(1) # T;(I —1), X; = x, ] identifies a LATE.
We can write
ElY1Qi;=1,X; = xg]
=71,1(%) (EIT1Qi = 1, X; = xg] = E[T;1Q;, 11 = 1, X; = xg]) + E[¥;|Q;, -1 = 1, X; = x,]

l (45)
:Z’Fk,k—l(xg)(E[Ti@ik =1,X; = x]— E[T|Q; k1 =1, X; = X))+ E[¥iQi0 =1, X; = X,
k=1
and therefore
01(xg) =E[Y;|Qi1 =1, X; = x| — E[Y;|Q; 0 =1, X; = x| (46)
I
=D Tk (%) (E[T1Qik = 1, X; = xg 1= E[T1Qi k1 = 1, X; = X, ). (47)
k=1
Similarly, we have
(%) =E[T;|Qi; =1, X; = x| — E[T;|Q; 0 =1, X; = x,] (48)
i
=D (ElT1Qi =1,X; = X1 = E[T;|Qi k1 = 1, X; = X, ). 49)
k=1
Hence,
i) = 01(xg) =in,k_1(xg) I(E[Tl-lQl-k=1,Xl- = %] = E[T1Qi k-1 =1,X; = x;]) 50
mi(xg) = >t (EITQik =1, X; = xg1— E[T;1Q; -1 = 1, X; = X))

which is a weighted average of LATEs with weights that sum up to one and are nonnegative due to
the ordering of the instruments. Note that with [ =1 the result boils down to the covariate-specific
LATE with one instrument.

Instead of averaging over G covariate-specific LATEs 7(x,), T will be a weighted average of LG
covariate-specific weighted average of LATEs 7,(x,) with multiple instruments. By substituting the
following two expressions in the theoretical derivations in the paper, it follows that the weights are

nonnegative and sum to one:

m

T2 MyZ0=Y > mg,(1—ni’)ng,(xg)e,(xg), 51)
g 1 g
m

ﬂ’Z’MWZﬂ:ZZ mgl(l—n;gl)ﬂ,(xg)z, (52)
g 1 g

where 7 and 6 are LG x 1 vectors containing respectively 7¢;(x,) and 0;(x,), and mg; = > Zigl-
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C Proofs - Estimands

C.1 ProofLemmal

Using the exclusion restriction in Assumption 1.2, the observed outcomes are linked to the potential
outcomes as ¥; =(1—T;)Y;(0)+ T; Y;(1) = Y;(0)+ T; A; with A; = Y;(1)— Y;(0). The observed treatment
is linked to the potential treatment statuses as T; = (1 — Q;)T;(0) + Q; T;(1) = T;(0) + (T;(1) — T;(0))Q.
Hence, Y; = Y;(0)+ T;(0)A; + (T;(1)— T;(0))A; Q;. We can now write

E[Y;|Q; =1,X; = xg|— E[Y}|Q; =0, X; = x¢]

E[T|Q; =1,X; = xg] — E[T;|Q; =0, X; = xg]

_ E[Y(0)+ T(0)A; +(T;(1)— T;(0)A1Q; =1, X; = x| — E[Y;(0) + T;(0)A;]Q; = 0, X; = x,]

E[T(DIQ =1, X, =xg1—E[T-( Q= 0,X; = xg] 53)
_ N0~ TOMAIX, =] _ EIAIT(1)# T(0), X, = 5P, £ T(0) = 11X, = x,]
=B TO)X, = 1) P['n D# T0)= 11X, = x5]

= E[A| Ti(1) # T;(0), X; = xg],

using subsequently Assumption 1.1 independence and 1.4 monotonicity in the third line, and 1.3

relevance in the fourth line.

C.2 ProofLemma2
In a saturated specification, we can write
T;=> (E[T|Z;g =1, Wig =1]=E[T;| Z; =0, Wiy = 1)Z; + E[T;| Z;p =0, Wi =1 Wi + u;,
¢ (54)
Y= D (B[Y|Zig = 1, Wig = 1]=E[;|Zig =0, Wig = 1)Zi +E[ Y% Zig = 0, Wig = 1|Wig +&;,

where u; = T;—E[T;|Q;, X;] and ¢; = Y; —E[ Y;|Q;, X;]. It follows from the derivations in Appendix C.1
that this can be written as

T,=1'Z; +yY'W;+ u;, (55)
Y,=0'Z,+¢'W;+¢;, (56)

where 7w = (7(x,), ..., 7(x,)) with (x,) =P[T;(1 #T IXi =X, Y =,..., ) withp, =E[T;| Z;, =
0, Wig=1], 0 =(0(x1),...,0(xg)) with 0(xg) = T(xg)P[T;(1) # T;(0)|X; = x¢], and ¢ = (¢, ..., p,) with
¢g:E[Yi|Zig:OrVVig:1]-
For the TSLS estimand, we now obtain the following.
TSLS :IE[T’P Y|Q, X] _ E[(Zn+ u)P(Z0 +¢)|Q,X]
E[T'PT|Q,X] E[(Zr+u)yP(Zn+u)Q,X]
_ WZ'PZO+n'Z'PE[e|Q, X]+E[ulQ, X/PZ0 +E[u'Pe|Q, X]
CWZ'PZr+2m' 7' PE[u|Q, X]+E[u|Q,X/PZ0 +E[wPulQ,X]
' Z'MyZ0+E[u'Pe|Q, X]
W Z'My Zrn+EwPu|Q,X] (57)
O(x m
2 ngngﬂ(xg) ”g ng( — %) )+ Elu;&;1Q; X; 1P
Y g (- T +z E[u?|Qi, X 1P
Zgr:fﬂ( g)zr,:l—:(l—n—g) (xg)‘l‘zzi E[u;&;|Q;, X;1P;;
X Rl PR T+ 5 X Bl 1Qi, Xi Py
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where we use that Z'My, Z is a G x G diagonal matrix with elements 7, Ze(1— 28,
g 8

