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Abstract

We develop a model for point processes on the real line, where the intensity can be locally
unbounded without inducing an explosion. In contrast to an orderly point process, for which
the probability of observing more than one event over a short time interval is negligible, the
bursting intensity causes an extreme clustering of events around the singularity. We propose
a nonparametric approach to detect such bursts in the intensity. It relies on a heavy traffic
condition, which admits inference for point processes over a finite time interval. With Monte
Carlo evidence, we show that our testing procedure exhibits size control under the null, whereas
it has high rejection rates under the alternative. We implement our approach on high-frequency
data for the EUR/USD spot exchange rate, where the test statistic captures abnormal surges
in trading activity. We detect a nontrivial amount of intensity bursts in these data and
describe their basic properties. Trading activity during an intensity burst is positively related
to volatility, illiquidity, and the probability of observing a drift burst. The latter effect is

reinforced if the order flow is imbalanced or the price elasticity of the limit order book is large.
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1 Introduction

Trading activity is an important variable in financial economics In the mixture of distribution
hypothesis (e.g. |QIM.k|, 192:4; LEppmm_EppA, 192d; h’mmhﬁund_lﬂﬁﬂ, |19§5;4), trades are driven by a

latent stochastic process, interpreted as the flow of news. If the unobservable arrival of news is ran-

dom and persistent, then so is the observable trading activity. In market microstructure, a number
of theories suggest that optimal execution strategies induce time-varying trading activity (e.g. ,

|19BIJ; Lédma.ﬁimd_Eﬂﬂidﬂ_eﬂ, Ll%fj; Blmgmumdﬁhrisg, |2£)Ql|). Moreover, the increased volatility

typically observed during distressed market conditions often coincide with abnormal increases in

trading activity.
The literature has therefore devoted a lot of attention to build models of trading activity (e.g.

|E.u.glund.]311&s&il|, |19_9§i and references therein and thereto). In practice, the sequence of trades

constitute a time series of irregularly spaced high-frequency data, so point processes are a natural

starting point. Trading activity can be described by a point process with random—and possibly
persistent—intensity, such as an inhomogeneous Poisson process (e.g. @, ) The rate of trade
arrivals can also depend on other observable characteristics, even the history of the process itself as
in ) In the latter class of self-exciting processes, each event increases the likelihood
of a new event for a short while. However, the assumption in all this literature is that the intensity
process remains locally bounded.

In this paper, we study a point process, where the intensity is, potentially, unbounded over
short time intervals. We coin this an intensity burst. We adopt a theoretical foundation, where the
random intensity is decomposed into a base intensity, describing “normal” trading activity, and an
exploding intensity, describing “abnormal” trading activity. In the normal state, the intensity is
locally bounded and follows a doubly stochastic Poisson process. This implies that the probability
of observing more than one trade in a short time interval is negligible, so none of the point clusters
observed in a fixed window (interpreted as, e.g., a trading day) are substantially larger than the
others. In the abnormal state, the intensity is unbounded in the vicinity of a stopping time, which
permits the model to produce an extreme concentration of trades in a neighbourhood of that instant.
However, the integrated intensity (i.e. the compensator) remains bounded, which ensures that the
point process is non-explosive and well-defined.

We propose a framework for intensity burst detection by studying a pointwise test statistic,
that is testing for an intensity burst near a single candidate time. We further refine this technique
such that a burst in intensity can be separated from a jump in intensity. In contrast to standard
inference for point processes, which normally proceeds in a “long-span” setting with time going to
infinity, we attempt to detect abnormal surges in trading activity over short time intervals. Hence,

we study the “infill” limit, where the time interval is fixed. To permit inference under the null

I'Trading activity is a measure of how much a given financial asset has traded over a period of time. It can
be taken as the either the number of transactions, the number of shares traded, or the dollar volume (price times

quantity). In this paper, we mainly employ the transaction count.



hypothesis of no intensity burst, we appeal to a novel heavy traffic condition, where independent

copies of the point process are stacked to generate an increasing numbers of events over a fixed time

interval (e.g |ngman|, |J.9§1|) klhnﬂ&nd.ﬂﬁam& (IZQlé ) propose a related inference for the doubly
stochastic self-exciting point process (see also [Potiron and Mykland, 202 !J but they do not exploit

it for intensity burst detection.

The heavy traffic assumption is a logical precursor for infill asymptotic theory widely em-

ployed in financial econometrics, such as nonparametric estimation of the volatility of arbitrage-free

price processes (see, e.g., |IAndersen and BQllgrslgyI I_m Barndorff-Nielsen and Shephard, 2 IJM)j

). In that setting, the number of observations over a fixed (or shrink-

ing) time 1nterval increases to infinity with the mesh going to zero. This fits directly into our

framework. Indeed, a realization of our point process belongs to the class of stochastic sampling

times analyzed in |Havashi Jacod, and Yoshidal (|2£lll|) We contribute to this field by adapting the

observed asymptotic variance of ) to local estimation.

hristensen men, an no (2022) suggest that the drift of an asset price (an It6 semi-
martingale driven by a Brownian motion) can diverge without inducing a divergence in the price.
We extend their concept of a burst to the intensity, which is a natural measure of drift for point
processes. However, the construction of our test is much different due to some theoretical sub-
tleties. Moreover, while drift burst detection relies on ultra high-frequency data of the price, our
test statistic is based solely on the arrival times. It does not require a further mark in the form of a
transaction price or midquote. This has the distinct advantage that our test statistic is unaffected
by microstructure noise, which tends to impede high-frequency estimation of the drift and volatility
(e.g. Hansen and Lundd, M)H

Our framework allows to independently screen financial high-frequency data in real-time for

abnormal increases in trading activity that may—or may not—be associated with a drift burst or

pockets of extreme return persistence, see |Andersen, Li, Todorov, and ZhQ]]I 2023). To illustrate,

in Panel A of Figure [[l we plot the spot EUR/USD exchange rate on May 14, 2019 from 1:00pm
to 1:30pm Central European time (CET). The exchange rate drops sharply around 1:15pm. This

is detected as a significant event by the drift burst test statistic. In Panel B of Figure [Il, we report
a nonparametric estimator of the time-varying trade intensity. It too accelerates, before reverting
back toward a normal level. Interestingly, there are several short-lived spikes in sell-side activity
around the time the exchange rate starts to depreciate, which is indicated by the order imbalance
(buyer- minus seller-initiated trades). The figure also plots the intensity burst test statistic. As
evident, our approach also identifies this as a significant event. In the empirical application, we
shed further light on the dependence between drift and intensity, and we also show how the demand

for and supply of liquidity affect this relationship.

2Tn fact, a branch of the high-frequency volatility estimation literature has advocated duration-based measures

extracted from the point process generating the noisy transaction or quotation data to circumvent this problem (e.g.,

Andersen, Dobrev, and Sgha]]mbnrg, |20_0_é; Hong, Nolte, Taylor, and Zhad, 2021)).



Figure 1: Intensity burst in the EUR/USD with a drift burst.
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Note. This figure shows the EUR/USD spot exchange rate on May 14, 2019, where we detect an intensity burst and a drift burst.
In the left panel, we plot the exchange rate from 1:00am to 1:30am CET along with the drift burst test statistic proposed in

). In the right panel, we plot a nonparametric estimator of the time-varying trading intensity
(as proxied by the number of transactions in a 15-second window) along with the intensity burst test statistic and a measure of order
imbalance.

Rambaldi, Pennesi, and Lilld (2015) and [Rambaldi, Filimonoy, and Lilld (2018) study a para-

metric self-exciting point process in order to explain clusters of events driven by an acceleration in

trading activity. In their model, an “intensity burst” is an exogenous (potentially random) num-
ber of points added to the counting process at a single (potentially random) time. However, the
intensity remains locally bounded, so none of the clusters can describe the enormous concentration
of points observed during an intensity burst. Moreover, our approach is nonparametric and the

number of burst points can be endogenous.

Bollerslev, Li, and X]]A 121!1§) also study spot trading intensity using high-frequency data based

on the nonparametric state-space model of |Li i ). They conduct an event study to
examine the relationship between jumps in trading volume and return volatility around the re-
lease of macroeconomic information, as motivated by the differences of opinion literature (e.g.,

MMM_E%LSQA |199_§ . As in our paper, a main ingredient for the analysis is the change in

a local intensity estimator at different time points (in their case an ex-ante and ex-post measure

before and after the announcement). In contrast to [Bollerslev, Li, and X]]A 2018), we propose a

test statistic for detecting a burst in the intensity process, as formalized in Assumptlon I We show

that our test statistic is robust to Lévy-style jump processes and roughness in the intensity. Fur-

thermore, we develop a separate test procedure that builds on the “change-of-frequency” approach

often employed in the volatility literature (e.g., Ait-Sahalia and Jacod, |mod; Todor nd Tauch

). The latter can be applied to separate a jump in intensity from a burst in intensity. In this



framework, the detection of either an intensity burst or an intensity jump is essentially a two-

sample mean problem. This is tightly related to the sharp regression discontinuity design (RDD)
of Thi . ; c ;)

our empirical application, there is overwhelming evidence toward our intensity burst test statistic

, which has a prominent history in econometric analysis. In

not being driven by a jump component.

The roadmap of the paper is as follows. Section 2l introduces the theoretical foundation of point
processes and describes the intensity burst model. Section [3] develops an inference strategy for the
proposed test statistic. We also propose an estimator of the asymptotic variance of our test statistic.
Section Ml includes an extensive simulation study to demonstrate the finite sample properties of our
procedure. An empirical application is conducted in Section B while we conclude in Section[6l The

proofs are deferred to the Appendix.

2 Intensity burst of a point process

We suppose a filtered probability space (§2, F, (F;)i>0,P) describes a random configuration of or-
dered points observed on the interval [0,7], i.e. 0 <t; < --- < t,, < T. The sequence of random
variables (¢;), is assumed to be a realization of a simple point process with associated counting
process N = (Ny)i>0, which is defined as V; = Zigt 1(t; < t), where 1(-) is the indicator function.

In this paper, we assume N to be a doubly stochastic Poisson—or lQEzﬂ)—process with asso-

ciated random intensity—or rate—process A = (\;)¢>0, where A is an adapted and strictly positive
real-valued stochastic process. That is, conditionally on A, N is an inhomogeneous Poisson process

with rate A, i.e. the conditional characteristic function of the increment Ny a — N, is given by

) ) t+A
SONt+A—Nt(u> - E(elu(NtJrA—Nt) | 'Ft)\) = exp ((ew B 1)/ )\Sds) ’ (21)
t

where F} = o({\s; 5 < t}).
A¢ can be thought of as the expected number of points arriving over the next short time interval

[t,t + A], based on available information about the rate process at time ¢, since

E[N, A — N, | F
A = lim [ t+A t| t}
A—0 A

. (2.2)

Hence, when )\, is locally bounded, the instantaneous expectation of the number of points is finite.
In order to define intensity bursts, we therefore suppose that )\; is locally unbounded in the vicinity
of a particular time instant, such that the expectation of the number of points in the vicinity of

that time point is locally infinite.

Assumption 1. \; can be decomposed as follows:

At = + B, (2.3)



where p = (fi)e>0 @s a locally bounded and strictly positive real-valued stochastic process, and
Ot

= 2.4
b= (24)
for a stopping time Ty, where o = (04)i>0 IS a non-negative locally bounded and stochastically

continuous random process and 0 < o < 1 is a constant.

In the context of an financial market, N may describe the number of order submissions or trade

executions in a security over the course of a trading session. With this interpretation, Assumption [I]

therefore extends the notion of a drift burst in the asset log-price from i
) to the intensity process generating the discretely observed log-price record. p is then the
arrival rate of trades during “normal” market conditions, whereas [ represents the arrival rate of
trades during “distressed” market conditions. The stopping time 7y, is called the intensity burst
time.
If o, = 0 almost surely for all ¢, the explosive term [, is absent and N; evolves as a simple Cox

process. In particular, N is orderly. That is, for any time ¢ it verifies the condition

 P(Nya—N>1)
il{n}o A =0, (2.5)

which implies that the probability of observing more than one event over a short time interval is

negligible.
If o, > 0 almost surely, in a neighbourhood of 7y,,
Tib—l—A Tib"l'A
/ psds = O,(A) and / Beds = O, (A, (2.6)
Tib_A Tib_A

as A — 0. The last condition implies that the left-hand side of equation (2.5)) diverges. Hence,
N, is not orderly. This implies that N can generate a large cluster of points near each other in a
small neighbourhood of 7. This property, which is crucial for generating extreme point clusters
under the heavy traffic condition, cannot be reproduced by classical point processes (for example,
a stationary Hawkes process), because any simple and stationary point process is orderly (see, e.g.,
Section 3.3.V-1V in M@, M) However, due to the integrability condition on
B, in Assumption [I the compensator Ap = fOT Asds < 0o and P(Ngga — Ny > 1) = o(A7?) as
A — 0, so N itself is non-explosive and well-defined.

It is well-known that one cannot consistently estimate the intensity of a point process over a
finite time interval, not even in the homogenous case. Hence, inference of point processes usually
proceeds under long-span asymptotics (7" — oo). However, as we are interested in identifying
intensity bursts over small time intervals, we follow the convention in the high-frequency literature
and assume 7T is fixed. Instead, to do inference we impose an alternative “heavy traffic” assumption
(e.g., hﬁing,mad, |l9ﬁl|), in which the intensity of the underlying point process diverges under the

null. To formalize this idea, we introduce an auxiliary parameter n and consider a sequence of Cox

processes N = (N]");>q, for n =1,2,.... For a fixed n, the rate function of N} is equal to n\;, and



the observed configuration of points is a realization of N™. The asymptotic theory is then developed
by supposing that n — oc.
To guarantee the existence of the required sequence of Cox processes, N;' can conveniently be

constructed as follows:
N' =Y N (2.7)
i=1

where (IV;;)I, are independent copies of N;.
The heavy traffic condition is intimately connected with the literature on high-frequency esti-
mation of volatility. Inference on realized variance typically proceeds under infill asymptotics (e.g.

