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Strategyproof Choice of Social Acts/

By ERIC BAHEL AND YVES SPRUMONT

We model uncertain social prospects as acts mapping states of nature
to (social) outcomes. A social choice function (or SCF) assigns an
act to each profile of subjective expected utility preferences over acts.
An SCF is strategyproof if no agent ever has an incentive to misrep-
resent her beliefs about the states of nature or her valuation of the
outcomes. It is unanimous if it picks the feasible act that all agents
find best whenever such an act exists. We offer a characterization of
the class of strategyproof and unanimous SCFs in two settings. In
the setting where all acts are feasible, the chosen act must yield the
favorite outcome of some (possibly different) agent in every state
of nature. The set of states in which an agent’s favorite outcome is
selected may vary with the reported belief profile; it is the union
of all states assigned to her by a collection of constant, bilaterally
dictatorial, or bilaterally consensual assignment rules. In a setting
where each state of nature defines a possibly different subset of avail-
able outcomes, bilaterally dictatorial or consensual rules can only
be used to assign control rights over states characterized by identical
sets of available outcomes. (JEL D71, D81, R53)

A. The Problem

Group decisions are often made under conditions of uncertainty." Nations choose
domestic and foreign policies, firms make investment choices, academic depart-
ments face recruitment decisions: in all of these examples, a given choice may
yield different outcomes whose relative likelihood cannot be assessed objectively.
Following Savage (1954), we model such uncertain prospects as acts, namely, map-
pings from a set of relevant states of nature into a set of conceivable outcomes.
Because these outcomes matter to all members of the group, we speak of social acts.
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The choice of a social act ought to be based on the preferences of the members of
the group: the government of a democratic country should serve the interests of its
citizens, the manager of a firm is appointed to make decisions on behalf of its share-
holders, and a department head should take her colleagues’ opinions into account.
The resulting collective decision mechanism may therefore be modeled as a social
choice function (or SCF) that asks the group members (henceforth called the agents)
to report their preferences over acts, and recommends an act for every conceivable
preference profile.”

Under the assumptions of Savage’s theory, an agent’s preferences over acts are
summarized by the state-independent valuation she attaches to each conceivable
outcome and her subjective beliefs about the likelihood of the various states of
nature: she compares acts according to the subjective expected utility (SEU) they
yield to her. Since preferences are typically private information, it is important that
the SCF be incentive-compatible: all agents should always find it best to report their
preferences truthfully. The purpose of this paper is to understand and describe such
incentive-compatible SCFs. We focus on the specific property of strategyproofness,
which requires that reporting one’s true preferences be a dominant strategy. In the
current context, this means that an agent should never benefit from misrepresenting
the utility she attaches to the outcomes or her beliefs about the states of nature.

Incentive compatibility is a fundamental concern in social choice theory and SEU
preferences are the cornerstone of individual decision theory. Yet, somewhat surpris-
ingly, the problem of describing the class of strategyproof SCFs when agents have
SEU preferences has been overlooked by the literature. The Gibbard-Satterthwaite
theorem (Gibbard 1973, Satterthwaite 1975) does not apply because it requires the
full domain of preferences over acts, whereas SEU preferences constitute only a
small subset of this full domain. As we shall see, under uncertainty and SEU prefer-
ences, non-dictatorial strategyproof SCFs do indeed exist. Some of these SCFs use
the differences in subjective beliefs to choose the social act. This is impossible in the
case of pure risk where all subjective beliefs must coincide with the same objective
probability distribution over states of nature. Under risk, strategyproofness (along
with the mild condition of unanimity) entails that SCFs must be convex combina-
tions of dictatorial SCFs, as shown by Hylland (1980): see part E of the introduction
for a detailed description.

B. Our Contribution

We conduct our analysis of strategyproof SCFs in two settings. Our baseline
model assumes no constraint on the set of acts that the social planner may choose
from. Given a set of states of nature €2 and a set of outcomes X, all mappings from €2
to X are deemed feasible: there is uncertainty, but it does not affect the range of
available opportunities. This model is analyzed in Sections I to IV.

20ur framework, like other models of voting, rules out any reallocation of private resources. There is no private
wealth, and an SCF must choose social acts whose outcomes are purely public alternatives. This restriction is in the
tradition of social choice theory. It is motivated by the observation that modern societies do not mix money with
voting and, ultimately, by the desire to give all citizens, regardless of their wealth, an equal weight in the public
decision process.
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Most real-life collective decision problems under uncertainty do involve some sort
of feasibility constraint. In our second model, which is studied in Section V, there is a
possibly different subset of available outcomes in every state of nature, and a feasible
act must yield in every state of nature an outcome that is available in this state.

Although we are primarily interested in strategyproofness, we impose, for trac-
tability reasons, the auxiliary requirement of unanimity: if a feasible act is unani-
mously preferred to all other feasible acts, it should be chosen. This is a very weak
and natural condition; it would indeed be hard to envision a society rejecting a course
of action that every single constituent deems optimal. Unanimity is much weaker
than ex post efficiency (asking that the chosen act should yield a Pareto-optimal
outcome in every state of nature), which in turn is weaker than ex ante efficiency
(asking that the social act itself should be Pareto-optimal).

In the baseline model, the class of strategyproof and unanimous SCFs may be
described as follows. Each agent is assigned an event (i.e., a subset of states of
nature) in which the outcome of the social act will be her favorite outcome. The
assignment of control rights over states must be independent of the reported valua-
tions but need not be constant: it may vary with the reported beliefs. We call every
such SCF a fop selection. Three basic types of such “assignment rules” are allowed
under our axioms.

Under a constant rule, control rights over states are assigned to agents in a way that
is fixed and independent of the beliefs. Under a bilaterally dictatorial rule, one agent
chooses from an exogenous menu of events the one she considers most likely; and the
complementary event is assigned to some other prespecified agent. Under a bilaterally
consensual assignment rule, the state space is exogenously partitioned into two events
that are tentatively assigned to two prespecified agents who may however agree to
swap these events. Theorem 1 asserts that every strategyproof and unanimous SCF
is a locally bilateral top selection, that is, a top selection generated by an assignment
rule which is the union of constant, bilaterally dictatorial, or bilaterally consensual
“sub-rules” defined over the cells of an arbitrary and exogenous partition of the state
space. The name “locally bilateral top selection” emphasizes a surprising property
common to all strategyproof and unanimous SCFs: in any given state of nature, the
outcome of the social act depends on the preferences of at most two agents.

Note that both components of the preferences of all agents, tastes and beliefs, may
be used to choose the social act. These components play separate roles: tastes deter-
mine which social outcomes may obtain and beliefs are used to determine in which
states of nature these outcomes are picked. In addition, it comes from Theorem 1
that every strategyproof and ex ante efficient SCF is dictatorial: there is an agent
whose favorite act is chosen at every preference profile. In the constrained model
(discussed in Section V), the class of strategyproof and unanimous SCFs is narrower.
As in the baseline model, each agent is assigned control over an event. In each state
in that event, the chosen act yields that agent’s favorite outcome within the subset
available in that state. Again, the assignment of control rights over states can only
vary with the beliefs. But it must now obey restrictions that are more stringent than in
the baseline model. Theorem 2 asserts that bilaterally dictatorial or consensual rules
can only be used to assign control rights over states characterized by identical sets
of available outcomes. Strategyproof and unanimous SCFs may still be described as
“locally bilateral constrained-top selections,” but the only part of the beliefs that can
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be exploited is the one pertaining to outcome-irrelevant uncertainty. In particular, if
all states generate distinct sets of available outcomes, then their assignment must be
completely independent of the agents’ beliefs.

For expositional convenience, we assume that an agent never views distinct events
as equally likely. This is not very restrictive: as explained in Section VI, indifference
(between events or outcomes) can be dealt with by combining our locally bilateral
top selections with some tie-breaking rules (see footnote 15).

C. An Example: Location of a Public Facility

Consider a city council that must choose where to build a public facility such as
an airport. The two models studied in this paper correspond to the following two
variants of the problem faced by the council.

Extrinsic Uncertainty and the Baseline Model—The first variant, which corre-
sponds to our baseline model, involves no intrinsic uncertainty. The airport can be
built at any of the four locations a,b, c,d. Everything relevant is known about the
candidate sites. The set of possible outcomes is X = {a,b,c,d} and a choice must be
made from that set. Different city councillors have different preferences over a, b, ¢, d,
and the mayor needs to elicit these preferences before making a decision.

Aware of the impossibility to construct a satisfactory revelation mechanism (the
Gibbard-Satterthwaite theorem), the mayor suggests to make the decision contin-
gent upon the resolution of some extrinsic uncertainty, say, a horse race: the chosen
location will depend on which horse wins the race. This effectively turns the objects
of the collective choice into uncertain prospects. The council’s task is no longer to
choose a site but to decide how the selected site will depend on the winner of the
race. The set of relevant states of nature {2 consists of the possible winners of the
horse race, and the council chooses an act, i.e., a mapping from Qto X = {a,b,c,d}.
All acts are feasible because the result of the horse race does not affect the viability
of the various sites.

Introducing extrinsic uncertainty into the collective choice process allows the
mayor to escape the Gibbard-Satterthwaite impossibility and split the decision power
among the city councillors. Theorem 1 tells us exactly to what extent he may do so.
To illustrate some of the strategyproof SCFs identified in Theorem 1, let us further
assume that there are just two council members, Ann and Bob, and that the extrinsic
uncertainty is described by a two-horse race: horse 1 wins in state w;, and horse 2
wins in state w,. There are thus 16 possible acts; a typical example is (a,b), under
which the airport is located at a if horse 1 wins and at b if horse 2 does.

An example of a constant assignment rule would be to assign state w; to Ann and
state w, to Bob. The council’s choice function based on this assignment rule only
depends on the agents’ preferences regarding the sites a, b, c,d. Ann gets to pick the
airport location if horse 1 wins the race, and it is Bob’s choice to make if horse 2
wins. Thus, if Ann’s favorite site is a and Bob’s is b, the council chooses the social
act (a,b): and so on for the remaining preference profiles.

