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Abstract

We study dynamic task allocation when there is a fixed bipartite network associating workers to
tasks. We analyze two approaches - centralized and decentralized. First, we study the optimal policy
of a planner whose objective is to minimize the expected time of completion of all tasks. Second, we
analyse a game played by workers who independently choose their tasks and are rewarded each time
they complete a task. We show that both the planner’s and the worker’s problems are NP-hard and
characterize networks for which the planner’s and workers’ policies are time-consistent. When policies
are time-consistent the planner prefers the workers to start with the hardest tasks, whereas workers
always prefer to start with easier tasks. We show that the two policies only coincide when the bipartite
network satisfies a strong symmetry condition on the bipartite network. Differential rewards can be
used to implement the planner’s optimal task allocation and we show that non-contingent rewards,
which are independent of the set of remaining tasks, can be used as long as there is no task that a
single agent can complete.
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1 Introduction

Large manufacturing, infrastructure, auditing or research projects can often be decomposed into many
complementary tasks which all need to be completed for the success of the project. The allocation of
workers to tasks is a key problem faced by organizations responsible for large projects, and optimal
task allocation policies have long been a subject of interest in Operations Management and Economics.
As an example, CERN in Geneva groups together 12,200 scientists engaged in large-scale high energy
physics research projects using the Large Hadron Collider (LHC). Scientists are grouped in seven distinct,
overlapping, collaborative teams called “experiments”. Each specific research project consists of different
tasks, requiring different skills, and tasks are allocated to scientists belonging to the experiments in which
the project is held (see IDi Stefano and Micheli| (2022) for a description of the internal organization at
CERN).

In this paper, we consider a task allocation problem for large projects when the suitability of workers
to tasks is represented by an exogenous bipartite network. A worker is connected to a task if she possesses
the required skill to accomplish the task. Tasks and skills are not in a one-to-one relation, so that any
worker with a given skill may accomplish several tasks, and any task can be completed by workers with
different skills. The project consists in several tasks, with no precedence order, and is completed whenever
all tasks are accomplished. The completion of any task is a stochastic process, driven by an exponential
distribution which depends on the number of workers working on the task.

If all workers are able to work on all the tasks, or if the mapping between workers and tasks is bijective,
the task allocation problem is trivial, as any allocation results in the same expected completion time of
the project. But the feasibility constraints captured by the bipartite suitability network introduce a new,
dynamic, aspect to the task allocation problem. Once a task is completed, the set of agents who are able
to work on the remaining tasks is given by a new, reduced, bipartite suitability network. The current
assignment of workers to tasks affects the probability that any task is completed, hence the distribution
over the bipartite suitability networks in the next steps of the project. Therefore, assigning a worker
work in the present on a certain task affects the distribution of workers who will be able to work in the
future on the remaining tasks. This dynamic effect transforms the task allocation problem into a complex
Markov Decision Problem.

We analyze the task allocation problem both in a centralized and decentralized settings. In the
centralized setting, a single planner allocates tasks to workers in order to minimize expected completion

time of the project. In the decentralized setting every worker independently chooses which task to work



on and is rewarded every time she completes a task. We compute the optimal policy of the planner in
the centralized setting (the “planner’s problem”) and the Nash equilibrium in the decentralized setting
(the “worker’s game”).

We first observe that both the computation of the optimal policy of the planner and of the Markov
Perfect Equilibrium strategies of the workers are complex problems. They correspond to the computation
of an optimal policy in a recursive, finite-horizon Markov Decision Problem where the state space, which
is equal to the number of sub-networks after deletion of single nodes of a given bipartite network, grows
exponentially with the number of tasks.

Faced with the complexity of the problem, rather than looking for approximation algorithms, we take
a different route. We analyze those bipartite suitability networks for which the optimal policies and
Markov Perfect Equilibrium strategies take a simple, time-consistent form, where every worker works on
the same task until it is completed.

We first observe that, whenever there are two tasks to accomplish, the optimal policies are easy to
characterize. In the planner’s problem, the planner always allocates a worker to the “hardest” tasks
(the task with the hardest required skills, that the smallest number of workers can accomplish). This is
because, whenever the hardest task is accomplished, the set of workers available to work on the remaining
task is larger, and hence the expected time of completion of the project is shorter. In the worker’s game,
we show that workers have weakly dominant strategies. This strategy prescribes that a worker who can
work on both tasks always choose to work on the “easiest” task (the task with the easiest required skills,
that the largest number of workers can accomplish). This is due to the fact that, once the easiest task
is accomplished, the set of agents competing for the reward on the second task is smaller, increasing the
expected reward of the worker.

Extending these optimal policies to more than two tasks requires assumptions on the bipartite suit-
ability network. We uncover properties on the bipartite network, Union Size Invariance, Submodularity
and Increasing Differences which guarantee that the optimal policy in the planner’s problem and the
Markov Perfect Equilibrium strategies in the worker’s game are time-consistent and prescribe the same
choice as in the two-task problem. Union Size Invariance states that, whenever the number of workers
who can work on task a is greater than the number of workers who can work on task b, the same ranking
holds for the number of agents who can work on task a or any union C' of tasks different from a and b,
and the number of agents who can work on b or C. Under Union Size Invariance, the ranking of tasks
remains invariant throughout the entire project, and the planner optimally chooses to allocate workers

to the hardest tasks. Submodularity and Increasing Differences are different properties, which state that



the marginal effect of a new task on the number of agents who can achieve the task is lower for tasks with
lower number of workers. Submodularity and Increasing Differences, together with Union Size Invariance,
to show that in any Markov Perfect Equilibrium of the worker’s game, workers always choose to work on
the easiest task.

While Union Size Invariance, Submodularity and Increasing Differences can be viewed as stringent
requirements on the bipartite suitability network, we provide two interesting families of networks which
satisfy both conditions. In the ranked tasks model, tasks are ordered by difficulty in the sense that any
worker who can work on task ¢ can work on any task j > ¢. In the generalist-specialists model, the set of
workers is divided into specialists who can only work on a single task, and generalists who can work on
all tasks.

Our analysis points to a complete reversal of policies in the centralized and decentralized models.
In the centralized model, hardest tasks are completed first, whereas they are completed last in the
decentralized model. In fact, the incentives of workers in the decentralized model are opposite to the
planner’s to the point that an increase in the number of workers may result in an increase in the completion
time of the project. The only situation where the workers’ and planner’s incentives are aligned is when
they are always indifferent among all the tasks, a situation which only arises when the bipartite suitability
network satisfies a strong symmetry condition.

In order to implement the first best task allocation, the planner can use differential rewards. We show
that there always exist a system of contingent rewards (which depend on the set of remaining tasks) which
can be used to implement the first best. Non-contingent rewards, chosen ex ante and independently of
the set of remaining tasks, can be used if and only there is no exclusive task (that a single agent can
complete). We provide exact formulas for the differential rewards with two tasks and with three tasks in
the ranked tasks model.

We also analyze highlight the difference between the task allocation of the planner and of the workers
in two ways. We first provide an example to show that, in the equilibrium task allocation of the workers’
game, an increase in the number of workers can harm the planner, resulting in an increase in the ex-
pected completion time. Finally, we compute the “price of anarchy” by measuring the expected time of
completion of all tasks in the equilibrium task allocation of the workers’ game and the optimal solution
of the planner. We show that when there are two tasks, the expected completion time in the workers’
game is at worst 20% higher than in the optimal solution, and that the price of anarchy increases with
the number of tasks at most in a linear way.

The rest of the paper is organized as follows. The next Subsection describes the related literature.



Section 2 presents the model. We then analyze the planner’s problem in Section 3 and the workers’ game
in Section 4. Section 5 discusses the comparison between the two solutions. We conclude in Section 6.

All proofs are relegated to the Appendix.

1.1 Related Literature

The task allocation problem we study can be interpreted as a scheduling problem where tasks are jobs and
workers are servers which process the jobs. There is a known, finite sequence of jobs, processing times are
exponential and every job can be processed in parallel by multiple identical servers but jobs are subject to
machine eligibility constraints. Following classical terminology of scheduling problems (Pinedo| 2016, we
consider an identical parallel machine environment, with equal exponential processing times and machine
eligibility restrictions, and either a makespan or total completion time objective. When the machines
are nested (the “ranked tasks” model), it is known that the Least Flexible Job-fastest Machine first
(LFJ-FM) policy minimizes both the expected makespan and expected sum of completion times among
dynamic preemptive policies (Theorem 12.2.7 p. 338 in |Pinedo, 2016/ and [Pinedo and Reed) 2013)E| The
Least-Flexible Job policy is equivalent to our “hardest task policy”. It is a nonpreemptive policy—it does
not require servers to switch jobs before the completion of a task. As noted in |Pinedo and Reed| (2013]),
the policy is closely related to the Least Laxity First rule used for scheduling of multi-processor systems
in computer science. (See Davis and Burns, [2011L) Our contribution to the literature in scheduling is
two-fold. First, we extend the optimality of the “hardest task” rule beyond the nested machine eligibility
environment to a much larger class of machine eligibility restrictions. Second, and most importantly, we
contrast the solution of the centralized problem with the equilibrium of the decentralized model, where
each server acts independently, and show that the two models may result in opposite incentives.

Our model is also more distantly related to the literature on task allocation and team formation in
multi-agent systems—see [Rizk, Awad and Tunstel| (2019)) and [Khamis, Hussein and Elmogy| (2015)) for
recent surveys. However, the emphasis of the literature in task allocation in multi-agent systems is very
different. It stresses the importance of coordination rather than the dynamic allocation of tasks, and it
highlights the importance of skills complementarity in team formation. The methods used are also very
different. The literature on Multi-Robot Task Allocation (MRTA), for example, is mostly concerned with
approximation algorithms and simulations.

Finally, our paper is related to the literature on sequential search in economics pioneered by [Weitzman

Pinedo| (2016) notes that it is easier to characterize optimal policies with machine eligibility requirements in the stochas-
tic than in the deterministic model. See|Leung and Li (2008]) and [Leung and Li| (2016)) for surveys on deterministic scheduling
problems with machine eligibility requirements.



(1979)—see Doval (2018), [Eliaz, Fershtman and Frug (2021) and Fershtman and Pavan| (2022)) for recent
extensions of the Weitzman model. In Weitzman’s model, a single agent chooses both the order in which
she will check different alternatives and a stopping rule. The model can be extended to parallel search—
see |Vishwanathl, (1992 for an early study of parallel search and the application to test design in |[Loch,
Terwiesch and Thomke| 2001l There are several differences between the parallel search extension of the
Weitzman model and our approach. First we consider a planner whose objective is to complete all tasks
rather than select an alternative. Second, we study a stochastic model, with random processing times.
Third, we only consider identical agents and tasks, and introduce heterogeneity only in the workers’

ability to search for different alternatives.

2 The model

2.1 Workers and tasks

Consider a finite set of n workers, W = {w, wa, ..., w,}, and a finite set of m tasks, T' = {t1,t2,...,tm}.
A bipartite network G between W and T assigns to each worker w;, the set H; C T of tasks on which the
worker can work. H;’s cardinality is denoted by h;. Conversely, for any task ¢;, we let A; C W denote
the set of workers who can work on this task. We denote A;’s cardinality by a;. We say that task ¢; is
“harder” than task tj if a; < ai.

For any bipartite graph G, we let T'(g) (with cardinality ¢(G) denote the set of tasks and W(G)
(with cardinality w(G)) denote the set of workers. In addition, let H(G) = {Hi, Hs,...,H,} and
A(G) = {A, As, ..., Ay} denote the set of sets of tasks and workers. For any subset of tasks S C T, Ag

denotes the set of all agents who can work on some task in S. Formally, Ag =J..5 A;. We denote Ag’s

jES
cardinality by ags.

We assume that the graph G is connected. This implies that for any task t; € T, there exists another
task 5 such that A; N Ay # (0. Note that if the graph is not connected, we can decompose the problem

into a series of independent problems, one for each connected component of the graph G.

2.2 Two examples

Example 1: The Ranked tasks Model: Suppose that tasks can be ranked by objective difficulty
(task t; is more difficult than task t; if j < k). In addition, suppose that every agent has a given

set of skills which allows her to work on any task below a given difficulty threshold. That is, in the



I

IT I

III 11

I

o

(a) The “Ranked tasks” model where g1 = I, g2 = II (b) The “Specialists-Generalists” model where H; = {I},
and g3 = IT1. Hy =T and Hs = {IIT}.

Figure 1: Two examples using three agents ({1, 2,3}) and three tasks ({I,II,III}).

“Ranked tasks” bipartite graph, each worker w; is characterized by an integer ¢; € {1,2,...,m} such
that H; = {t4,,tq,41,- - ,tm}E| Note that in the “Ranked tasks” model, the sets in A(G) are nested, that
is, for any j < k, A; C AkE' Figure illustrates a “Ranked tasks” model with three agents and three
tasks.

Example 2: The Specialist-Generalists Model: Suppose that there are two types of workers -
Specialists who can only work on one task (H; is a singleton containing one element from 7T'), and
Generalists who can work on all tasks (H; = T'). Denote the set of specialists that work on task k by
WP = {w; € W : H; = {k}} and the set of generalists by W&. Therefore, for every task t; € T,

Ay = W,f Uwe. Figureillustrates a “Specialist-Generalists” model with three agents and three tasks.