Note that e/ My, Z isa1x G vector with as elements the residual of observation i in the regression
~ = m
of Z;, on Wg, so [e/My Z]; = Z;; — W;zP[Z; = 1|X; = x,], where P[Z; = 1|X; = x,] = n—; Hence,
_ / 17/ _ 1 (Zig—PlQi=11X;=x,])?
Py = e{My Z(Z' My Z) ' Z' My e; = 3 7= Wiy "o e

C.3 ProofLemma3

For the JIVE1 estimator we have

el E[T'(P—Dp)Y|Q,X] E[T'PY|Q,X]-E[T'DpY|Q, X]
T E[T(P—Dp)T|Q,X] E[T'PT|Q,X]—E[T'DpT|Q,X]’

(58)
with
E[T'DpY|Q,X|=E[(Zr+ Wi+ u)YDp(Z0+W¢ +¢£)|Q, X]
=n'Z'DpZ0 +1'Z'DpW ¢ + 7' Z'DpE[£]|Q, X]
+ YW DpZ 0 +y'W DpW ¢+’ W’ DpE[£]|Q, X]
+E[u|Q,XIDpW ¢ +E[u|Q, X1 DpZ0 +E[u' Dpe|Q, X]

='Z'DpZ0+7'Z' Dp W@+ W' DpZ0+y'W DpW ¢ +E[u'Dpe|Q, X]

0(x,) m
=§( ﬂ(xi)n(xg)%n(xgmg+e(xg)wg)(1—n—§)+wg¢g+ZE{uiei|Qi,xilai,

(59)

where W DpW =1 as Y, Wl.éPl-,- =1,and Z'DpZ = W’'DpZ isa G x G diagonal matrix with elements
> Zing’,-i =(1- ’:—:). Similarly, we get

m
E[T’DpﬂQ,X]=§(n(xg)2+zn(xg)¢gx1—n—§)+w§+ZE[uisi|Qi,X,-mi. 60)

Hence, using the results in Appendix C.2, we have

g _ 2 5 5 (1= 5E) 701 = 7) = 3y 5 () g + 0 (3 )0g) 7 (1= 55 ) — 5 P
3 m g PRE (= )1 — ) — 2 F gy 7 (1= 58 )i — 53
0 PLX: = xgIm(ixg P Var(Qi|X; = xJ(1—PIQ; =1, X; = x ) 7(xg) — By
Zg P[X; = xg ]m(xg)?Var[Q;|X; = xg 1 —P[Q; =1, X; = x¢])— Br

(61)

where

By =3 I, = g n(xg g + e g WVarl Qi1 X, = g JPIQs =1, X, = )= 4,

s (62)

1
Br =2 PIX; = xgInlx g Varl Qi1 X; = 5 IPIQ = 1, X; = ] = — 7,
4

with P[Q; =1, X; = x,] = ng Yo =E[T;|Z;g =0, Wy =1], and ¢y =E[Y;|Z;, =0, Wiz =1].
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C.4 ProofLemmas

First we show that P;; = [My, ;D My, z];; if the elements of the diagonal matrix D are set equal to
D;; =Y (M 7 ® My, z) i Per. Using that D is diagonal and My, , symmetric, we have

[Mw,zDMywy, z1ii = Z[MW,Z © My 2]ijDjj
J

n
= Z[Mw,z © My, z1i; Zpkk[(MW,Z O My ) ' Ik;
j k=1 (63)

n

zzpkk Z[MW,Z © My, 2i j[(My,z © My )" 1
k=1 7

=P;.

Next, we derive an expression for D;;. Note that My ; is a block diagonal matrix with the gth
block an ng x ng matrix
-

g leg L;Vl Omg'”g_mg
MW,Z,[g) = Ing _PW,Z,(g) = Ing - ¢ 1 , ) (64)
Ong—mg,mg (n'g - mg) Lng—mg Lng—mg

where the observations are ordered according to covariate group and within covariate group on ac-
tive instrument, without loss of generality. It now follows that

Y
I- m_g) I, + mz bmgt mg Omg,ng—mg ) (65)

2 I 1 /
O”g_mg'mg 1 ng—ng ) ng—ng + (ng—myg))? L”g_mgLng—mg

[My,z @My, z]g)= ( (

and hence

g /
O, _ ., — Lp—m.t
Ng—Mg,Mg ng—mg—Z( ng—mg (ng—myg)(ng—mg—1)"Ng—Myg ng—myg

Mg I — ;L L/ O
_ my—2 \"m, (mg—1)"m Mg,Ng—m
[(MW,Z QMW,Z) 1](g) — ( g ( g mg(mg 4 mg) ng—m 8''g . g ) .

(66)

(Zig—57E ) o . .

Note that P; = 3, ﬁmgm, as derived in Appendix C.2, and hence P;; = ng - nig if W, =
Ilg Vlg

Zig=1land P; = mg/"g if Wz =1and Z;; = 0. Define [Dp],) as the elements in the diagonal of P

ng

correspondlng to the observatlons in[My ;0 My,)™" leo)

D;; ZZ Wge/[(My,z © My 2) e[ Dplig)
I

my my 11
S [ (1 ) (-
= mg — mg(mg—1) J\mg n

4

Ne—m ne—m m 67
g 82(1_ g g - ) g (I—Zig)]
Ng— Mg — (ng—mg)(ng —mg—1)" ng(n, —myg)
1 ne—m m
= _Vvig|: g 1gzig+ 4 1(1—2,-g)].
= g mg — ng — Mg —

The derivation above implicitly assumes that mg > 3 and ngy — m, > 3 for all expressions to be well-
defined. However, the end result only requires m, > 2 and n,—mg > 2. We can briefly verify whether
D;; as given on the final line of (67) indeed yields a zero diagonal for P — My, ; DMy, ;.
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Consider observation i for which Zig=1. Then,
1 ng—mg 1 ng—myg 1
pj=———, Dii=——1, Py zii=—. (68)
ng Mg ng Mg — mg

Since D;; is the same for all observations that have Z;, =1, we have

1
[MW,ZDMW,Z]ii:Dii(l_zpw,z,ii)‘l‘mg%Dii:Dii(l_PW,Z,ii):Dii =P;. (69)

g 4

The case where Z;; =0 follows analogously.