An example of a bilaterally dictatorial rule would be to assign to Ann whichever
state she finds more likely, and the other state to Bob. The social act chosen by the
SCF based on this assignment rule depends on the valuations attached by Ann and
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Bob to the sites a, b, ¢, d, as well as on Ann’s belief about the result of the horse race.
If, for instance, Ann’s favorite site is a and Bob’s is b, then the social act (a,b) will
be selected if Ann believes that horse 1 will win the race, but (b,a) will be selected
if she believes that horse 2 will win.

As a last example, consider the bilaterally consensual assignment rule where
the state of nature w, is assigned by default to Ann, and w, to Bob. The council’s
choice function will then depend upon both agents’ beliefs and favorite sites. For
instance, if Ann’s favorite site is a and Bob’s is b then the council will select the
social act (b,a) if Ann believes that horse 2 will win and Bob believes that horse 1
will win; and (a,b) at all other belief profiles.

More flexible choice functions are possible when there are more states of nature.
Theorem 1 asserts that every strategyproof and unanimous SCF must be a locally
bilateral top selection, which obtains by patching together procedures that are of one
of the three varieties just described.

Intrinsic Uncertainty and the Constrained Model.—The second variant of the air-
port location problem corresponds to our constrained model. This variant involves
genuine intrinsic uncertainty. Factors outside of the council’s control determine
which candidate sites are actually viable. A team of engineers must conduct geo-
technical feasibility studies at the respective sites; legal aspects and indemniza-
tion questions associated with each site must be assessed by the council’s lawyers;
environmental impacts have to be estimated for some of the sites and public con-
sultations may have to be held. Depending on the results of all these preliminary
feasibility studies, a particular state of nature w realizes and defines which subset of
sites X, C {a,b,c,d} are viable.

The council must make a choice before the uncertainty is resolved. To secure
approval and funding from the state authorities, it must write a report proposing a
contingent plan that specifies which site will be chosen depending on the results of
the feasibility studies. The council’s contingent plan is again an act. In this variant,
however, an act is feasible if and only if it specifies in every state of nature a site that
is viable in this state. Thus, the set of feasible acts is [[,.co X,, and the council must
make a choice from that set.

In this variant of the problem, strategyproofness and unanimity again force us to
split the state space into an event that falls under Ann’s control, and its complement
that falls under Bob’s control. In each state w assigned to Ann (Bob), the social act
now picks Ann’s (Bob’s) favorite outcome in the set X,,. To see why the assignment
of states to Ann and Bob must obey more stringent restrictions than in the baseline
model, suppose that the viable sites form either the set X,,, = {a,b,c} or the set X,
= {a,b,d}. Consider a bilaterally dictatorial rule under which Ann is assigned
whichever state she finds more likely and Bob gets the other state. At a profile where
Ann finds w; more likely than w, and ranks the outcomes in the order d,b,a,c,
whereas Bob’s favorite outcome is b, the chosen act is (b,b) because b is Ann’s
favorite in X, and Bob’s favorite in X, . But if Ann reports instead that she finds w,
less likely than w, (and keeps reporting the ranking d, b, a, c), she induces the choice
of the act (b,d), which is better for her. The resulting SCF is not strategyproof.

In this example, the two states of nature define different subsets of
sites (X, # X,,). According to Theorem 2, the assignment of control rights to
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Ann and Bob must therefore be exogenous. We discuss in Section VB an example
of constrained problem where the assignment may depend upon the belief profile.

D. Discussion of the Assumptions and Reinterpretation

The Baseline Model.—As suggested by the illustration in the previous subsec-
tion, our two models have different interpretations: they describe collective decision
problems under extrinsic versus intrinsic uncertainty. However, it is important to
note that they are formally nested: the baseline model is just the particular case of
the constrained model where X,, = X in every state of nature w. This is what makes
the baseline model useful from a methodological viewpoint. Indeed, proving the
results for the constrained model requires only minor adjustments to the proofs for
the baseline model.

Even though the assumption that all acts are feasible is unrealistic in most
applications involving intrinsic uncertainty, we provide here a reinterpretation of
our baseline model under which that assumption is reasonable. Suppose that the
agents must choose a sequence of sure outcomes rather than an uncertain pros-
pect. Reinterpret €) as a set of time periods rather than states of nature. In such a
context, it is often natural to assume that the same outcomes are available in all
periods. As an illustration, consider the collective choice problem of scheduling
a series of meetings. A group of colleagues have to meet once every week during
the next six weeks: for each of these weeks they must pick the day on which they
will meet. Thus, the set of periods is = {1,2,3,4,5,6}, the set of available out-
comes is X = {Mo, Tu, We, Th, Fr}, and the group must choose a sequence of meet-
ing days f: Q — X. Constant sequences such as f = (Mo,Mo,Mo,Mo,Mo,Mo)
(under which all meetings are held on Monday) are possible, but there is no reason
a priori to rule out any particular sequence: the set of feasible sequences is uncon-
strained. Furthermore, it is natural to assume that preferences over such sequences
have the SEU structure postulated in our model: each agent attaches a value to each
day of the week,” as well as a nonnegative weight to each of the six coming weeks;
and she ranks sequences according to the weighted sum of values they yield.

The Constrained Model.—Our constrained model assumes that the set of feasible
acts is a Cartesian product. This assumption is natural in a number of contexts. For
instance, the standard formulation of general equilibrium theory under uncertainty
(Debreu 1959, ch. 7) supposes that individual endowments are state-dependent and
the set of social outcomes available in each state consists of all allocations of the
collective endowment in that state.

Planning under stochastic budget is another class of problems to which our con-
strained model naturally applies. Imagine for example a cooperative of farmers who
would like to acquire one among a few new types of farming machines for the
next production cycles. Each farmer has her own preferences over these types of

3Equivalently, each agent attaches an opportunity cost (of attending the meeting) to every day of the week and
seeks to minimize a weighted sum of the opportunity costs generated by the sequence of meetings.

“These weights are no longer interpreted as probabilities but rather express the relative importance of the
respective meetings (or time periods) in the agent’s mind. For example, an agent who believes that the first meeting
is unimportant will attach a low weight to the first week.
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machines, which use different technologies and come at different costs. The farm-
ers decide to invest a given fraction of their profits into the acquisition of this new
machine, but of course they do not know in advance which level of profit will be
achieved. Their budget set (i.e., the types of machine that they can afford given the
realized profit) is thus uncertain; and each farmer has to form her own belief about
what types will be affordable. The cooperative hence needs to adopt a contingent
plan, which in the language of our model is an act specifying which type of machine
the group will purchase for every possible level of profit.

The Cartesian product assumption is essential to our analysis. Of course, many
problems involve constraints that do not define a product set of feasible acts.
Insurance problems are the quintessential example. Consider a couple owning a
house of value v. In state of nature w;, no fire occurs during the coming year; in
state w,, a fire occurs and destroys the house. The couple may purchase home insur-
ance for the year at a price of 7, which amounts to choosing the act (v — £,v — ).
On the other hand, not buying the insurance is equivalent to choosing the act (v,0).
The set of outcomes that may arise in state w; is {v — #,v}; and the set of outcomes
that may arise in state w, is {v — 7,0}. But the set of feasible acts is nor the Cartesian
product {v — #,v} x {v — £,0}. Indeed, note that the act (v,v — 7) is not feasible,
although it belongs to this product set. Such problems with a non-Cartesian con-
straint fall outside the scope of our analysis.

E. Related Work

The literature related to the current paper may be divided into five strands. The
first strand lies at the intersection of statistics and experimental psychology. It is
concerned with the problem of eliciting an agent’s assessment of the likelihood of
uncertain events. The best known incentive-compatible elicitation procedures are
the proper scoring rules of McCarthy (1956) and Savage (1971): see Gneiting and
Raftery (2007) for a survey of the large literature on the topic. Other procedures
include de Finetti’s (1974) promissory notes method and Ducharme and Donnell’s
(1973) reservation probability mechanism. Variants of the latter mechanism appear
in Grether (1981), Allen (1987), Holt (2006), and Karni (2009).

The second and most closely related strand studies strategyproofness in the con-
text of risk, that is, when society chooses (social) lotteries rather than acts. The
seminal contribution is due to Gibbard (1977), which analyzes mechanisms ask-
ing agents to report their preferences over sure outcomes only. Hylland (1980);
Dutta, Peters, and Sen (2007, 2008); and Nandeibam (2013) allow agents to report
full-fledged von Neumann-Morgenstern preferences over lotteries. A central find-
ing in this literature is that every strategyproof and unanimous SCF is a random
dictatorship.” Unanimity requires that the chosen lottery attach probability one to
an outcome that is everyone’s favorite. A random dictatorship selects each agent’s
most preferred outcome with a probability that does not depend on the reported
preference profile.

SThis result relies on the assumption that all orderings of the sure outcomes are allowed. In settings where fur-
ther restrictions are imposed on preferences (such as private good allocation problems), the class of strategyproof
and unanimous SCFs is typically richer.
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The third strand of related work discusses social choice from a Cartesian product
set. When individual preferences over such a set are separable and form a suit-
ably rich domain, strategyproof and unanimous SCFs are products of strategyproof
“sub-rules” defined on the marginal profiles of preferences over the components of
the social alternatives: see Le Breton and Sen (1999); Border and Jordan (1983);
Barbera, Sonnenschein, and Zhou (1991); and Barbera, Gul, and Stacchetti (1993).
This decomposition property does not hold in our setting. The reason is that, although
the set of all acts is a Cartesian product and subjective expected utility preferences
are separable, they do not form a rich domain. This lack of richness makes it pos-
sible to define strategyproof SCFs under which beliefs affect the states where an
agent’s top outcome is selected.

Fourth, there is a literature on collective decision problems that are repeated over
time, such as the problem of repeatedly choosing a meeting date. It is assumed in this
literature that preferences over sequences of decisions are represented by unweighted
sums of utilities; and the goal is then to find Bayesian incentive-compatible mecha-
nisms. A number of authors have proposed mechanisms that link collective decisions
over time. This allows the planner to exploit the cardinal information contained in
the per-period utilities and improve upon the outcome arising from repeated appli-
cation of a one-period mechanism: see, for instance, Casella (2005), Jackson and
Sonnenschein (2007), Casella and Gelman (2008), and Hortala-Vallve (2012). Of
course, such Bayesian incentive-compatible mechanisms can only be constructed
if the agents and the planner have statistical information about the distribution of
preferences: an assumption that our approach dispenses with.