2.3 Timing

We suppose that the completion of tasks is stochastic. Time is continuous, and every worker draws a
success according to a Poisson distribution with fixed homogeneous parameter A\. Therefore, if a team
B C W of cardinality b works on the same task t;, the first success is drawn according to a Poisson
distribution with fixed parameter bA. Therefore, the time to success is distributed according to an
exponential distribution with mean 7.

The model is dynamic. We suppose that there is not precedence order on tasks, which can be

accomplished in any sequence. We refer to the period between the beginning and the completion of the

2 Another interpretation of the model is that tasks are ranked by their confidentiality (¢1 is the most confidential task)
and each agent w; is characterized by a security clearance g; that allows her to work on tasks that are not more confidential
than task tg, .

3The bipartite graph corresponding to the “Ranked tasks” model is called a “bipartite chain graph”.



first task as phase 1, to the period between the completion of the first task and the completion of the
second task as phase 2, etc. Workers can be re-assigned to the set of the remaining tasks at any point
in time. However, since the Poisson distribution is memory-less, it is enough to consider re-assignments

only between phases.

2.4 Objectives

We consider different preferences for the planner and for the workers. The objective of the planner is
to complete all targets as quickly as possible. He suffers additive waiting cost across phases before the
completion of the project. Hence his utility is given by U, = —E7 where 7 is the random total time of
completion of all tasks. By contrast, we suppose that the workers receive a unit reward every time they
complete a task. Hence, agent w; receives a utility U; = E&; where &; is the random number of tasks
that the agent has completed by herself.

We thus distinguish between two problems. The (centralized) planner’s problem is an optimization
problem where the planner chooses a policy to assign workers to tasks. The (decentralized) worker’s

game is a stochastic game where workers choose which task to work on at any phase.

3 The planner’s problem

The planner’s problem is to assign all workers to one of the tasks. Formally, an assignment is a mapping
w: W — T such that for any w;, pu(w;) € H;. Given that all workers are identical except for their
position in graph G, an action of the planner can be summarized by a vector r = (71, ..,7;, .., ', ), Where
r; denotes the number of workers working on task j € T(G). The vector r must of course be obtained
by an assignment of workers to tasks: there must exist a mapping p such that R; = {i|u(i) = j}.

A policy for the planner is a choice of actions at any graph G that arises over time. We let v(G,r)
denote the value to the planner of the action r at G, which is equal to the negative of the expected time
of completion of all tasks in T'(G). The value to the planner at the optimal action is denoted by V(G).

We first give a simple recursive formula for the value of action r at G. Define G — j to be the
suitability graph obtained from G after deletion of the node ¢;. We express the value of the planner at

G as a function of the values V(G — j) for any task j € T(G):

v(G,r)z—/\th)—k 3 ’(”Jé)V(G—j). (1)
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To understand equation notice that, given the exponential distribution of the time of completion
of tasks, the expected time of completion of any task in T(G) is equal to #(G) Once any task j is
completed, the new suitability graph is G — j and the planner selects the optimal action at G — j resulting
in the value V(G — j).

The planner’s problem is thus a finite-horizon, recursive, Markov Decision Problem where the set of

states is the set of all graphs obtained from the initial suitability graph G after deletion of any subset S

of tasks in 7. We use the recursive formula to write the Bellman equation for the planner’s problem as:

_ Ty .
V(G) = —5pg Tmax D o V(@9 (2)
JET(G)
The Bellman equation shows that the action of the planner does not affect the reward received at
state G, which is always equal to —ﬁ(@, but only the probability of transition to the states G — j.
Hence, the optimal action at G is only driven by the values V(G — j) and we directly obtain the following

Lemma:

Lemma 1 The planner optimally assigns worker ¢ to a task j € H; such that
V(G —j) > V(G- k)Vk € H;.

Lemma [I] shows that the planner’s optimal choice is characterized by a ranking of tasks at each and
every suitability graph G. This ranking is obtained by considering the values V(G — j) for any task j. If
different tasks generate the same value, and this is the highest value among the tasks in H;, the planner
is indifferent between assigning agent i to any of the tasks. We then assume, without loss of generality,
that there exists a fixed, exogenous ranking of the tasks and that the planner assigns agent ¢ with highest
rank among the tasks which generate the same value[]]

The ranking of tasks is defined recursively. When there are only two tasks left, T(G) = {t1,t2}, we
can easily compute the value V(G — 1) and V(G — 2), as there is only one task left to complete. Hence
V(G-1)= —é and V(G —2) = —a—ll. The optimal action is then to assign any agent who can work on

both tasks to the task with the “hardest” task, namely the task with the smallest cardinal. Formally,

Lemma 2 Suppose that there are only two tasks, T(G) = {1,2}. Then the planner optimally assigns an

agent who can work on both tasks to task 1 if a1 < ag, to task 2 if ax < a1 and to either task if a1 = as.

4There is no loss of generality in specifying a tie-breaking rule in the Markov Decision Problem because all tie-breaking
rules generate the same value V(G). To see this, consider two tasks j and k such that V(G —j) = V(G — k). By equation 2]
any two assignments (75, 7)) and (7”3-,7";6) such that r; +rp = r;- + 7}, generate the same value V(G). The argument clearly
extends to the case where there are more than two tasks with the same value.



The simple argument underlying Lemma |2|is similar to the argument showing that a server must be
assigned to the least flexible job in the scheduling problem with nested machines—see |Pinedo and Reed
(2013). The objective of the planner is to maximize the number of active workers after the completion of
any of the two tasks. The number of active workers will clearly be larger if the hardest task is completed
first.

With more than two tasks, the computation of the optimal action of the planner becomes much more
complexﬂ It depends not only on the number of workers capable of working on each task, but also on
the number of workers capable of working on any subset of tasks. It is well known for a fixed finite
state space, the solution to a Markov Decision Problem can be obtained as a solution to a polynomial,
Linear Programming problem—see [Papadimitriou and Tsitsiklis| (1987) for a discussion of the complexity
of Markov Decision Problems with finite set space. However, in the dynamic task allocation problem,
the state space is the set of all networks which can be generated from G by deleting any subset of tasks,
and hence grows exponentially with the number of tasks.

Faced with the high complexity of the planner’s problem for general suitability graphs, we next
investigate situations where the problem becomes “simple”. We define “simple” problems as problems
for which the planner always assigns an agent to the same task as long as the task is not completed,

independently of the suitability graph.

Definition 1 The planner’s problem is simple if the ranking of tasks is independent of the suitability

graph G.

In a simple problem, there exists a single ranking of the tasks in T, and each agent who is capable
of working on multiple tasks is assigned to the task with the highest rank (the task j for which the
expected value V(G — j) is highest) for any suitability graph G such that j € T(G). Hence, in a simple
problem, the planner does not ask agents to switch tasks, but instead consistently assigns them to work
on the same task until it is completed. In other words, using the terminology of scheduling problems,
a problem is simple if the optimal policy never involves preemption. We now define a property on the
original suitability graph Gy, that we term Union Size Invariance, that guarantees that the problem of

the planner is simple.
Definition 2 The suitability graph Gg satisfies Union Size Invariance if, for any two tasks j, k,

o Ifa; = ai, for any subsets of tasks S which does not contain j, k, asu; = asurk;

5Already with three tasks, the problem becomes hard to solve. In Appendix B, we propose a detailed analysis of the
three-tasks problem.

10



o Ifa; < ay, for any subsets of tasks S which does not contain j,k, asu; < asuk-

Union Size Invariance guarantees that the ranking obtained by measuring the number of workers
capable on working on every single task (the ranking generated by a;) is not reversed when one considers
situations where a larger set of tasks remains available. Intuitively, this condition guarantees that the
ranking used to assign workers when there is a single task left remains true for any number of remaining
tasks. Note that Union Size Invariance treats differently situations where two tasks are ranked at the
same level (a; = ag) or at different levels a; # ag. In the first case, indifference of the planner must
remain true for any number of remaining tasks, so that the set of agents who can work on any subset
S U j must be exactly equal to the set of agents who can work on any subset S U k. In the second case,
the ranking of tasks must not be reversed, but the number of agents who can work on any subsets S'U j
and S Uk is not exactly pinned down.

It is easy to check that the ranked tasks model (or equivalently the nested machines constraint in
Pinedo and Reed, |2013)) satisfies Union Size Invariance. Consider two tasks j,k such that a; = ag.
Then by construction, we must have A; = Aj. Hence for any subset of tasks S, Asu; = Asuk. Next
suppose a; < ai. Let S be a set of tasks and [ the task with the highest index in S. If [ > k then
Asuj = Asur = A; and hence agy; = asug. If kK > 1 then Agur = Ai 2 Ajus, so that asur > asy;.

The generalists-specialists model also clearly satisfies Union Size Invariance. Consider two tasks j, k.
Notice that A; = SP; UGE, Ay = SP, UGE and SP; N SP, = (). For any subset of tasks S, let SPs
be the number of specialists who can work on any task in S. Then SPg N SP; = SPsN S, = 0 and
Ag = SPsUGE. We thus have asy; = a; +as — g and asur = ar +ag — g. This implies that if a; = ay,
then asyu; = asur and if ay, < a; then asy; < asuk.

There are of course many other suitability graphs which satisfy Union Size Invariance. For example,
suppose that every worker can work on at most two tasks and that all tasks have a different ranking
(a; # ay, for all j, k). Then Union Size Invariance is equivalent to the requirement that for any two tasks

J, k such that A; N Ay # 0 and a; < ag, and any subset of tasks S different from k,1

D (A N Al =450 AY) < (ak — ay).
les

This condition is likely to be satisfied if the number of agents who can work on two tasks is small relative
to the number of agents who can only work on one task, or if the number of agents who can work on two
tasks has small variation across pairs of tasks.

We now state the main Theorem of this Section, showing that the Markov Decision Problem of the

11



planner is simple under Union Size Invariance.

Theorem 1 Suppose that the initial suitability graph Go satisfies Union Size Invariance. Then the

planner’s dynamic task allocation problem is simple and assigns all workers to the hardest tasks.

Theorem [1| shows that, under Union Size Invariance, the vector a = (a1, ..., a.,) is a sufficient statistic
to generate all states in the state space. The ranking of tasks is given by the ranking of the numbers
a; and the problem becomes linear in the number of tasks. The planner always assigns a worker to the
“hardest task” (the task with the lowest number a;) first. The planner prefers to send the workers to
the hardest tasks first, in order to maximize the number of active agents in subsequent periods, thereby
reducing the expected time of completion of the whole project.

In the proof of Theorem [I} we also show that the expected value of the planner is a strictly increasing
function of the number of workers who can work on any task. Hence, when the agents are assigned to
targets according to the planner’s optimal policy, increasing the number of agents always results in a

decrease in the expected completion time.

4 The worker’s game

We now turn our attention to the worker’s game. At any suitability graph G, agent i chooses a probability
distribution p; over the tasks in H;(G), with p{ denoting the probability that agent ¢ works on task j.
Worker i receives a reward normalized to 1 if she completes the task. As all agents succeed according to
the same Poisson process with parameter A, this happens with probability ﬁ

The model can also be interpreted as a model of team cooperation. If workers form teams to work
on a task and share equally the the reward inside teams, the agent’s payoff in a team of size r; would be
equal to

7’]‘ 1 1

w(G)r;  w(G)

The worker’s game is a finite-horizon, multi-stage game, and we consider Markov Perfect Equilibria
(MPE) of the game. As in the planner’s problem, the state space is the set of all subgraphs of the
initial suitability graph Gq after deletion of the nodes corresponding to tasks. A strategy for player ¢ is
a mapping associating a probability distribution over H;(G) to any suitability graph G.

Consider a fixed MPE. We let U;(G) denote the payoff of player 7 at suitability graph G at equilibrium.

We denote by u,;(G, p) the payoff to player ¢ given the strategy profile p at G, assuming that the MPE

12



is played at all subsequent periods. Using the recursive structure of the game, we compute

Zk; pi
(G)

1 .
Ui(G,p):m‘F Z Ui(G_J)a (3)

w
JET(G)
where pi denotes the expected number of workers working on task j.
In a MPE, every player chooses p; to maximize u;(G, p;, p—;) at any graph G. Because u; (G, p;,p—;) is
a linear function of p, every worker has a dominant strategy. As in the planner’s problem, the dominant

strategy of the worker is to select a task j € H;(G) for which the continuation value U;(G — j) is highest.

Lemma 3 In a Markov Perfect Equilibrium, prz > 0, then
Ui(G = j) =2 Ui(G = k)Vk € Hi(G).

When there are multiple tasks which result in the same continuation value, we assume that agent
i chooses her task according to a fixed, exogenous ranking. As opposed to the planner’s problem, this
tie-breaking rule is not innocuous in the construction of the MPE of the worker’s game. It will affect the
expected number of workers who choose to work on every task, and hence the value of all workers in the
game—including workers who are not indifferent among tasks.