C.5 ProofTheorem 1

BOIVE E[T'(P—My DMy,)Y|Q,X] E[T'PY|Q,X]—E[T'My,,DMy,,Y|Q,X]

= s 70
E[T(P — My, DMy )TIQ.X] _ E[T'PTIQ X|—E[T'My, DMy, TIQ.X]. 0

with
E[T'My DMy, Y|Q,X]=E[u'My,; DMy, ,£|Q,X]= ZE[ui€i|Qi,Xi]Pii, (71)
i

and similarly we have E[T'My, DMy, Y|Q, X] = >, E[u?|Q;, X;]P;;. Combining this result with
the result in Appendix C.2, we have

ﬂsma:ZgTg m(xg )Tfn ) (xg)‘ 72)

> Elx i (1— )

D Proofs - Inference

D.1 Preliminary results
D.1.1 The elements of the projection matrix P

Since the columns in W are orthogonal, Py, = W(W’'W)™'W is a block diagonal matrix consisting
of G blocks of dimension ng x ng. The gth block is given by Pg) = —Ln n, . We then have that

M, Z( 1) On

Lny

MyZ = 0,, M, zp ... |. (73)

The matrix P is again block diagonal, with

(2(yM,, z0)"' M, Z0)2(yM,,, On,,n,y
P= Onz,nl (Z(Z)ML,,Z Z(Z))_IJML,,2 Z(Z)Z(/g)]wL,,2 cee . (74)
The elements of P are given by
1 1-mg/n, _ _
ng mjngg Wig=Wjg=1,Zig=1,Z;s =1,
—1/ng Wig=Wjg=1,Z;3=1,Z;¢ =0,
[P]ij= _l/ng M/igZVVJgZI,Zlg—O,ngZI, (75)
1 _mg/n _ _ _ _
ng 1—rf¢g/ig Wig=Wjg=12;4=0,Z;, =0,
0 otherwise.

28



D.1.2 Results on the matrix A used for asymptotic normality

Recall that A= P — My, , DM,y ,. This matrix is block diagonal with blocks

-1 ’ M
g Lng—mngg ng(ng— mg—l)(L”g mgLng —my I”g_mg)

Nng—m , 1 /
A(g) :( nggmg—gl)umngg _Img) _n_nggLng —mg ) (76)
The following result is used in the proof of the central limit theorem for the SIVE estimator,
tr(A%)= G + tr(My, , DMy, , D)

—G+ZD _ZZD”[PWZ]H +tr(szDpsz)

2

G 1 (ny—m,)? 1 m
S Ll 1
= n§ (mg—1)2 n§ (ng—mg—1) (77)
I e 1
g=1"%8 8 g
G
SG+Z ml—l n rln—l}
g=1L"" g g
<3G,

where the last line uses that m, > 2 and n, — mg > 2. From the first line we also immediately have
that
tr(A*)>G. (78)

The eigenvalues of A are 0 with multiplicity 1, 1 with multiplicity 1, —(ng — mg)/(ng(mg — 1)) with
multiplicity mg —1 and —myg/(ng(ng — mg — 1)) with multiplicity n, — mg —1. Since my > 2 and

n > 2, we conclude that the eigenvalues are on the [-1,1] interval.

.=
In the SIVE estimator, we encounter the product AZ7 and AZ{. We require an elementwise

bound on these products, which can be established as follows.

[AZr];| = [Mw Z7];]

ng—m, .
njng £ leigzl,VVigzl,

= 7t(xg) n—: if Z;g =0, W =1, (79)
0 otherwise.

<C<oo, a.s.

The same result follows for AZ{ = AZ(6 — p3"VE7) by noting that 6 (x,)/m(x,) = 7(x,) < C < 00 a.s.
by Assumption 3.1.

D.1.3 Results on the matrix A used for consistency of the variance estimator

To show consistency of the variance estimator, we need to upper bound terms that are of the form

SAP)= > 1Ani A A 1A P, P P P (80)
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with some restrictions on the indices over which we sum. We will first find a matrix A such that
S(A, P)< S(A, P). To save on notation, define

t 0 m; 0
Hg _ mg mg , Eg — 8 . (81)
O”g_mg bng—myg 0 (ng o mg)
We then have
ng—m / 1 /
A= wumg ng _Img) _"_ngg L”g_mg
&)~ -1y I (¢ L -1 )
ng =g “my, ng(ng—mg—1)\"1g=Mg “no—my ng—myg
1 r_ _ 1 /
= 77’15,(}18 _ mg) ( mg(mg—1) (ngng Img) mg(ng—my) bmg L"g_mg ) (82)
1 / 1 / _
ng _mg(ng—mg)L”g—mg ng (ng—mg)(ng—mg—l)(Lng—mgLng—mg ng_mg)
my(n,—m,) ~
< 2%1{8 EgtolyEgH, = Agg),
4

where < indicates an elementwise inequality.

We can now establish the following results

(R1) tr(Ag) <C,

(R2) Amax(Ag) <C,

(R3) Ay =24y

(R4) APz =Ag

(R5) b (Aig)© Pz ), <C, (83)
(R6) b, (Aig) © Pz ) tn, < C,

(R7) 1, (Aig) © Pw.zg)Agtn, <C,

(R8) 1), Aig)(Pw,z(5)© Pw.z () Ag)tn, <C.