Finally, let us mention that the issue of preference aggregation under uncertainty
has received a good deal of attention: see Hylland and Zeckhauser (1979); Mongin
(1995); Gilboa, Samet, and Schmeidler (2004); Chambers and Hayashi (2006); and
Gilboa, Samuelson, and Schmeidler (2014), among others. This literature, which is
normative in nature, is not concerned with the incentive-compatibility issue and is
therefore only tangentially related to our work. It shows that aggregation of prefer-
ences under uncertainty is problematic; it also questions the desirability of ex ante
efficiency (and proposes weakened versions) when individual beliefs differ.

I. The Baseline Model

There is a group N = {1, ...,n} of at least two agents. Uncertainty is modeled
by a finite set of possible states of nature 2 of cardinality at least two. Each state
of nature w € (2 is interpreted as a full resolution of the relevant uncertainty; it is
“a description of the world so complete that, if true and known, the consequences
of every action would be known” (Arrow 1971, p. 45). Sets of states of nature are
called events.

The model is completed by specifying a finite set X of possible outcomes. These
outcomes describe what may happen to the agents. To emphasize that they are of

SThe richness condition requires that, for any collection of admissible preferences over the components of
the social alternatives, there exists a preference over the social alternatives themselves which induces marginal
preferences over components coinciding with the ones in that collection. Since in our setting all state-contingent
preferences over outcomes induced by a subjective expected utility preference over acts are identical, Le Breton
and Sen’s condition is violated.
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interest to all members of the group, we often speak of social outcomes. The cardi-
nality of X is at least three.

The collective problem is that of choosing a (social) act. An act is a function f
from €2 to X determining an outcome in each possible state of nature. It should be
understood as a “social course of action”: once the course of action f has been
decided by the group, nature selects a state w, and this yields a unique realized
social outcome f(w). It may be helpful to think of an act as a collection of out-
comes indexed by states of nature. For instance, if there are two states w,w’ in €2
and three possible outcomes a, b, ¢ in X, the nine possible acts are (a,a), (a,b), (a,c),
(b,a), . ..,(c,c). The act (a,b) describes a course of action under which outcome a
obtains if the true state is w and b obtains if the true state is w'.

Agents have preferences over acts. The fundamental assumption maintained
throughout the paper is that every agent i’s preference ordering »=; is of the subjec-
tive expected utility (SEU) type. This means that there exist a (state-independent)
valuation function v; over the set of outcomes and a subjective probability mea-
sure p; over the set of events such that

f=i g e EN(f) > Ebi(g)

for any two acts f, g, where EVi(h) = Y ,cqpi(w)v,(h(w)) for any act h. In words:
an agent compares social acts according to the subjective expected utility they yield
to her. We emphasize that the valuation of an outcome is assumed to be independent
of the realized state of nature.

We further assume that the preference relation =; is a strict ordering: agent i is
never indifferent between two acts. This is a reasonable assumption given that the
set of acts is finite. We make it for convenience; allowing for indifference would add
considerable technical difficulties (which we explain in Section VI) but is unlikely
to bring much insight. Without loss of generality, we normalize the valuation func-
tion v; of each agent i so that the value of the worst outcome is 0 and the value of the
best outcome is 1.

Imagine now a social planner in charge of choosing a social act on behalf of the
members of the group. Because preferences are private information, the social plan-
ner needs to propose a mechanism by which she requests that information from each
agent and specifies how the reported preferences will be used to choose the social
act. Such a mechanism is called a social choice function. Formally, if D denotes
the domain of strict SEU preferences described in the previous two paragraphs,/
a social choice function (or SCF) is a function ¢ : DY — X% assigning an act
to every profile of strict SEU preferences. It is convenient to identify an agent’s
preference with the valuation function and beliefs that generate it.” A profile of
preferences in D" may then be regarded as a list (v,p) = ((v,p1),....(Vsp,)) of
such valuation functions and beliefs, one for each agent, and ¢(v,p) is the social
act chosen at the preference profile (v,p). We emphasize that this act is allowed to
depend on the agents’ beliefs as well as on the fine-grained “cardinal” information

7 See the online Appendix for a formal definition of this domain.
8 A probability measure p; qualifies as a belief if and only if it is injective: agent i finds no two events equally
likely. This requirement follows from our assumption that preferences over acts are strict.
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contained in their valuation functions. In particular, it may change when an agent’s
valuation function is replaced with one that generates the same ranking of the out-
comes but a different ordering of the acts. Thus, no information about individual
preferences is a priori discarded.

Because preferences are private information, it is important that the SCF used
by the social planner induces the agents to report these preferences truthfully. The
specific notion of incentive-compatibility studied in this paper is strategyproof-
ness. Write v_; and p_; for the valuation and belief sub-profiles obtained by delet-
ing v; from v and p; from p, respectively. An SCF ¢ is strategyproof if, foralli € N,
all (v,p) € DY, and all (vi,p}) € D,

EN(e(v.p)) = ENi(e((viv_. (php-)))-

Strategyproofness means that distorting one’s preference, by misrepresenting one’s
valuation function or one’s beliefs, is never profitable.” At every profile (v,p) and
for every agent i, any pair (w;,q;) representing the same ordering =; as (v;,p;) is a
dominant strategy in the preference revelation game generated by ¢ at (v,p).

Our ultimate objective is to understand the structure of strategyproof SCFs. To
facilitate the analysis, however, we impose the very weak auxiliary requirement of
unanimity. An SCF ¢ is unanimous if, for all (v,p) € DV and all f € X,

[EVi(f) > Eni(g)foralli € Nandallg € X?| = [o(v.p) = f].

Unanimity only says that if an act happens to be the favorite of all agents, the planner
should select it.'Y This requirement imposes no restriction on the collective choice
when the agents disagree about the best social act.

II. A Top Selection Lemma

As a preliminary step towards our characterization result, this section establishes
a fundamental consequence of strategyproofness and unanimity. At every belief pro-
file, each agent must be assigned a subset of states of nature in which the outcome
of the social act will be her favorite outcome. This means that there is no room for
compromising through acts which yield “middle-of-the road outcomes” that nobody
likes or dislikes very much. At the same time, the result does leave open the possibil-
ity of avoiding dictatorship (by selecting the favorite outcomes of different agents in
different states of nature) in the spirit of random dictatorships a la Hylland (1980).

9 A strategyproof SCF may fail to give a strict incentive to report one’s preference truthfully. Indeed, the
direct revelation game generated by a strategyproof SCF ¢ at a given preference profile (v,p) may have other
dominant-strategy equilibria than the true preference profile (v, p). However, under our assumption of strict prefer-
ences, the act (v',p’) selected by ¢ at any dominant-strategy equilibrium (v',p’) of this direct revelation game is
precisely the act (v, p) selected at the true preference profile (v, p). Thus, if the planner cares about implementing a
particular SCF (and is not interested per se in eliciting the agents’ correct preferences), there is no loss of generality
in focusing on strategyproofness rather than dominant-strategy implementation.

191n this baseline model, an agent’s favorite act is necessarily constant: it yields the same outcome in every
state. Unanimity therefore amounts to asking that if all agents agree on the best outcome, the planner should pick
the constant act yielding that outcome in every state.
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A precise formulation requires some terminology and notation. For every valu-
ation function v;, let 7(v;) denote the unique rop of v;: this is the favorite outcome
of agent i. Define an assignment (of states to agents) to be an n-component par-
tition A = (Ay,...,A,) of the set of states €2, and denote the set of all assign-
ments by S. Letting P denote the set of beliefs, define an assignment rule to be
a function s : PV — S associating with each belief profile p an assignment
s(p) = (s1(p)s---,5,(p)). Here, s,(p) is the event assigned to agent i at p;'! we
call it i’s share. This is the set of states of nature in which the outcome of the social
act will be i’s favorite outcome. Note that an agent’s share may be empty. For every
preference profile (v, p) and every state of nature w, denote by ¢ (v, p;w) the outcome
that the act (v, p) yields in state w.

TOP SELECTION LEMMA: If an SCF ¢ is strategyproof and unanimous, then
there exists a unique assignment rule s such that, for all (v,p) € D", w € Q, and
I € N, we have

(1) w € s,-(p) = go(v,p;w) = T(Vl-).

We say that the assignment rule s is associated with (or generates) ¢; and we call
© a top selection.

Note that this lemma really contains two statements. The first is that every
strategyproof and unanimous SCF may only choose acts that yield in every
state of nature some agent’s top outcome. As a consequence, the top selec-
tion lemma forbids outcomes that are natural compromises. Recall the air-
port location problem described in part C of the introduction; and remember
that an agent’s top outcome yields a valuation of 1. Suppose that Ann and Bob
agree that location b is very good but strongly disagree on the merits of a and
c. Specifically, suppose that vy,,(a) = 1> vy, () = 0.99 > vy,,(c) =0
and vgy(c) = 1 > vp(b) = 099 > vg,(a) = 0. Regardless of the beliefs,
the social act cannot yield the natural compromise location b in any state of nature.
One of the four acts (a,a),(a,c),(c,a), (c,c) must be chosen by the council. Indeed,
we show in the proof of the top selection lemma that choosing location b in any of
the two states of nature would impose to do the same at valuation profiles where b is
only marginally preferred to the respective worst locations of Ann and Bob, which
then leads to a profitable manipulation by either Ann or Bob.

The second statement contained in the top selection lemma is that the set of states
in which an agent’s top outcome is selected may vary only with the profile of beliefs:
the valuation profile v is not an argument of the function s. Therefore, the social act
ultimately depends only upon the belief profile and the fops of the valuation functions.

Thus, the message of the lemma is one of simplicity and separability. A strate-
gyproof and unanimous SCF must necessarily be simple. The ordering by the agents
of the outcomes they do not rank at the top, hence, a fortiori, the cardinal valua-
tions they attach to these outcomes, must be completely ignored. Simplicity is both

"1t is more explicit (but also more cumbersome) to talk of assignment of control rights over states since agents
do not “consume” states but are only granted the right to determine the social outcome in the states assigned to
them. Both terminologies have merits, and we will use them interchangeably.