As in the planner’s problem, the dominant strategy of a worker is easily computed when there are only
two tasks left. When T'(G) = {t1,t2}, the continuation values are U;(G — 1) = (le and U;(G —2) = i
The dominant strategy is to work first on the “easiest” task for which the number of workers is highest,

and reserve the hardest task for the end.

Lemma 4 Suppose that there are only two tasks, T(G) = {t1,t2}. Then in a MPE, a worker who can

work on both tasks prefers to work on task t1 if a1 > as, on task 2 if as > a1 and on either task if a1 = as.

Lemma [4] shows that the incentives of the planner and the workers are diametrically opposed. The
worker’s objective is to minimize the number of active workers in the second period in order to limit
competition. They will thus choose to work on the easiest task first and keep the hardest task for the
last period.

The computation of the dominant strategy of a worker is as complex as the computation of the solution
of the planner’s optimal policy. As the number of states grows exponentially with the number of tasks,
the computation of the MPE of the workers’ game also grows exponentially with the number of tasks. As
in the planner’s problem, we define a simple situation where the strategy of the worker is independent of

the suitability graph G

13



Definition 3 The strategy of the worker is simple if the ranking of tasks is independent of the suitability

graph G.

When they use simple strategies, the workers continue to work on the same task until it is completed.
Strategies are thus time-consistent. In the terminology of scheduling, there is no preemption.

The construction of MPE in simple strategies in the workers’ game is reminiscent of the construction
of a simple optimal policy for the planner, but we highlight two major differences. First, as every worker
has a different set of tasks that she can work on at any graph, T;(G), even when simple strategies are
employed, one needs to keep track of the number of agents who can work on every task in the state. Hence
the state cannot be summarized by a vector a describing the number of workers capable of working on
any task, independent of the identity of tasks, as in the planner’s problem. Second, while the planner
can choose the number of agents working on any task, the worker can only rank those tasks that she is
capable of working on. Hence the relevant ranking of tasks for worker i is the ranking of the tasks in
H;(Gp) even though her value V' depends on the number of workers working on all tasks. This means
that, as opposed to the planner’s problem, making the ranking of agent i’s task independent of the graph
G is not sufficient to conclude that the value of the worker is monotonically decreasing in the number of
agents who can accomplish any task.

In addition, in order to show that the dominant strategy of the workers in a MPE are simple, we
need to impose two additional conditions on the suitability graph Gy that we term Submodularity and
Increasing Differences.

First we order the tasks so that if a; < ai then j < k and if a; = ax, 7 < k if j precedes k in the

exogenous ranking of tasks.

Definition 4 The initial suitability graph Gq satisfies Submodularity if, for any two consecutive tasks j

and k, and any possible subset of tasks S of rank higher than k,

asuk — as = asujuk — GSUEk

Definition 5 The initial suitability graph Go satisfies Increasing Differences if the following condition
holds. Consider a task | and two tasks j and k of rank higher than | with j < k. Then for any possible

subset of tasks S of rank higher than l excluding j and k,

asuluk — asuk = Asuluj — ASu;-

14



Submodularity and Increasing Differences are conditions on the marginal effect of the addition of a
new task on the set of agents who can perform a subset of easier tasks. Submodularity states that this
effect is larger when the set of tasks is smaller. Increasing Differences states that the effect is larger when
the subset of easier tasks contains a task which can be completed by a larger number of workers.

We check that the ranked tasks and generalist-specialists models both satisfy Submodularity and
Increasing Differences. In the ranked tasks model, if j < k and S is a subset of tasks easier than k, then
Asujur = Asuj = Asuk so that asur — as = 0 = asujur — asuk, and Submodularity holds. If [ < j and
I <k, then AjUA; = A; and A; U Ay, = Aj,. Hence asuiuj — asuj = 0 = asuiur — asuk for any set S of
tasks of rank higher than [ and Increasing Differences holds.

In the generalist-specialists model, asur = as+ar—g. So asur—as = ar—g and asyjur—asur = a;—g.
So

asuk — as — (asujur — asuk) = ak — a;j > 0,

and Submodularity holds. If [ < j < k, then

asuuj —asu; = as-+a +a; —2g9—(as+a; —g),
= a—4g,
= as+a +ap—29—(as+ar —g),

= asuluk — GSuk,

and Increasing Differences holds.
We now prove the main Theorem of the Section, stating conditions under which the workers’ game

admits a MPE in simple strategies.

Theorem 2 If the initial suitability graph Go satisfies Union Size Invariance, Submodularity and In-
creasing Differences, the worker’s game admits a Markov Perfect Equilibrium where all workers adopt

simple strategies and choose to work on the easiest tasks.

Theorem [2[ shows, under Union Size Invariance, Submodularity and Increasing Differences, the exis-
tence of a MPE of the worker’s game where all workers adopt the same simple strategy. At any state
a = (a1, ..., a,) characterized by the number of workers capable of working on the remaining tasks, agents

choose to work on the “easiest task”.
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5 The planner’s and workers’ task allocations

Theorems [1| and [2| show that, when the conditions for simple solutions are strategies are satisfied, the
task choices of the planner and the workers are diametrically opposed: the planner’s optimal policy is to
assign workers to tasks with the smallest number of workers, whereas in the equilibrium of the workers’
game, all workers choose to work on the task with the largest number of workers. In this Section, we
discuss the difference between the planner’s and the workers’ choices by (i) characterizing situations when
the choices are identical, (ii) discussing a policy where the planner differentiates the rewards to the tasks,
(iii) establishing comparative statics on the effect of the number of workers on the expected completion

time and (iv) providing a bound for the price of anarchy in the ranked tasks model.

5.1 Coincidence of the planner’s and the workers’ task allocations

We first analyze situations where the solution to the planner’s problem and the equilibrium strategies in
the worker’s game are identical. For the two problems to have the same solution, the planner and the
workers must be indifferent among all the tasks at every state. This requires the number of agents to be
identical across tasks at any state. The following Proposition characterizes those initial suitability graphs

Go for which the condition holds.

Proposition 1 The optimal policy of the planner results in the same assignment as an MPE of the
planner’s game if and only if a; = ay, for all tasks j, k and for all collections of k < m elements {A1, ..., Ay}

and {By, ..., By} in A, |nf_y Al = nh_, Bjl.

Proposition [1] shows that the suitability graph Gy needs to satisfy a very strong symmetry condition
for the solution to the planner’s problem to be equal to the MPE of the workers’ game. This strong
symmetry condition is satisfied by the complete bipartite network, where all intersections of k sets are
equal to the set of all workers. It is also satisfied in the specialists-generalist model when all tasks have

the same number of specialists. In that case, any intersection of k sets is equal to the set of generalists.

5.2 Differential rewards

In this subsection, we study the effect of a policy by which the planner offers different rewards for the dif-
ferent tasks. We first consider contingent rewards which are conditional on the current suitability graph G.
A contingent reward scheme defines, for every suitability graph G, a vector (p1(G), ..., p;(G), ..., pyc)(G))
of rewards for all the tasks t; = t1,...,t(q) in T(G). In the worker’s game, the utility of worker i choosing

a probability vector p is then given by:
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w(G.p)= Y w* Y Zeliy o)), (4)

JET(G) JET(G) w(G)

As the worker’s payoff is linear in pg, every worker who can work on multiple tasks has a weakly

dominant strategy and chooses the task for which the sum p;(G) + U;(G — j) is the highest.

Lemma 5 In a Markov Perfect Equilibrium, zfp{ > 0, then

Consider a suitability graph for which the solution to the planner and the strategies of the workers
are simple, and order the tasks so that ¢ < j implies that a; < a;.

Define the payoffs recursively. When ¢(G) = 1, p;(G) = 1.

For any G with ¢(G) > 1, let py)(G) =1 and for any j = 1,...,t(G) — 1, let

pi(G) = max pe(G) + Ui(G — k) = Ui(G = j)

 k>jlmax; (jk€H;

The definition of the contingent rewards thus follows a double recursion (i) on the number of tasks in
T(G) and (ii) on the tasks, starting with the task with the largest number of workers. It is easy to check
that, with the given reward scheme, any worker ¢ works on the task with the smallest index. Hence there
ezists a contingent reward scheme which guarantees that all workers work on the optimal task chosen by
the planner.

We next look for non-contingent rewards, which are chosen ex ante and do not depend on the current
suitability graph. A non-contingent reward scheme is a vector (pi, ..., pm) of rewards for all tasks in T.

We say that task j is exclusive if there is a single worker who can complete the task, a; = 1.
Proposition 2 There exists a non-contingent reward scheme if and only if there is no exclusive task.

Proposition [2] shows that the planner can give incentives to the workers to select his favorite task
allocation, by assigning higher non-contingent rewards to harder tasks. However, Proposition [2| only
shows that one can construct a finite reward scheme, where the ratios between the rewards % are
bounded. The proof does not provider any guidance on the mimimal rewards which can be used.

To get a better grasp of the minimal rewards that the planner can use, we turn to the ranked task
model, and obtain the following characterization of non-contingent rewards implementing the planner’s

optimal task allocation when m = 3.
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II

Figure 2: An example of suitability graph

Proposition 3 Consider the ranked task model with m = 3. If task t1 is not exclusive, the planner can

implement her first-best task allocation by selecting

B ay(az — 1)
pP1 = p2a2(a171),
a3(as + 2a3 — a1)

ps = 1L

If task t1 is exclusive, the planner cannot implement her first-best task allocation.

Proposition [3| provides exact values on the minimal ratios between rewards which give incentives to
the workers to select the planner’s optimal task allocation. Unfortunately, the computations cannot easily

be extended beyond three tasks.

5.3 Comparative statics of the number of workers

We now show that the misalignment of the incentives of the planner and of the workers can lead to
counter-intuitive comparative statics effects. While an increase in the number of workers always results
in a decrease in the expected time of completion in the planner’s problem, it may lead to an increase in
the expected time of completion in the MPE of the workers’ game. This striking result is illustrated in

the following example.

Example 1 Suppose that there are three tasks and the suitability graph is given by Figure [
There are m agents who can work on tasks 1 and 2, n agents on tasks 1 and 3 and m agents only on

task 3. We have a1 = m < as = a3 = m+n. We suppose that the exogenous ranking of tasks is given by
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3<2<1[

Consider an agent who can work on tasks 1 and 2. After task 1 is completed, workers who can work
on both tasks are indifferent between tasks 2 and 3 and, by the tie-breaking rule, choose to work on task

3. We thus have
_ 1 m-+n 1
T 2m+4n 2m4nm4+n’

Ui(—1)

After task 2 is completed, m + n workers work on task 3 and m workers on task 1, and hence the

expected utility of a worker who can work on 1 is given by

1 m+n 1

Ui(-2) = —.
1(=2) 2m+n  2m+nm

So the workers who can work on 1 and 2 prefer to work on 2.
Consider next a worker who can work both on 2 and 3. After 2 is completed, she gets an expected

payoff
1 m 1 1

Us(—=2) = =
2(=2) 2m+n+2m+nn+m n+m’

whereas, after 3 is completed, all workers work on task 2 and she obtains an expected payoff

1

Us(=3) = .

So, workers are indifferent between working on tasks 2 and 3 and, by the exogenous ranking condition,
choose to work on task 2.

The expected time of completion of the project is thus given by:

1 m+n 1 m 1 m+n 1
Vo= + [ + —]
2m+n  2m+n2m+n 2m4+nm4+n  2m+nm
m 1 1
2m—|—n[m+n+a]

Next, suppose that there is one additional worker who can work on task 3, so that the suitability
graph is now given by Figure

We compute the expected utilities of an agent who can work on two tasks after each task has been

6Notice that the suitability graph satisfies Union Size Invariance, Submodularity and Increasing Differences.
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Figure 3: An example of suitability graph with an additional worker

completed as

1 m+n+11
Ui(=2) = —
1(=2) 2m+n+1 2m+n+1m
1 m+n+1 1
> +
2m+n+1 2m4+n+1m+n
= Ui(-1),
1
UQ(_S) - m-4+n
1 m 1
> +
2m+n+1 2m4+n+1m+n+1
= Uy(-2)

Hence, workers who can work on tasks 1 and 2 still work on 2 while workers who can work both on 2
and 3 are no longer indifferent, and strictly prefer to work on task 3.

This results in an expected time of completion given by

vo— 1 n m [ 1 n m 1 +m+n+1 1]
T o 9m4n+1l 2m4n+12m+n+1 2m4+n+lm+n+1l 2m4n+1m
n+m+1 1 1

[ ]

2m+n+1 m+n+1+g

Tt is easy to check that for any m < n, V' > V. Increasing the number of agents results in an increase
in the expected time of completion of the project and hence a decrease in the value of the planner. To
understand this result, note that, after task 3 is completed, the planner faces a long expected completion
time as all m +n 4+ 1 remaining workers first work on task 2, and then m workers on task 1. By contrast,

if task 2 is completed, the 2m + n + 1 workers simultaneously work on both tasks, m on task 1 and
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m + n+ 1 on task 3. The addition of a single worker who can work on 3 yields a drastic change in the
behavior of the n workers who move from working on task 2 to working on task 3. Even though there is
one additional worker, this drastic change in the workers’ behavior results in an increase in the expected

time of completion of the entire project.