Proof: (R1) follows from the fact that H, H, = Eg_l, L:lg H, = LéEg_l and 1) Egly, = m Since
rank(A[g)) =1, (R2) follows from (R1). (R3) follows from the fact that H g’ Hg = Eg‘l. For (R4)——(R8),
we first note that the gth diagonal block of the projection matrix Py, satisfies Py, 7o) = H, EgHé.
Using this result and again the fact that H, é He = E g‘ ! yields (R4). For (R5), we note that L;g (A(g) ®
Py, Z,(g))Lng =1tr(Ag) Pw,z ) = tr(A(g)) with the last equality by (R4). For (R6) and (R7) we first calculate

the elementwise product,

. mg(ng —my)

3
Ag)© Py 75 =2 " HyE_H,. (84)
We can now explicitly calculate bounds for (R6) and (R7),
2 2
ms(n, —my)
7 2 g8 g -3 3
L;g(A(g)QPW,Z,(g)) bng = 2 (mg” +(ng—myg)™)
g
n3—3n,m?—3n’m 1
=48 88 88y <o (85)
ng(ng—mg) ng
2 2
ms(n, —m,)
~ ~ g\'’8 4 — _
L;g(A[g)GPW,Z,[g))A(g)Lng =4 (mg2+(ng—mg) Z)SS,

For (R8), we have a similar result as,

/x 1 :4g

A (Pw,2,() © P, z,() Agn, (m*+(ng—mg) ) <8. (86)
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Finally, we establish the following results.

- ~ m2(n,—m,)?
(R9) b, (g @ Aigtn, =16 ———1, Ej1, <16,
(R10) L;g Ag)(Ag @ A(g))A(g)Lng <256, (87)
(Rll) (L:‘Lg (A(g)®A[g))((A[g)Lng)G(A(g)Lng )) <128.
From the definition of A[g), we have

mZ(ng—mg)*

i i g 2 2
Ag©Ag =4 - HyE 15 E Hy, (88)
g
_ mg(ng —myg)
A(g)L'l =4—— £ HgEngv (89)
g
~ ~ mg(ng_mg)z 5
(A[g)Lng)Q(A[g)Lng): 16 HgEg Lo, (90$)
- < myg(ng —mg) 2
(Aig) @ Ag)ltn, =4————L"H El1,. 91)

Tg
The first equality in (R9) then follows from (91) and using that H é Hg = Eg‘l. Then (R9) follows from
the following.

mé(ng—mg)2 méz,(ng—mg)2 m§+(ng—mg)3

/=3
LE L, =
2 27g"2 2 3(p. — 3
nZ nZ mg(ng mg)
3_q,2 _ 2
zng Bngmg 3ngmg ©2)
2 _
ngmg(ng mg)
3 2 2
n>—3n:m,—3n,m
<_8 g i g gSI,
g

where the first inequality uses that m,(n, — mg) > 2(ng —2) = 2(ny — ng/2) = ng since n, > 4 by
Assumption 2.
For (R10), using first (88) and then (89),

mg(ng—mg)4 (m‘;—i—(ng—mt.g)z)2

— 2, 2
) © A(g))A[g)Lng = 64T(L£Eg Lz) =64 < 256. (93)
g

g
Finally, for (R11) using (90) and (91), we have
_ _ _ mg(ng —myg)?

(L:lg (A(g) @A(g))((A(g)Lng)G(A(g)Lng ))= 647’13 L;E(:Lz =64 N
4 4

md+(n, —m,)?
8 8 TE 128 (94)
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D.1.4 First stage and reduced form error (co)variance estimators

From the reduced form equation (56) and first stage (55), we see that My, , T = My, , u and My, (Y —
T BSVE)= My, , v. We now have the following estimators,

o i=e(My,z0My,y "My, TOMy,T)

O uvi=e(Myz My, "My z(Y —TB"F)o My, , T)
= e/(Mw,z © My, )" (M2 (Y — TB"F) o My, T)— (B5VF — p5VF)o2
=e; (My,z©My,z)” (MW,ZV@MW,ZU)—(/ESWE_ﬂSWE)CATu,,
=Uuu,i(ﬁsm)—(ﬁsm—ﬂsm)ﬁi,p

5'?,,1- =e/(My,z © My, z) " (M, 2(Y — TBVE)© My, 2 (Y — T BVE))

)

= e,-(MW,z OMy, )" I(MW,ZUQMW,Z u)
)
) ul

(95)

)
=e/(My,z © My )" (My (Y — T B o My, (Y — T )
—2(BSVE— BSVEYG, (BSVE) 4 (BSVE— BSVERG2
= e/(My, 7 © My, ;)" (My,zv © My, ;1)
2(BVE BSVE)G,  (BIVE) 4 (BSVE— BIVER G2

u,i

=67 (B 2B~ NG 4, (B + (BVE- BB G

where we write 62 (") and G u0,i(BSVE as the infeasible analogues of &, ; and 6% ; with BSIVE
replaced by B5'VE. Since BS1VE— BSIVE = 9,,(1), we will see that the contribution of the corresponding
termsin 6 ,,; and 6’?} ; to the variance estimator for the score is 0, (1) as well.

We first show that 62 ;, 6 ,,,/(8>"") and 67 ,(B%""*) are unbiased for o2 ;, 7,,,,; and o
tively. To save on space, we denote the elements of Py, , as P, j- From the properties of My, ; and
using that P;; = m; ifZig=Z;4=1,Pj=(ng—mg) ' if Z;y=Z;, =0,and W;g = Wjg =1and P;; =0
elsewhere, we can write

. i» respec-

2 _
A2 2
0% . =uS—u;——— P--u-+— Uiy,
wi = ’l—zai; VT =B —2P) ]Z,;] ettt
2
A2 SIVE 2
ﬁ )=v —v;———— Pivi+—r——— kl/ Vs
' ’1—2P,-l-; CETe P)(l 21)”);; !
1 n
A SIVE R T
o-uu,i(ﬁ )_uivz _ZPHZPZJ Jj ui ZPHZ ij ] )(1 ZPH)ZZP Pku Uk

J=1 k#j
(96)

Taking the conditional expectation and using independence across i, we see that 6% ;, 6 ,,;( SIVE)
and 6'?”. (BS"VE) are (conditionally) unbiased for O'f“., 0,,;and O'iy ;» respectively. What is important
to note is that the estimators only exist if m, > 2 and ng—m, >2forallg =1,...,G. We discuss how
we handle groups with mg =2 or n, — mg =2 in Appendix D.3.3.