VOL. 110 NO. 2 BAHEL AND SPRUMONT: STRATEGYPROOF CHOICE OF SOCIALACTS 607

a weakness and a strength. Much relevant information must be discarded but the
collective choice mechanism is easily applicable: there is no need for the agents to
analyze their own preferences in any detail.

All strategyproof and unanimous SCFs must be separable: the agents’ valua-
tion functions determine which outcomes may obtain, and their beliefs determine
in which states these outcomes do obtain. This structure stems from the separable
nature of the SEU preferences themselves.

The proof of the top selection lemma is in online Appendix Section 2.A but it
may be worth sketching the main lines of the argument here. We start by deriving the
following three implications of strategyproofness (in Lemmas 1, 2, and 3):

(i) Monotonicity: if the chosen act changes when an agent’s valuation of an out-
come increases (all else equal), then her subjective probability that the social
act picks that outcome also increases;

(ii) Ordinality: given a belief profile, the same social act must be chosen at all
preference profiles generating the same profile of orderings over outcomes;

(iii) Permutation Invariance: permuting the utilities of two outcomes that are
adjacent in the ranking generated by an agent’s valuation function does not
change the events where the remaining outcomes are selected.

The central part of the proof of the top selection lemma is Lemma 4. Using the
three facts above, we establish the Tops and Tops Only Property: (i) in every state of
nature, the social act chooses some agent’s favorite outcome and (ii) this choice does
not depend upon the profile of valuations of non-top outcomes. To prove Lemma 4,
we first show that, at any given belief profile and for any profile of favorite out-
comes, there is a valuation profile at which the chosen act yields some (possibly
different) agent’s top in every state of nature: this of course follows from unanimity
when all agents have the same top, and we use an induction argument to show that
it holds in general. We then show that the social act cannot change if the agents’
valuations of non-top outcomes are modified.

Lemma 4 implies that, at each preference profile (v,p), a strategyproof and unan-
imous SCF assigns to each agent i a share s,(v, p) of the state space where her favor-
ite outcome is selected. It also guarantees that this share s;(v,p) does not change
with the profile of valuations of non-top outcomes, but still allows the possibility
that s;(v, p) might differ from s,(v', p) if the profiles of top outcomes at v and v’ differ.
The last part of the proof of the top selection lemma rules out that possibility.

III. The Characterization Theorem

The top selection lemma is not a characterization result yet. While the SCF gen-
erated by an assignment rule is obviously unanimous, it need not be strategyproof.
Our task is now to determine which assignment rules do indeed generate a strate-
gyproof SCF.

It should be clear that if the agents’ shares of the state space are fixed inde-
pendently of the reported beliefs, then nobody has an incentive to manipulate the
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resulting SCF. Indeed, since beliefs are totally ignored by the social planner and
only the tops of the valuation functions are used to choose the social act, the only
potentially beneficial manipulations consist in misrepresenting one’s favorite out-
come. But an agent can only harm herself by doing so because the social outcome
would be worse in those states that are assigned to her and would remain unchanged
in the other states, thereby decreasing her overall subjective expected utility.

Top selections generated by constant assignment rules are akin to the random dic-
tatorships identified by Hylland (1980) in the context of risky choices. The difference
is that the dictator’s identity is no longer decided by tossing a coin but is made con-
ditional on the occurrence of an event which does not have an objective probability.

The outstanding question at this point is whether strategyproof and unanimous
SCFs can be more sophisticated than these “random dictatorships.” Is it possible to
condition an agent’s share of the state space on the reported belief profile without
generating an incentive to manipulate the resulting SCF? Obviously, there must be
restrictions on the assignment rule s. For instance, it is easy to see that an agent
should never be able to obtain a (subjectively) more likely share of the state space
by misreporting her beliefs. Otherwise, this agent would have an incentive to mis-
report her beliefs at any preference profile where an outcome she does not consider
best is the favorite of all other agents. Is this necessary condition also sufficient
to guarantee strategyproofness?'? Can one describe explicitly the assignment rules
that generate a strategyproof SCF? Our main theorem will answer these questions.

In a first stage, we begin by identifying three elementary types of assignment
rules that do generate strategyproof SCFs. These SCFs should be regarded as “build-
ing blocks™: in a second stage, we will explain how these building blocks can be
combined to construct more complex strategyproof SCFs.

The three building blocks are:

(i) SCFs Generated by Constant Assignment Rules: The assignment of con-
trol rights over states is fixed exogenously; it does not vary with the reported
beliefs. As argued at the start of Section III, this guarantees that the associated
SCF, which is essentially a “random dictatorship,” is strategyproof because
misrepresenting one’s favorite outcome is never profitable.

(ii) SCFs Generated by Bilaterally Dictatorial Assignment Rules: A bilaterally
dictatorial assignment rule fixes two agents, say, 1 and 2, and assigns every state
to one or the other of these two agents: this is the bilateral aspect of the rule.
The identity of these agents is totally independent of the reported preference
profile. The assignment of states is based on the beliefs of only one of the two
agents: this is the dictatorial aspect of the rule. This agent, say, 1, is offered an
exogenous menu of (possibly overlapping) events and is requested to identify

12When n = 2, it is easy to see that an SCF is strategyproof and unanimous if and only if it is generated by a
strategyproof assignment rule. Since assignment rules are mathematically equivalent to mechanisms for allocating
indivisible objects to agents with additively separable preferences over bundles of objects, Theorem 1 solves, as a
by-product, the problem of characterizing all strategyproof such mechanisms: they are precisely the locally bilateral
assignment rules defined below. This two-agent result was proved independently by Amanatidis et al. (2017), which
however does not study at all the problem of choosing social outcomes under uncertainty, nor considers n-agent
assignment rules.
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the event she finds most likely in this menu. This event is assigned to her and
the complementary event goes to agent 2. The corresponding SCF then picks
1’s top outcome in the event she declared most likely, and 2’s top outcome
otherwise. In a sense, bilateral dictatorship is akin to the notion of delegation:
given the exogenous menu of events, the dictator (agent 1) chooses the event
she wants to have control rights over, thereby delegating to agent 2 the choice
of the social outcome in the complementary event.

Agents 3 to n cannot manipulate such an SCF because it ignores their
preferences altogether. Just as in a random dictatorship, agents 1 and 2 have
no incentive to misrepresent their valuation functions because only their top
is recorded and reporting a false top is never profitable under a top selection.
Agent 2 cannot manipulate the SCF by misrepresenting her beliefs because
they are simply ignored. Agent 1 has no incentive to do so either because the
assignment of control rights over states is suitably responsive to the beliefs
she reports. Choosing in the menu an event that does not have maximal likeli-
hood for her would (i) decrease her chances to get her favorite outcome, and,
because the rule is bilateral, (ii) increase the chances to get agent 2’s favorite
outcome: the overall subjective expected utility of agent 1 would decrease.

(iii) SCFs Generated by Bilaterally Consensual Assignment Rules: A bilater-
ally consensual assignment rule again fixes two agents, say, 1 and 2. The state
space is also exogenously partitioned into two events. The first event is ten-
tatively assigned to agent 1, and its complement is assigned to 2. However, if
agent 1 reports that she finds the second event more likely than the first and
agent 2 reports the opposite belief, they exchange events. This is the consen-
sual aspect of the rule: in contrast to the bilaterally dictatorial rules, the beliefs
of both agents 1 and 2 now affect the assignment. The associated SCF picks
an agent’s reported top outcome in every state that has been assigned to her.
Remarkably, such SCFs Pareto-improve upon fixed random dictatorships a la
Hylland by allowing the agents to determine the social outcome in those states
that they subjectively find particularly likely. Disagreement in the players’
preferences is essential to these Pareto improvements: welfare gains over ran-
dom dictatorships occur only at those preference profiles where some agents
(i) disagree on the best outcome and (ii) have opposite beliefs about the like-
lihood of their tentatively assigned events (see Section IVC for illustration).

For the same reason as before, agents 3 to n cannot manipulate such an
SCF. Agents 1 and 2 have no manipulation opportunity either, because the
SCF is a top selection and the assignment of control rights over states is
responsive to their beliefs: given the belief reported by the other, an agent
either (i) cannot affect the event she receives or (ii) is assigned a more likely
event when she reports truthfully than when she does not.

Under the SCFs discussed so far, only two agents effectively take part in the
collective choice process. We now explain how these elementary SCFs can be com-
bined to allow all agents to affect the social act. The key to constructing such com-
posite SCFs lies in the separable nature of SEU preferences. The idea is simply to
“patch together” the outcomes delivered by different SCFs on disjoint events: this
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operation will preserve strategyproofness because SEU agents assess the value of
such composite acts by summing the values of their components.

Specifically, let us fix an exogenous partition of the state space into a number of
events. For each event belonging to that partition, let us also fix a (possibly differ-
ent) pair of agents. On each event in the partition, we may now use an assignment
“sub-rule” to assign the states belonging to that event based on these agents’ con-
ditional beliefs over these states. We then compute the overall event assigned to
an agent by taking the union of the events assigned to her by all these assignment
sub-rules. Finally, in every state of nature, the associated SCF chooses the favorite
outcome of the agent to whom that state is assigned.

Here is an example of such a composite SCF. Expanding the airport location
example sketched in the introduction, suppose there are three city councillors, Ann,
Bob, and Chuck, and four possible winners of the horse race, w;,w,,ws, and w,. The
state space is partitioned into two components: {w;,w,} and {ws,w,}. A bilaterally
dictatorial sub-rule is used to assign the states in the first component: specifically,
Ann is asked which of w; or w, she considers to be more likely; this state is assigned
to her and the other state goes to Bob. A bilaterally consensual sub-rule is used
to assign the states in the second component of the partition: by default, Bob is
endowed with w, and Chuck with ws; they are assigned these states unless both
agree to swap them. The resulting aggregate assignment rule is

(( . . o] 2 3 4 3 4
(CU],CL)z w3aw4> lprnn > PAnn and [pBab > PBob andehuck < pChuck]
. . o1 2 3 4 3 4
Wy Wi w3,w4) if pawn < PAnn and [pBob > Pgob a0 Pepyer < pChuck]

(
(W];W2 W4;W3> lfp/llnn > p%nn and [p%oh < p%ob or pSChuck > péhuck]
( )

(2) s(p) = 3

Wos W1 Wy; W3 lfpjﬁnn < pinn and [p%ob < p4Bob Orp%huck > pé‘huc’k] ’

where pj is shorthand notation for p,(w,) and curly brackets are omitted (for exam-
ple, wyws stands for {w,, ws}). At every preference profile (v, p), the social act ¢ (v, p)
chosen by the associated SCF yields agent i’s top 7(v;) in all states in the event s;( p).