5.4 Price of anarchy

We can measure the efficiency loss in the worker’s game by the price of anarchy, the ratio of the expected
completion time under the planner’s optimal policy and in the workers’ game. When there are only two
tasks, we let By, Bo and Bps denote the set of workers who can work only on task 1, only on task 2 and
on both tasks, with cardinality b1,bs and by respectively, and we let 3; = % denote the proportion of

workers in each of the three sets. The price of anarchy is given by

ET,
PA = lim max ETw(n)
n—00 by ,ba,b12|b1+ba+bia=n ETp(n)

where ET,(n) and ET,,(n) denote the expected completion time of the project in the planner’s optimal
policy and in the worker’s game. Let b; > bs. By Lemma [2] the planner assigns workers in Bys to work

on task 2 while in the workers’ game, these workers work on task 1. Hence

ET,(n) 1+ (b1 + b12)/(ba + b12) + ba /(b1 + b12)

ET,(n) 1+ (ba +b12)/(b1 + bi2) + b1/(ba + bi2)

Proposition 4 When m = 2, the price of anarchy is given by

PA = # ~ 1.207

2V2-1)

Proposition [d] shows that the misalignment of the workers and planner’s incentives can result at most
in an additional expected time of completion of 20% when there are two tasks. When the number of
tasks increases, the expected loss goes up, but it becomes impossible to obtain an exact formula for the
price of anarchy. However, in the ranked tasks model, we obtain an upper bound on the price of anarchy,

for any number m of tasks:

Proposition 5 In the ranked tasks model, the price of anarchy satisfies

-1
PA < max _m-lta .
acl0,1] am + (1 —a)™
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The upper bound (which is exact when the number of tasks is equal to 2), is not very tight when the

number of tasks increases. However, as am + (1 — o)™ > 1 for all m, a, we have

PA<m-1+a,

establishing that the price of anarchy is linear in the number of tasks. Hence, as the number of tasks

grows, the price of anarchy grows at a rate which is at most linear in the number of tasks.

6 Conclusions

In this paper, we study a dynamic stochastic task allocation problem when there is a fixed bipartite
network associating workers to tasks. We analyze the optimal policy of a planner whose objective is to
minimize the expected time of completion of all tasks, and a game played by workers who independently
choose their tasks and are rewarded each time a task is completed. We show that both the planner’s
and the worker’s problems are NP-hard and characterize networks for which the planner’s and workers’
policies are stationary. When policies are stationary, the planner prefers the workers to start with the
hardest tasks, whereas workers always prefer to start with easier tasks. Examples of situations where
policies are stationary are nested tasks (where tasks can be ranked by difficulty and workers by skills) and
generalist-specialists models where some workers can work on all tasks and other workers are specialized
on a single task. We show that the policy of the planner and the outcome of the workers’ game only
coincide when the bipartite network satisfies a strong symmetry condition. Differential rewards can be
used to implement the planner’s optimal task allocation and we show that non-contingent rewards, which
are independent of the set of remaining tasks, can be used as long as there is no task that a single agent
can complete.

Our analysis thus provides a strong contrast between the outcome of the centralized optimization
problem of the planner and the outcome of the decentralized game of task choice of the workers. However,
we are aware that our analysis relies on strong assumptions on the model. What happens if workers are
heterogeneous and have different possibly complementary skills? What if some tasks take more time
than others? What happens if, in addition to the task choice, workers endogenously choose their level of

effort? We plan to tackle these important questions in future research.
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7 Appendix A: Proofs

Proof of Theorem [l

In the first part of the proof, we show that, under Union Size Invariance, the vector a = (ay, ..., am),
which denotes the number of workers who can work on each task in T'(Gp), is sufficient to describe any
suitability graph G. Any state in the Markov decision process is generated by a subvector of a. We first
prove the following Lemma, showing the existence of a family of functions g where k denotes the number

of tasks (or the dimension of a subvector of a).

Lemma 6 Under Union Size Invariance, there exists a family of functions g, : ®F — R fork € {1,...,m}
that are symmetric and weakly increasing in all their arguments such that, for any set of k tasks S =
{th tz, ey tk} n T,

as = gr(ay,...,ak).
Proof: Let A denote the collection of all sets A; for j € T(Gy). We first show that the function gy is
uniquely defined for the values (a1, ..., ax) € R¥ which can be generated by k subsets of A. Formally, let

DF ={(a1,...,ax) € N¥|3{ Ay, ..., Ax} C A, |Aj| = a;Vj € {1,..,k}}.

Hence, for any given G, D* denotes the set of all vectors formed of the cardinals of k sets in .A. We will
show that g is uniquely defined on DF.

To this end, consider two distinct collections of sets {41,..., Ay} C A, and {By,..., By} C A corre-
sponding to different tasks such that a; = b; for all j = 1,...,k. We consider successive changes from
{a1,...;ar} to {b1,...,bx}. Consider first {aq,as,..,ar} and {b1,az,...,ar}. Let t; and t3 be the tasks
corresponding to a; and b;. Applying Union Size Invariance by taking a; = b; and the union S of tasks

corresponding to as, .., ag
gk(a1, .., ax) = asu1 = asuz = gk(b1, az, ..., ax).
Repeating the argument successively, we obtain
gr(a,...;ar) = gr (b1, ..., br).

This shows that for any two collection of tasks which result in the same vector in D*, the function g*

assigns the same value.
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Next observe that, because the union of sets is commutative, for any permutation o, S = U;?:lAj =
U?ZlAg(j) so that

gk(ah .y ak) =as = gk(a'a'(l)v sy ao‘(k))a

and the function g is symmetric.
Finally, consider two collections of k sets {A1,..., Ax}, {Bi,..., By} where |A;| = |B;| for all j > 1
and a; < b;. Let t; be the task corresponding to aq, to the task corresponding to b;. By Union Size

Invariance, taking the union of tasks S = U;»t;, we have

gr(ar,...;ar) = asu1 < asuz = gr(b1, ag, ..., ax).

The argument can be repeated for any argument of the function g* showing that the function ¢* is weakly

increasing in all its arguments. |

Lemma@ constructs a collection of functions g, : ** — R which we now use to compute the planner’s
expected value. Notice that the functions g are only uniquely defined for collections of integers which

can be generated by the cardinals of the sets in A,
Dk = {(al, ...7ak) S Nk|E|{A1, ...,Ak} g A, |AJ| = ajVj S {1, cey k}}

For any vector (z1,..,x;) € RF \ D* Lemma |§| does not place any restriction on the value of the
function gy.

We now use Lemma [6] to simplify the planner’s problem and write it only as a function of the number
of agents who can work on every target aj, and not as a function of the number of agents who can work
on any collection of targets ag for S € T. The planner’s policy can thus be conditioned on the vector a
rather than on the feasibility graph G. We now consider as a state space the set of all subvectors of the

vector a , and we write the Bellman equation as:

+ max Z LV(a,j—). (5)

Agm(a) r jeT(a) gm(a)

V(a) =

In the second part of the proof, we will show that the value V' (a) is increasing in all the components
of the vector a.
We next show that the expected time of completion of all tasks is decreasing after a task has been

completed or, alternatively, that the expected value of the planner is always higher after the completion
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of any task
Lemma 7 For any vector a and any target j € T'(a), V(a) < V(a_;).

Proof: The proof is by induction on the number of tasks. Clearly if m =1, V(a_1) =0 > V(a).
Now consider a problem with m tasks and let (r1, ..., 7., ) be the optimal action of the planner. Suppose

that task j has been completed, and consider the following action for the planner at state a_;:
e For any task k # j, let r; agents work on task j
e All r; agents who initially worked on task k are now assigned to a ”useless” task with value 0.

The value of this action r is given by

- 1 Tk . T 0
v(a—j,T) Agm (2) +Z ( )V( 7k’J)+gm(a)V( —j)

g I3

By the induction hypothesis, V(a_x ;) < V(a—;). Hence

1 ’I”j ]
V@ = @ Tl g )

1 .
< ety V(a,kﬁj)+gT—JV(a,j)

Agm(a) Py gm(a)

= v(a—jv r)

IN

Via—;)

where the last inequality is due to the fact that r is not necessarily the optimal action of the planner at

CL,]'. |

We are now ready to prove that V(a) is increasing in all its arguments. The proof is by induction on

the number of tasks. If there is only one task

1

V(a) = “a

is clearly increasing in a. Now suppose that for any a with m — 1 tasks, V(a) is increasing in all its
arguments and consider a problem with m tasks.
After any task j has been completed, the problem faced by the planner is a problem with m — 1

tasks, which is thus increasing in all its arguments. Consider then two tasks j, k with a; < aj;. Because
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a_j > a—_p, V(a—j) > V(a—i). By Lemma |1} this implies that the planner ranks the tasks according to
the number of workers who can perform them and that the optimal policy of the planner is to assign
workers to the hardest tasks first

Hence, for any j, r; is the number of agents who can perform task j but not any of the hardest tasks.
Ranking the tasks according to the number of agents who can perform them, with a1 < as < as... < a,,

we thus obtain

’I"j = |A1 U A]| - |A1 U ...Aj_1| = gj(al, ..(Ij) — gj_l(al, ..,aj_l).

We thus obtain

___1 o~ 9301, 05) —gja(an, 0 50)
Ve = @ om(@) Via-y)

Now consider two vectors a = (a1, ..., am) and b = (b1, ..b,,) where a < b, i.e. such that a; < b; for

all j and ap < by for some k.

1 1 N i\a1,..,a5) — gj—1{a1,...,a5;—1
R VN Py R VN *;g : : gj(a)( JViay)
_ Z;gj(bl,..,bj)g:z;(bl,...,bj_l)v(b_j)
_ 1 1 m gj(a1,..,aj)—gjfl(al,...,aj,l) -
- Agm () + g (D) Jr; (@) V( _])

NgE

gj(ah ~7aj) - 9j—1(al, ~~aaj71)v(aij) + in: gj(ah ~7aj) - 9j—1(01, ""ajfl)V(a,j)
j=1

j=1 gm(b) gm (D)
= j b1,..,bj —gj-1 bl,...,bj,l

) Zg osb) o vy

_ a1 — gm(a) "~ gjlar, .., a;) — gj_1(ai,...,a;_1) W

= V( )[1 gm(b)]+]z_:1 (D) V( 7])

- g; bla'wb' — gj-1 b 7"'7b’71
— Z J( J) Eb)< 1 J )V(bfj)
=1 9Im

As a_; > b_; for all j (with strict inequality for some k), and a_; and b_; are vectors of dimension
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m — 1, by the induction hypothesis, V(a_;) > V(b—;) for all j with strict inequality for some k. Hence

a i g] Aty .., Q4 gj,l(a17...7aj,1)
V(a)-V(b) > V(a)[l - b +Z gm(b) V(b—;)
" gj (b1, ., b; i—1(b1y ey bj1
_ ;9 ( ) gj(b;( )V(b,j)

Next, we develop

2?3 (01, 9) = gy, ) S ]'gﬂ “1"’ JVby) — Vo) + 22y,
= gm(b> =~ - U gy T
so that

Vi -vib) > V- 22y Wt 2B b)) v )
N <gm<a;;(gr;<bfb>v<bm>

Now, because the function g; is weakly increasing in all its arguments and (b1, ...,0;) < (a1, ..., a;)
for all j, g;(a1,..,a;) — g;(b1,...,b;) > 0. In addition, as all tasks are ordered by increasing number of
agents who can perform them, b; 1 > b; so that b_; > b_(;41). By the induction hypothesis, V(b_;) >

V(b_(j+1)) (with strict inequality for some k), so that

gm(b) gm(b)
Hence
gm(a)
V(a)—=V(b) > (1 - gm(b))(V(a) —V(b) +V(b) = V(b_n))

so that

gm(g) -1

V(@)= V(b) > 222 (V(bm) = V(b))
T gn(b)

By Lemmal[7, V(b_,,) — V(b) > 0 so that

V(a) — V(b) > 0,

showing that V' is increasing in all its arguments. At any state a, if a; < ay then a_; > a_j and hence

V(a—;) > V(a—x). This shows that the optimal action is to assign a worker to the hardest task at any
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state a, and completes the proof of the Theorem. |

Proof of Theorem [2]

The proof of Theorem [2 follows the same structure as the proof of Theorem [I} We first use Union
Size Invariance and Strong Union Size Difference Invariance to construct functions gg(as, ..., ar) which
generate the number of workers working on any subset S of k tasks and satisfies two monotonicity
properties. In a second step of the proof, we show that the value of a worker can never decrease when
the number of tasks increases. Finally, we show that the value of a worker is higher when she completes
a task with a larger number of workers. This last step guarantees that a worker prefers to start with the
easiest task, as this results in a smaller number of competitors in subsequent periods.

As Union Size Invariance holds, there exist functions g which are symmetric and increasing such

that, for any collection S of k tasks S =1,2,..., k,

as = gi(ay,..,ar).