D.2 ProoflLemma6

Let fSIVE_ BSVE =g, /D, with

Sy =1 2T/ A(Y — TBSVE),
97
D,=r"*T'AT.
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We refer to S, as the score vector. Let { = 0 — B5VEr and v; = ¢; — u; $3VE with ¢; and u; defined in
the reduced form equations (55) and (56). Denote 02 ; =E[u?|Q, X], 0% , =E[v?|Q, X],and 0 ,,,; =
E[u;v;1Q, X].

We have E[S,|Q, X]=0 and

u,

n
V(SIQX) =11 D 0% My ZLE +07% [Myy Z7l; +20 4 [ My Z i My Z
i=1

n
-1 2 2 2 (98)
+r, ZZAU(UWJUWJ+Uv,iau,i)
i=1 j#i

<Clr,'{'Z'MyZl+r,'n"Z' My Zn)+r,'t(A*)]<C, a.s.,

where the first inequality follows from Assumption 3.3 and the second inequality from Assump-
tion 3.1, the definition of r,, and (77). For D, we have E[D,|Q, X|=r; Y21’ Z'My, Zn = r}/?H, and

V(D,|Q,X)<4r, El(u'My Zn)*|Q, X1+ 1, 'E[(u’ Au)’|Q, X]

(99)

<4maxo’ .r'n'Z'My Zr+2r, ' maxo? t(A*)<C, a.s.
1 ’ 1 ’

We can now write

BVE— pSIVE = o PTAY TR/ P Hy) Ay (100)
1+ 1,/ *(r7 TV AT — H,)/(ra*H,)  Bn

Assume that r,//2H, 1 —, 0. From (98) it follows that A, —,, 0. From (99) we have that r}/?(r, 1 T’AT—
H,)/(r}?H,)—, 0,and hence B, —,, 1. We conclude that when (/2 H,)™ = (rn_l/z?'[/Z/MWZTC)_l -,
0, the SIVE estimator is consistent: 5VE— gSIVE — 0. Finally, we have under weak identification,
rl2H, = yGTEMWIT — /G = /G, so that requiring that r7/2H! —, 0 is the same as the

requirement in Lemma 6 that v'G,, —, 00. This completes the proof.

D.3 ProofTheorem 2

The proof of Theorem 2 is long, so we start with a brief overview of the steps. First, we establish
asymptotic normality of the score vector S,, defined in (97) after normalizing it with the square root
of its conditional variance. This step relies on a central limit theorem for quadratic forms of growing
rank. We then show that the difference between the estimator for the conditional variance given
in (20) and the population conditional variance converges in probability to a quantity larger than
zero (under weak identification) or equal to zero (under strong identification). This step uses the
properties of the regression error variance estimators (21). The derivation is somewhat tedious as it
requires to keep track of higher-order interactions of the first stage and reduced form regression er-
rors. Finally, we analyze the use of the variance estimator (22) when we encounter covariate groups

withmg=20rng—mg=2.

D.3.1 Asymptotic normality of the self-normalized score

As in the previous subsection, we rewrite

~1/2 SIVE
rl/Z(ﬁSIVE_/jSIVE)_ Ty PT'AY—-TpB )_ Sy
" B r-1T’AT ~pl2p

(101)
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The variance of S,, is given in the first line of (98). We now study the self-normalized version of S,

given by
. TPT'A(Y —TpB)

nV(S,lQ, X))z
To show that S* —; N(0,1), we use Lemma D.2 in Evdokimov and Kolesar (2018), which in turn is
based on Lemma A.2 in Chao et al. (2012).

(102)

Lemma 7 [Evdokimov and Kolesar (2018), Lemma D.2] Define R = t'u+s'v+u’Av, where[A);; = 0.
Suppose that the following holds almost surely.

1. Elu;|Q, X]=E[v;]Q,X]=0 andE[u}|Q,X]< C < 00 andE[v}|Q,X]< C < oo,
2. V(R|Q,X) ' <C < oo,
3. Z?zl('»‘fﬂf)*or
4. r(AH—0.
Then, V(R|Q, X) /2R —; N(0,1).

Let R=S,, sothat t = r;'?My,Z{ and s = r;'?My, Zn and A= r;/'/2A. Moreover, u; is as defined
in (55) and v; = &; — u; B5'VE with ¢; as in (56).

Verifying Conditions 1-4. Condition 1: holds by Assumption 3. Condition 3: From (79) we see
that |e/ My Znt| < C < 0o a.s. uniformly over i. Similarly, e/ My, Z{| < C < 00 a.s. uniformly over i.
We then obtain

n n
Z(zi“ +sh<cr? Z(rf +52)=Cr\ (W Z' My Zn/ 1, + ' Z' My Z [ ). (103)

i=1 i=1
The term in brackets is almost surely bounded as shown in Appendix D.2. Since r;; -, ¢ 0, Condi-
tion (3) of Lemma 7 holds. To verify Condition 2 and Condition 4 we separately consider strong and

weak/vanishing identification.

Strong identification We start by showing that in Lemma 7 we have u’Av = 0,,(1) so that we only
have to verify Condition 2. We first note that

VG2 W AVIQ, X) =G DD A Ak Bl v 0, |Q, X
J#i k#m
=G> A2 (EBlu;vyu;v;1Q, X1+ Eluf v?1Q, X)) (104)
J#i
<CG'u(AH)<C a.s.,
using that u; and v; have bounded fourth conditional moment by Assumption 3 and the bound

established in (77). Then, by the definition of r,, in the case of strong identification,
V(u'Av|Q,X)/ 1, < CG/ 1, =45 0. (105)

We can then conclude that r;; 12y Ay = 0,,(1). Therefore, it suffices to consider R=t'u+s'vandwe
only need to verify Condition 2. As in (98),

u,

n
VRIQ, X)=r,' > 0% [My ZL[+ 0% [My Zrl} +20 4 My Z[Mw 2. (106)
i=1
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Denote g(i) a function such that g(i) = g if w;, = 1. By Assumption 3, using (79),

n

VIRIQ X) = 17 D20+ (P 2 )

i=1

i=1

< 1 0 1 - ,
:r,,_lZC,-Z[g(xg(i)),ﬂ(xg(i))]( 51 )Zi(o lﬁ)[g(xg(i))’ﬂ(xg(i))] (107)

mg(ng—myg) (108)

where the last line uses the definition of r,,. We conclude that V(R|Q, X)> C > 0 a.s. and Condition
2 of Lemma 7 holds.