Whenever the assignment sub-rule used on a given event of the partition of the
state space is constant, bilaterally dictatorial, or bilaterally consensual (as in the
above example), it is easy to see that no agent can manipulate the resulting SCF by
misrepresenting her beliefs about the states belonging to that event. This is because
(i) this agent’s expected utility conditional on the considered event cannot increase
and (ii) her expected utility conditional on the complementary event is independent
of the restriction of her beliefs to the considered event, implying that her overall
expected utility cannot increase. It follows that a composite SCF based on a union
of constant, bilaterally dictatorial, or bilaterally consensual assignment sub-rules is
strategyproof.

Theorem 1 asserts that the converse statement is also true: every strategyproof
and unanimous SCF is a top selection based on a union of constant, bilaterally dic-
tatorial, or bilaterally consensual assignment sub-rules.

It is now time to state this result formally. Given a nonempty event ', define
a belief on Q' to be an injective probability measure (see footnote 8) p; on the
collection of subsets of 2’; denote the set of all these beliefs by P(€2’). An assignment
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of Q' is an n-component partition of 2', and the set of all such assignments is
denoted by S(2'). An -assignment rule is a function s : P(Q")Y — S(Q'). The
building-block rules described earlier are formally defined as follows: '

(i) An Q’-assignment rule s is constant if there exists an assignment A of Q' such
that s(p) = Aforallp € P(Q)N.

(ii) An $2-assignment rule s is (i,j)-dictatorial if there exists a proper covering A
of Q' such that'

(s,-(p),sj(p)) = (argglaxpi, Q'\argglaxpi>

for all p € P(Q)". A rule s is bilaterally dictatorial if it is (i,j)-dictatorial
for some (unique) ordered pair of agents (i,).

(iii) An Q’-assignment rule s is (i,j)-consensual (with default A C Q') if

(Q\A,A) if p(Q\A) > p,(A) and p;(A) > p,(Q2\A)
(A,Q\A) otherwise.

A rule s is bilaterally consensual if it is (i,j)-consensual for some pair of
agents (i,j).

Combining these building blocks, we say that an assignment rule s : PV — Sis
locally bilateral if there is a partition {Q'}_, of Q and, foreacht = 1,...,T, acon-
stant, bilaterally dictatorial, or bilaterally consensual 2'-assignment rule s’ such that

o) sip) = Usilp|2)

forallp € PVandalli € N, where p|Q'is the profile of conditional beliefs gener-
ated by p on §2'. This partition is called canonical if there is at most one ¢ for which s’
is constant and, for each ordered pair of agents (i,;), at most one ¢ for which s’ is
(i,j)-dictatorial. Note that every locally bilateral assignment rule is associated with
a unique canonical partition. If the assignment rule s associated with a strategyproof
and unanimous SCF ¢ is locally bilateral, we call ¢ a locally bilateral top selection.
The main result for the baseline model is stated below. An overview of the proof is
available in Appendix 1 and the detailed proof is available in the online Appendix.

13We could equivalently redefine an -assignment rule as a function from P(€)" to (') rather than a func-
tion from P(Q")" to S(Q'), and replace P(Q)" with ()" in the three definitions below. The formulation we chose
emphasizes the fact that an 2"-assignment rule only uses information contained in the profile of conditional beliefs
generated on 2. This formulation will prove more convenient in the proof of Theorem 1.

4By a proper covering of Q' we mean a collection of non-nested (possibly overlapping) subsets of Q' that
cover ' and have an empty intersection. For instance, {{w,w, }, {w}, w3}, {ws, w3 }} is a proper covering of {w, w,, w3 }.

Note that if s is an (i,j)-dictatorial rule, then s(p) = @ forall k # i,j and all p. Moreover, because A is a proper
covering of €', s is not constant and there is no ordered pair (i',j') # (i,j) for which s is also (i',j")-dictatorial.
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THEOREM 1 (Characterization): An SCF ¢ : DY — X% is strategyproof and
unanimous if and only if it is a locally bilateral top selection.

The SCFs identified in Theorem 1 are potentially responsive to the preference
information reported by all agents; in this respect they improve upon the dictatorial
SCFs of the Gibbard-Satterthwaite theorem by sharing the decision power ex ante.
Furthermore, some of these SCFs exploit both the information regarding the agents’
valuations of the outcomes and the information regarding their beliefs: and the the-
orem identifies precisely how these beliefs may be used. Our framework allows
exactly two canonical methods for eliciting beliefs in a way that produces a strat-
egyproof SCF. Bilaterally dictatorial and bilaterally consensual assignment rules
exploit beliefs in very different ways. The former rules allow the social planner to
extract detailed information about the beliefs of a single agent; and their range (set
of n-component partitions of the state space generated by the rule) may be large. The
latter have only a binary range but allow the planner to exploit differences in beliefs
between agents.

The SCFs in Theorem 1 are flexible enough to allow the choice of a potentially
large array of acts. In this respect they improve upon the strategyproof procedure of
majority voting between rwo given acts (which of course violates unanimity). For
instance, when there are exactly as many agents as states, the SCF choosing the act
which yields agent i’s favorite outcome in state w; has full range: every act will be
chosen at some preference profile.

Finally, as suggested by their name, all the SCFs in Theorem 1 are locally bilat-
eral: for any given state of nature, the outcome of the social act only depends on the
preferences of at most two agents. This remarkable consequence of strategyproof-
ness and unanimity is specific to the problem we study; we are not aware of any
similar result in the literature. The property is rather unexpected; it is an indirect
consequence of the public nature of outcomes. To gain some intuition for the prop-
erty, recall our earlier location example involving the three councillors Ann, Bob,
and Chuck but suppose now that there are three states of nature. States are assigned
to agents based on Ann’s beliefs:

(wl,wz,w3) if argmaxg pa,, = w)

(4) s<pAnn>pBob’pChuck) = <w2’w3’wl) if argmaxg pa,, = ws.

(w3,w1,w2) if argmaxg pa,, = w3

This is not a locally bilateral rule: for any given state and any of the three agents,
there is a belief profile where that state is assigned to that agent. To see why the
top selection SCF ¢ generated by s is not strategyproof, consider a preference
profile (v,p) such that py,.(w;) = 0.52, pam(wr) = 0.12, pa(ws) = 0.36,
Vann(T(Wgep)) = 1, and v, (T(vepeer)) = 0. If all agents report their preferences
truthfully, the selected act yields Ann’s favorite outcome in state 1, Bob’s in
state 2, and Chuck’s in state 3, leading to a subjective expected utility of 0.64 for
Ann. If instead Ann reports the same valuation function but claims that she finds w5
to be the most probable state, the selected act yields Bob’s favorite outcome in
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state 1, Chuck’s in state 2, and Ann’s in state 3, delivering to Ann a true subjective
expected utility of 0.88, which is higher.

As a technical remark, note that our assumption |X| > 3 is needed for the result
of Theorem 1. When there are only two outcomes and the number of agents is odd,
majority voting between the two constant acts is a strategyproof and unanimous
SCF, although it does not belong to the family described in Theorem 1.

IV. Further Implications of Theorem 1

This section provides additional implications of Theorem 1 and offers a proce-
dure for testing whether a given rule is strategyproof and unanimous.

A. Ex Ante Efficiency and Strategyproofness

We start by emphasizing the following consequence of Theorem 1. As pointed
out in the introduction, every strategyproof and ex ante efficient SCF is dictato-
rial: there is an agent whose favorite act is chosen at every preference profile.
It is easy to check that every dictatorial SCF is ex ante efficient. To see why no
other locally bilateral top selection satisfies this property, consider a profile (v,p)
such that 7(v;) € {a,c} and v(b) = 1 — e foralli € N.If ¢ is a non-dictatorial
locally bilateral top selection then (v, p) must be a binary act that yields a in some
nonempty event and ¢ in the complementary (and also nonempty) event. When ¢ is
small enough, ¢(v,p) is Pareto-dominated by the constant act yielding the compro-
mise outcome b in every state.

B. Testing Whether an SCF Is a Locally Bilateral Top Selection

Let us now turn to a practical question: when provided with a particular SCF,
how does one check in a few steps whether it belongs to the family identified in
Theorem 1? The first test consists in checking whether the considered SCF always
selects top outcomes. An SCF fails this test as soon as there is a preference profile
where the chosen act yields, in at least one state of nature, an outcome that is no
agent’s favorite. As explained in the previous paragraph, non-dictatorial ex ante effi-
cient SCFs are of this type and, hence, they fail the first test.

For SCFs that pass this first hurdle, the second test requires that the set of states
in which the top of a given agent is selected should not vary with the reported val-
uations. For instance, consider the SCF selecting agent 1’s favorite act if a majority
of agents value outcome a more than outcome b, and agent 2’s favorite act other-
wise. This SCF passes the first test but fails the second because the identity of the
“dictator” (1 or 2) depends on the reported valuations. Any SCF passing these first
two tests must be a top selection in the sense of (1); and one may then focus on its
assignment rule for the remaining tests.

Given the SCF’s assignment rule, the third test consists in checking that any given
state is assigned to at most two given agents (independently of other agents’ beliefs)
as we vary the belief profile over the set of all profiles. For example, the assignment
rule described in (4) fails this “bilaterality test” because each of the three agents
receives w; at some belief profile.
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If an assignment rule passes this third hurdle, the recipient of any given state
either (i) does not depend on the beliefs, or (ii) depends on the beliefs of one agent,
or (iii) depends on the beliefs of exactly two agents. One can then partition the state
space €) and proceed with the final and fourth test as follows. The first cell of the
partition gathers all states that are assigned independently of the reported beliefs.
The second cell contains all states which are assigned to agent 1 or 2 depending
only on agent 1’s beliefs: this is the cell associated with a sub-rule that should
be (1,2)-dictatorial. The test to be performed here consists in checking that agent 1
indeed receives the event she finds most likely among all events she may receive in
this cell. Likewise, for every ordered pair (i,j), all states that are assigned to i or j
depending only on agent i’s beliefs are gathered in a same cell, and a similar test is
performed. Finally, all states that are assigned to i or j on the basis of the beliefs of
both i and j are collected in a same cell and one must check that the assignment rule
is indeed (i,)-consensual on that cell.

