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INFERENCE FOR HIGH-DIMENSIONAL EXCHANGEABLE ARRAYS

HAROLD D. CHIANG, KENGO KATO, AND YUYA SASAKI

ABSTRACT. We consider inference for high-dimensional exchangeable arrays where the dimension
may be much larger than the cluster sizes. Specifically, we consider separately and jointly exchange-
able arrays that correspond to multiway clustered and polyadic data, respectively. Such exchange-
able arrays have seen a surge of applications in empirical economics. However, both exchangeability
concepts induce highly complicated dependence structures, which poses a significant challenge for
inference in high dimensions. In this paper, we first derive high-dimensional central limit theorems
(CLTs) over the rectangles for the exchangeable arrays. Building on the high-dimensional CLTs, we
develop novel multiplier bootstraps for the exchangeable arrays and derive their finite sample error
bounds in high dimensions. The derivations of these theoretical results rely on new technical tools
such as Hoeffding-type decomposition and maximal inequalities for the degenerate components in
the Hoeffiding-type decomposition for the exchangeable arrays. We illustrate applications of our
bootstrap methods to robust inference in demand analysis, robust inference in extended gravity
analysis, uniform confidence bands for density estimation with network data, and penalty choice
for /1-penalized regression under multiway cluster sampling.

1. INTRODUCTION

In empirical studies in economics, we often employ data of volumes and attributes of flows of
resources and commodities that are affected by supply shocks from the origin of the flow and
demand shocks from the destination of the flow. Although supply and demand shocks are essential
in economic analysis, a proper treatment of data generated by these shocks requires non-standard
econometric methods due to the two-dimensional clustered dependence induced by these shocks.

When the set of agents generating the supply and the set of agents generating the demand are
different, the data is two-way clustered. Leading examples are market share data that is two-way
clustered by products and markets, where shares of a product are dependent across markets due to
a common supply shock by the identical producer and shares of multiple products within a market
are dependent due to a common demand shock by consumers in the identical market.

When the set of agents generating the supply and the set of agents generating the demand are the
same, the data is dyadic. Leading examples are international trade data, where volumes of exports
from an exporter are dependent across importers due to a common supply shock and volumes of
imports to an importer are dependent across exporters due to a common demand shock.

Both of these types of data naturally entail complex dependence structures through common
supply shocks by agents from an identical origin on agents across multiple destinations and common
demand shocks by agents from an identical destination on agents across multiple origins. As
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such, standard microeconometric methods that presume cross-sectional random sampling are not
applicable to either of these two types of data.

Starting with the seminal papers by [Fafchamps and Gubert| (2007) for dyadic data and |Cameron
et al. (2011)) for multiway clustering, the recent econometrics literature develops methods and the-
ories of how to deal with these types of dependent data — see below for a more comprehensive
literature review. The existing literature, however, does not cover a method of high-dimensional
inference, even though a number of robust identification strategies for structural economic models
entail high-dimensionality in inference — see the next paragraph for examples. In this light, we
develop a method of high-dimensional inference under general multiway clustering and polyadic
sampling in this paper. For two-way clustered data {(Xilj, cel ij)T :1<i <N, 1 <j< Ny} of
random vectors with high dimensions p > min{N;, Na}, we develop a method and theory for boot-
strap approximation of the distribution of the sample mean ]\71_1]\72_1 vazll j-V:QI(X}j, el X%)T.
Similarly, for dyadic data {(Xilj,...,ij)T : 1 < 4,5 < n,i # j} of random vectors with high
dimension p > n, we develop a method and theory for bootstrap approximation of the distribution
of the sample mean n~t(n — 1)71 Y7, Z#i(X}j, e ,ij)T. We also generalize our results for
these cases of two-way clustering and dyadic data to the cases of general multiway clustering and
polyadic data, respectively.

Our proposed method applies to a number of important robust identification approaches for
structural economic models. For demand analysis with a two-way clustered data consisting of Ny

products and No markets, Gandhi et al.| (2020) derive many moment inequalities of the of form