Lﬁndﬂts_enjﬁnd_&zl]_ensle_vl, |19_9f4; [Bﬁmdmﬁ;Njfls&rmmLS_hﬁphmi lzmd). In that setting, we sup-

pose a log-price process is observed at m = m(n) discrete time points tg, t1, ..., %, that partition

the time interval [0,7], where m —» oo such that sup; |t; — t;_y| —= 0 as n — co. Thus, the
point process N" together with the heavy traffic assumption is a standard model for generating
stochastic sampling times satisfying the usual conditions alluded to in high-frequency economet-
rics. In fact, a realization of N" falls within the class of stochastic sampling schemes studied by

Hayashi, Jacod, and Yoshida (2011)). Hence, heavy traffic is a natural precursor for econometric

analysis of financial high-frequency data.
Note that our theoretical exposition does not include self-exiting (M)—type processes,

where the stochastic intensity process depends on the realization of N. In contrast to a Cox process,

stacking independent self-exiting processes to generate an increasing number of events over a fixed
time interval result in an poor model, because the correlation between increments of N™ remain
independent of n, which prevents inference of the local intensity. However, self-excitation can
be embedded into our heavy traffic framework in several ways. |Clinet and Potiron (IM) study

an exponential doubly-stochastic Hawkes process, where the base intensity and excitation function

depend on n, so the correlation between increments of N” declines as n increases. Alternatively, one
may follow the stacking construction in (2.7) without the independence assumption. We postpone
a theoretical treatment of this problem for future research. On a practical side, we explore the

Hawkes processes as a model for the “normal” time event flow in the Monte Carlo section.

3 Identification

The detection of intensity bursts amounts to the following hypothesis:
I w € Q and T w € Qy, (3.1)

where ()5 and §2; are complementary subsets of €

T T
Qoz{weQ:/ ﬁfdt:O} and le{weQ:/ ﬁfdt>0}. (3.2)
0 0



In this section, we propose a formal testing procedure to figure out which subset the realization of
N™ belongs to. In particular, we propose a test that conducts a statistical inference for the presence

of an intensity burst near a single candidate time instance.

3.1 Test statistic

The identification of intensity bursts is based on a nonparametric, and backward-looking to allow

for online detection, estimator of the local intensity, which is defined as:

~  N"(t—6p,t
5 o Nt dnt)

t

, (3.3)

noy,
where N"(a,b) = N;' — NI' is the number of points of the counting process on (a,b|, and d, is a
bandwidth parameter

Xt is nothing more than the realized intensity, i.e. the number of counts per time unit over an
interval of length 4,,, averaged across Cox processes. In a setup with light traffic (i.e. n fixed), it

follows that Xt -5 0. However, heavy traffic (i.e. n — 00) changes the stochastic properties of Xt.

Lemma 1. Suppose that Assumption [ holds. Then, under 74, as n — oo and d, — 0 such that
nd, — 0o, it holds for all fized t € [0, T that

Xt i) Ht—- (34)

Moreover, under ¢,

A = 0, (6:9). (3.5)

The lemma shows that, under general assumptions about the intensity process, the intensity
estimator converges to the left-limit of the local intensity at time t under the null hypothesis.
As n — oo, the summation of independent copies of the Cox process in the heavy traffic limit
ensures that, on average, the accumulation of points close to t correspond approximately to the
instantaneous arrival rate. To generate a sufficient number of points inside the estimation window
[t — O, t], we need §,n — oo. A law of large numbers then shows that Y converges in probability
and, as 6, — 0, the limit is ;.

On the other hand, under the alternative, the arrival rate of the bursting process causes the
estimator to explode around 7y,.

Lemma [ highlights an important difference between the estimation of the local intensity of point
processes and the estimation of the local drift of Brownian semimartingales. In the latter, the drift
estimator is asymptotically unbiased but inconsistent (IMELSEA, IZMJ), because the increments of

the Brownian motion, although mean zero, exhibit so much variation over short time intervals that

any information about the drift is lost. This is exploited by bhuﬂmmmmm&dﬂﬂud dZDQj)

3The presence of n in (B3] is inconvenient, since the parameter is not observed. However, it is only needed to

show convergence of Xt. As we show below, n drops out for the construction of the intensity burst test statistic.

7



to construct a drift burst test statistic, which relies on the different rates of divergence of the drift
estimator under the null and alternative. Their test statistic has the convenient side effect that it
knocks out the true drift coefficient asymptotically. By contrast, under the null hypothesis Xt is con-

sistent for the local intensity of the point process in the heavy traffic limit. Hence, for intensity burst

detection we propose a slightly different test statistic compared to
). In particular, to center the statistic we compare two local intensity estimators calculated

from the nearest lagged block of observations:
V/)\\t = /)\\t - /)\\t_(;n. (36)

As we prove below, th converges in probability to zero under .73, but it is unbounded in probability
under 7. Hence, one can derive an asymptotic confidence interval for th and reject J7 if th is
outside of it. This suggests a standard test statistic of the form:
. VA
b_ __ Y% (3.7)
std(VA)
where st/?i(vxt) is an estimator of std(V,) under /2.
It turns out, however, that the asymptotic variance of Xt depends crucially on the interplay
between 6,, and n, which follows from a central limit theorem (CLT) under J&). To derive this CLT,

we require a bit of structure on the baseline intensity of V.

Assumption 2. u is an Ito semimartingale of the form:

e = ,uo+/ asds+/ v, dW, +/ / (p(ds,dz) — q(ds, dx)) / / p(ds, dz),
85 (@) |<1 \>1

(3.8)
where o is Fo-measurable, a = (at)i>0 and v = ()0 are adapted, cadlag stochastic processes,
W is a standard Brownian motion, p is a Poisson random measure on Ry x R with compensator
q(ds,dz) = dsF(dx), where F is a o-finite measure on R, and ds(x) is a predictable function such
that there exists a sequence of Fy-stopping times (7,)°2, with 1, — oo and, for each n, a determin-
istic and non-negative function I',, with min (|0,(x)|,1) < Typ(z) for t < 7, [o Tp(2)?F(dz) <
and f{xzfn(x)gn} [, (z)F(dz) < oo, for all (t,z) and x € (0,1).

Assumption ] is common in high-frequency analysis (e.g. lJacod and PI‘QLLQLI, 2!!12), since it

allows to apply estimates for semimartingales to control the discretization error. It is a stan-

dard tool often used to describe arbitrage-free price processes, since these must be semimartingale

(Iﬂdba&um&hagbﬁtmag&d, |l99_4]) In that context, the assumption is—apart from the integra-

bility condition on the driving processes—nonparametric, as it does not restrict the dynamic of the

price and allows it to exhibit time-varying drift, stochastic volatility, and a more or less unrestricted
jump component, which can be both infinitely active and of infinite variation. Moreover, the various
terms can be arbitrarily dependent.

However, since we are looking at an intensity process and not the price of a tradable asset, we



are not bound by the no free lunch principle. We therefore also inspect an alternative framework

below, which replaces the above structural assumption by a general smoothness condition.

Theorem 1. Suppose that Assumptions [ and [2 hold. Then, under 7, as n — oo and 0, — 0
such that no, — oo, it holds for all fized t € [0,T)] that

(i) if ony/n — 0,

n5n (Xt — /.Lt_> &> \//.Lt_Z, (39)
and
Vo VN 22 20 2, (3.10)

(ii) if Su/70— 0 > 0,

1 /- o, [1 1,

\/E ()\t — ,Ut_) — ﬁut_ + gl/t Z, (311)
1~ » [2 8

\/6_V)\t :D—) ﬁut_ + 51/32, (312)

and

(iii) if 6u/T — 00,

1/~ o, [T
—6n (>\t - ,ut_) — gV?Z, (313)
and
1 _~ o, 8
—V\ =3/ =P Z 3.14
\/E t 3Vt ? ( )

where Z is a standard normal random variable, which is defined on an extension of (2, F, (F; ft>C’P)
,12012).

Theorem [] shows that the asymptotic distribution of our estimator is mixed normal, but the

and independent of F, and 2 s stable convergence in law (see, e.g., P

convergence rate and limiting variance depends on the order of ¢,. On the one hand, if §,y/n — 0,
the localization dominates and the variation of the intensity parameter along its sample path is
immaterial. Hence, by the Poisson distribution, the variance is equal to the mean. On the other
hand, if 0,/n — oo, the roles are reversed, and the variation of the intensity parameter controls
the asymptotic variance. In both cases, the rate of convergence can be rather slow. The optimal

1/4 172 wwhere the opposing forces are balanced and

convergence rate, n~ /% is achieved with 9, < n~
both affect the limiting distribution.

The standard errors of V\, appearing in the second part of (ii) and (iii) are larger than one
would expect when comparing to (i). The explanation is that n diverges so fast compared to the
shrinking of ¢,, that the lagged estimator Xt_(;n is much more imprecise compared to Xt. This effect

is not present in part (i) of the theorem.



Assumption 2] prevents the baseline intensity to be described by a non-semimartingale, such as
a fractional Brownian motion. The latter is a popular model in the realm of asset return variation,
since it can generate roughness and long memory (e.g. b&mimnd_ﬂﬂnauld, M; khmﬂﬁlwﬁ&m
). To the extent that trading activity and return volatility are connected, which holds empir-
ically and is also a standard implication of the information flow interpretation of the mixture of

distribution hypothesis (e.g., |A.11d_@_s_en|, |19_9d; |Qla.1_k|, |19_7j; hh&ghﬁnjndﬂimg, h.%j), we should feel

uncomfortable with that restriction. It can, however, be replaced by an appropriate smoothness

condition, such as assuming the sample paths of 1 are Holder continuous.
Assumption 3. There exists H* > 0, such that
E { sup  |ps — m@ < CAH", (3.15)
s<t<s+A

for some constant C >0 and all 0 < s <t <T.

Theorem 2. Suppose that Assumptions [ and [3 hold. Then, under 7, as n — oo and 0, — 0
such that nd, — 0o and 5,n*~*5~ — 0, it holds for all fized t € [0,T] that

\ n5n </>:t - /,Lt_> &> \/,Ult_Z, (316)

Theorem [l shows our spot intensity estimator is consistent and asymptotically normal under
Assumption [l with an unaltered convergence rate. However, it only covers the short bandwidth
setting in part (i) of Theorem [I where the local variation of the intensity process does not affect
the asymptotic conditional variance of the estimator. This is not true for part (ii) and (iii), and
that is where the structure of Assumption ] is helpful. Without such knowledge, it is difficult to
extend Theorem [2in that direction.

The split points in Theorem [[] are dictated by the behavior of d,,4/n, since for Brownian motion
(the leading term is Assumption [2)), the probabilistic order of its increment is O,(1/d,). This
condition is replaced in Theorem [2 by 5nn1_¥. Thus, if 5nn1_¥ — 0, we are again in the short
bandwidth setting vis-a-vis the Holder regularity of the process. However, even for H* = 1/2 (the

2/3 _ (0 and is more restrictive than

index of Brownian motion), the rate condition reduces to ,n
before. This is because in the proof of Theorem [, we also exploit that Brownian motion is a
martingale.

At last, we should stress that the dual rate conditions enforced by Theorem [2] are in a direct
conflict of interest. On the one hand, it should hold that nd,, — oo, so that there are a sufficient
number of observations inside the estimation window. One the other hand, for H* very small we
more or less also need nd,, — 0. This is because the smoothness condition imposed in kernel-based

nonparametric analysis requires a shorter bandwidth for rough processesH

4If the localization window is minuscule, there may be too few observations inside it to get the mechanics of the

central limit theorem working, risking that the asymptotic theory is a poor approximation to the finite sampling
distribution of the estimator. |[Bugni, Li, and Li 12!!23) also study non-price high-frequency data employing the

10



3.2 Observed asymptotic local variance

In practice, picking the correct estimator of the asymptotic variance is difficult, because n is not
observed. To construct a feasible test statistic, we follow IM;LklaﬂdjﬂLLZhané 2Qlj) by alluding

to the notion of the observed asymptotic variancell We set 9,, = £,,A,,, where /,, is a deterministic

sequence of natural numbers and A,, > 0 represents a small time interval. We further impose that
A, = n~', but this is merely done for notational convenience. Nothing changes if A, = O(n™!),
except we introduce an additional tuning parameter.
Xt can then be rewritten:
N o= % .Z A;N™, (3.17)
i€DP
where A;N™ = N"(iA,, (i — 1)A,) is the increment of NJ* over a short time interval and D} =
{tn — 0, + 1,tn — £, +2,...,tn}.
The formulation in ([BI7) follows the traditional high-frequency approach. It shows that the
intensity estimator can be expressed as a local average of increments to the discretized point process
N}, which is a more convenient formulation for developing our asymptotic variance estimator] With

this convention, Theorem [I] can be stated as follows.

Corollary 1. Suppose that Assumptions[d and[2 hold. Then, under 7, as n — oo and £, — 00
such that ¢,A,, — 0, it holds for all fized t € [0, T that

\/p_nVXt s, avar(th)Z, (3.18)
where
(gnu 2/111‘/—)7 ngn \% An — 07
(pn, avar(VXt)) =9 (€A™ Zpe + 502), if b/, — 0> 0, (3.19)
((€nAn)_1, %Vf), if U/ A, — 00.
Then, we propose to set
~ p Knl ~ —~ 2
avar(V\,) = ?n Z ()\t—2j€nAn - )\t—(én+2jzn)an> : (3.20)
n =0

nonparametric state-space model of [Li and Xi]J 12!!1d). They propose a permutation-based test to detect general
distributional discontinuities, which includes the local two-sample mean problem. The advantage of their framework
is its finite sample validity, which addresses potential concerns caused by roughness. However, developing such a

permutation-based test is beyond the scope of the paper.

An alternative inference procedure is subsampling (e.g. [Politis, Romano, and ngﬂ, M), which was adapted

to high-frequency data in [Kalnina (2011) and IChristensen, Podolskij, Thamrongrat, and YQli;ggyl 2017).
Tn our framework, N™ is observed in continuous-time. However, many existing datasets do not reveal the exact

location of all events from a point process, but only report discrete observations. For example, the number of trades
in every l-second slot may be available. In such cases, the data is structured in the form of a discretized version of
N™ used in equation [BIT). Thus, Corollary [l and subsequent theorems remains applicable to such data.

11



where K, is another sequence of natural numbers.
The observed asymptotic local variance, 5\7aTr(VXt), is the sample variance of K, estimates
computed over non-overlapping blocks consisting of 2/,, observations. When K, is sufficiently large

and the observation blocks are near t, a/v\:i'(vxt) is consistent for avar(VXt).