As a simple example of assignment rule violating the fourth test, recall the version
of the airport location problem where N = {Ann, Bob, Chuck}, Q = {w;,w,,ws},
and suppose that the assignment rule is as follows:

. 1 2
(wlaw2’w3) 1prnn < Pim

5 A ) > =
(5) (PAnn PBob pChuck) {(wz, wi, w3) if p}m < p/k,m.

Observe that there are two cells in the resulting partition of {2: the “constant cell”
{ws} which is always assigned to Chuck; and the “(Ann,Bob)-dictatorial cell”
{wy,w,} where the dictator, Ann, is never assigned the state she finds most likely.
Hence the SCF generated by this assignment rule is not strategyproof (although
it passes the first three tests). Finally, note that the SCF generated by the assign-
ment rule given in (2) passes all four tests and is therefore a locally bilateral top
selection.

C. Welfare Gains over Random Dictatorships

As pointed out in Section III, SCFs based on consensual assignment rules
Pareto-improve upon fixed random dictatorships a la Hylland. To illustrate the size
of these gains and how they vary with the differences in the agents’ beliefs, consider
the following two-agent example.

Fix a random dictatorship ¢™ under which A(nn) dictates the outcome in the
exogenously fixed event E and B(ob) dictates the outcome in the complementary
event E¢, regardless of the beliefs. Let 0" be the consensual SCF which imple-
ments the above arrangement by default but allows the agents to consensually trade
the events they were tentatively assigned.

Clearly, ©“" may only improve upon ¢’ at those profiles where the consensual
trade indeed occurs, thatis, when 7, = p,(E) < 1/2 < pp(E) = mp. Atevery
other profile, the SCFs ¢’? and ¢ choose the same social act and hence gen-
erate the same welfare distribution. Write v§ = v,(7(vg)) and v§ = vg(7(v4))
to refer to the respective agents’ valuations of the other’s top outcome. At any
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profile (v,m) = ((v4,vg), (74, mp)) such that 7, < 1/2 < mp, the utility gains
generated by switching from ¢ to ¢ are

U — Ui = [(1 — 7rA)l + WAVE] — [7TA1 + (1 - WA)VE]
= (1 —2my)(1 — vE)
for Ann and

U%nns o U%d

[WB] + (1 - 7TB)Vg] - [(1 — 7)1 + 773"?%’]

= (275 — 1)(1 — vj))

for Bob. The aggregate welfare gain is the sum of these utility gains,
G = (1 —2m)(1 — vE) + (2mp — 1)(1 — v).

Unless v§ = 14, this gain need not be monotonically increasing in the belief differ-
ence mg — Ty.

Keeping v = (vu,vp) fixed, let us now assume that 7 = (74, 7p) is a random
variable. The aggregate welfare gain at v is the random variable

G — {(1 —2m)(1 = vE) + (mp — V(1 —vf) if my < 1/2 < mp
0 otherwise.

The expected value of this welfare gain is

(6) E(G) = Pr(traa’e) [(1 — 2E(7rA\trade))(l — vf)

+ (2E(773]trade) — 1)(1 - vg)],

where trade denotes the event 1, < 1/2 < mp. Once again, it is not difficult to see
from (6) that the expected welfare gain is generally not necessarily monotonic in the
expected belief difference E(mp — 7,4 | trade). However, this monotonicity property
is satisfied in the symmetric case where v = v4 = «. One can then see that (6)

boils down to
(7) E(G) = 2Pr(trade)E(mg — m,|trade)(1 — «),

which is increasing in (and proportional to) the probability of trade Pr(frade) and
the conditional expected belief difference E(7mz — 7, | trade).
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Moreover, the expected welfare gain is affected by the nature of the correlation
between the beliefs. To illustrate this point, suppose that 7z is uniformly distributed
on [0,1] and

(8) = Amp + (1 — A)(1 — mp),

where 0 < A < 1. Observe that the beliefs are positively correlated
if and only if A > 1/2. Indeed, the covariance between m, and mp is
cov(my,mp) = E(mamp) — E(ma)E(mp) = (2X — 1)var(mp) = (1/12)(21 — 1),
which is positive if and only if A > 1/2.

If cov(my,mg) > 0, then A > 1/2 and we obtain from (8)
that m, < 1/2 < 7 < 1/2. It follows that Pr(trade) = 0, hence also
E(G) = 0: the expected welfare gain is nil when the beliefs are positively cor-
related or uncorrelated.

If cov(my,mp) < O,then A < 1/2and(8)impliesthatm, < 1/2 < 75 > 1/2,
so that Pr(trade) = Pr(my, < 1/2 < mp) = Pr(mp > 1/2) = 1/2.Moreover, the
conditional expected belief difference is E(mp — m4|trade) = E(ng — ma|mp > 1/2)
= E(1 = N(2mg — 1)|mg > 1/2) = (1/2)(1 — X). From (7), the expected wel-
fare gain is then

EG) = (1= )1 = o) = (4 = 3cov(mpms) (1 — ).

Thus, when beliefs are negatively correlated, the expected welfare gain increases
with the absolute value of the covariance between them.

V. Choice of Social Acts under Feasibility Constraints

This section describes how our analysis generalizes to contexts where not all acts
are feasible. We focus on the specific model sketched in the introduction, where
each state of nature defines a subset of available outcomes: an act is feasible if it
yields in each state of nature an outcome which is available in that state.

A. The Constrained Model

As in our baseline model, there is a finite set of agents N = {1, ...,n} with
n > 2, a finite set of states of nature 2 with |2] > 2, and a finite set of conceiv-
able outcomes X. An act is a function f: 2 — X and preferences over acts are strict
orderings of the SEU type. The definition of the preference domain D is unchanged,
and so is the definition of the set of beliefs P.

We postulate that, in every state of nature w € 2, a subset X, C X of outcomes
are available, with

9) (a) |X,| >3 forallw € Q and (b)
Equation 9(a) plays the same role as in Theorem 1. Dropping it would enlarge

the set of strategyproof and unanimous SCFs by allowing, e.g., majority voting
to decide the outcome in those states w where |X,| = 2. Equation 9(b) entails no



VOL. 110 NO. 2 BAHEL AND SPRUMONT: STRATEGYPROOF CHOICE OF SOCIALACTS 617

loss of generality: if an outcome is available in no state of nature, we may as well
delete it from the set of conceivable outcomes X.

We define an act to be feasible if and only if it belongs to [],co X, that is, a
feasible act yields in any given state of nature an outcome that is available in this
state. An SCF is now a mapping ¢ from D" to the set of feasible acts [],cq X, This
constrained model reduces to our baseline model if X, = X forallw € (.

The definition of strategyproofness remains unchanged. The requirement
of unanimity is adapted by replacing the set X by the set I1.co X, Thus, an
SCFy : DV — []ucq X, isunanimousif, forall (v,p) € DVandallf € []ucoX.,

[E’,fl’f(f) > Eli(g) foralli € Nandallg € HXM] = [go(v,p) = f].
weld

Just as in the baseline model, this axiom simply means that a feasible act should be
selected whenever it is unanimously preferred to all other feasible acts. In contrast
to the baseline model, this act need not be constant.

B. Results

The top selection lemma generalizes in the obvious way. In the constrained
model, strategyproof and unanimous SCFs are now constrained-top selections: in
every state of nature, the selected act must yield an outcome that is some agent’s
favorite in the set of outcomes that are available in this state. Moreover, as in the
baseline model, the assignment of states to agents may vary only with the reported
beliefs. For any valuation function v; and any state of nature w, denote by 7,(v;) the
unique maximizer (or constrained top) of v; in X . Recalling that S denotes the set
of assignments of {2 and keeping the definition of an assignment rule unchanged, we
have the following result.

CONSTRAINED-TOP SELECTION LEMMA: If an SCF ¢ : DY — []ucoX.
is strategyproof and unanimous, then there exists an assignment rule s : P — S
such that, for all (v,p) € D", w € Q,andi € N, we have

(10) w € sl-(p) = go(v,p;w) = Tw(vi).
We call ¢ a constrained-top selection.

Theorem 1 also generalizes. However, the presence of feasibility constraints on
the admissible acts imposes additional restrictions on the assignment rules that gen-
erate strategyproof SCFs.

Recall that an assignment rule s is locally bilateral if there exists a (unique
canonical) partition {Q'}L, of Q and, for each + = 1,...,T, a constant,
bilaterally dictatorial, or bilaterally consensual ’-assignment rule s’, such
that s,(p) = UL, si(p|Q") for all p € PY and all i € N. We say that such a
locally bilateral assignment rule s is iso-constrained if for allt € {1, ...,T} such
that s’ is not a constant 2’-assignment rule,

%) S Qt == le = Xw

e
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This means that two states belonging to a cell on which s is not constant must gen-
erate the same set of available outcomes. We emphasize that this is not an additional
assumption imposed on the constrained model; it is a property which, as we will
prove, is satisfied by every assignment rule generating a strategyproof SCF.

To understand this property, recall the two-state example described in part B
of the introduction, where X, = {a,b,c} # {a,b,d} = X, and the assignment
rule s is dictatorial: Ann is assigned control over whichever state she declares more
likely and Bob is assigned control over the remaining state. This assignment rule is
not iso-constrained because the assignment of w;,w, varies with Ann’s beliefs even
though these states generate distinct sets of available outcomes. As we have seen,
the resulting SCF is manipulable. If Ann’s ranking of the outcomes is d,b,a,c and
Bob’s favorite is b, the social act is (b,b) when Ann finds w; more likely than wy,
and (b,d) otherwise. This gives an incentive to Ann to always report that w, is more
likely than w;, even when she actually finds w; more likely than w,. This profitable
manipulation is possible precisely because X, # X,,..