Weak identification We start with verifying Condition 2in Lemma 7. By Assumption 3, min;_;
C>0and min;_, , o2 .> C>0. Then, using (78)

..... u,i —

.....

V(S,1Q, X) 2 G tr(Dyz ADy2 A)
> CG'tr(A%) (109)
>C>0 a.s.
For Condition 4, we have that G tr(A?) <3 a.s. by (77) and Ap,a(A%) = 1 since A,,(A) = 1. Then,
G2 t1{(A%) Appa(A%)
- — >
r2 G G a.s.

n

tr(AY)=r 2tr(A*) < (110)

We note that these results are shown without any assumptions on the identification strength, so that
we can base identification-robust inference on the asymptotic normality of the score vector.

We have now established asymptotic normality of the renormalized score vector under both
weak and strong identification. To prove Theorem 2 the next step is to show that the numerator
of the variance estimator in (20) converges to V(S,|Q, X).

D.3.2 Consistency of the estimator for the variance of the score

We momentarily assume that m, > 3 and ng —m, > 3 so that we can use (21) for the regression error
variances and covariances. We relax this assumption in Appendix D.3.3.
We can rewrite the variance given in (98) as

V(Sn|Q,X)= rn_l g/Z/MwDo-zuMWzg'i'ﬂ/Z/MwDO-QVMWzT[+2§/Z/MwDo-uUMWz7T

111
+1'Dy, (A®A)D,, 1 +1'Dy; (A® A) Dyt |. (U

v

(B.0)
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In (20) we use the following estimator for V(S,,|Q, X).
V(SIQ, X)=r, ' [(Y = TB"V*Y ADs: A(Y — TB"")+ T'ADsy AT +2(Y — Tp*"*) ADs, AT]. (112)

Let D, be a diagonal matrix with [D,.];; = ”;2 and likewise for D,. and D,,,,. Consider the infeasible
variance estimator

Vine(S,1Q, X) = rn_l 'Z'MyD, My Zl+n'Z’MyD, My Zn+2{'Z' My D, ,MyZm
(113)
+1'Dy,(A®A)D, L +1'D,:(A® A)D,t |.

We decompose (112) as

V(SI1Q, X)=r, " [(Z{ +v—T(B™" = BV) ADgy AZL + v — T(B* — p5))
HZm+ uYADp AZT+ u)+2ZL + v—T(BVE = BSV)AD,  A(Zm+ u)]
=1, [(Z{+ V) ADg: A(Z{ + v) +(Z 7+ u) ADgogsey A(Z T + 1)
+2(ZZ + vYAD;, (psweyA(ZT+ u)|+ Ry
= V(5,1Q, X) + Vine(S,1Q, X) = V(S,1Q, X)
+ 1, W DA A)D L+ 1,V Dy (A® A)Dy L + 1, v ADgz Av —1' D2(A® A)D%t

(B.1) (B.2)

+ 17, U ADgz sy Au— 1" D(A® A)DL +2(V"ADg., (psvey Att— 1" Dy y (A® A)Dy 1)

(B.3)

+ 1,10 Z' My (D2 — Dye)My Z{ +271,' V' ADgs My Z{

n

(Z.1) (Z.2)
+ 1,110 Z' My (D gsivey = Dy )My Z10+ 217, ' Z' My (D, gy — Duy My Z 10
+21, U ADgo psey My Z0+ 21, L Z' My Dy (psey At + 21, 70’ Z' My D psivey AU
+Ry,
(114)

where we use (95) and we define the remainder term

Ry=4r," [(B5VF— BVEA(Z 7+ u) ADge A(Z + 1) — (B3VF— BV Zm + u) ADg, (g A(Z T + 1)
—~(BVE—BSVENZm+ uY ADgs A(ZS +v)].
(115)

When we do identification-robust inference, under the null we replace 3VE = gSVE so that R, = 0.
Therefore, the proof of Corollary 1 follows from the proof presented here for Theorem 2.

We now will prove the following. First, V;n(S,|Q, X)—V(S,|Q, X) —, 0. Second, we show that
under weak identification (B.1), (B.2) and (B.3) from (114) together converge to a three times the
value of (B.0) defined in (111). Finally, we show that (Z.1) and (Z.2) converge to zero in probability.
The remaining terms converge to zero by the same arguments.

Part I: Vi S|Q, X)—V(S]|Q, X)—,, 0. It is sufficient to show that

11 Z' My(D} = Dyz )My Z{ —,, 0, (116)
r (D} A®AD:—'D? (A® A)D? 1)—, 0, (117)
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The other terms follow by the same arguments.
For (116), E[r,'{’Z'M(D} — Dy2)M Z{] =0, and the variance can be upper bounded as

V(1,10 Z' My (D — Dy )My Z£1Q, X) = _22113[ u’—o2 P1Q, XIIMzL]

(118)
< Crn_zz[MZ{]lz. -, 0.
i=1

For (117), E[r;'(t'D2(A® A)D2.—1'D? (A® A)DZ 1)|Q, X]=0. The variance can be bounded as

V(' DJ(A® A)Dj1—/D} (Ae A)D; 1)IQ, X)

_ZZZZZE[ Vi u —o3 00 \viui -0, 00 )|Q,X]A?inz

i=1 j#i k=1 1#k
—2 - 2.2 2 2 2 2.2 2 2 4 (119)
=12 > > (®l(viui—0? 0% PIQ X1+ El(vul — o jo? Jviul—o? 0% )IQ XDA],
i=1 j#i
ZZAfJSCr_ZtrAZ) —,0,
i=1 j#i

where we use Assumption 3.4 and (77).