Theorem 3. Suppose that Assumptions [l and [d hold. Then, under 4, as n — oo, £, — o0,
K, — oo such that 0, A, — 0 and (, K, A, — 0, it holds for all fizred t € [0,T] that

avar(V) 2 avar(V\,). (3.21)

That is, a/v\:i'(VXt) converges in probability to avar(VXt) for any limiting behaviour of p,, allowed
in Corollary [l

The condition K,¢,A, — 0 in Theorem [Blis somewhat restrictive. However, it can be loosened
with overlapping blocks in the definition of the observed asymptotic local variance. Hence, an
alternative version of the estimator is the following:

Kp—1

~ ~ 2
a/vE’(V)\t) — [p{_n Z (At—jAn - )‘t—(én-i-j)An) . (322)
n =0

Theorem 4. Suppose that Assumptions [1 and [ hold. Then, under €, as n — oo, £, — 00,
K, — oo such that 0, A, — 0, K,A, — 0 and {,,/ K, — 0, it holds for all fized t € [0,T] that

a/vir(vxt) RN avar(VXt). (3.23)

The condition ¢,/ K,, — 0 in Theorem @lindicates that the number of differences used to estimate
the local asymptotic variance of th should increase faster than the number of observations used
to compute the local intensity estimate. The conditions K,A, — 0 and ¢,A,, — 0 ensure that all
observations remain close to .

Thus, the test statistic in (31) becomes:

ib __ \/pinv/)\\t (3 24)
= —. .
\Javar (VA
Theorem 5. Suppose that the conditions of Theorems [l and[{] hold. Then,

ib N N(0,1), conditional on %),

ib
Tib

(3.25)
25 0, conditional on F.

Hence, we reject 7% if ¢ exceeds a quantile in the right-hand tail of the standard normal
distribution corresponding to a given significance level ¢. This ensures the test has size control
under 4. On the other hand, under 7, ¢* is unbounded in probability as ¢t — 7y, so the test is

also consistent

"Theorem [ continues to hold if a/vir(VXt) is replaced with afv\é/r(VXt) in the definition of ¢i’, provided the
conditions of Theorem [ hold.

12



It is important to emphasize that we do not need to choose p, to compute ¢*. This follows by

direct insertion, showing the test statistic can be expressed as:

. N (t — — N™(t —20,,t —
b (t —6,,1) (t — 26,,t — 6,)  (3.26)
1 Kp—1 )
ra >Nt = GOy = Gnst — jAL) = N (t = jA, = 20,1 — jA, = 5,))
=0

In practice, we take A, to be one second, although this is merely a convenient choice. The selection

of /,, and K,, are studied in the Monte Carlo analysis presented in Section [l

Remark 1. The local intensity estimator defined in (BIT) can be rewritten as a standard kernel-

based estimator of the form
|TA,]

~ 1 iN, —t .
At_a ; /c< A )AiN, (3.27)

where {,, is the bandwidth and IC is the indicator kernel K(x) = 1i_1/(x). It is of course possible

to select a different kernel. While the full development of a corresponding theory is outside of the
scope of our paper, we conjecture that Theorem[d remains valid under suitable reqularity conditions
for the kernel and bandwidth (e.g. Kmﬁtgnﬁgd, 2(21(}; Christensen, Qomen, and Bgnd, Mé) We

wnvestigate the exponential kernel in the simulation analysis and empirical application.

3.3 How to separate a burst from a jump?

Theorem [Il and Theorem [B] show that—in the limit—our test statistic is robust to jumps in the
intensity process at the test time ¢. The intuition is that the main term in the numerator is
Xt — Xt_(;n. With a fixed ¢t and a sufficiently small 6,,, both [t — 0,,t] and [t — 20,,,t — d,] are close
to t, so any jumps (of vanishing size as 6, — 0) from a left neighbourhood of ¢ fall outside the
estimation windows, so Xt and Xt_(;n converge to the left-limit y;_, and the latter is not affected by
the behaviour of the intensity process at time ¢.

In finite samples, 9, is fixed. In that case, Xt —Xt_(;n may numerically coincide with the difference

between a forward- and backward-looking intensity estimator:

W= AN ad R =13 AN (3.28)
ieDn €Dy,

where D} = {tn—{,,+1,tn—{,+2,... tn} and D}, = {tn+1,tn+2, ..., tn+0,}. X§‘> is equivalent

to Xt and thus has probability limit p;_, whereas Xﬁ*’ converges to the right-limit p;, = ;. As

such, one may suspect that the real cause of the rejection was in fact due to a jump in the intensity
process, i.e. [y # .

In this section, we dive into this issue and propose a framework that can separate a burst from

a jump. We assume to know the existence of a time instant 6, where there is a change-point in the

intensity process—either a burst or a jump. # can be a stopping time, a known point of pre-scheduled

13



news announcements, or perhaps the center of an intensity burst that has already been detected
with our testing procedure.

The crest of our approach is to study the limiting behaviour of a variant of our intensity estimator
around the change point. We build on the “change-of-frequency” approach often employed in the

volatility literature (e.g., LAm;Sahalm&ndm, |2£)£ld; hlmlmnd_’fmmhﬁd, |2£)_1d) and propose a

two-sided local intensity estimator:

1 tn+4y

" i=tn—l,+1

Nt — 0, t+0p)
2no,,

. (3.29)

We highlight the dependence of A on the bandwidth, because discrimination between a burst and
a jump relies on sampling the estimator with different 9,,.
To state a more concrete result, we let QF C Qq be the subset of the sample space, where the
intensity process fulfills Assumption
Qf = {w €Q: sup |us— | < L“AHM} , (3.30)
s<t<s+A

where L* is an almost surely finite positive random variable. Note that there is no intensity burst
on QF. Next, define Qf C Q such that:

Qf ={weQ:30€(0,7)3C > 0:|Apg| >C and e > 0: (1)rep—corapger €A L, (3.31)

where Ay = p; — pis—. The interpretation is that on Qf, there is a jump in p of size Ayy at time 6,
but otherwise the intensity process is smooth (and, in particular, there is no intensity burst) in a
closed ball around this point. At last, we consider the set Q{B C 2y such that there is an intensity
burst with center at 73, = 6.

As we show below, it turns out that the pathwise properties of Xt(én) are different on Q7 and
QF. This can be exploited to discriminate an intensity burst from an intensity jump. However, to
develop an asymptotic theory for Xt(én) in the presence of an intensity burst, we need a smoothness

condition on o (the volatility of the burst process) vis-4-vis the above.

Assumption 4. There exists H > «/2, such that

sup |o, — o] < L7AMT, (3.32)

s<t<s+A

where L is an almost surely finite positive random wvariable, and « is the explosion rate of the

intensity burst from Assumption [1.
Now, we are able to establish the following lemma.

Lemma 2. Suppose that Assumptions[ll and[{] hold and let k > 0 be a positive number. As n — oo
and 8, — 0 such that nd, — oo and d,n'~ 5~ — 0, it holds that

14



(i) Conditional on QF,

gor? (Xg(k;(sn) s (2k5n)_°‘) 00 ana 20 e (3.33)
)‘9(5n)
(ii) Conditional on Q)
- A \
No(l6,) 2 poo + =22 and Aolkdn) » g (3.34)

The first part of Lemma Bl suggests that on QF we can construct a direct estimator of the
explosion rate of an intensity burst, «, via a logarithmic transformation:
log (Xg(kon) ) — log (Re(5n) )

~ P
a= log — a. (3.35)

On QY this estimator converges to zero in probability as it should be in the absence of an intensity
burst, i.e. @ — 0.

A more efficient estimator of a can be retrieved by calculating log (X@(kén)) for a range of k
and regressing these against log(k). The negative of the slope estimate is then &. We explore this
possibility in the empirical application.

The testing procedure to separate the competing hypothesis of a jump or a burst in the intensity
process can now be conducted with either QF or Qf as the null, but it requires a formal derivation
of the asymptotic distribution of the ratio statistic in that state. If the prior is that intensity has

jumped, then a statistical test to reject this conviction can be deduced from the following result.

Theorem 6. Suppose that Assumption [l holds. Conditional on Qf, as n — oo and 6, — 0 such
that no,, — oo and 5nn1_¥ — 0, 1t follows that

V/nd, Aolken) 2oy Javarg Z, (3.36)
Xo(0,)

where Z is as in Theorem[1, and

o (po ) (L (2] o

Conversely, 2ol (k&") 5 k= conditional on QF such that v/n <)‘;((]?”)) — 1) — —00.
6

4 Simulation study

We investigate the small sample properties of our intensity burst test statistic by a Monte Carlo
approach. We set T' = 1 and interpret [0,1] as a standard 6.5 hour trading day on a U.S. stock
exchange, which we partition with a discretization step of d¢ = 1/(23,400 x 100), corresponding to

one-hundredth of a second.
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We simulate the aggregate intensity as a multiplicative process of the form p; = jis4pta+, where
the first term is a stationary process and the second term is a recurrent diurnal component. We
assume the stationary part is a continuous-time realization of independent point processes repre-
senting the “normal” and “burst” intensity, N5, = N, ;‘t’rmal + N, ;;”St, where the latter is only active
under the alternative.

To gauge the robustness of our approach, we inspect several choices of IV, ;grmal. We start with a
standard homogenous Poisson process that has constant intensity i, = 1 (measured on a second-
by-second basis).

The second extends the above to an inhomogenous Poisson process with stochastic intensity of

the IQK,_hlgﬂSﬂLjﬂd_BﬁsA dl%j) form:

prse = A1 —e™™) + pg e + 7/ e ru=s) /s udW,,. (4.1)
0

Here, the intensity is time-varying and mean-reverting. If the current value of the process, ps,, is
above its steady state level, A, the intensity has a tendency to go down, and vice versa. k controls
the speed of mean reversion. 7 is the volatility. The scaling with | /75 inside the stochastic integral
prevents the process from being negative. This model has been applied to describe the default
intensity in a credit risk framework by (@) and time-varying volatility in ).
We select the parameter vector as (\, k,7) = (1.00,0.03,0.20) following MMM&J

). To ensure the process is stationary with E(pus:) = 1, we draw pso at random from

Gamma(2 k™2, 2k7y72).
To generate a more challenging data-generating process under the null, as our last choice we

assume the intensity of N9l is an exponential Hawkes process

t
[oy = )\O‘l‘/ ee—n(u—s)stn’(;rmal’ (4.2)
0

where A\, # and k are parameters. \q is called the background intensity, which is a lower bound on
s, While f(7) = 0e™"" is the excitation function. Our choice of kernel follows the original article

by@ )

A Hawkes process is self-exciting. That is, after the arrival of an event the intensity of IV, ;{grmal

inclines by 6. Hence, the probability of an increment in the next time interval ¢ 4+ dt increases.

Tempering by the excitation function pulls the intensity back toward its baseline level Ay until

further events occur. x controls the rate of decay. If #/xk < 1 the self-excitation is held in check by

the mean reversion, and the Hawkes process is non-explosive and stationary with
Ao

1—-0/k

The Hawkes process is also capable of generating event clusters. However, none of them are as large

E(u:) = (4.3)

8 Although the intensity of the Hawkes process fulfills Assumption [ it falls outside of the Cox framework in

[1). This part of the simulations is therefore also meant to illustrate the robustness of our testing procedure.
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as one expects during an intensity burst. In the former, the intensity remains bounded, almost
surely, whereas it diverges in the latter. Nevertheless, this may be confused by our test statistic as
an intensity burst. The purpose is to see if this distorts our test statistic. As in the diffusion model,
the mean reversion is £ = 0.030. We further select A\g = 0.500 and 6 = (1 — A\g)x = 0.015, which
again ensures that E(us,) = 1.

In practice, trading intensity (and return volatility) follows a deterministic U- or inverted J-
shape at the intraday horizon. There is heightened activity in financial markets near the open-

ing and closing of trading At a theoretical level, this can be explained in models such as

|H0ng and Wang . To capture this effect, we borrow from the volatility literature (e.g.,
hUnhﬂ5Qn+Ihﬁﬂ£M+&ndiﬂﬂﬁuunbuLQ bﬂlﬂ hhﬂiuﬂugﬂ hﬂ&d and assume that
ptay = C + Ae™t 4 Be~a20=0), (4.4)

where A = 0.75, B = 0.25, C' = 0.89998744 and a; = ay = 10. The choice of C' ensures that

1
fo fadu = 1.
Prior to the calculation of the test statistic, we deflate the increment of the counting process usin

a nonparametric estimator of the intraday intensity curve with a direct adaption of

) from the volatility setting. We base the latter on 518 randomly selected Monte Carlo replica
out of the 1,000 in total. This corresponds to the sample size in our empirical part and is therefore
intended to ensure that the size of the measurement error corresponds to what we face in the
application.

The above configurations imply that there is on average one event per second in the normal
state, which is slightly higher compared to the daily transaction count observed in our empirical
high-frequency data.

The intensity of NP¥™" is defined as:

B =

— 7 fort€ [m—0.05 7+ 0.05], (4.5)
|7 — ¢
and ; = 0 otherwise. o and « are constant. We position 7, at random in the interval [0.05,0.95]
and make the duration of the intensity burst cover a 10-minute window. To get events of varying
magnitude, we take a € {0.25,0.50,0.75} and calibrate o such that Nf?r“ generates on average a
fraction c of the points produced by N;‘grmal where ¢ € {0.000, 0.025, 0.050, 0. 100}. This is called
no, small, medium, or large intensity burst.

We compute ¢i® at t = 73, which is also the intensity burst time under the alternative. The
bandwidth is ¢, € {60,300,600} seconds for the calculation of Xt (corresponding to a 1, 5, and

10-minute block) and K, = 10/, (corresponding to a 5, 25, and 50-minute block) for zﬁa\r(vxt).

9In global markets, where trading is spread out across the world (such as foreign exchange rates), there can be
multiple intraday curves aligned with the start and end of trading in the various geographical regions (such as Asia,
Europe, and the US).

10Solving for ¢ in ¢ fol ppdt = f;;bjﬁ Bidt, where A is the duration of the intensity burst and §; = %=, we

get 0 = cohris fol pedt, such that ¢ = 0 corresponds to no intensity burst.
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Figure 2: Example of a simulated intensity burst.
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Note. This figure shows the true (in Panel A) and estimated (in Panel B) intensity of the simulated Hawkes process with no burst, and

a small, medium and large intensity burst.

We experiment both with the indicator kernel K(z) = 1_1(2), as implicit in ([B.I7), and the
exponential kernel (z) = exp(x), for z < 0.