Submodularity implies that, for any ordered set of tasks (ay, ..., am)

Im—j+1 (aj7 "',a’m) - gmfj(aj+1> "'7am) < g’mfj(aj+15 ) a’m) - gmfjfl(aj+27 ) am)~

By a repeated application of this inequality, for any two tasks j, k with j < k,

gm—j+1(aj7 "'7am) - gm—j(aj+1a "'7am) S gm—k+1(ak7 "'7am) - gm—k(ak—i-h "'7am)-

Finally, by Increasing Differences, for any fixed task [, any two tasks j, k with ax,a; > a; and any set of

s tasks S such that a, > a; for all p € S, we have:

gs+2(ai, a5,a5) — gs1(aj,as) < gsyo(ar, ag, as) — gst1(ar, as).

By a repeated application of this inequality, for any fixed task [ and any two vectors a, b of dimension

k such that b, > a, > a; for all p € S, we obtain

gr+1(a;,a) — gr(a) < gr1(aj, b) — gr(b) (6)

Next, we consider a worker ¢ and, in order to ease notation, denote her value U dispensing with the index
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1. We first show that, if workers play simple strategies, the workers’ utility is weakly higher at G than

after one task has been completed.

Lemma 8 For any suitability graph G and any target j € T(G), when all workers play simple strategies
at G, U(G) > U(G —j).

Proof: The proof is by induction on the number of tasks. If G has only one task, U(G—1) =0 < U(G).
Suppose that G has m tasks and that the inequality holds for any G with less than m tasks.

If the worker is inactive at G—j, then U(G) > 0 = U(G—j). So suppose that the worker is active at G—j.
Let (rq1,...,7m) denote the number of workers who work on each task in the MPE at G. Furthermore
let r; denote the number of workers who initially work on task j and move to task k after j has been
completed. Because all strategies are simple, the ranking of tasks at any suitability graph G is given by
the ranking when there are only two tasks left. Hence, at G, every agent works on the easiest task. We
conclude that, if a worker works on task k # j at GG, she will continue to work on task k after j has been
completed at G — j. The number of agents working on task k # j at G — j is thus 7, + ;. We now

compute

N 1 Tk oy 1 B T+ 75k o
U(G) - U(G - ]) - gnL(a) + zk: gm(a) U(G k) g(a_j) = ng_l(a_j) U(G J k)v

B e e B 11 N +y

gm-1(a—;)" " gm-1(a—;) S gm-1(a—;)

UG — k)

1 Tk + Tk

o oglay) ; gm—1(a—;) UG =3k
_ __9m(d) ™ gie— ) .
= UG)(1 gmil(aﬂ_)) + d gm,l(a,j)U(G k) + gm,l(a,j)U(G 7)

R DL (TN ) ) Yt L 5 (e )

= gm-1(a-) 7 gm—1(a—)
By the induction hypothesis, U(G — k) > U(G — k, j) for all k. Hence

Ty

B . _ gm(a)
U(G) ~U(G =) 2U(@)(1 - A=)+ T

Applying again the induction hypothesis,

gm () LTz > ik Tk U

e ey Py ey Py
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Now notice that the number of workers who become inactive after task j is completed is given by

gm(@) = gm-1(a_;) =7 = > ik,

k#j
Hence
. . gm(a) gm(a) _
U(@) = U(G =) 2 U1~ ) — (1= UG )
so that
(U(G) = U(G - j)) fracgm(a)gm-1(a—;)) > 0,
completing the proof of the Lemma. |

Because workers can work on different tasks, we need to keep track of those tasks on which worker
1 can work in any suitability graph. Hence, as opposed to the planner’s problem, the relevant state for
worker i at G is not the unordered vector of the number of agents who can work on all remaining tasks,
but the ordered number of workers who can work on each and every task. Let A = {41, ..., A, } be the
set of workers who can work on each task at Gy. We fix an ordering of tasks. We suppose that A is
ordered so that whenever a; < ay, j < k and when a; = ay, j < k if j precedes k in the given, exogenous
ranking of tasks, which is used to break ties.

When agents adopt simple strategies and always work on the easiest task first, we can characterize
the state (the suitability graph G) by a vector of dimension m, a(as, ..., am) where a; € {0,a;}. We
interpret a; = 0 to mean that task j has been completed. The vector a thus keeps track of the identity of
the tasks which are left and the number of workers who can work on each of the remaining tasks. Given
the ordering of tasks, whenever j < k and a; > 0,ax > 0 we must have a; < a. As before, for any task
J such that a; > 0, we denote by a_; the suitability graph obtained after task j has been completed, i.e.
the vector obtained from a by replacing a; with 0.

In order to show that worker ¢ always wants to work on the easiest task at G, we consider two tasks
on which worker ¢ can work, j and k with j < k which are consecutive for ¢, in the sense that there is
no other task in {j + 1,..k — 1} on which worker i can work. The strategy of the proof is to show that
U(a—g) > Ul(a—;), so that agent ¢ always prefers to work on task k.

The proof is by induction on the number of tasks. Suppose that there are only two tasks. If worker
i can work on both tasks, U(a_s) = U(ay,0) = a—ll > i =U(0,a2) = U(a—1). Worker ¢ thus prefers to
start with the easiest task.

Now consider a suitability graph G where there are m—+1 tasks, and suppose that, for any state with m
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tasks or less, every player plays a simple strategy and chooses to work on the easiest task first. Consider
a worker ¢ and two tasks j and k such that t;,1, € T; (worker i can work on both tasks) but ¢; ¢ T; for
all j <l < k (there is no task ranked between j and k on which ¢ can work). After tasks j and k are
completed, there are only m tasks left and, by the induction hypothesis, all players play simple strategies
and the states G — j and G — k are characterized by the vector a_; = (a1,...,a;-1,0,a;41, ..., @) and
a_p = (ay,....,a5—1,0,ar41, ‘..7am)E| Our objective is to show U(a_) — U(a—;) > 0. We decompose the

difference as:

Ula—g) —Ula—;) U(ar, ..o, Gk—1,0, @41, ooy am) — U(@1, ..., a5-1,0, @541, ..., Gm),

= U(ala vy Ag—1, 0, Al+1y -+ am) - U(ala vy Q=15 G415 ey Q—1, ag, 0, Ak+1, a/'m)

- +U(a17 vy Qj—15 g1y oeey Qk—1, ak707 Ak+1, am) - U(ala ey aj—1707 aj+1, "'7am)'

The vector (a1, ..., aj-1,@41, .., Ak—1, Gk, 0, Ak+1, A, is constructed by (i) using the same ordered se-
quence as in a_;, but (ii) having task k (rather than task j) completed. When comparing the vector
(@1, s Qj—1, Gjt1s oey G—1, Ok, 0, Qg4 1, Gy ) With the vector a_y, the set of tasks remains identical, but the
number of workers working on each task has changed: the number of workers working on tasks 1,...j — 1
and k+1, ..., m remains identical, but the number of workers working on tasks j to k—1 has increased, from
(aj,...;ap—1) to (aj41, ..., ar). When comparing the vector (a1, ...,aj—1,aj41, ..., Ak—1, Ak, 0, Ag41, Q) With

the vector a_;, the ordered vector of the number of agents working on each task remains constant, equal

—i
to (a1,...,aj—1,aj41, ..., &) but the set of tasks has changed: task k£ has been completed in the vector
(@1, s Gj—1, @jq1, ooey Gl—1, Gk, 0, Qky1, Gy ) and task j in the vector a—;. The number of workers working
ontasks 1,...,j—1and k+1, ..., m is the same, but in the vector (a1, ...,a;-1,aj41, ..., k-1, @k, 0, Gp41, Am),
there are a;41 workers working on tasks I =j,....,k — 1.

We finally note that the state (a1,...,aj—1, @j41, .., Gk—1, %k, 0, Gky1, G ) does not belong to the state
space, as it cannot be obtained as a sub-graph of the initial suitability graph G. We thus need to ezpand
the state space to include the state (a1, ...,a;-1,a;41, ..., k-1, @k, 0, ax4+1, am) and all vectors which can
be obtained from (a1, ...,a;-1, @41, ..., @k—1, @k, 0, ax41, @m) after replacing some a; with 0 as tasks are
completed. We assume that, in the expanded state space, all workers play simple strategies, starting with

the easiest task.

Claim 1: We have: U(a,...., 51,0, k41, ...; am) — U(a1, ..., @j—1, @541, .o, G—1, A%, 0, Gy 1, Q) > 0.

"The notations are easily adapted if j = 1 or k = m.
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Proof of the Claim:
To simplify notation, we willlet ¢ = (a1, ..., @k—1, Gk41, .-y @) A0 b = (@1, ..., Qj—1, Qj41, oo, 1, Qs Al 1, B
denote the two m — 1 dimensional vectors obtained after elimination of task k.

The proof is by induction on the number of tasks. If we only have one task land [ < j—1orl > k+1,

then U(b) = U(c). If j <1 <k then ¢; = a; and b; = a;41 so U(c) = = > -1 = U(b). We have

ap — ap41

1 e L L I

!

where r f

is the number of workers who work on task j at state b.

Now,

g 9
- v G+ 3 —J>—§§;9)U(b_]>,
- U= S50+ 3 0=
;@U@ j>+;gﬁ)v<eg>;g’f)mw>

By the inductive hypothesis, U(c — j) > U(b — j). Hence,

g(c) T - r ,
U(C)—U(b)Z(1—@)U(C)+;@U(C—J)—; Ue— ).

Now recall that

ri =g(aj,....,am) — g(aji1, ..., am),

so that

Z MU(C—J') = Z 9(js s Em) = 9(Cj41, ooy €m) Ule—j)

_ ;g(bj”bm)g(bg)(bj-i-l?bm) U(C*])

Now recall that b = (a4, ..., ag—1, @g+1, -, a;) > ¢ = (a1, ..., Gk, .., aj—1), so that by Strong Union Difference
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Invariance,

g(bj, . bm) — g(bjt1, b)) > g(Cjy ey @m) — G(Cjg1s ey Cm)-

and as U(c — j) < U(c) by Lemma [§]

9(¢js s em) = g(cjt1, s 6m) = g(bj, s bm) + g(bjt1, -bm)g(B)U (¢ — j) = (7)
g(¢jy oy em) — g(Cjt1s - em) — g(bj, ., b)) + g(bjt1, ..bm)
olb U(c). (8)

Summing up over all j,

§ 9630w m) = 01 m) = 9By bn) 9Bt bn)
J

g(b) g(b)
so that
Ute) = U) = (1= L0t + (192 ut) o
completing the proof of the Claim. ]
Claim 2: We have: U(a1,...,aj—1,@j41; -, Gk—1, A, 0, Gy 1, @) — U(@1, ..., 05-1,0, 8541, ..., @) > 0.
Proof of the Claim: Fix an m dimensional ordered vector (a1, as, ...., am,) with a; € {0,a;}, a; > 0 and

ak—1 > 0. The proof will be an induction on the number of tasks [ # k, j for which a; # 0 (i.e. the number
of tasks different from j and k on which agent ¢ can work.) We construct different m + 1-dimensional
vectors based on the vector a = (ay, ..., ).

First, let b(a) = (a1,a9,...,ak-1,0,ak, ..., ar,), namely b = a; for I < k —1, by = 0, by = a;—; for
l1>k+1.

Second, let c(a) = (a1, a2,...,a;-1,0,a;,...,am), namely ¢, = q; for | < j—1,¢; =0, ¢ = a1 for
[>5+1

The vector b is thus obtained by letting b, = 0 while the vector c is obtained by letting c¢; = 0. The
statement of the Claim can be rewritten as : U(b) — U(c) > 0 whenever a; > 0 for all /.

Third, let b'(a) = (a1,az,...,ax—2,0,0,ak, ..., am—1), namely b} = a; for | < k—2, by _, = b, =0,
bl =a_y for 1 > k+1.

Fourth, let ¢'(a) = (a1, az, ..., a;-1,0,a;, ..., ak—2,0,ag, ..., am 1), namely ¢} = a; for [ < j—1, ¢j =0,
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c}:al,l for j+1<Ii<k-1, c}ﬁ:O, cllzal,l forle—i—l.lﬂ

The vector b' is obtained from the vector b after elimination of the task k — 1 while the vector ¢! is
obtained from the vector ¢ after elimination of the task k.

Fifth, let b*(a) = b(a) = (a1,a2,...,aj-1,0,aj11, ..., ak—1,0, K, ..., 4y, ), namely b = a; for [ < j —1,
b2 =007 =a;for j+1<1<k—1,b5=0and b} =a, 1 for 1 > k+ 1]

Sixth, let ¢*(a) = (a1,a2,...,a;-1,0,0,a;41, ..., am), namely ¢} = a; for | < j — 1, c? = c?+1 =0,
cf:al,l forl>j+2

The vector b® is obtained from the vector b after elimination of the task j while the vector ¢? is
obtained from the vector c¢ after elimination of the task j + 1.

Seventh, let l;(a) = (a1,a2,...,a;-1,0,a;41, ...,a5—2,0,0,ax, ..., &m—1), namely by =a for I < j—1,
by =0b =ayfor j+1<1<k—2by1=by=00b=a- forl>k+1[

Eighth, let é(a) = (a1,a2,...,a;-1,0,0,a;41, ..., ax—2,0, Gk, ..., am—1), namely & = q; for I < j —1,
Gj=Cp1=08=a1for j+2<1<k—1,6=0¢=a_1 for | >k+ 1]

The vector b is obtained from the vector b after elimination of tasks j and k — 1 while the vector ¢ is
obtained from the vector ¢ after elimination of tasks k£ and j + 1.