Part 2. Tt follows from the results in Part 1 that (B.1)—(B.0) —, 0. For (B.2), we decompose it
further as

(B.2)= rn_l(v’AD(,i Av—V'AD,, Av)+ 1, (V' AD,, Av—D(A® A)D?1). (120)
(B.2a) (B.2b)
For (B.2b),
n
E[r'v'AD?Av—i'DX(A® A)D|Q, X] = rn—lzz Z E[v;v;u%|Q, X]A; jAg; = 0. (121)

i=1 kAi j£lik}

The variance can be upper bounded as

V(r,'(v'AD?Av—D3(A® A)D31|Z, W)

2
_ R (ZZ D yiykuiAijAkj) QX

i=1 k#i j#{i,k}
= I'H_ZZZ Z Z Z E[Vil Viz Vi3 Vi4(ui_0'2u,i5)(ui_a. )IQ X]AlllelllSAlZLlAlzle
inlp i3#i) iy Fiy is#{i3i } ig#{ia,is}

+ rn—ZZ Z Z Z Z E[vil Vi, Vi, Ul4|Q X]U U All lsAlllsAlzlquzlb

inyip sy igF i isFiz iy} isE{in i} (122)

—2 2 32 12 "2 A
<C Tn Z(A1112A1113 Al] lell lsAlzls )+ Z lllell lsAll iy +A1112A11 13Ai2i4)
..

iy..03

=Cr,? V(Ao AL+ (AR A)A)+ > V(Ao Ae, (e A+ A(Ao A)Au

i

<Cr,?G—,0,

where the last inequality follows from (R9)—(R11) in (87).
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We now turn to (B.2a). Using the expression for 62 from Appendix D.1.4,

_ 2 _
(B.2a)=—r," E E 1_Zp_‘(ei'Av)zu,-R-juj
- ii

=1 j#i
(B.2a.1) (123)
ZZZ )(eAv)P Pkujuk
=1 j= 1k7£] Pii
(B.2a.2)
Since [A];; =0, we have that E[(B.2a.1)|Q, X]=0. For (B.2a.2), we have
1 n
E[(B.2a.2)|Q, X] = r-IZ—ZZP P AijAikC u,jO uu k- (124)

i=1 (l_plt)(l_zpll) j=1k#j

Define B = (A® P)J(A® P), where J is diagonal with [J];; = (1—P;;)7}(1—2P;;)"". Also define C =
B — Dg, so the matrix B with diagonal elements set to zero. Then, C is a block diagonal matrix with
blocks
(ng—my)?*
ng(mgg—l)Z(gmg—z) (ngL;ng - Img) 0

Cig) = 5 e . (125

n2(ng—mg—1)(ng—mg—2) (Lng—rn&izg—mg - Ing—mg)
We will use below that C;; < A2 For the bias arising from (B.2a.2), we have
E[(B.2a.2)|Q,X]=r,"0c’ Co,,. (126)
Similarly, (B.3) will yield a bias totaling up to

'E[(B.2)+(B.3)|Q,X]=2r,"'0’, Coy,+2r, 0% Co?

o
n

— o1 2 2

=2r, chij(au,,,iau,,,j+Uu‘i0y‘j)

i=1 j#i
127)
=2r ZZCU(Z(J’M”O’M,,]-FO’ 0' +0' 0' ])
i=1 j>i
n
:Zrn_lzzcijE[(uin"'ujvi)leyX]ZOy
i=1 j>i

where the conclusion holds since C;; > 0 for i # j. The bias is bounded, as

ij<=
n n
rn_lzz CijEl(u; v+ u;v,)°|Q, X1 < Crn_lzz Cij< Cr_IZZAZ <Cr]'G<C. (128
i=1 j>i i=1 j>i i=1 j>i
We conclude that
E[(B.0)+(B.1)+(B.2)+(B.3)|Q, X]=2'Dy,, [(A® A)+ C]Dy,,t + 21’ Dy [(A® A) + C] Dy L

(129)
<4('D,,,(A® A)Dy, L +1' Dyz(A® A)Dyo),

where the inequality uses that C;; < A2 We conclude that under weak identification, we may over-
estimate the variance term (B.0) by a factor 4 if all other variance terms are negligible and to a lesser

degree when the remaining variance terms are not negligible.
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It remains to be shown that the terms (B.2) and (B.3) converge to their expectation. We show this
for (B.2). The result for (B.3) follows analogously. We first note that the result for (B.2b) is already
established in (122). For the variance of (B.2a.1) and (B.2a.2), we have

V(B.2a.1|Q, X)= _ZZZZZ 1—2P, )(1—2P,

i=1is=1i#i 147’513 h ll lsls)
—2
§ Z DD A A 1AL A By, B,
=1 i3=1 i1y iy#ly is#1) ig#1) i77£13 Ig#is
x |Bluy, uy, u;, u;, v, v;, 003, 1Q, X1,
V(B.2a.2|Q,X)= E E E E E E E E E E Ci, ClelllqAlblgAlllsAlehoRllz Rl’jplel7plelﬁ
=1 h=1is=1 i7=1 i3#i, iy#i) is#h ls#i7 loFis ho#ls
x Elu;, u;, v;, v; u;, u;, v, v;,1Q, X1
n n
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X E[ Vi, Uiy Wi, Uiy Vs Vg U uile’X]’

IE[(e Av) (e, Av)?P.

iy iy

P,

i3 lq

i Wiy Wi, 1Q, X

(130)

where ¢; = (1—P;)"'(1—2P;)"!. To bound these expressions, we use independence of u; and v;
across i and take into account the restrictions on the indices as indicated under the summations
signs. The conditional expectations of products of u; and v; in these terms are all almost surely
bounded by Assumption 3, so we can take these out of the summations. Finding the nonzero terms
in (130) is now a combinatorial exercise that can be executed using symbolic programming. The
nonzero terms are listed and bounded in Appendix D.3.4. The results show that both variances in
(130) converge to zero in probability.