In Panel A of Figure 2] we illustrate the simulated intensity of the Hawkes process for NN, ;fgrmal
(no burst, or ¢ = 0.000) together with a small (¢ = 0.025), medium (¢ = 0.050) and large (¢ = 0.100)
intensity burst of N2 with o = 0.50. In Panel B, we show the associated intensity estimate for
¢, = 300. Across burst regimes, the maximal local intensity estimate is roughly 3, 4, and 7 times
larger than the average rate of the Hawkes process. In comparison, the intensity burst displayed in
Figure [ is much larger. Hence, our simulated intensity bursts are conservative relative to many of
those observed in empirical data.

Tables [ — [3] collects the results of the Monte Carlo analysis by reporting rejection rates for
the test statistic across 1,000 independent trials. The left-hand side is for the indicator kernel,
while the right-hand side is for the exponential kernel. Throughout, the test statistic is evaluated
against critical values from the standard normal distribution, i.e. the pth percentile z, = ®~*(p)
for p € {0.950,0.975,0.990}.

Looking at Panel A in Tables [l - B, we observe that in the absence of an intensity burst the
rejection rates are close to the nominal level across bandwidth choices. Stochastic intensity creates a
minuscule size distortion, in particular for the shortest bandwidth and exponential kernel. However,
the effect vanishes once we calculate the intensity estimator over a slightly longer window. What is
also interesting to note is that the self-excitation of the Hawkes intensity is not a separate source
of additional size distortion.

Turning to the alternative in Panels B — D, the rejection rates of the test are nearly perfect
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for a large intensity burst, irrespective of the dynamic of NP"™#l This is as expected, since the
test statistic is calculated at the center of the burst process. In contrast, detection of small bursts
remains challenging if they account for an insignificant fraction of the total transaction count—as
measured by a smaller value of c—or are slow to materialize—as measured by a smaller value of «.
Moreover, there is an intuitive trade-off embedded in the selection of the bandwidth parameter. We
observe that a longer bandwidth is preferable if the explosion rate of the intensity burst is small,
and vice versa.

Overall, the test statistic catches the vast majority of medium and large intensity bursts, whereas
smaller ones with slow rates of divergence may go unnoticed. This is not a cause of too much concern,

since we are primarily interested in the behavior of large and rapid surges in trading activity.
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Table 1: Rejection rate for the Poisson process.

Indicator kernel Exponential kernel
l, =60 ¢, = 300 ¢, = 600 l, =60 ¢, = 300 ¢, = 600
20.950 <0.990 <0.995  <0.950 <0.990 <0.995  20.950 <0.990 <0.995  £0.950 £0.990 £0.995  <0.950 <0.990 <0.995  <0.950 <0.990 <0.995
Panel A: size (c =0.000, no burst)
6.0 12 0.6 4.8 1.1 0.7 5.1 09 04 5.0 1.5 0.9 5.1 0.8 0.8 5.8 1.1 04

Panel B: power (c = 0.025, small burst)

a=025 592 320 243 100.0 100.0 100.0 100.0 100.0 100.0  83.2 58.6 48.0 100.0 100.0 100.0 100.0 100.0 100.0
o = 0.50 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Panel C: power (c = 0.050, medium burst)

a=0.25 831 549 419 100.0 100.0 100.0 100.0 100.0 100.0 979 &3.9 75.3 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.50 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Panel D: power (¢ = 0.100, large burst)

a=0.25 96.1 72.6 579 100.0 100.0 100.0 100.0 100.0 100.0 100.0 97.1 91.7 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.50 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Note. We simulate a point process as the sum of a Poisson process (“normal”) and an intensity burst (“burst”), Ny = N{‘O”’“al + N;t’“rSt. « measures the explosion rate of the latter. We

test the hypothesis of no intensity burst. ¢ is the proportion of the total transaction count induced by burst process, so ¢ = 0.000 corresponds to Hg. The test is calculated at t = 7y,
which is the intensity burst time under Hq. £y is the bandwidth (in seconds) for the intensity estimator. The bandwidth for the observed local asymptotic variance is Ky = 10¢,. The

table reports rejection rates of the intensity burst test statistic evaluated against the (1 — ¢)th percentile of the standard normal distribution, 2(1—¢), for ¢ = (0.050, 0.010, 0.005).
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Table 2: Rejection rate for the Heston process.

Indicator kernel Exponential kernel
l, =60 ¢, = 300 ¢, = 600 l, =60 ¢, = 300 ¢, = 600
20.950 <0.990 <0.995  <0.950 <0.990 <0.995  20.950 <0.990 <0.995  £0.950 £0.990 £0.995  <0.950 <0.990 <0.995  <0.950 <0.990 <0.995
Panel A: size (¢ =0.000, no burst)
72 34 24 5.7 26 1.1 49 15 1.0 82 3.8 3.0 71 25 1.7 6.0 19 12

Panel B: power (c = 0.025, small burst)

a=02 181 85 64 61.7 390 30.2 379 150 11.1 254 136 10.6 73.3 475 403 60.6 34.1 27.2
a=050 690 439 36.7 664 438 349 402 178 122 89.1 753 68.6 8.0 629 55.0 679 423 338
a=075 993 981 97.0 787 557 484 51.0 26.3 189 100.0 100.0 100.0 974 869 8&83.7 833 64.2 553

Panel C: power (c = 0.050, medium burst)

a=025 364 165 11.5 972 8.7 835 84.0 625 523 552 300 235 996 968 93.0 975 90.7 8438
a=0.50 97,5 90.8 872 983 92.7 882 8.8 67.2 587 998 994 99.1 999 99.6 985 989 949 921
a=0.75 100.0 100.0 100.0  99.3 98.0 96.0 93.6 81.3 75.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.6 99.2

Panel D: power (¢ = 0.100, large burst)

a=0.25 69.0 351 25.8 100.0 100.0 100.0 99.7 99.0 98.1 89.0 65.3 53.2 100.0 100.0 100.0 100.0 100.0 100.0
a=0.50 100.0 99.9 99.8 100.0 100.0 100.0  99.7 99.3 98.5 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a =0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.7 99.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Note. We simulate a point process as the sum of a Heston process (“normal”) and an intensity burst (“burst”), Ny = NtIlorInaLl + N;t’“rSt. a measures the explosion rate of the latter. We

test the hypothesis of no intensity burst. ¢ is the proportion of the total transaction count induced by burst process, so ¢ = 0.000 corresponds to Hg. The test is calculated at t = 7,
which is the intensity burst time under Hq. £y is the bandwidth (in seconds) for the intensity estimator. The bandwidth for the observed local asymptotic variance is Ky = 10¢,. The
table reports rejection rates of the intensity burst test statistic evaluated against the (1 — ¢)th percentile of the standard normal distribution, 2(1—¢), for ¢ = (0.050, 0.010, 0.005).
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Table 3: Rejection rate for the Hawkes process.

Indicator kernel Exponential kernel
l, =60 ¢, = 300 ¢, = 600 l, =60 ¢, = 300 ¢, = 600
20.950 <0.990 <0.995  <0.950 <0.990 <0.995  20.950 <0.990 <0.995  £0.950 £0.990 £0.995  <0.950 <0.990 <0.995  <0.950 <0.990 <0.995
Panel A: size (c =0.000, no burst)
46 1.2 1.0 5.2 16 1.0 5.6 1.1 0.8 5.0 1.5 0.9 5.5 1.6 0.7 5.0 1.2 0.8

Panel B: power (c = 0.025, small burst)

a=025 49.1 252 182 100.0 100.0 99.7 99.3 945 93.2 745 47.7 38.0 100.0 100.0 100.0 100.0 99.7 99.6
a=050 998 994 983 100.0 100.0 100.0 99.5 96.9 94.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9 99.7
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0  99.7 99.2 98.1 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Panel C: power (c = 0.050, medium burst)

a=0.25 771 47.7 36.8 100.0 100.0 100.0 100.0 100.0 100.0 955 781 65.3 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.50 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Panel D: power (¢ = 0.100, large burst)

a=0.25 947 67.3 54.4 100.0 100.0 100.0 100.0 100.0 100.0 100.0 95.9 8&89.5 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.50 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
a = 0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Note. We simulate a point process as the sum of a Hawkes process (“normal”) and an intensity burst (“burst”), Ny = N{‘O”’“al + N;t’“rSt. « measures the explosion rate of the latter. We

test the hypothesis of no intensity burst. ¢ is the proportion of the total transaction count induced by burst process, so ¢ = 0.000 corresponds to Hg. The test is calculated at t = 7y,
which is the intensity burst time under Hq. £y is the bandwidth (in seconds) for the intensity estimator. The bandwidth for the observed local asymptotic variance is Ky = 10¢,. The

table reports rejection rates of the intensity burst test statistic evaluated against the (1 — ¢)th percentile of the standard normal distribution, 2(1—¢), for ¢ = (0.050, 0.010, 0.005).



Figure 3: Daily price and log-return in EUR/USD.
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Note. In Panel A, we plot the EUR/USD spot exchange rate at noon CET for the sample period January 1, 2019 to December 31, 2020.
In Panel B, we show the associated daily log-return in percent.

5 Empirical application

We examine high-frequency data obtained via Electronic Broking Services (EBS) on the Chicago
Mercantile Exchange (CME). EBS is an electronic platform operating at the wholesale level and
is the main interdealer venue in the foreign exchange market. Our dataset consists of all spot
transactions and every tick-by-tick update to the first ten levels in the limit order book of the
EUR/USD. The sample period January 1, 2019 to December 31, 2020. We exclude days with
limited trading (e.g. weekends and public holidays) and retain 7' = 518 days. We also restrict
attention to the most active trading hours from 8:00am to 4:00pm Central European Time (CET),
covering the European and American session. In Panel A of Figure [ we plot the daily midquote
of the spot exchange rate at noon, while Panel B shows the associated log-return.

In Panel A of Figure [, we show the total number of transactions per day in the retained sample.
There are typically thousands of trades. To account for the expected increases in trading activity
that are associated with the normal periodicity of this market or regular releases of pre-scheduled
news announcements, we start by extracting a nonparametric estimate of the time-of-the-day mean
transaction count. We calculate the latter as the average number of transactions in each one-second
bucket, where the average is taken across days in the sample. The sequence of these estimates is
then normalized to sum to one. The seasonality in the intraday transaction count is reported in
Panel B of Figure @l

We compute the spot intensity estimator in (3.3]) each second from 8:00am to 4:00pm CET with a
bandwidth of £,, = 300 and the exponential kernel. Each estimate is then divided by the appropriate
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Figure 4: Trading activity in EUR/USD.
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Note. In Panel A, we report the daily number of transactions (in 1,000s) on the EBS platform in the EUR/USD spot exchange rate. In
Panel B, we show a nonparametric estimate of the time-of-the-day mean transaction intensity between 8:00am and 4:00pm CET, which

is normalized to sum to one. \g is an estimate of the unconditional arrival rate over the whole sample.

seasonality factor to remove the inherent diurnal variation. Next, to avoid the computational load
of running the test statistic at such a refined grid, every day we select the 20 largest local maxima
of the diurnal-corrected spot intensity estimator, allowing for at most one maximum in a 5-minute
neighbourhood—equal to the bandwidth of the intensity estimator—to avoid double-counting. In
Panel A of Figure B, we show how this rule operates on July 2, 2019. The spot intensity is shown
from 8:00am to 4:00pm. It is scaled by the average intensity on that day and log-transformed, as
further motivated below.

In the subsequent analysis, we limit our attention to the points indicated with a square, which
are the most probable intensity burst times We implement the test here with K, = 10¢, for
the observed asymptotic local variance estimator, as in the simulation section. In doing so, only
the crossed square is identified as an intensity burst. Overall, we monitor a total of 10,360 test
statistics across the 518 days. The median value of the sequence is 1.24, which is more than a
standard deviation away from the unconditional mean of zero of the asymptotic standard normal
distribution. There are 913, 331, 119, and 36 observations with a value higher than 4, 5, 6, and
7, amounting to 8.81%, 3.20%, 1.15%, and 0.35%. Hence, intensity bursts—even more extreme
ones—happen on a frequent basis.

In the remainder of the empirical investigation, we confine the analysis to a subsample of intensity

bursts, where the test statistic is greater than 5. This value is large enough to be highly significant

"By Lemma [ the unobserved intensity diverges at an intensity burst time. Thus, if an intensity burst occurs

near a given point, the local intensity estimator should be at its highest here.
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Figure 5: Candidate times for an intensity burst.
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Note. In Panel A of this figure, we show the candidate times for an intensity burst on July 2, 2019 highlighted with a square. These
are defined as the 20 largest local maxima of the estimated spot intensity within a 5-minute window (identical to the bandwidth of the
estimator). The crossed square is identified as an intensity burst. In Panel B, we show how the intensity burst test statistics with a value

greater than 5 are scattered at the intraday level over the whole sample.

and small enough to retain a sufficient number of observations The reduced sample of 331 events
are highlighted in Panel B of Figure [l There is no systematic placement in the points, which are

more or less uniformly distributed at the intraday level '

5.1 A burst or jump?

We first explore whether the above events correspond to genuine intensity bursts or are, in fact,

more likely to be associated with false alarms caused by discrete changes in the intensity process,

12We face a theoretical concern in looking at the test statistic at many local maxima of the intensity estimator, since
this can cause over-rejection under the null hypothesis of no intensity burst. We therefore do not evaluate it against
a customary quantile from the standard normal distribution, but we select a much higher value following the multiple
comparison literature to control the family-wise error rate at the ¢ = 0.01 level of significance. On the one hand, we
conduct 10,380 tests in total, so a Bonferroni correction recommends a critical value of ®~1(1—0.01/10,380) = 4.7610.