Ni No
NUINGES DS (X50), .. XE(0)T > 0, (1.1)
i=1 j=1
where (Xilj(ﬁ), s X (0))T denotes a p-dimensional vector-valued random function of structural

parameters #. While most existing studies on demand analyses do not account for statistical
dependence within a product ¢ or within a market j, robust inference can be achieved by accounting
for the two-way dependence — see|Chiang et al.[(2019). Similarly, for extended gravity analysis with
a two-way clustered data consisting of N; firms and Ny countries, Morales et al.| (2019) derive many
moment inequalities of the form . With our theory of approximating the distribution of the
sample mean N; 1N, 1S M ;Vil(lej @, ..., X%(H))T, inverting the Kolmogorov-Smirnov test
allows for inference about the structural parameters 6 similarly to |(Chernozhukov et al.| (2019al).
Again, while existing studies do not account statistical dependence within an exporter ¢ or within
an importer j, robust inference can be achieved by accounting for the two-way dependence. See
Sections and ahead for details of these two applications to demand analysis and extended
gravity analysis, respectively. As another useful application, our proposed technology allows for
drawing uniform confidence bands for “the densities of migration across states, trade across nations,
liabilities across banks, or minutes of telephone conversation among individuals” (Graham et al.,
2019, 2020). To our knowledge, this paper is the first to provide a valid method for construction
of simultaneous confidence intervals for kernel type estimator under dyadic clustering. In practice,
dyadic data often has a point mass at zero. Our proposed method also allows for such a mixture
distribution. See Section [4.3] for the application of dyadic kernel density estimation. Finally,
our proposed technology also allows for selection of theoretically valid choice of a penalty for

implementing ¢1-regularized regression (Lasso) under multiway clustering. To our knowledge, there
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is no existing theoretically justified method for Lasso penalty selection under an exchangeable
sampling setting. See Section for the application of Lasso penalty selection.

The two sampling frameworks of interest in this paper, namely multiway clustering and polyadic
sampling, can be formulated as exchangeable random arrays. Specifically, a natural stochastic
framework for modeling of mutliway clustering is that of separately exchangeable arrays (MacKin-
non et al., 2020). For network/dyadic data, on the other hand, Bickel and Chen| (2009)) propose
the use of jointly exchangeable arrays, which has since become a popular model for such data
structures, see |Graham| (2019) and |Graham and de Paula| (2019)) for recent reviews as well as the
issue edited by |Abbring and de Paula (2017). While formal definitions of these exchangeability
concepts are postponed until Sections [2] and [3] it is worth noting that the exchangeable structures
arise naturally in many economic applications. For example, in the context of modeling dynamic
oligopoly with investment, |Athey and Schmutzler| (2001)) indicate that the assumption of firms’
profit functions being exchangeable is consistent with models of Cournot oligopoly, vertical prod-
uct differentiation, and differentiated product models where the firms have identical cross-price
effects. In these contexts, exchangeability imposes the symmetry in the identities of firms such
that each firm cares only about the actions and state variables of its rivals, but not about the
match between a competitor’s identity and actions/state variables. They also point out the close
link between exchangeability and the notation of anonymity in cooperative game theory and social
choice theory (e.g. Moulin, [1988)). Another such example is from the analysis of supply and demand
in differentiated products markets. Berry et al. (1995) point out that both the demand and the
cost functions for a product are exchangeable in vectors of characteristics of all other products.
This emerges when the cost functions depend only on own-product characteristics, and is true for
differentiated products demand system in which the demand for a product is independent of the
ordering of competitors’ products but only on their characteristics. They also observe that a unique
Nash equilibrium implies several forms of exchangeability in the observed and unobserved random
variables in their demand model (Berry et al., 1995, Section 5.1). Furthermore, Menzel (2016)
observes that exchangeability of a certain form is a standard feature in almost all commonly used
empirical specification for game-theoretic models with more than two players.

1.1. Relation to the Literature. High-dimensional central limit theorems (CLTs) and boot-
straps over rectangles with the “p > n” regime are studied by |(Chernozhukov et al.| (2013a}, [2014],
2015, 2016} 2017a)), Deng and Zhang| (2020)), Chernozhukov et al.| (2019b), Kuchibhotla et al.[(2020)),
and Fang and Koike (2020) for the independent case, by |Chen| (2018), Chen and Kato (2020, 2019)
for U-statistics and processes, and by |Zhang and Wu| (2017)), Zhang and Cheng (2018), |Cher-
nozhukov et al.| (2019a), Koike| (2019) for time series dependence. To the best of our knowledge,
there is no result that considers extensions to exchangeable arrays in this literature. This paper
builds on and complements those references by providing high-dimensional CLTs and bootstrap
methods for exchangeable arrays.

Regression models with common shocks has been investigated by Andrews (2005) under ex-
changeability with one-dimensional index. Standard errors under multiway clustering (or sepa-
rately exchangeable arrays) are proposed by Cameron et al.| (2011) for parametric models, such
as linear and nonlinear regression models — also see |(Cameron and Miller| (2015 Section V) for a
survey. Uniform asymptotic theory under multiway clustering is studied by |Menzel (2017)), covering
both degenerate and non-degenerate cases. Focusing on the non-degenerate cases, |Davezies et al.