We now prove that U(b) > U(c) in several steps.
Step 1: For any two vectors b and ¢ generated from a, U(b(a)) = U(é(a)).

By induction on the number of tasks in a (different from a;, ar—1)) for which a; > 0. If there is no task
different from a;, ay—1), we immediately have: b=¢= (0,0,...,0) Now suppose that b= ¢ for all a with
less than m active tasks. Now notice that ISZ = IA)l for/<j—1andl>k+1, that l;j = Bk =¢ =¢=0.
Hence, b and ¢ only differ in the number of workers for tasks that ¢ cannot work on. This implies that
either i can work on some task both at b and ¢ or she cannot work on any task at b and é. In the latter

case, U(b(a)) = 0 = U(é(a)). In the former case, using the recursive formula:

Ulb(a)) ~U(@(a)) = Y nUb@)-1)-Ul@-))+ Y  nUba) -1)-U@Ea)-(+1)

I<j—1 jH1<I<k—2
+ > n(U(b(a) - (1+1)) = U(é(a) — (1 +1)))
>k

8If 4+ 1 > k — 1, then clearly there is no task ! such that j + 1 < I < k — 1 and the definition of the vector must be
adapted accordingly.

9Again, if j +1 > k — 1, then there is no task I such that j +1 <1 < k — 1 and the definition of the vector must be
adapted accordingly.

10Whenever j + 1 > k — 2, the definition must be adapted. If j = k — 1, then I;j = Bk—l =0, if j = k — 2, then there is
nolsuch that j+1 <1<k —2.

'Whenever j + 2 > k — 1, the definition must be adapted. If j = k — 1, then éj41 =& =0, if j = k — 2, then there is
no ! such that j+2 <1 <k—1.

36



But, by construction, for any [ < j—1, b(a—1) = b(a_;) and é(a—1) = é(a_;). Forany j+1 <1< k-2,
b(a—1) = b(a_;) and é(a—(I+1)) = é(a_;). Forany | > k, b(a—(I+1)) = b(a_;) and é(a—(I+1)) = é(a_;).
Hence,

Ub(a)) - U(éa) = Y n(U(bla—r) - U(&(a-)).

1#5,k—1

By the induction hypothesis, U (b(a_;) — U(é(a_;) = 0, establishing that

completing the proof of Step 1. |

Step 2: For any vectors b'(a),c!(a),b?(a) and c?(a) generated from a, we have U(b') — U(c!) > 0 and

UbH —U() +U®OB?) —U(?) > 0.

The proof is again by induction on the number of components of the vector a, different from a; and
ay—1 which are different from 0.

Suppose first that all components of a different from a; and aj_; have value 0. Then b} = 0 for all
l;éjandb}:aj,cll:Oforalll;«éj+1andc;+1:aj bP=0foralll#k—1and bl | =aj_1,c =0

for all [ # k and ¢ = ap_1. Because worker i can work on tasks j and k but not on tasks j+1 and k — 1,

we have: U(b!) = a%7 U(c') =0,U(b?*) =0 and U(c?) = —1—. Hence U(b') — U(c!) = i > 0 and

ak—1"

UMb — U(cY) + U@) - U() = ~ — — >0,

a;  ap—1

Now, suppose that U(b') — U(c') + U(b?) — U(c?) > 0 for any a with less than m tasks different
from a;,ar—1 with a nonzero value. Consider a vector a with m tasks and compute the difference
U(b*a) — U(cta). Notice that because bj = a; # 0, worker i will always be active at b'(a) (and may or

may not be active at c!(a).) Hence

1 — C1 a 71 T ! a) — — Cl a) —
UOHE) V@) 2 gas e 3 nU e - - U -
+ U@ - - U@ -G+ D U @) - 1) - U (@) - 1+ 1)
JH1<I<k—2
+ Y U (@) - (+ 1)~ Ule @) = L+ 1))

1>k
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Now, by construction, for | < j — 1, b'(a) — 1 = b'(a_;) and c'(a) — I = c*(a_;). We also have
bl(a)—j = b(a) and ¢' (a—(j+1)) = é(a). For j+1 < k—2, b'(a)—l = b'(a_;) and ¢! (a)—(I+1) = ¢*(a_y).

Finally, for [ >k, b'(a) — (I+ 1) = b'(a_;) and c'(a) — (I + 1) = ¢'(a_;). Hence,

1 — c1 a !
U(b (a)) U( ( )) 2 g(a,(kfl))

Y (U (am)) = U(eH(a-))) + 15U (b(a) — U(&(a)).

I#5,k—1

Because, by Step 1, U(b(a)) — U(é(a)) = 0, we have:

1 1 1 1
U0 @) - U @) 2 st 3 nU (@) - UG a-)

1#5,k—1

By the inductive hypothesis, U(b'(a—;)) — U(c*(a—;)) > 0 so that U(b*(a)) — U(c'(a)) > 0

We also compute the difference U(b%(a)) — U(c?*(a)). Notice that because ¢ = aj_1 # 0, worker i

will always be active at c¢?(a) (and may or may not be active at b?(a).) Hence

Ub*(a)) — U(P(a) > ——g(al 3 > n(U*(a) — 1) — U(c*(a) — 1))
—J 1<j—1
+ > n(UEP(a) —1) = U(P(a) — (1+ 1)) + re_1 (U (a) = 1) = U(P(a) — (1 + 1))
jH1<I<E—2
+ > mUE(a) - (+1) - U((a) — (1 +1))).
1>k

Now, by construction, for [ < j — 1, b*(a) — I = b*(a_;) and c*(a) — ) = c'(a_;). For j+1 <k — 2,
b2(a) —1 = b*(a_;) and 2(a) — (14 1) = 2(a_;). We also have b?(a— (k — 1)) = b(a) and (a— k = é&(a)
Finally, for [ > k, b*(a) — (I + 1) = b*(a_;) and c*(a) — (I + 1) = c*(a_;). Hence,

U(b*(a)) = U(c*(a)) > g(alj) + Y nUE(am)) = U(E(am))) + re-1(Ub(a) — U(é(a))).

1#5,k—1

Because, by Step 1, Ub(a) — U(é(a)) = 0, we have:

U(b*(a)) - U(c(a) > ————
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. Hence

Because g(-) is increasing, and a_(441) < a—j, g(a¢—k +1)) < g(a_;) so that g(a_(lk+1)) > g(al,j)

U(b'(a)—U(c' (@) +U (M (a))~U(c*(@) > > n(U(b'(a—1))—=Ulc (a—1)+U (b (a—1))~U(c' (a_1))).
1#£5,k—1

By the induction hypothesis, U(b(a_;)) — U(c'(a—;)) + U(b*(a—;)) — U(c'(a—;)) > 0, so that
U(b'(a)) = U(c! (a)) + U(b*(a)) — U(c*(a)) > 0,
completing the proof of Step 2. ]

Step 3: For any vectors b(a) and c(a) generated from a, we have
U(b(a)) > Ulc(a)).

The proof is again by induction on the number of components of a different from a;, ar—1 which have

a non zero value. If there is no component with a non zero value, U(b) = % > akl,l =U(c).

Now suppose that for all vectors a with less than m nonzero components U(b(a)) > U(c(a)) and
consider a vector with m nonzero components.

First notice that as b; = a; > 0 and ¢; = agx—1 > 0, player i is active both at b(a) and c(a). Hence,

Ub(a)) = Ule(a)) = > n(Uba)—1) = Ulc(a) —1))

1<j—1
+ nUba) )~ Ule@) — G+1)+ > n(Uba) 1)~ Ulea) - (1 +1)))
GH1<I<k—2
+ re(Ub(a) — (k= 1) = U () = k) + S r(Uba) — (14 1)) — Ule(a) — (I +1)).
1>k

Now, observe that for [ < j—1, b(a) =1 = b(a_;) and c(a) — = c¢(a_;). We also have b(a— j) = b*(a)
and c(la— (j +1)) = c%(a). For j+1<j < k-2 bla—1) =bla) and c(a— (I +1)) = cla_y).
We have b(a — (k — 1) = b'(a) and c(a — k) = c!(a). Finally, for | > k, b(a — (I + 1)) = b(a_;) and
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cla)— (I+1)=cla_y).

Hence,

1<j—1
+ rUE @) -UE@)+ Y. r(Ubla)) - Ulcla)))
jH1<I<k—2
+ e (U () = U(c' (@) + Y r(U(b(a—r)) — Ule(a_))).
1>k

Now, by Submodularity, when j < k—1, g(4,5+1,..,m)—g(G+1,...m) < g(k—1,...,m)—g(k, ...,m),
so r; < rg_1. We also recall, by Step 2, that U(b'(a)) — U(c'(a)) > 0. This implies:

Ulb(a)) =Ule(a)) = Y nu(U(bla—)) = Ule(a))) +r; (U (a) = Ul (a) + UK (a)) = U(*(a))).
1#j,k—1
By Step 2, U(b'(a) — U(c'(a) + U(b*(a)) — U(c*(a)) > 0. By the inductive hypothesis, U(b(a_;)) —
U(c(a—;)) > 0, so that
U(b(a)) = U(c(a)),

establishing Step 3 and completing the proof of the Theorem. |

Proof of Proposition

Suppose that the condition holds. Then, whenever m = 2, the optimal policy of the planner and the
MPE of the workers’ game both have workers who can work on both targets work on the target with the
highest exogenous rank.

Suppose that, whenever there are m — 1 tasks left, all workers who can work on any subset of
tasks work on the task with the highest index. If the condition of the Proposition is satisfied, for
any task j = 1,..,m, the expected number of workers who can work on task j is the same, so that the
expected time of completion and expected value of a worker are the same whenever any task is completed,
V(H—j)=V(H—-k)and U(H —j) = U(H — k) for all j, k. This implies that both the planner and the
workers are indifferent among all tasks when there are m tasks left.

Next, we suppose that the condition of the Proposition is not satisfied, and we show that there exists
one state at which the choices of the planner and of one agent are different.

If there exist two tasks j and k such that a; # ay, a direct application of Lemmas [2| and [4| shows that

the equilibrium strategy of a worker who can work on both tasks (who must exist because the graph is
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connected) differs from the optimal policy of the planner.

So we next suppose that a; = aj, for all j, k but that there are two collections of sets {Aq, ..., Ay} and
{Bi, .., B} such that | Nf_, Aj| # | N¥_, Bj|. Pick the smallest value of k for which these collections of
sets exist.

First notice that, if |N¥_; A;| # |NF_, B;|, then there must exist two collections of k sets which only
differ in one set {41, ...Ax_1, Ax} and {Aq, ..., Ax—_1, A;} such that |ﬂ§:1 Ajl # |ﬁf;11 A;jNA;|. Otherwise,
all collections of k sets would necessarily have an intersection of the same cardinal, as any collection of
k sets can be obtained from another collection of k sets by permuting one set at a time. Without loss of
generality, suppose that | ﬂ?zl Ajl <| O?;ll AjN A

Now consider the planner’s problem when there are k4 1 remaining tasks ¢ = 1,..,k — 1, k,l. Suppose
first that there exists one worker ¢ who can work on tasks k and I, Ap N A; # 0. Notice that, after any
task is completed, all remaining tasks are symmetric (in the sense that all intersections of A; have the

same cardinal) so that

1
|Uj =1°4;]
1

V(=) = — +V(=Ll,j
(=D luj=1""14,U4) (<L)

V(_kvj)a

where V(—k,j) = V(—1,j) is the value of the planner after any pair of tasks has been completed. Now

recall that
k

(UB_ A =D (=17 Y AL NN 4.

j=1 1§i1<-~<ij§k

and because all intersections of less than k sets in A have the same cardinal:
k k—1 k k k—
|Uj—y A5l = [ U500 Ay U A = (DRI nfoy Ayl — [ 0f20 A5 0 Al).

We deduce that, when £ is odd, |U;?:1 Al < U?;ll AjUA;| and V(—k) < V(—I), whereas when k is even
| Uy Ayl > |UNZE A U A and V — k) > V(=1).
Next observe that, in the decentralized model, worker ¢ computes her expected utilities after tasks k

and [ are completed as

.
| Uiy 4]

+ ! +
A USZ] Aj U A

+ U(_kv.])v

U(_k,])a
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where we use the fact that U(—k, j) = U(—1, j) for all k, [, j. Using the same reasoning as for the planner,
U(—k) > U(-1) if k is odd and U(—k) < U(-1) if k is even. Hence, the rankings of the planner and
worker i between the two tasks are different.

Next suppose that A, N A; = (). Because the suitability graph is connected, there exists j such that
Ar N A; # (. This implies that for k = 2, there exist two collections of sets such that |Ay N A4;] =0 #
| A N A

Now, there must exist two tasks j,j’ such that Ay N A; # 0, 4; N Ajy # 0 and Ay N Ajy = 0. To see
this, note that, because the graph is connected, there exists a chain of elements connecting A and A;,

iy = k,...,ig = [ such that A;; N A; , # 0. But now, pick the smallest j such that A;, N A;; = 0. Then

j+1

Ay NA;_ # (), and hence we have found three sets Ay, Ai;_, and A;; with the desired property.