On the other hand, according to extreme value theory, the normalized maximum test statistic converges in law to

maxi<i<m %.’_awn
a Gumbel distribution, i.e. % 2, ¢ as m — oo, where Fe(z) = P(€§ < 2) = exp(—exp(—2x)),
am = \/2log(m) — %, and b, = (2log(m))~1/2. Hence, if ¢{’ is computed at a one-second grid,

as consistent with our implementation, and the daily maximum test statistic is extracted from this sequence, the
critical value for the nonnormalized maximum test statistic is 5.1846. We base our inference on the average of these

approaches by adopting a critical value of 5.
13We calculated the fraction of the total daily transaction count that occurs over a 10-minute interval around each

such event. The sample average is 3.60% (median of 2.91%) with a 1st and 3rd quartile of 1.93% and 8.95%. This
crudely aligns with the our choices of ¢ made in the simulation section.
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Figure 6: Histogram of ratio statistic and explosion rate.
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Note. In Panel A, we plot a histogram of the ratio statistic from Lemma 2] X@ (kén)/X@ (6n), with k = 2. Tt is centered around one in
the absence of a burst, and strictly smaller than one otherwise. In Panel B, we report the distribution of the estimated explosion rate,
&, based on the negative slope coefficient of an OLS regression through the origin of log (Xg(k&n)) on log(k) for k =1,2,3,5, and 10.

as discussed in Section

We calculate the two-sided intensity estimator from (3.29) with £ = 2 and construct the ratio
statistic from Lemma ] where the baseline in the denominator corresponds to an implicit £ = 1.
It should be centered around one if the event coincided with a jump in intensity, whereas it should
be strictly smaller than one—or k~*—for an intensity burst. In Panel A of Figure [ we plot a
histogram of the quotient. As evident, the empirical density function is concentrated around 0.75
with little probability mass near one. In total, only three of the ratio statistics are greater than or
equal to one, where it is 1.05 on average. This strongly indicates that our test statistic is not driven
by a jump component.

Conditional on an intensity burst, we can convert the ratio statistic to an estimate of the
explosion rate, «, as described in ([B35) and the subsequent comment. We regress log (X@(k)én))
through the origin against log(k) for £ = 1,2,3,5, and 10. The distribution of the negative slope
estimates are reported in Panel B of Figure [l As consistent with the previous analysis, they are
strictly above the no burst lower bound of zero. The overall impression is that an intensity burst is

often modest with an explosion rate in the middle of the permissible range.

5.2 State of the market near an intensity burst

We next take a closer look at how various state variables evolve in the vicinity of an intensity burst.

In Panel A of Figure[7] we show the evolution of trading activity. We compute a proxy for the burst
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Figure 7: Trading activity and return volatility near intensity burst.
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Note. In Panel A, we plot the evolution of the relative intensity estimator each second in a 5-minute window prior an intensity burst
time. The sample has been split in four based on the magnitude of this measure and we then report the median intensity in the first
(small), second—third (medium), and fourth (large) quartile. In Panel B, we plot the change in log-spot intensity against the change in
log-spot volatility of the EUR/USD exchange rate process before and after the burst.

size as the relative change in the intensity estimator at each second in a 5-minute interval prior to
the intensity burst time. We split the sample in four based on the magnitude of this measure and
report the median intensity in the first (small), second-third (medium), and fourth (large) quartile.
As expected, there is a steady rise in trading activity prior to a detected event. The curvature
indicates a good fit with an intensity burst of the form (Z4l), while the level is consistent with the
simulation of this model illuminated in Figure 2

In Panel B of the figure, we plot the change in log-spot intensity against the change in log-spot
volatility of the EUR/USD exchange rate process. The latter is calculated with the price jump- and

microstructure noise-robust estimator from klhnﬁ&ummmmmjd_ﬂﬁﬂd (lZMj) To construct

the increment, we measure the spot processes at the 5-minute mark before and after the intensity

burst time, together with an estimate at the peak. As readily seen, there is a strong positive
association between the change in intensity and change in volatility. This is consistent with the
mixture of distribution hypothesis. The correlation is stronger before an intensity burst, around

0.55, which is on par with [Stoltenberg, Mykland, and Zhang ¢2!!2£). However, there is a significant

drop in the level of the correlation, around 0.20, in the aftermath of an intensity burst.

How does liquidity change around an intensity burst? To understand this, we construct the
realized illiquidity of ILM_B&Q&MQMHME_M@SIMA (IZDL?ﬁ), which is a high-frequency version
of the |Amihud (IZOQA) measure. In Panel A of Figure ] we chart of the average evolution of this

measure on a second-by-second basis. At each time point, we extract one-minute log-returns over

the preceding 5-minute interval and calculate the statistic as the realized power variation (i.e. the
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Figure 8: Realized illiquidity and transaction volume near intensity burst.
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Note. In Panel A, we show the average realized illiquidity ofIlmm,_B@n@idQ_a.ndﬂf_M_agiﬂnﬁ (IM) over a 10-minute interval centered

at the candidate times associated with the local maximum intensity estimates from Panel A in Figure Bl The sample has been divided

based on whether the intensity burst statistic at these points is greater than 5 [burst] or not [no burst]. In Panel B, the average transaction
volume (in million €) is reported. The latter is proportional to the denominator of the realized illiquidity measure.

sum of absolute log-returns) divided by the transaction volume over that window. We normalize
it to one on average for ease of interpretation. We restrict attention to the candidate times from
Panel A of Figure [l and split the sample dependent on whether the intensity burst statistic is
greater than 5 (burst) or not (no burst). While there is no material change in liquidity for an
insignificant peak in the intensity estimator, during an intensity burst we observe a substantial rise
in the illiquidity index both before and after the intensity burst time. In Panel B of the figure, we
plot the cumulative transaction volume in million € (i.e. the denominator of realized illiquidity).
There is no discernible shift in transaction volume, which hovers about in a very narrow interval
confined to a few percent around its average level. This suggests that the upsurge in the realized

illiquidity is mainly induced by the increase in volatility (i.e. the numerator of the statistic).

5.3 What is the relationship with a drift burst?

In Figure @ we follow the recipe of May 14, 2019 displayed in Figure [l and report the price and
transaction data in the EUR/USD from 10:00am to 10:30am on July 10, 2019. As in the previous
example, this day contains an intensity burst, which is started by sell-side activity around 10:15am.
However, there is only a minuscule downtick in the exchange rate, which does not get caught as a
drift burst. So here, the intensity burst is an isolated event.

Why is the market sometimes able to withstand the abnormal trading activity observed during

an intensity burst with no discernible movement in the price, while at other times it goes through

28



Figure 9: Intensity burst in the EUR/USD without a drift burst.
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Note. This figure shows the EUR/USD spot exchange rate on July 10, 2019, where we detect an intensity burst but no a drift
burst. In the left panel, we plot the exchange rate from 10:00am to 10:30am CET along with the drift burst test statistic proposed

in bhnmﬂnm,&zmm_and_ﬂgnd (@) In the right panel, we plot a nonparametric estimator of the time-varying trading intensity

(as proxied by the number of transactions in a 15-second window) along with the intensity burst test statistic and a measure of order

imbalance.

a severe correction? It is possible that a piece of news (or public signal) does not alter the av-
erage opinion of investors, even if their interpretation of the information differ. This is related to

the differences-of-opinion literature (e.g., Bollerslev, Li, and X]]A, 2!!1§; Kandel and Pearson, |L9_Qd)

Roughly speaking, in these models price change is related to the average opinion (or 1st moment),

while trading volume is related to the dispersion of opinion (or 2nd moment). So there can be
a lot of trading without a big impact on price, because mostly disagreeing investors trade with
each other. However, absolute price change and trading volume should still be positively correlated

(Harris and Bayiyl, ILM)

To explore this question in more detail, we extract the drift burst test statistic at a one-second

frequency in a 10-minute window centered at the intensity burst time The attractiveness of the
drift burst test statistic is that it is detects abnormal price changes on a volatility-adjusted basis,
since the test statistic is calculated as the average log-price increment divided by spot volatility
over an interval.

We employ a separate linear regression with the minimum (most negative) and maximum (most

positive) value of the drift burst test statistic as dependent variable. As covariates, we include the

14 A small trade can cause a relatively big change in price if the market impact is large, such as in the presence of

asymmetric information (e.g. @Qﬂﬂu_&nd_Mﬂgan, [l%j; |K;L]£J, [l%j)

15We do not pretend that there is a cause and effect from an intensity burst to a drift burst. In practice, these

events are the result of a highly complicated and interrelated process. The aim here is merely to determine correlation
with suspected drivers of the drift burst test statistic during an intensity burst.
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Figure 10: Properties of relative trading intensity.
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Note. In Panel A, we plot a histogram of the logarithm of relative trading intensity at the peak of an intensity burst. In Panel B, we
show how the log-relative intensity is related to the maximum absolute value of the drift burst statistic in a 10-minute interval around
the intensity burst time. A least squares fit is superimposed as a reference. The slope coefficient is significant with a P-value less than a
percent. The sample is conditional on an intensity burst statistic being greater than 5. It contains a total of 331 events.

level of trading activity that should, everything else equal, inflate the magnitude of the drift burst
test statistic. The rationale is, as stated above, that it requires trades (or quote updates) to move
the price. We therefore add the intensity estimated at the peak of the intensity burst as the first
predictor. However, because there is a great variety in the absolute level of trading over time, we
scale the diurnal-corrected spot estimator by the average level of intensity for the entire day to
construct a relative trading activity, which is more homogenous across events. As shown in Panel
A of Figure 10 a log-transformation renders this variable close to normally distributed, apart from
a slightly elevated right-tail. In Panel B of the figure, we plot the logarithmic measure against
the maximum absolute value of the drift burst statistic over the calculation window, which indeed
shows a positive relationship.

Our transaction data also contains an indicator variable of whether a deal was buyer- or seller-
initiated. One-sided order flow is a good proxy for price pressure—that can be caused by either
a change in the average opinion of investors or asymmetric information—so we include the order
imbalance in the 5-minute interval before the intensity burst time as our second predictor. We
calculate this as the number of buyer trades minus the number of seller trades. A positive value is
therefore indicative of buy-side activity, and vice versa. We scale the difference by the spot intensity
to again get a relative measure.

As our third predictor, we construct an intuitive concept of market depth derived from the

information in the limit order book. We compute the elasticity of the price with respect to quantity

following the procedure described in IMungLSlg_d.‘muJ (lZDDd) This is referred to as the slope of
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the order book It accounts for the resilience of the market by indicating whether it can absorb
relatively large amounts of trading volume with minimal price impact. In particular, a high price
elasticity suggests that the market is in a very fragile state, such that a sudden burst in trading

activity can induce pronounced price volatility. The calculation is as follows:

Sob:l<‘P1/M_1|—|—Z|B+1/B_1‘>, (51)

L vy — up/u—1

where L is the number of levels in the limit order book (10 here), M is the midquote of the best bid
and offer, P, and v; are the price and natural logarithm of accumulated volume at tick level [, for
l=1,...,L We calculate the slope separatively for the bid and ask side at a one-second frequency
and include the moving average of the sequence over the 5-minute interval preceding the intensity
burst in the regressionh

We estimate the model:
Zg = a+bylog(A") 4+ b0 + bsST + baV RV + b5 Py + €, (5.2)

where Z3, (Z3,) is the minimum (maximum) drift burst test statistic, A" is the relative intensity
estimate, O is the relative order imbalance, and S (S) is the slope of the order book on the bid
(ask) side.

There are a few controls in (5.2). v/ RV is the square-root of 5-minute realized variance computed
between three- to one-hour before the intensity burst, while Py is the percent of daily 5-minute log-
returns that are zero. The latter is a proxy of staleness in the aggregate trading environment, see

Bandi, Kolokolov, Pirino, and Bgnd (2!!2!J). We first run the regression without these two additional

variables and then add them as a robustness check/™

Table [ presents the outcome of the regression estimated for the minimum (maximum) drift
burst statistic in the left-hand (right-hand) side using the bid (ask) slope as price elasticity. We
only comment on the results for the minimum drift burst test statistic, while summarizing the main
differences to the other regression below.

The results are compelling. In particular, the sign of the slope coefficient estimates are in line
with our economic intuition. The logarithm of relative intensity makes the minimum drift burst test
statistic more negative, and the effect is significant. This is perhaps a bit surprising, since we are
conditioning on an intensity burst. What also ought to matter is the ability of the market to handle
the surge in trading activity, as proxied by order imbalance and price elasticity. The coefficient on

order flow is positive and highly significant. This implies that sell-side activity (a negative value of

wlﬁas_@nd_ﬂkjgh;md (lZDD_d) look at the elasticity of quantity with respect to price. We employ the reciprocal of
their formula for the slope of the order book by reversing the role of price and volume.

1"The one-sided slope calculation is a bit sensitive to the flip-flopping of large orders up and down in tick level,

when the market bounces around at the inside spread. The slight averaging alleviates this problem.
18We also estimated a regression, where the realized illiquidity was included as a covariate. However, it was highly

insignificant, so we removed it again. This is rather intuitive, since the measure was found to be driven mostly by
volatility and the drift burst test statistic controls for this effect.
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Table 4: Regression with drift burst test statistic.

Constant —1.145 —1.318 0.525 0.722
(—4.591) (—3.936) (1.618) (1.885)

log(A,) —0.430 —0.456 0.318 0.330
(—2.512) (—2.657) (1.942) (2.013)

@] 0.594 0.610 0.476 0.423
(3.121) (3.217) (2.587) (2.289)

Sob —0.713 —1.062 2.281 2.601
(—2.495) (—3.273) (4.036) (4.459)

VRV 0.689 —1.069
(0.431) (—0.701)

Po 6.467 —5.260
(2.214) (—2.086)

R? 0.082 0.098 0.109 0.123

Note. We estimate the linear regression: ZJ, = a4 b1log(A") + b20 + b3S, + bavV/RV + b5Po + €, where Z b (Z:{rb) is the minimum
(maximum) drift burst test statistic in a 10-minute window centered at the intensity burst time, A" is the relative intensity, O is the
relative order imbalance, S (S;Lb) is the bid slope (ask slope) of the order book, v/RV is the 5-minute realized variance between three-
to one-hour before the intensity burst, while Py is the percent of daily 5-minute log-returns that are zero. The table reports parameter
estimates with the ¢-statistic shown in parenthesis underneath. The sample size is 331. R? is the coefficient of determination.

this variable) moves the minimum drift burst statistic farther away from zero. In addition, a large
price elasticity, as measured by the bid slope of the order book, reinforces this effect and pushes
the drift burst statistic even further into negative territory

The maximum regression shows identical results, apart from a few expected sign changes in
appropriate places, i.e. the intercept, and the coefficient in front of log-relative intensity, the order
book slope, square-root realized variance, and the fraction of zeros in the log-return series. The
main highlight is that the t-statistic on the log-relative intensity and order imbalance are a bit

more compressed, although both are still at the margin of being significant. This can possibly

be reconciled by a costly market presence, as developed in IﬁgﬂgMgl @Dd) In their
framework, if market participation has a cost, the need of financial intermediaries to rebalance their
equilibrium portfolios in response to news creates an endogenous order imbalance, which always
leads to excessive selling. This effect exacerbates the demand for cash during a sell-off, while rallies
remove a smaller portion of volume resting on the ask side. Hence, trading activity and order
imbalances put less strain on the system during an upsurge. On the other hand, since EUR/USD
is an exchange rate, it is not evident how to define a sell-off.