(2018}, 2020) develop functional limit theorems for Donsker classes under multiway clustering. See
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also |Chiang and Sasaki (2019), |(Chiang et al.| (2019), MacKinnon| (2019), and MacKinnon et al.
(2020) for some other extensions and applications. To our best knowledge, no existing theory in
this literature permits increasing or high-dimensional inference.

Theory of finite dimensional asymptotics (with fixed dimensions) for polyadic data (or jointly
exchangeable arrays) is well-studied, see, e.g., [Silverman| (1976) and |Eagleson and Weber] (1978).
Standard errors under dyadic data are first proposed by [Fafchamps and Gubert| (2007)) and further
studied by |Cameron and Miller| (2014)), Aronow et al.| (2015), and [Tabord-Meehan| (2019)). Davezies
et al. (2020) develop functional limit theorems for Donsker classes under polyadic sampling. To the
best of our knowledge, no existing theory in this literature permits increasing or high-dimensional
inference.

Methodologically, this paper is also related to the recent literature on high-dimensional U-
statistics, such as|Chen| (2018)),|Chen and Kato (2020, [2019)), among others. Under suitable assump-
tions, the data of our interest can be written as U-statistic-like latent structure (in distribution)
via the Aldous-Hoover-Kallenberg representation (Aldous, |1981; [Hoover, 1979; Kallenberg), 2006)),
i.e. the data can be written as a kernel function of some latent independent random variables.
However, unlike the case with U-statistics, neither the kernel nor the latent independent random
variables is known to us. In addition, we need to cope with the existence of extra idiosyncratic
shocks in the latent structure. Both of these aspects present extra challenges.

The identification-robust inference applications considered in this paper are also related to the
extensive literature of testing conditional moment inequalities, which includes, but are not limited
to, |[Andrews and Shi| (2013), |Chernozhukov et al.| (2013b), |Lee et al. (2013), |Armstrong (2014)),
Armstrong and Chan| (2016), Andrews and Shi (2017)), |(Chetverikov| (2018)), Lee et al.| (2018), |Bai
et al.|(2019)) and |Chernozhukov et al. (2019a)). To the best of our knowledge, no theory that permits
multiway clustered or polyadic data has been developed in this literature.

Regarding our bootstraps, McCullagh! (2000) shows that no resampling scheme for the raw data
is consistent for variance of a sample mean under multiway clustering. A Pigeonhole bootstrap
is subsequently proposed by |Owen| (2007)) and its different variants are further investigated in
Owen and Eckles| (2012), [Menzel (2017) and Davezies et al.| (2018, [2020). Whether the pigeonhole
bootstrap works for increasing or high-dimensional test statistics remains unknown to us. We
therefore develop a novel bootstrap method in this paper which we argue works for high-dimensional
data.

Finally, we develop novel Hoeffding-type decompositions for both separately and jointly ex-
changeable arrays and establish symmetrization inequalities for Hoeffding-type projection terms in
both cases. This allows us to obtain several new maximal inequalities that lead to sharp rates for
degenerate components in Hoeffding-type decompositions in both cases. Such symmetrization and
maximal inequalities play a crucial role in establishing the high-dimensional CLTs as well as the
validity of the bootstrap methods. These technical results are of independent interest and would
be useful for other analyses of multiway clustering and polyadic data. The proofs of these technical
results are highly nontrivial and indeed more involved than the U-statistic case due to the unknown
(and, in jointly exchangeable case, index-dependent) nature of kernel functions and the presence
of the extra unobserved shocks. For example, the proof of the symmetrization inequality for mul-
tiway clustering involves a careful induction argument (see Lemma [3[in the Appendix), combined
with a repeated conditioning argument. Also, the proof of the maximal inequality for polyadic
data involves a delicate conditioning argument, combined with the symmetrization inequalities for



U-statistics with index-dependent kernels (cf. de la Pena and Giné, 1999). In comparison, the
empirical process results in Davezies et al.| (2020) rely on substantially different symmetrization
inequalities. Specifically, symmetrization inequalities developed in |Davezies et al| (2020) are ap-
plied to the whole empirical process and do not lead to correct orders for degenerate components
in Hoeffding-type decompositions (indeed, Davezies et al.| (2020) do not derive Hoeffding-type de-
compositions), thereby not powerful enough to derive our results; see Remarks and in the
Appendix for details.