Note that a similar manipulation would arise if s were consensual. Suppose, for
instance, that w is assigned by default to Ann, wj, is assigned to Bob, and the agents
are free to swap these states if they agree to do so. As before, suppose that Ann’s
ranking of the outcomes is d,b,a,c and Bob’s favorite is b. If both agents find w;
more likely than w,, the chosen act is (b,b). By reporting that she finds w, more
likely than wy, Ann again induces the choice of (b, d), which she prefers.

As it turns out, a manipulation is possible if and only if s is not iso-constrained.

THEOREM 2 (Constrained Characterization): An SCF ¢ : DV — [[.caX., is
strategyproof and unanimous if and only if it is a constrained-top selection whose
associated assignment rule s is locally bilateral and iso-constrained.

The respective proofs of the Constrained-top selection lemma and Theorem 2 are
given in online Appendix Section 2.E.

Theorem 2 reduces to Theorem 1 if X, = X for all w € €. In that case, every
locally bilateral assignment rule is trivially iso-constrained and stating this compat-
ibility requirement thus becomes superfluous.

An important corollary to Theorem 2 is that, if X, # X, wheneverw # W', then
every strategyproof and unanimous SCF is generated by a constant assignment
rule. The beliefs must be ignored if all states define different subsets of available
outcomes.

Put differently, beliefs can only be exploited if they bear on outcome-irrelevant
uncertainty. Such uncertainty need not be extrinsic to the problem, however. The
following example of outcome-irrelevant intrinsic uncertainty illustrates this
point. Consider again the airport location problem and suppose there is no uncer-
tainty regarding locations a, b, c: these three sites are viable regardless of the state
of nature. On the other hand suppose that the viability of site d is determined
by two random and independent factors ¢;,¢,, which take value O or 1, with
the understanding that site d is available if and only if ¢; ¢, = 1. For example,
factor ¢; may encode the result of the geotechnical studies on site d and ¢, the
denouement of the legal procedures aiming at expropriating private land owners
occupying this site. Site d must receive a green light from both the engineers and
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the lawyers before it is deemed viable. Under this specification, the state space
may be written as @ = {wg,wo1, w0, w11} Where state wy (k,k' = 0,1) occurs
if o, = kand ¢, = k'. The sets of available sites for the respective states are given
by X, = Xu, = X., = {a.b,c}andX,, = {a,b,c,d}.Itfollows from Theorem
2 that bilaterally dictatorial or consensual rules may be used to assign the control
rights over the states wy, wp, Wy, €ssentially allowing the councillors to bet on the
factors that could make site d unavailable; but state w;; must be assigned inde-
pendently of the beliefs.

The example above shows that intrinsic uncertainty may be used to assign states
to agents. Of course, the identity of the agent whose favorite outcome is chosen
can also be made conditional on the resolution of extrinsic uncertainty, provided
that the latter induces a “weakly finer” state space than the “natural state space”
associated with the collective choice problem. By natural state space, we mean the
state space €2* in which every state of nature is precisely characterized by the set
of outcomes that are available in it. In the example above, the natural state space
is O = {wp,w}, with X,,, = {a,b,c} and X,,, = {a,b,c,d}. Instead of making
the identity of the agent choosing from X, conditional upon the results of the fea-
sibility studies at site d, the planner could make it conditional on the result of, say,
a three-horse race. Introducing this extrinsic uncertainty into the problem induces
a new state space () = {wé,w%,wg,wl}, where w{ is the state of nature where
site d is not viable and horse h wins the race. This state space refines 2" in the
sense that each “natural state of nature” w € 2" is associated with a unique non-
empty event E(w) C Q of the new state space in such a way that X, = X, for
each w' € E(w) and Q = U, .o+E(w). Bilaterally dictatorial or consensual rules
may be used to assign the states w{, w3, wi because X, = X2 = X3 = {a,b,c}.

Theorem 2 is also useful in the context of the meeting-scheduling application
described in the introduction. Suppose that one particular day of a given week (say,
Friday of the first week) is an official holiday. This may be modeled by assum-
ing X; = {Mo,Tu,We,Th}, X, = -+ = X = {Mo, Tu, We, Th,Fr}. Theorem 2
implies that the control right over the first week must be assigned to an exogenously
chosen agent, but the control rights over the remaining weeks may depend upon the
subjective weights that the agents attach to these weeks.

VI. Concluding Comments

We examined the problem of designing incentive-compatible collective choice
mechanisms when agents have SEU preferences over uncertain social prospects
modeled as Savage acts. We showed that strategyproof and unanimous SCFs are
(possibly constrained) top selections generated by locally bilateral assignment
rules. When all acts are feasible, the SCFs generated by all such assignment rules
are strategyproof (Theorem 1). When the set of available outcomes varies with the
state of nature, bilaterally dictatorial or consensual sub-rules can only be used to
assign control rights over states characterized by identical sets of available out-
comes (Theorem 2).

The assumption that preferences are strict orderings (which rules out indiffer-
ence) could be dispensed with. Under the SCFs identified in our theorems, the act
selected at a given preference profile yields some agent’s top outcome in every state
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of nature. When this best outcome is not unique, one faces the problem of charac-

terizing the tie-breaking rules (for choosing between multiple top outcomes) which

guarantee that the resulting SCF is strategyproof.' Likewise, if an agent may assign

the same subjective probability to two events, the assignment rules on which our

SCFs are based are no longer well defined and one must characterize which refine-

ments generate strategyproof SCFs. These are difficult but rather technical issues.
We conclude by mentioning some open problems.

(i) How should we choose between the social choice functions identified in our
theorems? Assuming a given (say, uniform) distribution over the set of all
preference profiles, one could search for SCFs that maximize some mea-
sure of expected welfare: such as the expected sum of normalized utilities.
Alternatively, one could proceed axiomatically and impose properties that
complement strategyproofness and unanimity. However, as a corollary to our
theorems, it follows that anonymity is incompatible with the combination of
strategyproofness and unanimity."'®

(ii) Anonymous strategyproof SCFs deserve to be studied. If there is an odd num-
ber of agents, majority voting between two prespecified acts is clearly strate-
gyproof and anonymous. But more general and flexible SCFs are possible in
this class. Partition the state space into a collection of events. For each event
specify two “sub-acts,” that is, two mappings from that event into the set of
outcomes, and apply quota voting to choose between these two sub-acts: the
first sub-act is selected if it is preferred to the second by at least « agents (with
the quota k given exogenously); otherwise the second sub-act is selected. Let
then the chosen act be the concatenation of all the sub-acts selected (possibly
with different quotas). The additive separability of SEU preferences guaran-
tees that this SCF is strategyproof; it is also obviously anonymous.

(iii) It has long been recognized that the assumption of (state-independent) SEU
preferences is unrealistic in many contexts: see Savage and Aumann (1987)
for a discussion. Are our locally bilateral top selections well defined and
strategyproof on some larger domains of preferences? It is straightforward
to check that the class of state-dependent SEU preferences forms a rich
domain of separable preferences in the sense of Le Breton and Sen (1999).
Hence, their Theorem 4.1 implies that every strategyproof and unanimous
SCF defined on that rich domain must be a top selection generated by some

!51n the baseline model, a simple example of tie-breaking rule can be described as follows. Pick an exogenous
ordering of the outcomes (say, a,b,c, ...) and an exogenous ordering of the states (say, wy,w,,ws, .. .). For every
valuation v; with multiple top outcomes, redefine 7(v;) to be the unique top outcome of agent i that comes first in
the ordering a,b,c, .. .. To break ties between events E|, E, such that p,(E|) = p,(E,), proceed lexicographically:
pick E| if either the first state in E; comes before the first state in E, (given the ordering wy,ws,ws, . . . ), or the first
states are the same in both events but the second state in E| comes before that in E,, and so on. When indifferences
tie-breaking rule of the type just described. Determining which other tie-breaking rules generate strategyproof SCFs
is an open problem.

16 Anonymity means that permuting the preferences of any two agents should not affect the chosen act. This
incompatibility contrasts with the results of the literature on social choice under risk where random dictatorship
with equal probabilities satisfies all three axioms: see Hylland (1980).
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constant assignment rule. The reason why top selections based on bilaterally
dictatorial or bilaterally consensual assignment rules cannot be used is crys-
tal clear. Such rules exploit the agents’ beliefs to assign the control rights
over states of nature. State-dependent SEU preferences, however, generally
fail to induce well-defined beliefs: beliefs and state-dependent valuations can
be identified jointly but not always separately.'’ Nevertheless, some sub-
classes of state-dependent SEU preferences do allow a separate identification
of beliefs and state-dependent valuations. An example is the subclass axiom-
atized by Karni (1993). On any such subclass, the SCFs identified in our two
theorems are well defined, strategyproof, and unanimous. An important open
problem is the characterization of the largest such subclass.

In the constrained model of Section V, the set of feasible acts is a product set.
As explained in part D of the introduction, some important real-life problems
involve non-Cartesian feasibility constraints. In such problems, the class of
strategyproof and unanimous SCFs will generally depend in a subtle way
upon the particular nature of these feasibility constraints. These problems are
beyond the scope of the current paper but our results should provide a good
starting point for their study. A similar generalization to constrained sets
of alternatives was successfully achieved in the literature on strategyproof-
ness on rich domains of additively separable preferences originally defined
over product sets: see, in particular, Barbera, Massd, and Neme (2005) and
Reffgen and Svensson (2012).

In many contexts, it will also be natural to impose restrictions on preferences
over outcomes. This may enlarge the class of strategyproof and unanimous
SCFs. An interesting case is that of shareholders of a firm choosing acts with
monetary outcomes: the profits to be shared. Here all agents have the same
monotonic preference ordering over outcomes but not necessarily the same
valuation functions or the same beliefs. While the unconstrained problem is
uninteresting: the constant act choosing the highest profit level in all states is
dominant, the problem of choosing acts under non-Cartesian feasibility con-
straints is entirely nontrivial. Another interesting problem is the strategyproof
allocation of an uncertain collective endowment: think of a cooperative of
fishermen deciding on how to split the different types of fish they will catch.
In this case the agents have to report (i) monotonic valuation functions over
bundles of commodities and (ii) their beliefs about what endowment will be
realized.