Part 3. Starting with (Z.1), and using the expressions in (96) we have

(z1)=r" g’Z’MW(Dﬁz — Dy, )My ZZ

DI

i=1 j#i

(Z1a) (131)

+r, ZZZ =5 )[MWZQV] ku]uk

tl]lk#—]

(Z.1b)

Using independence across i, we find that (Z.1a) has expectation zero, conditional on Q and X. For
the variance of the individual components, we have,

v(z.1alQ, X)—r—ZZZ e zpkk)" (O PRIMw Z B M 2
i=1 k= 1 (132)

< Cmax[My Z¢T; —ZZ[MWZQ? =0,
i=1
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where we use that [My, Z{?<C<ocoa.s.and Y,_, P% =P; <1/2.

2
V(Z.1b|Q, X)= ZZ (1—P,)(1—2P,; )(l—Pu)(l—Zle)

zlll

ZZ PPy P02 My Z{EIMy Z(T;

J=Lk#]
ZZ[MWZG [My ZZT; ZZ PPy Py
i=1 1= J=Lk#]

< Cmax[MWZé’]2 _ZZ[MWZ§],2- -, 0,

i=1

using that 33, 3% > P PPy Py = 200 Yy By P P = 205 B =207 B Py < P,

From (132) and (133) we conclude that
11’ Z" My (Dg2 — Dy2)My Z{ =, 0.
By the same arguments,
rn_lﬂle/MW(D(,zv —Dp)MyZn—,0, 1,'0'Z'My(Ds,,

We now turn to the final variance term (Z.2).

= _1ZZVkAlk[MWZ§]lul 1—2p. Zplju]

=1 i#k i J#i
(Z.2a)
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(Z.2b)

We have E[(Z.2)|Q, X]= 0. For the variance,

V(Z.2a|Q,X)= ‘ZZZZZA,kA ([ My Zi My 2,

=1 I=1 i#k m#l

P Elv.vu;u,u:uQ,X
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(133)

< 1/2.

(134)

(135)

(136)
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ijtjk t]
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We can bound each on the terms on the final line as follows.

ZA” g ]k_ZAZ =tr(A%)< CG,

i,j,k
ZAiinkljikpijCZAijl_)ikpjk ZA p A p)LSCG,
i,j,k i,j i,j
2 p2 2 _ A2
S S o
i,j,k
o (138)
ZA,- AP} <(APA) < (A< CG,
i,j,k
ZAijAjkPikijSCZAijsz x=Cl(A0P)<CG,
i,j,k i,j,k
ZAikAijkpijL/(AQP)ZLSCG.
i,j,k

On the first line, we use that >, P;; = 1.
For the variance of (Z.2b), we have

(Z ZbIQ X <Cr_zzzzzzz y ZIAik||Aml|pijpistrpmsE[UlcVlujusurut|QvX]

=1 1=1 i#k m#l j=1 s#j r=1 t#r
—22 p..p.P . D —2§:~~----
All i3 ipiy 11 i3 11 iy Plz i3 Plz 2 +C rn [Ail i4Ai1 s Piz iy Piz is Pls iy Pls s

+A;

izispilispl‘ziqpisiqpisis] ‘

tm

i i4Ai2i5 I)il iy I)iz is I)lj iy 1)13 Is iriy

(139)
We bound each term on the final line as follows.
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(140)
We conclude that Theorem 2 holds when Assumption 2 would be strengthened to mg >3 and n, —
mg > 3. We now discuss how to weaken the result to Assumption 2.
D.3.3 Small groups

Consider a group with m, =2 or ng —m, =2. To avoid the singularity in the variance estimators of
Appendix D.1.4, We can use the following rescaled version of the conventional variance estimator
for the observations that only share their instrument status with one other observation in the group,

&iyi:4e;(MW‘Zu®MW’ZU)
_ .2 5 2.2 (141)
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Similarly, we find

&i’i(/jsma =4e/(My,zv© My zv)= 4ylz Uj+4zplzj jz
SIVE / ” _ ” _ _, (142)
G uui(BSF)=4€[(Myy 7 1u® My, 7v) = w;v;—21; D Pjvy—2v; > Pju;+4> PRuvju;.
J# J#i TFi

We notice that the first term in the expressions coincides with the first terms in (96). the same holds
up to a scaling constant for the second term. Those terms are therefore covered by the proof in the
previous section. The only new terms are last terms of the respective expressions that yield a positive
bias in the variance estimator. The bias contribution to the variance by observation i, if observation
j(i) is the only observation in the same covariate group with the same instrument status, is

le/A(Y = TB P ul ) +le AT v, +2[e] ACY — T BF)e/ AT iy vy +R(|BSVE— pSIVE)), 143)

L

We consider the first term and sum over all observations that only have one member of the same
covariate group with the same instrument status. Call this set . and note that || =1{2,4,...,n/2}.
We have

D= 02 o [Mw ZOF +20My Z A BLuS v |Q, X1+ Bl v21Q, X 1A%,

ies ies k#i
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(144)

It is straightforward to show that E[r; ' Y., £;]Q,X]< C <oco a.s.and V(r;' Y., £;1Q,X) —, ;. 0.

D.3.4 Variance bounds

For notational convenience, in this section we replace A by A and P by P. For V(B.2a.1|Q, X) in
(130), we need to bound terms of type

e 2 el A 146 Py, P (145)

For V(B.2a.2|Q, X) in (130), we need to bound terms of type

2 = = = =
T Z 1A 1A 1, 1A i 1A 1| Pigig Py iy P 1 P (146)

We now list the nonzero terms and bounds them by Cr,*G for some constant C > 0.
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Term Expression Bound
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Figure 5: Average absolute bias in the estimand
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Note: the figure shows the absolute median difference with the causal estimand in a setting without treatment
heterogeneity. The size of the circles indicates the number of covariate groups with the small circle correspond-
ing to L = 1, the medium circle corresponding to L = 25 and the large circle corresponding to L = 300. The
x-axis is the instrument strength p(1)— p(0), with p(0) = 0.22 and p(1) = {0.39,0.49,0.59,0.69}. Because JIVE1
shows large biases for L =25 and L =300, the y-axis is limited to [0, 0.9].
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