The additional controls do not alter the coefficients estimates of the above predictors much.
The realized volatility reduces the magnitude of the drift burst test statistic, even if the effect is
insignificant. Moreover, zero returns further attenuates it. The explanation is probably that in a

slow market with limited trading, a large burst in relative trading activity may still be economically

19We also incorporated an interaction effect between order imbalance and price elasticity. However, it was in-

significant both in the restricted and full version of the model. We therefore omitted it again.
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small and incapable of shifting the price much.

In summary, our analysis shows it is asymmetric trading combined with a vulnerable order book
that causes the absolute drift burst test statistic to inflate during an intensity burst, thus increasing
the likelihood of observing a drift burst.

6 Conclusion

In this paper, we propose a model with a locally unbounded intensity for point processes. We allow
the spot intensity to explode such that the integrated intensity is finite, ensuring the point process
is non-explosive. This is the definition of an intensity burst. We show the model is capable of
generating rather extreme clusters of observations over small time intervals that are far more con-
centrated compared to what a standard doubly stochastic Poisson or self-exciting Hawkes processes
with locally bounded intensity can produce.

We develop an inference strategy for detecting an intensity burst. The theory relies on a heavy
traffic assumption, which permits to consistently estimate and draw inference about the properties of
a point process over a finite time interval. It resembles the standard in-fill condition for asymptotic
theory of realized variance. In absence of an intensity burst (null hypothesis), the asymptotic
distribution of our test statistic is standard normal, but the rate of convergence depends on a
nuisance parameter, the speed with which the process accumulates points under the heavy traffic
condition. Hence, the feasible implementation of our test statistic is based on an automatic inference

procedure, where we adapt the observed asymptotic variance of Mykland and Zhan @ﬁ) to spot

estimation. Conditional on an intensity burst (alternative hypothesis) our test statistic diverges, so

the power of the testing procedure converges to one.

A simulation study demonstrates that the test statistic has good finite sample properties for
a variety of point processes. It controls size and has high power under the alternative. With our
numerical experiments, we also show that with self-exciting exponential ) process, a
more general model than the theoretical framework allows, the test statistic does not produce false
positives. Furthermore, we demonstrate robustness to diurnal variation in the intensity process
based on a deflated intensity estimator.

At last, we implement the test statistic on an extensive set of EUR/USD foreign exchange
rate high-frequency data extracted from the electronic broking services (EBS) platform, where it
captures abnormal surges in trading activity. We detect a nontrivial amount of intensity bursts
in these data and describe their basic properties. We examine how intensity is related to other
fundamental indicators, such as volatility and liquidity. We also show that the more excessive the
trading activity observed during an intensity burst is, the higher is the chance to observe a drift
burst. This effect is stronger with an unbalanced order flow and when the price elasticity of the

limit order book is high. We leave a further investigation of these findings to future research.
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A  Proofs

We here derive the theoretical results listed in the main text. We note that under Assumption [I—[2]
we can appeal to the localization procedure described in th&:ljnd_]iultiﬂl (|2£)J_i Section 4.4.1) to

bound the processes at, vy, and &;(z) as (¢, ) vary within [0, 7] x R. Moreover, we can assume that
|0¢(x)| < T'(x), where I is a bounding function such that [, ['(z)*F(dz) < oo and, for all x € (0, 1),
f{x:f‘(w)gn} F(:L’)F(dl’) < 0.

We make extensive use of a universal positive constant, C', whose value changes from equation-

to-equation and line-to-line without notification. As a shorthand notation, we write the intensity
burst time as 7y, = 7.

To establish stable convergence of the local intensity estimator in ([B.3]), we need an auxiliary
result, which is a reproduction of M&umwm (lZQli Lemma 8).

Lemma 3. Let (Q, F,P) denote a probability space. For each n > 1, suppose (3, C3,..., () are
martingale increments with respect to the sub-o-fields of F: Fn1 C Fno € -+ C Fup,. Set
S, = Zf;z ¢ and G = Np>1F,1. Assume that n — F, 1, s a non-increasing sequence of o-fields
such that Np>1Fn K, = G. Then, if the following conditions hold:

(i) There exists a G-measurable random variable n such that, as n — oo,
kn
> E|(G? | Faia| Lom,
i=2
(i1) For every e > 0,
kn
ZE[(CZ‘)Ql{(c?)zze} | ]:n,i—1:| 50,
i=2

then S, —= S, defined on an extension of (2, F,P), such that conditionally on F, the distri-

bution of S is a centered Gaussian with variance 1.

A.1 Proof of Lemma 1]

Theorem [l implies that, under .77,

o~

N — Ao = 0,(1), (A1)

which shows the first statement.

Next, under 777, we notice that the observed process can be decomposed as
Nj' = N{ 4 N

where N/"* and N/*” are inhomogeneous Poisson processes with rates nu, and nf;.

Therefore, at time 7,

N —d,7)  NY(r—0,7) -
5, = Y 0wr) | NPT Z00T) gy
no, no,




It follows from (Al that
/“/IT = fr— + Op(l)a
so it is enough to look at BT. To prove that BT = 0,(9,,%), by the definition of stochastic orders in
probability, it suffices to show that for every € > 0 there exists a 0 < A, < oo and N, € N such
that for all n > N, : IP’(&SB\T > AE) < e.
By Markov’s inequality:
= S°E(;)
1[»(5@ : Ae) < In T
nﬁ > — Ae
Next, conditioning on ¢ and employing the law of iterated expectations:
~ N3 (7 — 6, 7) NP (1 — 6, 7) [
E(3;) =E ’ =E|E d 7)1 =E|— | —u|7d
e e G 0 e Y i
c [T C

— |y = ——§°
7=l du = =6,

< =
=5

T—0n
where F7 is the o-algebra generated by ¢ and C' > 0 is a constant that bounds the process from

above in light of the localization procedure. Thus,

~ C
IP’((SO‘ > AE> < -
nf ~A(l—-a)
Thus, for every € > 0, we can choose A, > to make IP’(&;‘L‘BT > AE) < €. [ |

(1 —a)
A.2 Proof of Theorem [

We show the univariate statement in (i), (ii), and (iii). The second half follows from the calculations
in the proof of Theorem

To this end, we define the sequence p,, as follows:
Onn, if 0,4/n — 0,
6L if 6/ — 0 or §,\/n — 00,

Pn =

and study the difference , /pn(Xt — Ao).
We assume §,, can be expressed as 6, = £,A,,, where A,, = n~! and /,, is a deterministic sequence

of positive integers. Then, Xt can be expressed as

>\t - e— Z AZNn,

" ieDp
where A;N™ = N™(0,:A,,) — N*(0, (i — 1)A,,) are the increments of the process N™ over the short

time intervals of length A,,, and
DY ={tn—{l,+ 1,tn—{,+2,...tn}.

We approximate A; N™ by the increments of an inhomogeneous Poisson process N™ with piecewise
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constant intensity, A;N". This is done as follows. By the random time-change theorem for point

processes (see, e.g., - , , Theorem 7.4.1), there exists a homogeneous unit

intensity Poisson process N®-@) such that

iAn
AN = N®O [y / peds |
(i—1DA,

We set A;N™ = N0 (n f(iﬁz)An u(i_l)Ands>. Hence, N"(kAn) = Zigk A;N™is an inhomogeneous
Poisson process with piecewise constant intensity, such that
_ iAy,
E[AiN” | f(i—l)An} = n/ fi-1)a,dS = pi-1)a,-
(i—1)A,
Moreover, the absolute value of the approximation error |A;N" — A;N "| can be expressed as an
increment of the process N®)-():

AN — AN = NOHO (¢ 7),

where

iAn iAn B iAn iAn
t=n / fsds A / Hii-1)A,ds and t=n / fsds V / Hii-na,ds |.
(i—1)A,, (i—1)A, (i—1)A, (i—1)A,

Then, we can write

~ 1 ~ 1 ~ 1
At — pi— = 7 Z (AN™ — AN™) + 7 Z (AN" = pii—nya,) + 7 Z (i-1a, — pe-) -
" ieDp " ieDp " ieDp

g '

ey (IT) (fﬁ)
(I) arises by approximating the observed process with a point process that has a locally constant
intensity, (II) is the deviation of the approximating process from its conditional expectation, and
(IIT) denotes the error due to the variation in the rate process.

(I) can be further decomposed as follows:

(I) = L > (A,-N" — AN" —E[AN" — AN" | ]:(i‘l)A”D

1€D}
1 n N’I’L
T 'Z E[AN" — AN™ | Fionya,]-
i€Dy
Moreover, due to Assumption 2] (III) can be split into a drift and volatility part:

1 _ 1 .
(1) = T 'Z (tn — €, —)(Aia, — Ag_ya,) + A 'Z (tn — £, — i) (Mia, — M_1)a,),
1€D} €D
where f:t = fot ards + fot Jg 0s(z) (p(ds,dx) — q(ds,dz)), where a = a, + f\és(x)|>1 ds(z)F(dx), and
Mt = fo l/deS.
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Consequently,
Vo = ) = AT(E) + A3 (1) + A5 (1) + AG(1) + AZ(1),

where

A (t) = Vgp_” > (AN" = AN —E[AN" — AN | Fimia,)).

A3 (t) = Vin Z E[A;N™ — AN | Fli—1)An]»

n Pn AT
AL (t) = \2_ Z (AN™ = pu—1a, )

A58 = YU 37 (tn = b — i)(Ais, — Au-pa,).

l,
M) = Y2 S (1 — 0, — ) (Mia, — M),

€D
Now, we show that the sum A%(t) + AZ(¢) converges stably in law, while the other terms (A} (¢),
AL (t), and A} (t)) are asymptotically negligible.
Set
1€D}

where

¢'(3) = \Q’T"(AZN" — M(z‘—l)An) and (]'(5) = \épin(tn — Uy — 1) (Min, — Mi-1)a,,)-

By construction, ¢}*(3) and (}*(5) are uncorrelated JF(;_1)a,-martingale differences:

E[¢'(3) | Fi-va.) =E[¢(5) | Fi-na,] =E[C'(3)E(5) | Fa-na,] = 0.

As a result,
2 E[@®+GE) | Fona] = 3 B[O Fena,| + 2 E[@G) | Fona,]

Since A;N™ is Poisson distributed, we deduce that:
n 2 Pn
E[(Q (3))" | f(i—l)An} = Hi-0a

and, as 9,, — 0,

Z,U A—>Mt—

n 1€D}
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From the definition of p,,:
1, if §,/n — 0,

.
Z_) 72 if 0,4/n — 0,

0, if 0,/ — 0.

Therefore,
Hit—, lf 677,\/% — 0,

> E[(G6) | Fona,] %M if 0,/ — 0,

i€DP_

) 0, if 0,4/ — 0.
Next,

iAn
E[(CZ"(5))2 | f(i_l)An} = Ztn — £, — i) / E[Vf | f(i—l)An}ds.
(i—-1)A,

Assumption 2 implies that, as n — oo,

E[ sup |v? —1/|] — 0,
]

SE[t—dn,t
which further means that
n ey} 2 Pn
> (E[(Q (5)) |f(i_1)An} - £—2(m—£ — 1) Anyf) 5 0.
1€D}
On the other hand, multiplying and dividing by 6,
Pn

Z 2 tn — b, — )2 AV = ppdy, I/t£3 Z (tn — £, —i)%

iE'D" n ZE'D"
The last part is convergent with limit

1 Wl + 120, + 1) 1
ﬁz(m—f"_ 3Zj ——[ 5 ]—)5

" ieDp

Moreover,
5 62n — 0, if §,4/n — 0,
prin = 1, if 0,4/ — 0 or 4,/ — 0.
Putting it together,

o oo, ifdnm—o,
Z E[(Q (5)) | f(i—l)An] — 91 .
= th if 0,,4/n — 0 or 0,/n — o0,
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which implies that

(o, if §,/7 — 0,
oy 2 BN P 1 1, .
i€D}
\ %V? if 9,,/n — 0.

To establish the asymptotic distribution, we prove a Lindeberg condition of the form:

> E[(¢e) +¢6)1 fonrcropad | Fomna, [ “%0, veso.

i€D}

By the Cauchy-Schwarz and Chebyshev’s inequalities,

E[(G6) + GO L oy | Fionad]

S\/E[(C?(3)+C?(5))4|f<z—1>An}E[1{<<”<3)+cn psc} | Fe-na }

— \/E[(ggl(?)) +¢(5))" | f(i_mn]IP’((C?@) +¢0(5))" > €| f(z—mn)

B[4+ )" | Fooua]
8

SE(E[(G(B))4|]‘"@1 JHE[(C6) | Foonan])

where the last line follows from the inequality |a + y|? < 2P7!(|z|P + |y[P), for all real z and y and
any p > 1.

Since A; N follows a Poisson distribution with bounded intensity:

2 —
Z E[(Q’"(?’)f | ]:(i—l)An] = Z %E[AiN" - :u?i—l)An

€Dy €Dy "

]:(i_1)An]

2

Pn
= Z £—4M(i—1)An(1 + 3 i-1)A,)

ieDp T
Pn
< C-==* 0 — 0,

for both choices of p,.
On the other hand, using the boundedness of v,

2
> E[(G@)' | Fova, ] = 30 Btn— =) B[ (Mia, = Mo-va,)* | Foa,

€Dy
iAy 2
(/ ngs) | f(i—l)An]
(i—1)An,

P2 :
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2 A2 2 A2 @5 4 3 _
CpA Z(tn—f i CpA 60, + 150 + 100 — ¢,

15 30 =0

n €D
again for both choices of p,,. Hence, Lindeberg’s condition holds.

By Lemma [3] we therefore conclude that
1//,Lt_Z, lf 6n\/ﬁ—> O,

1 1

AZ(E) + AR(t) 2= gl + 5V, i,/ — 0,
),

\

p

where Z ~ N(0, 1) independent of F.
To end the proof, we next demonstrate asymptotic negligibility of the remaining terms. We

start with A7 (¢), which we express as follows:
= > G
i€Dp_

where

(1) = Vg" (AZN” AN [AiN" — AN f(i_mn])

is an F(i_1)a,-martingale difference sequence by design. Hence,

n ZeD?’L L

0 T il
=2 Z E n/( fhs — M(i—l)AndS]

n iGDn —1)An

> 62 Z |/~Ls Ri-1)A,

n ZED" ’l 1

}ds,

where the tower property of conditional expectation was used. Now, Assumption 2] and standard

estimates for semimartingales imply the existence of a constant C' > 0, such that

IE“,U/s Hii-1)A } < C'\/7 (A2)

Thus, for any definition of p,,
E[JAf (1)) < =2 0,
which implies the asymptotic negligibility of AT(?).