Our work has focused on the choice of acts whose outcomes are purely public
alternatives. The question of finding strategyproof mechanisms allowing the
reallocation of privately owned resources under SEU preferences remains
unsolved. For example, the competitive mechanism (which assigns to each
preference profile the competitive allocation of the corresponding exchange

7For a discussion on well-defined beliefs (under state-dependent SEU preferences) and the related literature,
see Dréze and Rustichini (2004).
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economy) is not strategyproof: this was shown by Hurwicz (1972) for classi-
cal preferences and the fact remains true for SEU preferences.

APPENDIX 1: Overview of the Proof of Theorem 1

The proof of Theorem 1 consists of a sequence of lemmas. We present the main
ones here, explain their purpose, and provide a few hints regarding their proof. The
explanations offered in this overview are not meant to be a formal argument; the
detailed proofs are available in the online Appendix.

It is easy to check that every locally bilateral top selection is a strategyproof and
unanimous SCF. In order to prove the converse statement, consider a strategyproof
and unanimous SCF ¢; and suppose that ¢ is generated by the assignment rule s. We
must show that s is a the union of a collection of constant, bilaterally dictatorial, or
bilaterally consensual assignment sub-rules.

1. Super-Strategyproofness and Non-Bossiness

The first step consists in establishing that s must be “super-strategyproof.” The
formal proof of this property is given in online Appendix Section 2.B. As argued
at the beginning of Section III, an agent should not be able to manipulate her own
share of the state space by misreporting her beliefs. But this is not enough. Agent 1
cares about her share s;(p) only to the extent that the social act will yield her top
outcome 7(v;) in the event s;(p). Remember that outcomes are public in nature.
At a profile where agent 2’s favorite social outcome coincides with 1’s and every
other agent’s favorite outcome is agent 1’s worst, agent 1 is therefore interested in
maximizing the joint share of the state space assigned to 1 and 2, and the rule s must
prevent 1 from manipulating this joint share. More generally, no agent should be
able to increase her subjective assessment of the likelihood of the joint share of any
subset of agents to which she belongs by misrepresenting her own beliefs.

Formally, given an assignment A = (A,...,A,) € § and a
set M C N, define Ay, = UieMAi. The assignment rule s is super-strategyproof
if pi(sp(p)) > pi(su(php_;)) for all i, M such thati € M C N, all p € P", and
all p/ € P. The formal result is the following.

SUPER-STRATEGYPROOFNESS LEMMA: The assignment rule s is
super-strategyproof.

An immediate consequence is that s must be non-bossy: foralli € N,p € PV
and p; € P, si{(p) = sphp_i) = s(p) = s(p,p_;). In words: no agent can
affect another agent’s share without affecting her own.

II. Local Bilaterality

Using this super-strategyproofness lemma (and the non-bossiness property it
implies), the second step of the proof consists in showing that the local behavior
of s is completely determined. The formal proof of this result is detailed in online
Appendix Section 2.B.
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The set of beliefs is endowed with a natural relation of adjacency: two beliefs
are {A,B}-adjacent if the likelihood orderings they generate over events dif-
fer on a single unordered pair {A,B} of disjoint nonempty events. For instance,
if @ = {1,2,3}, any two beliefs p;, g; such that

pi({1.2,3}) > p({1.2}) > p({1.3}) > p({2.3}) > p({1}) > Pi{2}) > P({3}).
q({1.2.3}) > ai({1.3}) > a({1.2}) > a({2.3}) > a({1}) > 4({3}) > ai{2})

are {{2},{3}}-adjacent.

Fix an agent i and consider two belief profiles p,(p/p_;) such that p!
is {A, B}-adjacent to p;. Suppose that s;(p) # s;(pjp_;)- Then, since p; and p;] agree
on the ranking of all disjoint events other than A, B, the events s;( p) and s;(p},p_;)
must obtain from one another precisely by exchanging A against B. Otherwise, one
of the events s;(p), si(pj,p_;) will be considered more likely than the other under
both p; and p}, leading to a profitable manipulation for agent i at either p or (p/,p_;).

Moreover, because s is super-strategyproof, one can show that when s,(p)
and s,-(p 5 p_i) differ, the shares of all but one of the agents other than i/ must remain
unchanged. This leads to the following result.

LOCAL BILATERALITY LEMMA: Let A,B be nonempty, disjoint events;
and let i € N, p € PV, pl € P be such that p,p! are {A,B}-adjacent
and piA) > piB). Then, either (i) s(p) = s(p,p_;) or (ii) there exists
J € N\i such that

Si(P)\Si(P{,Pfi) =A = Sj<pf’P7i)\Sj(P>’
siphp-)\sip) = B = si(p)\si(php-i)»
sip) = silphp_y) forall k € N\{ij}.

This lemma fully characterizes how the agents’ shares of the state space are
allowed to change as the reported beliefs move from one profile to an ‘“adjacent
profile.” The rest of the proof consists in turning this local characterization into the
global result stated in Theorem 1.

III. A Preliminary Partition of the State Space

At this point of the proof, the central difficulty consists in identifying the cells of
the partition of the state space where s is constant, bilaterally dictatorial, or bilat-
eral consensual. Moreover, on those cells where s is bilaterally dictatorial, we must
construct the menu of events from which the local dictator is allowed to choose.
Likewise, on those cells where s is bilaterally consensual, we must identify which
pair of agents is decisive, which sub-assignment is chosen by default, and which one
is chosen in case of agreement between the two agents involved.

With that goal in mind, online Appendix Section 2.C begins by defining a pre-
liminary partition of the state space as follows. Let {2y be the set of states whose
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assignment is constant, let 2; be the set of states whose assignment varies with
the belief of a single agent, and let €2, be the set of states whose assignment varies
with the beliefs of ar least two agents. By definition, {2, 2,2, } is a partition of (2.
At this point, however, more than two agents may influence the assignment of any
given state in €2,, and there is no restriction on the number of agents to whom a given
state in {2; U €2, may be assigned.

IV. Proving Bilateral Consensus on ),

The proof proceeds by considering the states in {2, first. We show in online
Appendix Section 2.C that each of these states may be assigned to exactly two dis-
tinct agents, and the assignment must be based on the beliefs of these two agents
only. More specifically, states in €2, must be assigned through bilateral consensus.

BILATERAL CONSENSUS LEMMA: For every w € ), there exists a unique
event E¥ C ), containing w, and there exists a bilaterally consensual E“-assignment
rule s“ such that

sp) N B = s3(plE?)
forallp € PNandi € N.

This lemma fully determines the behavior of s on €,. Indeed, for any two states
w,w’ € (2, since there exist a bilaterally consensual E“-rule s* and a bilaterally con-
sensual E“-rule s such that s;(p) N E¥ = s¥(p|E¥)ands/(p) N E = s¥(p|E¥)
foralli € N,wemusthaveeither (i) E* = E¥ands” = s“,or(ii)E* N E¥ = @.
This means that there exists a partition {2’ }21 of ), and, foreacht = 1,...,T5, a
bilaterally consensual Q’-assignment rule s’ such that

T

si{p) N O = t:U155<P|Qt)

forall p € PV and i € N. This is precisely the structure of s on €, asserted in
Theorem 1.

The proof of the bilateral consensus lemma works by “contagion” over the set of
belief profiles.

Fixastatew € (),.Inonline Appendix Section 2.C.1, we fix a profile 7 of beliefs
on Q\w, and we restrict our attention to the region P"(r) of belief profiles on
which generate the same profile of likelihood orderings as 7 on the subsets of \w.
Using the local bilaterality lemma, we show that there exist two agents i,j and two
disjoint events A, B, whose union contains w, such that the restriction of sto A U B
coincides with the (i,j)-consensual (A U B)-assignment rule with default B on the
region P" (7). At that point, the agents i,j and the sets A, B may depend upon 7.

In online Appendix Section 2.C.2, we consider belief profiles (7, m_;) over Q\w
where 7}, is adjacent to 7, for some agent k € N. In a series of “contagion lemmas,”
we describe how the behavior of the restriction of sto A U B on the region PV(r}, 7_)
is linked to the behavior of its restriction to A U B on P"(7). Online Appendix 2.C.3
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establishes more powerful contagion lemmas describing how the assignment of A, B
on the region P"() is linked with their assignment on non-adjacent regions.

Online Appendix Section 2.C.4 patches the pieces together. Using the contagion
results of Sections 2.C.2 and 2.C.3 and the connectedness of the set of all beliefs on
Q), we show that s is an (i,j)-consensual (A U B)-assignment rule with default B on
the whole domain P". The claim follows by setting E“ = A U B.

V. Proving Bilateral Dictatorship on ),

Next, in online Appendix Section 2.D, we turn to the assignment of the states
in . Let €, be the subset of those states in {2; whose assignment varies with the
beliefs of agent 1. We show that these states are assigned by bilateral dictatorship
of agent 1.

BILATERAL DICTATORSHIP LEMMA: There exist a set Ny C N\1, a par-
tition ‘{Q{l}jeNl of Q1, and for each j € Ny a (1,j)-dictatorial Q},-assignment
rule s’ such that

(1) sp) Ny = U stlplod)

forallp € PNandi € N.

Let us outline the proof here. Consider the family of all subsets of 2, that are
assigned to agent 1 at some belief profile. We begin by showing that s,(p) N 4,
maximizes p; over that family whenever p, is a so-called 2,;-dominant belief: one
in which only the probability differences between events in {2, are large. We then
use the local bilaterality lemma to extend this observation to all belief profiles p. The
next and crucial step consists in proving that every state in {2;; can only be allocated
to a single agent other than 1. The set €2}, can therefore be partitioned into a col-
lection of subsets {27,} such that every state in Q7 is allocated to either 1 or j, and
super-strategyproofness can be used to show that s,(p) N {; maximizes p; over
the family of all subsets of 2}, that are assigned to agent 1 at some belief profile.
The argument is completed by appealing to non-bossiness.

We have stated the bilateral dictatorship lemma for agent 1, but a corresponding
lemma obviously holds for every agent. It now follows from these bilateral dic-
tatorship lemmas, the bilateral consensus lemma, and the definition of €2, that s
is a union of constant, bilaterally dictatorial, or bilaterally consensual assignment
sub-rules.
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