Consider the set of tasks k, j, 7 and a worker who can work both on tasks i and j. We compute the

planner’s payoff

1

V(-k) = —m+v(—k,l),
1

VD) = o Ve

Because all sets Aj have the same cardinal, V(—k,l) = V(—j,1) for all [ and, as A; N A; # 0 and
ArNAj=0,]A;UA;| <|ArUAj|, so that V(—k) < V(—j) and the planner strictly prefers to assign
a worker to task j.

Similarly, we compute the expected payoff of an worker ¢ who can work on both tasks as

1

U(—k) - "‘rm +U(—]€,Z),
. 1 .
U(-j) = +m +U(=3,1)

and find that the worker strictly prefers to work on task k, so that the planner and the worker have

different incentives. [ |
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Proof of Proposition [4; We compute

ET,  n(bs+bi2) + (b1 + b12)?
ETp - n(b1 + b12) (b2 + b12)2
~ (Ba A+ Br2) + (B1 + Br2)?
— (Bi+ Br2) + (Ba + Bi2)?

1—B1) 4 (1 — fa)?
1—p2)+ (1 —pB1)?

(
(
(
(
Relabelling a; =1 — 1, a2 = 1 — B2, we solve the problem:

2

_atag

max h(on, ) = ———

ai,az 0<a<ax<l,1—a;<as o + ay

We first show that, for s > max{ay,1 — ay}, BQTZ > 0. By direct computation we obtain

sign —— = sign a3 4 2a20% — oy
8042

Now, given that ag > 0, a3 + 2asa? — o > 0 if and only if

a2>—a%+\/a‘1‘—|—a1

If o > %, then as > a3 > 1 — a;. We easily check that for a; > %,

o] > —a%—l—\/o/l*—i—oq

establishing the result. If now a1 < % then ag > 1 — a1 > a1, and we easily check that for a; < %,

1—a; >—af+y/at+a

establishing the result. As 2 ~ >0, the optimal solution satisfies ap =1 (or B = 0), so that there is no
worker who can only work on task 2. Now focusing on the workers who can work on task 1, we compute,

when as =1,
oh

@z—a%—2a1+1=0,

resulting in the value a} = v/2 — 1 so that the maximal value of h is given by 81 = 2 — /2, 12 = V2 — 1

and the value
. V2 1
h(ala 042) = =

4-2v2 2/2-1)
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Proof of Proposition Let (ay,...,am—1,n) denote the number of agents who can work on tasks
1,2,..m — 1,m in the ranked task model. As the ranked task model satisfies the conditions of Theorems

we know that

1 1 1
ET, =— + .+ —
n Am—1 aj
In particular, as alT > i forall £ > 1
-1
ET, < -+ "
n aq

which is the expected time of completion of all tasks for the vector (as,...,a;,m) Next, by the proof of
Theorem |1}, the expected time of completion is decreasing in the number of workers who can accomplish
any task. Hence, the expected time of completion for the vector (ai,...,am—1,n) is greater than the

expected time of completion for the vector (a1,n,...,n). Hence

Now we compute

1 -1
ETy(a,....a,n) = ~ + 2~
n a
and
m—1 1 a 1 a
BT, = 71_77”*1 1 — 1_7m71.
wla,n,..,n) - +a[ n] +n[ ( n) ]

To obtain the preceding formula, note that the only situation where the number of active workers is
smaller than n is when tasks as, ..., a,, are completed before task a;, which happens with probability
[1- %]m’l. In that case, the expected time of completion is equal to mT_l + % For any other realization,
the expected time of completion is 7*.

Now, let a = = denote the fraction of workers who can accomplish tasks 1,..m — 1 when n grows

large. We then have

concluding the proof of the Proposition. |
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Proof of Proposition [2| Suppose that there is no exclusive task. The proof is by induction on the
number of remaining tasks. Consider first the workers’ game when there are two tasks left. For any j, k

with ¢ < j, the condition guaranteeing that workers choose task j is:

p; + Pk > pk+ &,
ak J
yielding
aj(ag — 1)
C> kfi
P =P aa; — 1)

As long as this condition is satisfied is satisfied for all pairs (j, k), the workers will choose the planner’s
optimal task allocation.

Now suppose that there are ¢(G) remaining tasks. We first show the following lemma.

Lemma 9 For any agent i, any task j, any suitability graph G — j

0<U(G=5)< Y (G
ke H; k#j

where 0 < af < 1.

Proof of the Lemma: Consider a task k. Because the suitability graph G — j has t(G) — 1 tasks left,
by the inductive hypothesis, all workers work on the task with the smallest number of workers in G — j.
Pick a task k € H;. We want to compute the probability that worker i does not get the reward associated
to task k € H;,

k

™

= Pr(idoesnotcompletekfirst))

Let o be a sequence of completed tasks, i.e. a permutation over the set of tasks T(G — j). We have

ﬂ'f = Z Pr(idoesnotcompletektirst, thesequenceo f completedtasksisgivenbyo)

(e

Now consider the set of sequences ¥y such that task k is completed exactly after all tasks of rank lower

than k are completed. We have

7r1]vC > Z Pr(idoesnotcompletektirst, thesequenceo f completedtasksisgivenbyo)
o€
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Now, when task k is completed exactly after all tasks of rank lower than k have been completed, by

the induction hypothesis there are exactly a; workers working on task k, so that the probability that an

agent other than k completes the task first is equal to “’;;1 € (0,1). We thus have
ap — 1
DD DD
A< k o€¥p
-1
— Prfo e ¥
ay

where the last equality stems from the fact that the two events that ¢ completes & first and the sequence

is given by o are independent. Now let af =1—Prfo € Z¢] a—l " Clearly, 0 < ai? < 1 and the probability

ag

that i receives reward k is bounded above by af , establishing the Lemma. |
Next to prove the existence of differential rewards, we will fix the ratio % = R,y for all pairs of tasks

(4, k). Notice that the ratios have been constructed for m = 2. Now so suppose that the ratios have

already been constructed for set of tasks of cardinality smaller than ¢ and let Rjx = maxg 1(4)<¢ Rﬁc.
Consider a suitability graph G with ¢ tasks. Hence, for any set of tasks smaller than T'(G), all workers

choose the optimal task allocation of the planner. Consider a worker ¢ for whom j is the smallest index

task in H;, i.e. k> jVj € H;,j # k. Worker j prefers to work on j if and only if we have:
pi +Ui(G = j) = pr. + Ui(G — k)

for all k£ # j. By Lemma |§| Ui(G—-3j)>0and U;(G—k) < agpj + 2151k alp; so that a sufficient

condition for the worker to prefer to work on j is

pi(l—al)>pu+ Y alp
1>5,l#k

Now consider a/ = max; a’, we have a sufficient condition:

pi(l—a’) > pr+ > adp
1>7,1#k

This gives a recursive formula. For the two tasks with the highest index, we obtain
1
RG =1 o

11—’
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So p;j > py, for all j < k, and we can construct recursively a ratio

I DI a'R§
, >1
1—al

G _

Whenever % > ch’;c, worker 7 prefers to work on task j than on task k, establishing the result.

To show that non-exclusivity is a necessary condition, suppose that there is one task j that a single
agent can complete. Then, whenever there are two tasks j and k left, there does not exist a finite ration
Ry such that worker i prefers to work on j when % > Rjg. ]
Proof of Proposition [3; When m = 3, we need to distinguish between two types of agents: (i) agents

who can work on tasks t5 and t3 and (ii) agents who can work on all tasks. For agents who can work on

tasks to and t3, the condition reads:
p2 +U(13) > ps + U(12)

where U’(13) and U’(12) denote the continuation values after tasks 2 and 3 are completed. Now

vz = 2@z alps
as as as
vz = 2yl me
an as ag

giving the condition:

For agents who can work on both tasks, we note that they prefer to work on task ¢; than task to if

p1+U(23) > po + U(13)

and on task to rather than tg if

p2 +U(13) > ps + U(12)

where U(23),U(13) and U(12) denote the continuation values after tasks t1 t5 and t3 are completed. We
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compute

p2 | A2pP3

U(23) == a‘f‘ CL2 9
3

a

U(13) = %+ ;53,
3

P1 a1p2
L
2

ag(a§+2a37a1)
a?(a3+2az—a1)

to work on task t5 than task ¢3 and that the condition: p; > pgM is sufficient to show that the

az(a1—1)

We finally observe that the condition: ps > ps3 is sufficient to show that the worker prefers

worker prefers to work on task t; than task ts. [ |

8 Appendix B: The three-task model

Unfortunately, Lemma [2| cannot be generalized to more than two tasks. We use the case of three tasks

to point out the new considerations that emerge when there are more than two tasks to complete.
First, Lemma [10] shows that in the case of three tasks, if all workers that can complete the “hardest”

task can either complete all tasks or only the “hardest” task, then the planner should follow the principle

demonstrated in Lemma [2| by postponing the “easier” tasks as much as possible.

Lemma 10 Suppose that there are three tasks, T = {1,2,3}. Suppose that A1 N A3z C Ay and As N A3z C
Ay. If ag > ag > ag, optimally, the planner should prefer, for each worker and in each phase, assignment

to task 3 over assignments to tasks 1 and 2 and assignment to task 2 over assignment to task 1.

The graph in Figure [4a] satisfies Lemma [10| since the agents that can work on the hardest task (task III)
can either work only on this task or can work on all tasks. Therefore the planner prefers, for each agent
and in each phase, assignment to task III over assignments to tasks I and II and assignment to task II
over assignment to task IE

Agent 9, added in Figure can work on both task I (the “easiest” task) and task IIT (the “hardest”
task), violating the conditions of Lemma without changing the order of difficulty. It turns out that
in this case, increasing the probability of having agent 9 available in the final phase, by completing

task II first, is more worthwhile than completing the “hardest” task (task III) first and jeopardizing

121f task I is completed first, by Lemma [2 in phase 2, agents 3-7 and 10 inspect task II while agents 8 and 11-14 inspect
y g
task III. The expected time of completion is % X % If task II is completed first, by Lemma in phase 2, agents 1-7
inspect task I while agents 8 and 11-14 inspect task III. The expected time of completion is 12150 L 1f task II1 is completed
480 A

first, by LemmaE in phase 2, agents 1 and 2 inspect task I while agents 3-8 and 10 inspect task II. The expected time of
completion is % x 1. Hence, it is optimal for the planner to prefer in phase 1 assignment to task III (the “hardest” task)
over assignments to tasks I and II and assignment to task II over assignment to task I.
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I I

11 11

I III
(a) Ay N As C Ay, AoNAs C A; and (b) A2 N As C A and a1 > a2 > a3, but
ar > a2 > as. not A; N As C As.

Figure 4: Two examples using 13\ 14 agents and three tasks. In both, agents 1 and 2 work only on task I,
agents 3-7 work on tasks I and II, agent 8 works on all tasks, agent 10 works only on task IT and agents
11-14 work only on task III. Agent 9, added in the right-hand-side graph works on tasks I and III.

the availability of agent 9 in the final phaseE Interestingly, in this case, the planner’s preferences may
change across phases. In phase 1, the planner prefers assignments to task II over assignments to task ITI
(and task I). Therefore, agent 8 is optimally assigned to task II. If task I is completed first, by Lemma
the planner prefers assignments to task III over assignments to task II. Therefore, the planner will
re-assign agent 8 from task II to task III although task II was not completed.

Proof of Lemma Denote by Xg = {w;|H; = S} the set of workers that are able to complete each
task in S and are not able to complete tasks that are not in S. Denote by zg the cardinality of Xg.

Note that A; N A3 € Ay implies that X135 = () and that A3 N A3 C A; implies that Xo3 = (). Also

inspect task III. The expected time of completion is = x +. If task II is completed first, by Lemma [2| in phase 2, agents

21 X
1-7 inspect task I while agents 8, 9 and 11-14 inspect task III. The expected time of completion is 78 X % If task III is

completed first, by Lemma E in phase 2, agents 1, 2 and 9 inspect task I while agents 3-8 and 10 inspect task II. The
expected time of completion is % X % Hence, it is optimal for the planner to prefer in phase 1 assignment to task II (not

the “hardest” task) over assignments to tasks I and III and assignment to task III over assignment to task I.