Next,
=Y ()

€Dy
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where

¢M(2) = \g—p_"E[AiN" — Ai]\Nf" | F(i—l)An]'

Employing the estimate in (A2),

)] < Y5 = o
“A ( Z ( fs — ,U/(i—l)AndS‘ | -F(i—l)An < C pnAn — 07

n ZG'D” '—1)An

so AZ(t) also vanishes.

Now, A}(t) can be expressed as follows:

AJ(t) = ) (tn— by =) (G (4.1) + ('(4,2)),

€Dy

iA,
¢'(4,1) = \/p_n/ ads
(i

where

and

iA
n Pn "
cra.2) =X [ [ ) plas.de) — afas.ae)).
n (i-1)An JR
Yet again, employing standard estimates for semimartingales from |Jacod and EIQIIQII (IZDJj) means

that there exists a constant C' > 0 such that

iAp
“/ a ds] < CA,,

so that

= CA/pn(ly + 1)
522 /mif Su/m — 0,
5e* if §,0/1 — 0 or G,\/1 — 00.
Thus,

E || Y (tn—t,—i)¢(4,1)]] = 0.

€Dy

This implies that the first sum in A} (¢) is asymptotically negligible.
The second sum in A} (t) is denoted by R"(t) = ZiED;L (tn — £, —9)¢"(4,2) and observe that
¢"(4,2) is a pure-jump martingale with E[(""(4,2)] = 0. We take a v € (0,1) and decompose
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("(4,2) into a “small jump” and “big jump” component defined through the bounding function I,

)

CM4,2) = XM (k) + X" (k ) where

n/

) (p(ds,dz) — q(ds, dz)),

{x I'(z) </~c}

and
() = Y /( . /{xr(m} 2)(p(ds, dz) — q(ds, dr)).

Next, define the subset €, (¢, k) C € such that the Poisson process p([0,¢] x {z : T'(z) > x}) has
no jumps in the interval [t — (YA, t] for all 0 < ¢ < 1 and 0 < kK < 1. As n — 0o, we note that
Q. (¢, k) — Q, because (YA, — 0.

Now, for all ¢ > 0, the law of total probability and Markov’s inequality imply that

PIR(1)| > ¢) = P(IR"(0)] > ¢ | 25, m)) + PR ()] > ¢ | Qu(t, )
E[(R(1) | (0 )]

2

)

< P(|R”(t)| > Qi(zﬁ,m)) +

where QF (4, k) is the complement of Q,, (¢, ).

As there are no common jumps in ;"' (k) and x;""(k):

E[(R* 1)1 Qu(,1)] = D (tn—ta=i)? (B[ ()" | @l m)] +E [ (¢ ()" | 2uw, )] )

€Dy

The small jump term can be controlled as
n Pn a 2
E|(x}' < C—A, / ['(z)“F(dx).
)] <cfpa Tl EE)
Thus,

2 n,! Pn SN2 2
S (tn— B[ ()] < cha, /{xzf(x)q}r(x) F(dz) 3 (tn — tu — 1)

€D} €Dy

oAbl + 1)(20, + 1) o

where

{pnAnEn(ﬁn—i- 1)(2¢, + 1)] . 2n,  if 8,/ — 0,
62 ! 1, if y/ — 6 or 8/ — 0.

Furthermore, because there are no big jumps (larger than ) in the interval [t — (YA, t] on the

event 2, (v, k), we can also conclude that:

Stn— = PE[(C0) [ wm)] = Y (== )E [0 (9)]

i€DP i€DT iA, <t—l¥ A,
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Pn -
C£2A Z (tn — £, —i)%,

€D A, <t—l¥ A,

where the sum on the right-hand side has the following form:

S (-t —i)? Z 2 _ b+ 1()5(%“ D g, (A.3)

i€DI A, <t—l¥ A,
This produces
> (tn— 6 —iPE [ ((9)° | @l 0)] ~ pnlnld 2 0, (A4)
€D}

and it thus follows that

limsup P(|R"(t)| > ¢) < limsup P(|R"(t) > ¢ | Q, (¥, x)) + limsup A, (A.5)
where
Ay~ ppdn / D(2)2F(dz) + pu A 302, (A.6)
x:T(x <n}

Ask — 0, f{z;f(z)q} ['(z)?F(dz) — 0, so that as s — 0 and n — oo, A, — 0. Moreover, as n — 00,
Qb (1, k) = 0, so lim sup,,_,. P(|R"(t)| > ¢ | QEL(@D,/{)) = 0. To conclude, limsup,_,.. P(|R"(t)| >
¢) = 0 and, hence, lim,_,o P(|R"(t)| > ¢) = 0, as was to be demonstrated. [ |

A.3 Proof of Theorem

As in proof of Theorem [I], we start with a decomposition of Xt — L

V0O = pen) = A7 (8) + A5 () + A5 () + (11D,
where AT (t) — A%(t) are defined as above, and

(1) f > (tn )(tinn, = ti-1)a,)-

i€Dy

The treatment of the first triplet does not change from before, so it follows that A} (t) and A%(¢)

are asymptotically negligible, whereas A%(¢) converges stably in law:

At 2 i 2. (A.7)

The difference is that we do not split (III) into a drift and martingale part, A} (t) and AZ(¢), as
there is no such structural assumption to work with now. So, our sole task is to prove (III) is
asymptotically negligible under Assumption Bl

We set (" = \/Lg—n(tn — = i) (ftia, — H(i-1)a, ), such that (III) = ZieD{L ¢!". It is then straight-
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forward to show that:

> E[G1) < CA = 3 (in—t, i)
€D

" ieDr

. HH .. .
which converges to zero so long as we select ¢, = O(nQT_E), for some 0 < € < % This implies

that (III) is asymptotically negligible. The upper bound on € ensures that ¢, — oo. [ |

A.4 Proof of Theorem

The observed asymptotic local variance can be expressed as

Kp—1
avar(Vay) = 2= 3~ (3, = Aysa,)

where t; =t — 2j(,A,,.
We denote by DZ_ the union of DZ_ _ and Daj_gn An)— Then, for every t;, as in the proof of

Theorem [ the local intensity estimator can be decomposed as:
Vo (Ae; = Ajmtann) = N (L) + A5 () + A3 (L) + Aj(ty) + A3 (1),
where

N() = VP2 3 () e (AN AR - B[ANT - AN | Fia, ),

" iepp
J

n 1 i<t —bnAp n TR
A3(t) = Y2 S (-1 s s TR AN — AR | Fya ],

n 1 i<t;—fnAnp .
A3 (L) = Vi Z (=1) Lty ena }(tjn — 2, — i) (Mia, — Mi—1)a, ),

with N;, M;, and A; defined as in Theorem [I]
Then,

avar(V,) = EME) + EX(t) + R™M(t),
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where

Kn—1

1
Er(t) = a Z (Ag(tj))2,
| Kol
)= 2 5
7=0

R"™(t) = avar(V ) — E'(t) — EF(1).

What is left amounts to showing that £]'(t) and &£}(¢) converge to the first and the second term in
the true asymptotic variance, whereas R"(t) - 0.

For the first term, we observe that

M) = 3 (@@ +2 Y @EEE) 1) Temmanl s}

iED?j s,iED%:s>i

where (['(3) = \QE(A,N" — Wi-1)a, ) as above. Since (/'(3) is a F;a,-martingale and

E (Czn(3))2 | f(i—l)An:| = %M(i—lmm

it follows that

E (Aé‘(tj))z - IZ_;L Z ,U(i—l)An:| =0

- n €Dy,
Then, we decompose E*(t) into
EN(t) = &"(1) + &(1),

where

awzézyk 0 ea ),

ZED”
Kp—1
O DIDY
K gz ILL(Z
nne =0 zeD”

So IE[S{" (t)] = 0, and because the A}(t;)’s are based on non-overlapping blocks of observations, the

variance of £{"(t) has the following form:

Kn—1
1

E[(é’{"(t))z] =i j;o E[((Ag(tj))2 - ?—; Z ,U(i—l)An)2: < % E[(Ag(tj))ﬂ.

Next,

B[(4)] = Y E[@@)]+1 Y E[@®ae)])
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Alluding to the boundedness of y, we get the estimates:

E[(¢'3)°] < og—g and E[(¢7(3))] < 02’;.

Based on this, we deduce that:

20 20n—1 20y 2€ 4€ En—l
E[(A3(1) ]_€4<ZC+4Z 3 C) ofnl2n %( ),

i=1 s=i+1
Ergo,
. C & pR(2e, + 40,(20, — 1 e
B[(er )] < o > 2D o (1),
noi=0 n

so that £ (t) -2 0.

The second term, £"(t), can be represented as:

&n(t) = ggp}—n(n 21 t—sr, = 27 2K1£ Z Hi-sA,,
Since K,l,A, — 0, following the train of thought in the proof of Theorem [ implies that
2, if bov/A, — 0,
CHORCR S-S YAV )
0, if 0,v/A, — 0.

Now, moving on to £}(t), we again observe that

(A85)’ = X (@E) +2 Y @EQE)-1) (e s,

iED?j s,iEij:s>i
i A/Pn . . e .
where ('(5) = / (tjn — 26, — 1) (Mia,, — M(;—1)a,). Since (['(5) is Fia,-martingale and

. iAn
E _( 2"(5))2 | F(i—l)An] €2 ( 2€ — Z) /( E[l/g | F(i—l)An}dS,

i—1A,

we have:

i VAN
E (Ag(tj))2 - Z %(t]n - 2£n - 1)2/ E[Vg ‘ f(i—l)An]dS =0.
©

L ’iE'D% n —1)An
Then, we decompose £F(t) as the sum of four terms:
& (1) = &7 (1) + &7 (1) + & (1) + & (1),

where

1Ap

e = 7 2 (050" = 2 3 -2, [

E[l/g | F(i—l)An}dS),

46



Kp—1 i,

&" (1) €2K Z Z i = 26, —19) / E[v? =% A, | Fi-1ya,]ds,

] =0 ZED” (Z I)A

EMt) = pp;;, Z Z (tjn — 26, —i)? (Vé_l)An — 1) A,,

Kp—1

EYM(t) _EQK Z Z (tjn — 26, —i)* VA,

7=0 ZGD"

By construction, E[£5"(¢)] = 0 and, as in the proof for £{"(¢),

e[erw)’] < < 3 E[(as)]

where, since (/*(5) in the definition of A}(¢;) is an F;a,-martingale,

sl = S e[@e)]+1 3 Ef@men)]

iED?j 8,i€’D?j:s>i
From the proof of Theorem [T}
Cp2A? , Cpn A, .
E[(cr()'] < =222 3 (n—26a — i)' and E[(¢1(5)°) < =5 Y (tm— 26, — i)
n €Dy, n i€Dy.

Standard formulas for calculating the sum of powers of integers yield

5 4 3
S (tn 26— i) = 9605 + 12004 + 4063 — ¢,

— 15 ’
ZEDj
and
83 + 602 41,
S (- 26, — i)t = ”3”* . (A.9)
i€Dy,
Hence,

and it follows that £5*(t) = 0,(1).

For the second term,

K,—1
— A,

E[lE"(t)]] < M (t-n — 20, — )%,

where M = E[Supse[t—KnénAn,t] V2 — l/f\] Since v is cadlag and K,,0,A,, — 0, M = 0,(1). The sum
was computed in ([A.9), so combining the terms shows that

Kn—1

8
Ean Z Z tin— 20, —4)? gpnﬁnAn+0(1),

7=0 ZE’D"
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where
if {,\/A, — 0,

8 0,
3 3 if /A, — 0 >0 or l,\/A, = .

As such, E"(t) = 0,(1).
Following the above steps, we also deduce that
Ermt) 2 o0.

The last term can be written as

Kp—1
" pTLATL .
85/ (t) = Vt2 <€2K E E (t]n — 2€n - 1)2),

j=0 i€D}.

where the sum on the right-hand side is given by ([A.9). As a consequence,

0, if £/, — 0,
gé///n(t) L> 3
gyf, if 0,/ A, — 60 >0 or l,\/A, — 0,

which handles the analysis of £}(t).
To finalize the proof up, we notice that R"(t) is an average of terms that all converge in

probability to zero, and therefore it also converges in probability to zero. |

A.5 Proof of Theorem {]

We largely copy from the proof of Theorem Bl Therefore, many repeated details are omitted and
we concentrate on explaining the main differences.

The observed asymptotic local variance can again be expressed as follows:

Kn—1
A (V) = I”(— DR Y VRN o

where t; =t — jA,.
This can further be split into

avar(VA,) = EJ(t) + E5(t) + R"(¢),

where



The only difference here compared to the proof of Theorem [3lis the definition of ¢;. It therefore
follows that R"(t) = 0,(1). So, to complete the proof it suffices to establish the convergence of
EN(t) and EX(1).

As above, we add and substract p;—1)a, terms to write

Ert) =&t + &),

with
| Fad p | Kl
n n 2 n o
) =g > (506 =5 Y mena. ) =5 2 )
(C— " €Dy, " =0
1 Kn—1 w1 Kp—1 26,
I _ n o n
() = Fn@ Z Z Hii—1)An, = 252[(71% : : Hot—(i+5) A -
j=0 i€Dy. j=0 =1

where €(t;) = <(A"( )) 7 ZZGD" L(i—1)A ) As before, E[E"(¢)] = 0, but now the variance of

E(t) has a more complicated structure due to the overlapping sampling;:

s = S o]+ 5 E 5 )

To show E[(S{"(t))ﬂ converges to zero, we look at each part in the above equation separately.
First, by Theorem Bl—employing the estimate in (A.8)—we deduce that:

Kn,—1 K,—1

Ki% ; E[(c(1))7] < cf(_% ; E[(8)] = o(K7 6702,

Next, to deal with the cross-product term we express €(t;) as

=) i+ Ry (1)

iE’D?j

where y; = ((Q( )) o P pi—1)a,, ) is an Fia,-martingale difference sequence and Ry, (t) is a re-

minder term of the form:

Rtj (t) =2 Z Cin(?))gsn(g)(_1)]1{i<tj*ZnAn}+]1{S<tj*ZnAn}‘

s,iED%:s>i

We note that for s > 2¢,j, Di N D; = (), which implies that E[e(t;)e(ts)] = 0. In contrast for
s < 20,5, D, N Dy # (), but nevertheless

E[Ry, ()R, (t)] = Ele(t;)Re, (t)] = E[e(ts)Ry, (t)] =0,

since (;(3) is also a F;a,-martingale difference.
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Thus,

9 Kp—-2 K,—1 Kp—2 j+2¢,
2NN Beft)e(t)] 3 E[ Ty XZ].
noj=0 s=j+1 " Jj=0 s=j+1 ZED” i€D},

For each summand on the right-hand side of the above equation,

E[zxizxi] - Y E[

i€D}. €D}, i€D}. "D},

By the boundedness of pu, E[(C{L(?)))ﬂ < C%% and this bound also applies to E[Xf] As the

intersection DZ ND; contains at most 2/, terms, it therefore shows that:
> El] e’
i€D}. DY,

Consequently,
Kp—2 j+2n

@ 2 E[ Y u Y x] <onie

7=0 s=j+1 ZED” ZED”

Combining the orders of the terms that make up E [(5{”(15))2} , we deduce that

E[(£(1)"] = Ok 6 42).

Now, by the assumptions made in the theorem, it follows that E[(E{”(t))z] = o(1). Hence, the
above inequality implies £/"(t) — 0.

In the £ (t) term, since by assumption ¢, /K, — 0 and K,A,, — 0, (K, + 2¢,)A,, — 0. This
shows that t — (i + j)A, — t for every i and j in the sum. Since p is cadlag, as A, — 0,

2, if pu /by — 1,

nm p 2 . ]_
& (t) — @Mt—, if pn/gn — 92’
0, if pn/l, — 0.

Thus, alluding to the definition of p,,, we see that

2Mt_, if gn\/ An — O,
2

gln(t) i) ﬁ:ut—u if gn \% An — ‘97
0, if 0,/ A, — 00.
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A.6 Proof of Theorem

The statement of the theorem under %) follows immediately by combining Theorem [Iland Theorem
M with Slutsky’s theorem.
We next look at 7. We use the version of the test statistic based on the non-overlapping

observed asymptotic local variance in (3.20), aT\TaTr(VXt). In that instance,

ib
o =

where
B N1 — (14 25)0,, 7 — 2§0,) — N (7 — (24 2§)0n, 7 — (1 + 25)0,)
T.] — nén )

forj=0,1,..., K, — 1.
We next derive a lower (upper) bound on the stochastic order of the numerator (denominator).
We show that the numerator diverges at least as fast as the numerator. Note that it again suffices

to explore the diverging part:

n NP (1 — (1 +2§)6p, T — 2j6n) — N™P(7 — (2 +2§)6p, 7 — (1 +25)5,)

T.] — 9

no,
for which
[N™P (1 — (14 2§)0n, T — 250,) + NP (1 — (24 25)8,, 7 — (1 + 25),
B, | <5 [N =(1+2) )+ NVl = (22 = (142300
g (NP (1 — (24 25)0p, T — 2j5n)}
oy (A.10)
T—250n
=K —/ au|7'—u\ O‘du]
(2+25)8

< 06,%((5 + 1)1_a — 7).

by the proof of Lemma [II
By the mean-value theorem there exists a j* € (j,j + 1), such that

(] _I_ 1)1—0{ _jl—a — (j*)—a S j—a.

Therefore,

E[|D-|] < €657

Thus, for j fixed:

as 0, — 0.
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Regarding the denominator,

n =0 n j=0
where
) N™B(7 — (14 2§)60, 7 — 2§6,) — NP (1 — (24 2§)6n, 7 — (1 4+ 25)6,) \°
E[D?,] =E i

1

< oz B VT = (24 2000, 7 — 2j6,)°]
1 n . . n . . 2
=5 (E [N™P(1 = (2+2§)8,, 7 — 2j0,)] + E [N (7 — (24 2§)6,, T — 2j6,,)] ) ,

due to the properties of the Poisson distribution.
It follows from ([AZI0) that

E [N"(7 — (2 +2§)8n, 7 — 2j8,)] < Cndk=j~,

Hence, by the rate conditions imposed in Theorem B nd, — oo and 6-* — oo, so the above
expectation diverges. This implies that the square of the expectation is the leading term, so it
suffices to look at the second summand in the above decomposition:

| ety | | = N
= D B[N = (24 2)007 = 2j0,)]" £ €82 = Y 7= O([0uk] )
" =0 n n 50

since Zji"o_l j72 = O(K!7?*). Thus, the denominator is at most Op([énKn} _a>.
Now, we look at the numerator:

NP (7 — 6, 7) — NP (1 — 26,7 — 6,)

D,o=
0 no,
Let
N™P (7 — 6, 7) 1 (7 o
B = CREA * __ds.
Lr no,, On /T_(;n |7 — s|v °

As in the proof of Lemma [, we can condition on F7, the o-algebra generated by o, and then

employ the law of iterated expectations to obtain:
E[®B7,] =E[E[B],|F’]] =0,
and, by the law of total variance,

var (B} ) =E [var (B}, | F7)] + var (E [B], | F7]),

-~

=0

where

var (B7, | F7) = — / % g

=——n
n2572L T—0n |7_ - s|a
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¢ ! ds—idl_“:C’ !

— — —  _ds = ——  —0O(nts Aty
SO e T = g = O ()

[hus,
var (5‘”/253’1‘ ) < —C — 0
n Tl =08 ’

n

which has the implication that

5o/ (N"’B(T—(SW) _i/T O ds) 0.

no, On Jrs, |7 —s|]@
Analogously,
n,B o o T—0n
s (X (7= 20,7 = 0) i/ % _ds) 20,
noy, On Jroas, |T—s|*
such that

1 T X 1 T—0n X
522 (D, — —/ SLIN, P % _q4s| ) 0.
7 671 T—0n |7_ - s|a 671 T—20n |T - S|a

Next, we define ¢ = infse[;95,] 05 and & = sup,¢;_s5,1 05 Then, by construction

1 T 1 T—0n 1 T T—0n —
_/ Lds——/ LdsE—(/ Lds—/ Lds)
671 T—0n |7_ - s|a 671 T—20n |7_ - s|a 671 T—0n |T - S|a T—20n |T - S|a

_ 1( g gloa_ 7 (21—0—1)5;—a)

E 11—« 1—«
— 727 —1
a—o( )Wu'
11—«

Since @ — g > |0, — 0,_2,], it follows that for every e > 0 : {w € Q: 7 —ag > €} C {w € Q:

lor — 0r_95,| > €}, and so
P(lgd —a| >¢€) <P(lo; —0r-5,] >¢) — 0,

as 0, — 0, where the right-hand side follows by stochastic continuity of o. In other words, for a

large enough n, ¢ is arbitrarily close to @ in probability. Consequently,

_ F(9ol-a _
IP’(Q o(2 D >o) 1,

1l -«

as 0, — 0. Hence,

1 T X 1 T—0n X
—/ % gs— —/ RELIN, IS (A.11)

On Jr—s, |T—s|* On Jr—2s, |T—s|*
so the explosion rate of the numerator is at least 0~*. This is faster than the explosion rate of the

denominator (at most (§,K,) %), so the test statistic diverges under the alternative. [

A.7 Proof of Lemma

Part (i) — Conditional on w € QF:
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The observed process can be broken into the parts
N = N+ N

where N;"* and N/ P are inhomogeneous Poisson processes with rates nu; and ng;. This yields the

following decomposition for Ag(kd,):

No(kb,) = Tig(k,) + Bo(ko,),

where fi9(kd,,) 5 pg_ and

~ Nyths — N°
/69(]{;6“) — 9+k52nnk6 0—kdn

Since 0, — 0 and « > 0, the convergence fiy(kd,,) L j1g_ further implies that 53/2,[79(]{5”) 25 0.
It immediately follows that

gor? (Xg(k;(sn) - 09_(2k5n)_a> — gar? (Eg(kan) - ag_(%an)—a) N}

1 ovks, 00

Note that y(2kd,)™ = 2ks,, J0-kén |9 — g|e

ds. This implies that

0372 (Bo(kon) — oo(2h,) ) = 637 (BY5 + BY,) (A.12)

where

- 1 0+kdn, o
B7, = Bo(kd,) — —— s,
o = Po(kdn) 2kon, /G—chn 0 — | ’

| etk Y
=L / " ds— / 9y,
v 2kén Joks, 10— S| 2kéy Joks, 16— s|*

Following the footsteps in the proof of Theorem [ by conditioning on F° and employing the laws

of iterated expectation and total variance, we find that
E [ ?’9} =0 and var (‘B?ﬂ) =E [var (‘Brf,e | ]_—a” ’

where var (B7, | F7) = O, (n_1577(1+a)>, so that o5/ 10 — 0.
By, can be bounded by

. 1 O+kbp, s — 0y
1Byl = |57 / —ads
2k6n Jo_rs, 10— |

O0+kSn _
<! / los — oo
2k6, Jo_rs, 10— s|*

ok, VAT Otk [ .
< (2kon)" / ds = (2k6,)" L.
2k5n 0—k6, |9 — 8‘0‘

Hence,

522 |BY | < C8YTPL 5 0,
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because L is a bounded random variable and H? —«/2 > 0. Thus, s/ 2|§B?,9| and &5/ 2|%3,9| converge
to zero in probability.
Combining this fact with (A.12]),

5o/ (X(,(/asn) - ag(2k5n)_a> 0.
for any k£ > 1. This means that:

~ a/2 (Y — /2 —a
Solksn) 08 (Rolkon) = ao(2k8,) ) + 65 (00(2K60)7) 5972 5y (2h6) )

Mo(6,) 5o (Xg(k(sn)—ag(zkan)—a)+5f;/2 (09(26,)—) TS (g (20,) )

—Q

which completes the proof of part (i).

Part (i) — Conditional on w € Qf:
We start by observing that Xg(/fén) can be represented as the average of a forward- and backward-

looking intensity estimator:
~ 1 /o~ ~
Nokd) = 5 (37 (ko) + 37 (kb))

The proof of Theorem [2limplies that Xé_)(kdn) 5 j1g—. As the forward-looking estimator Xéﬂ (kdn)
is the mirror image of Xé_)(kén), we also deduce that Xéﬂ(/ﬁén) L5 gy, where pgy = pg— + Ape.
In summary, by the continuous mapping theorem

~ 1 A
Xo(Kd,) 3 (po— + po— + Apg) = pro— + #

As this convergence holds for every k > 1,

A.8 Proof of Theorem

The proof of the theorem consists of deriving the bivariate asymptotic distribution of the change-

of-frequency intensity estimator computed with different k:

KN Apg
Rl NSV (A.13)
n ~ A,ug 2 .
>\€(5n) - Ho— — 9

where Zy ~ N(0, ;) and X is the asymptotic covariance matrix. The statement of the theorem
then follows by application of the delta method.
To derive [A13), by the Cramér-Wold device it suffices to show that every fixed linear combi-
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nation

~ A - A
L, = c1\/no, ()\g(kdn) — . — ﬂ) + ¢\/10, (Ag(an) — g — #) :

2

converges stably in law, i.e.

Ln &) \/0%2171 + 052272 + 2010221722,

where (c1, ¢5) € R2 and Z ~ N(0,1). To prove this, we split Ag(kd,) into the average of the forward-

and backward-looking intensity estimator:

o, (X(,(kén) — g+ %) _1 V0 (37 (k80) = st ) + /b (AP (R0,) = 1o ) |

2 2

Next, both Xé_)(kén) and Xéﬂ(l{:én) are decomposed as in Theorem [2I For example,

4
Vo, (Xg‘>(k5n) - ,,Lg_) =S A6 k),
j=1

where
B 1 nf . ~
AT (G5 k) = (AiN™ — AN™ —E[AN" = AiN" | Fimnyan])
k\/E i:ne—zkznﬂ

no
1 ~
A0 k) = —= Y E[AN"— AN"| Fiiya,].
2 ( ) 2 /_fn . [ | ( 1)An]

1 né

n(=)rp. 1.\ N
MR = A (B pens)

nb

1
AP (9: k) = 00, — i) pin — t 1A ).

Proceeding as above,

1 _ _
LD = 5 (ahyOO:k) + oAy Oe:1), L0 =

are the leading terms and the remainder is

(clAg"(+)(9; k) + A (0, 1)) ,

N | —

4 4
Bo= 3 (adf@@:0) +aar@o:n) + 3 (artOok) +oare:n).
J=1,j#3 j=1,j#3
Notice that since R,, is a sum of a finite number of asymptotically negligible terms, it is itself

asymptotically negligible. Thus, it remains to inspect the behavior of L) and LY. We do this in
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detail for the former only by writing

Lo= > &

i=nf—kl,+1

where

(AN Hi— 1)An) + (Azﬁn — MGi—-1)A )1{2>n€ bt1}-

& = =
' 2k:f 200,

It holds that E [SZ-” | f(i_l)An} =0, and

2
2 Hi—-1)A, | € 2cic
()" 1 s = 25 [+ (4252 o]

Therefore,
né ) 1 no [i-1)a 261 ¢ 1 no [-1)A
S ol i) ik e (k)] e
i=nf—kln+1 W i kA g
— C2i + 021 + 2¢ic 1
14kﬂ9— 24,U6— 1 24kM9—-
Furthermore,
né nd 1 A
n\4 ~
Z E (&) [Feva] <C Z £2E {(AiN - '“(i—l)An) | f(i—l)An] — 0,
i=nl—kln+1 i=nf—klp+1 ™

where the convergence was already established in the proof of Theorem [I] (for the analogous term,
which was denoted by (*(3) back then). Thus, by Lemma

N 1 1 1 _
L&) 2 \/cfﬂue_ + ngﬂe— + 2Clczﬂﬂf)—z( g

where Z(=) ~ N(0,1).

Analogously,
LG 25 \/C%i;m TP LI LI )
4k 4 4k
where Z4+) ~ N(0, 1) independently from Z(7). Since pgy = po— + Apg:

1 A 1 A
\/Cl% “9 +#)+Cz2 (“9 +Tlu)+261622k‘ (“9 +#>Z

So the convergence in (A.13) holds with

¥ 2k 7 (Ho- +AH9) o (Ho- +AH9)
o (Ho— +257) 5 (po- + =52) .
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