131f task I is completed first, by Lemma in phase 2, agents 3-7 and 10 inspect task II while ants 8,9 and 11-14
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note that a; > as > a3 implies x1 > x2 and x2 + x12 > x3 since

a1 =21 + 212 + 213 + T123 = T1 + T12 + T123

a2 = To + X192 + X23 + T123 = T2 + T12 + T123

a3 = T3 + T13 + T23 + T123 = T3 + T123

We first consider the planner’s problem. Suppose that task 1 is completed first. Then, there are
Toz + X123 = X123 agents that can work on both tasks, zs + x12 agents that can work only on task 2
and z3 4+ x13 = x3 agents that can work only on task 3. The expected completion time given that task

1 was completed first, is a sum of two parts. The first part represents the expected time it takes to

complete one of the two tasks (task 2 or task 3): . The second represents the expected

1
AMzo+z3z+Ti2+T123)

time it takes to complete the final task, given that the workers that can work on both tasks 2 and 3 are

allocated in phase 2 to task 3 which is the harder task since x5 + 12 > x3 (Lemma . With probability

%, task 3 is completed in the second phase, and the expected time to complete the final task,
2+x3+x12+x123
task 2, is m With probability %, task 2 is completed in the second phase and

the expected time to complete the final task, task 3, is m Thus, the expected time to complete

task 2 and task 3 is

1 1 T3+ T123 Ty + T12 ] _
AMzo + 3 + 12 + T123) To + X12 + X123 X3+ Tio3
1 1 + T3 + T123 }
Al (3 + 2123) (x2 4+ x3 + 12 + T123) (T2 + T12 + T123)

Now, suppose that task 2 is completed first. Then, there are x13 + 123 = 123 agents that can work
on both tasks, 1 + x12 agents that can work only on task 1 and z3 + z23 = =3 agents that can work
only on task 3. The expected completion time given that task 2 was completed first, is a sum of two

parts. The first part represents the expected time it takes to complete one of the two tasks (task 1 or

task 3): )\(z1+a:3+1112+a:123)' The second represents the expected time it takes to complete the final task,

given that the workers that can work on both tasks 1 and 3 are allocated in phase 2 to task 3 which is

the “harder” task since z1 + 12 > x3 (Lemma . With probability ——%at2123 __  tagk 3 is completed

T1+z3+T12+T123
in the second phase, and the expected time to complete the final task, task 1, is m With
.1 €T +w . . .
probability PP task 2 is completed in the second phase and the expected time to complete
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the final task, task 3, is m Thus, the expected time to complete task 1 and task 3 is

1 T3+ T123 T+ T2
1+ - =
AMz1 + 3 + 12 + T123) Ty + X12 + X123 X3+ Tio3
1 1 + T3 + T123 }
Al (x3 + 2123) (x1 + x5 + 12 + 123) (21 + T12 + T123)

Finally, suppose that task 3 is completed first. Then, there are x15 + x123 agents that can work on
both tasks, x1 + x13 = x1 agents that can work only on task 1 and zs 4+ x93 = =2 agents that can work
only on task 2. The expected completion time given that task 3 was completed first, is a sum of two

parts. The first part represents the expected time that it takes to complete one of the two tasks (task

1 or task 2): The second represents the expected time it takes to complete the final

1
Mzi+zotzio+T123)"

task, given that the workers that can work on both tasks 1 and 2 are allocated in phase 2 to task 2 which

is the “harder” task since x1 > z2 (Lemma . With probability —Z2tZi24Z12s ¢4k 2 is completed

z1+T2+T12+T123

in the second phase, and the expected time to complete the final task, task 1, is m With
1

T1+x2+T12+T123

probability task 1 is completed in the second phase and the expected time to complete

the final task, task 2, is m Thus, the expected time to complete task 1 and task 2 is

1+
A1 + z2 + 212 + T123) T1+ Z12 +T123 T2+ T2+ T123

1 T2 + T12 + X123 1 ]

1 { 1 ZTo +x12 + X123
(

< -
M (22 + 212+ 2123) (@1 + @3 + 212 + T123) (21 + T12 + T123)

Comparing the three expected times expressions for the final two phases, it is clear that

1 [ 1 T3 + X123 }
= + >
A (3 +x123) (22 4+ 23 + 212 + T123) (22 + T12 + T123)

1 [ 1 n X3 + T123 }
A (zg +2123)  (x1+ 23+ 212 + T123) (T1 + T12 + T123)

That is, the expected time it takes to complete the final two phases is longer if task 1 is completed
first than if task 2 is completed first.

Also,

[ T3 + T123 }
+ >
(x3+x123) (@1 + 23+ 212 + T123) (21 + T12 + T123)

1

A
1 [ . T + X192 + T123 }
M (22 + 212+ 2123) (@1 + @3 + 12 + T123) (@1 + T12 + T123)
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since
T2 + 212 — T3 S T2 + 12 — T3
(x3 + x123) (T2 + T12 + T123) (x1 4+ 23 + 12 + T123)(T1 + T12 + T123)

That is, the expected time it takes to complete the final two phases is longer if task 2 is completed
first than if task 3 is completed first.

Therefore, since the planner wishes to complete the three tasks as fast as possible, he should prefer,
for each worker in phase 1, assignment to task 3 over assignments to tasks 1 and 2 and assignment to
task 2 over assignment to task 1. By Lemma [2] this is true also for phase 2 and it is trivially true for
phase 3 since there is only one task left.

We now move to the workers’ game, focusing on the non-trivial optimal strategies of the agents that
can perform all tasks and on the agents that can perform task 1 and task 2. We solve the game backwards
based on Lemma 2

Suppose that task 1 is completed first. Then, there are xo3 + x123 = X123 agents that can work on
both tasks, xs + x12 agents that can work only on task 2 and z3 + 13 = x3 agents that can work only

on task 3. That is, the probability to be the winner of phase 2 is By Lemma |2 the

Tot+T3+Tri2+Ti2s”

probability that task 2 (the easier task, since x2 + 12 > x3) is completed in phase 2 is %

while the probability that task 3 is the completed task in phase 2 is ———%2—— If task 2 was the one

rotT3+x12+T123

1
T3+T123

completed in phase 2 the probability of winning phase 3 is . If task 3 was the one completed in

1

FrET Therefore, the expected number of completions

phase 2 the probability of winning phase 3 is

of agents that can perform all tasks is

1 T2 + T12 + X123 o 1 + T3 y 1
To+ X3+ X12 + 2123 T2+ T3+ T2+ Ti23 T3+ T3 T2+ T3+ Ti2+ T2z X2+ Ti2 + X123

1 14 T2 + T12 + T123 z3 .
Tg + X3 + T12 + X123 T3 + T123 T2 + 12 + T123
1 T2 + T12 + T123

_|_
To +x12 + 123 (T3 + T123) (22 + 23 + T12 + T123)

The expected number of completions of agents that can perform task 1 and task 2.

1 i) +9312 +£L‘123 I3 1
X 0+ X =
T2+ X3+ X12 + 2123 T2+ T3+ T12 + T123 T2 + X3+ X12 + X123 T2 + Ti2 + Ti23
1 1+ T3 1
T2 + X3 + 12 + T123 To + T12 + T123 T2 + 12 + T123

Suppose that task 2 is completed first. Then, there are x13 + x123 = x123 agents that can work on both
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tasks, 1 + x12 agents that can work only on task 1 and x3 4 z23 = x3 agents that can work only on task

3. That is, the probability to be the winner of phase 2 is ————~———. By Lemma [2| the probability

r1+x3+T12+T123

: : : : : T1+T12+T123 3
that task 1 (the easier task, since x1 + x12 > x3) is completed in phase 2 is . while the
xr3
r1+x3+T12+T123

probability that task 3 is the completed task in phase 2 is . If task 1 was the one completed

1
T3+T123

in phase 2 the probability of winning phase 3 is

. If task 3 is the one completed in phase 2 the

1
r1+x12+T123

probability of winning phase 3 is . Therefore, the expected number of completions of agents

that can perform all tasks is

1 1+ T12 + X123 y 1 + T3 y 1
1+ X3+ X2+ 2123 T1+ T3+ T2+ Ti23 T3+ T2z X1+ T3+ T2+ Tiez X1+ T2+ X123

1 145 + T12 + T123 T3 .
T1 + X3+ T12 + X123 T3 + T123 T1 + 12 + T123
1 1+ T12 + 2123

_|_
z1+x12+ 2123 (T3 +2123) (@1 + 23 + T2 + T123)

The expected number of completions of agents that can perform task 1 and task 2.

1 1
T1 + X12 + T123 w04 T3 y _

1+ X3+ x12 + 2123  T1+ T3+ T12 + Ti23 T1+ X3+ X12 + 2123  T1+ Ti2 + Ti23

Suppose that task 3 is completed first. Then, there are x12 + x123 agents that can work on both tasks, z;
agents that can work only on task 1 and x5 agents that can work only on task 2. That is, the probability

to be the winner of phase 2 is . By Lemma [2} the probability that task 1 (the easier task,

- r
Tr1+T2+T12+T123

since x1 > x) is completed in phase 2 is m while the probability that task 2 is the completed

X2

task in phase 2 is ———"———

. If task 1 was the one completed in phase 2 the probability of winning

phase 3 is m If task 2 is the one completed in phase 2 the probability of winning phase 3 is
m. Therefore, the expected number of completions of agents that can perform all tasks is
1 T1+ X12 + X123 y 1 T 1 _

+ X
1+ X2+ 212+ 2123 1+ T2+ X122+ X123 T2+ Ti2+Ti23 T1+ T2+ Ti2 + X123 1+ T2+ Tio3

1 |+ Tt 212+ 2103 T2 _
T1 + T2 + 12 + X123 T + X12 + X123 X1+ Ti2 + X123
1 1+ T12 + T123

+
1+ x12 + 2123 (T2 + T12 + T123) (21 + T2 + T2 + T123)

1 1
To+Ti12+T123 T1+T12+T123

Since x1 > xo we get that . This means that agents that can perform task 1
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and task 2 (but not task 3) have a higher expected number of completions if task 1 is completed in phase
1 compared to the case where task 2 is completed in phase 1. Since they cannot affect their winning
probability in phase 1 and the probability that task 3 is completed in phase 1, it is optimal for these
agents to engage with the easier task (task 1) in phase 1.

To prove that for agents that can perform all tasks there is a higher expected number of completions
if task 1 is completed in phase 1 compared to the case where task 2 is completed in phase 1 we show that

the difference is positive:

{ 1 n T2 + T12 + T123 7

To+T12 + T123 (23 + x123) (@2 + T3+ 12 + T123)

{ 1 B 1 } 1 { To+ T2+ T123 X1+ T2+ Tigs } _
To +X12 +T123 T1+ Ti2 + Tio3 T3+ T123 X2 + T3+ T12 + T123 X1+ X3+ Ti2 + X123

|: T, — T2 :|+ 1 |:(1 T3 ) (1 I3 ):| o
(x2 + x12 + @123) (X1 + T12 + Z123) | T3+ T123 Tg + X3 + T12 + X123 T1 + X3+ T12 + X123

[ 1 — T } N 3 [ 1 1 } B
(xg + 12 + T123) (X1 + T12 + T123) T3+ X123 [ X1 + T3 + X12 + X123 X2+ T3 + T12 + T123

{ T1 — X2 } T3 { 1 — X2 } _
(2 4+ w12 + T123) (€1 + T12 + T123) 23+ T123 | (X1 + T3 + 212 + 123) (22 + 23 + T12 + T123)

(21 — 372)[ 1 B 1 }

(w2 + 212 + w123) (21 + 212 +2123) (1 + %)(% + 23+ 212 + T123) (T2 + 23 + 212 + 2123)

Since x1 > zo and since the x4s are non-negative this difference is positive.
Finally, to prove that for agents that can perform all tasks there is a higher expected number of
completions if task 1 is completed in phase 1 compared to the case where task 3 is completed in phase 1

we show that the difference is positive:

[ 1 4 T2 + T12 + T123 }_[ 1 4 T1 + T12 + X123 ]
Ty + T12 + 2123 (23 + 2123) (22 + T3 + 12 + T123) 1+ 212 + 2123 (T2 + 212 + Z123) (1 + 22 + T12 + Z123)

1 1 1 T3 :| 1 |: i) :|
— + 1— — 1—
[582 + x12 + 2123 T1+ T12 + 58123} T3 + T123 [ To + 23+ X12 +T123| T2+ Ti2 + Tio3 T1+ X2 + X12 + 123

1 1 1 1
. + —
[$2+$12 + 123 Z1+$12+9312J [$3+ﬂf123 I2+$12+$123]

T2 T3

(x2 + x12 + T123) (@1 + T2 + T12 + T123) (T3 + T123) (T2 + T3 + T12 + T123)
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1 " 1+ T12 + X123
1+ @12 + 2123 (T2 + T12 + T123) (21 + T2 + T2 + T123)

Comparing the three expected times expressions for the final two phases, it is clear that

1 [ 1 T3 + T123 }
= - >
M (z3+2123) (22 + 23+ 212 + T123) (T2 + T12 + T123)

1[ 1 L T3 + T123 }
A (z3+2123) (21 4+ 23 + 212 + T123) (@1 + T12 + T123)

That is, the expected time it takes to complete the final two phases is longer if task 1 is completed

first than if task 2 is completed first.

Also,
1 { 1 T3 + T193 }
< - >
A (3 + 2123) (21 + 23 + 212 + 2123) (21 + 12 + T123)
1 [ 1 n To + X12 + T123 }
M (z2+ 12+ 2123) (21 + 23 + 212 + T123) (21 + T12 + T123)
since

T + X12 — T3 N To + X12 — T3
(x3 + x123) (T2 + T12 + X123) (x1 4+ 23 + 12 + T123) (X1 + T12 + T123)

That is, the expected time it takes to complete the final two phases is longer if task 2 is completed
first than if task 3 is completed first.

Therefore, since the planner wishes to complete the three tasks as fast as possible, he should prefer
assignment to task 3 over assignments to tasks 1 and 2 and assignment to task 2 over assignment to task

1. By Lemma [2] this is true also for phase 2 and it is true for phase 3 since there is only one task left.
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