In the present paper, we focus on the case where the sample mean is non-degenerate, where the
approximating distribution is Gaussian. In the univariate case, [Menzel (2017) develops inference
methods robust to degenerate situations, where the limit distribution may have a Gaussian chaos
component, similarly to U-statistics. In the high-dimensional case with p > n, existing techniques
used in the Gaussian approximation, such as a Slepian-Stein method and the anti-concentration
inequality (cf. |Chernozhukov et al., 2013aj [2014, 2017a)), can not be directly extended to non-
Gaussian approximating distributions such as Gaussian chaos distributions. Indeed, there have
been no results concerning high-dimensional non-Gaussian approximations (by high-dimension we
mean p > n), including a simpler setting of degenerate U-statistics. Extensions of the results of
the present paper to degenerate cases are left to future research. That said, non-degenerate sample
means are natural in multivariate applications. This is because non-constant coordinates of multi-
dimensional random vectors are often i-specific and j-specific as is the case in the aforementioned
applications (Gandhi et al., [2020; [Morales et al.l 2019)), and these i- and j-specific non-constant
coordinates induce non-degeneracy. For this reason, we believe our focus on non-degenerate cases
in fact will not significantly narrow the scope of applicability.

1.2. Notations and Organization. Let N denote the set of positive integers. We use ||-||, ||-[l¢ ;|| ]|15
and ||-||, to denote the Euclidean, ¢y, ¢1, and £*°-norms for vectors, respectively (precisely, |||,
is not a norm but a seminorm). For two real vectors a = (ay,...,a,)T and b = (b1,...,b,)7T,

the notation @ < b means that a; < b; for all 1 < j < p. Let supp(a) denote the support of
a = (a,...,a,)7, ie., supp(a) = {j : aj # 0}. We denote by ® the Hadamard (element-wise)
product, i.e., for ¢ = (i1,...,ix) and j = (j1,...,JK), 1 © F = (i1j1,..-,iKjK). For any a,b € R,
let a Vb = max{a,b}. For 0 < 5 < o0, let 93 be the function on [0, 00) defined by ¢g(x) = e’ 1.
Let || - ||y, denote the associated Orlicz norm, i.e., [|{[ly, = inf{C > 0 : E[th5(|{|/C)] < 1} for a
real-valued random variable . For # € (0,1), || - [J4, is not a norm but a quasi-norm, i.e., there
exists a constant Cs depending only on 3 such that [|§1 +&aly, < Ca([|€1]lys + 1€2]l4s)- Let U0, 1]
denote the uniform distribution on [0,1]. “Constants” refer to nonstochastic and finite positive
numbers.

The rest of the paper is organized as follows . In Section [2| we develop a high-dimensionl CLT
(over the rectangles) and a bootstrap method for multiway clustering (seperately exchangeable
arrays). In Section we develop analogous results to polyadic sampling. We illustrate four
applications in Section [ present simulation results in Section [ and demonstrate an empirical
application in Section 6} We defer all the technical proofs to the Appendix.

2. MuLTIWAY CLUSTERING

In this section, we consider separately exchangeable arrays that correspond to multiway clustered
data. Pick any K € N. With i = (i1,...,ix) € NX, we consider a K-array (X;);cyx consisting

of random vectors in R?. We denote by X7 the j-th coordinate of X;: X; = (X},... ,Xf)T. We
5



say that the array (X;);cnx is separately exchangeable if the following condition is satisfied (cf.
Kallenberg, 2006|, Section 3.1).

Definition 1 (Separate exchangeability). A K-array (X;);enx is called separately exchangeable
if for any K permutations m1,..., 7k of N, the arrays (X;)ienx and (X(x(iy),...xx(ix)) )ienk are
identically distributed in the sense that their finite dimensional distributions agree.

From the Aldous-Hoover-Kallenberg representation (see Kallenberg), 2006, Corollary 7.23), any
separately exchangeable array (X;);cnx is generated by the structure

Xi = {(Uice)eeqonyx)s @ € N5, {Une i € NF e € {0,135} "% U0, 1]

for some Borel measurable map f : [0, 1]2K — RP. For example, when K = 2, then X is generated
as X(iy ip) = F(U(0,0): Uir,00 U(0,i2)s Uin iz))-

The latent variable Uy appears commonly in all X;’s. In the present paper, as in |Andrews| (2005))
and Menzel| (2017)), we consider inference conditional on Up and treat it as fixed. In the rest of
Section 2, we will assume (without further mentioning) that the array (X;);cnx has mean zero
(conditional on Up) and is generated by the structure

X; = 0((Uive)ec(o1}x\{0))> & € N¥, (2.1)

where g is now a map from [0, 1]2K*1 into RP.
Suppose that we observe {X; : i € [N]} with N = (Ny,..., Ng) and [N] = i {1,..., N }.
We are interested in approximating the distribution of the sample mean

1
0 v 2

€[N]

in the high-dimensional setting where the dimension p is allowed to entail p > min{Ny,..., Ng}.

Example 1 (Empirical process indexed by function class with increasing cardinality). Our setting
covers the following situation: let {Y; : 4 € NX} be random variables taking values in an abstract
measurable space (S, S), and suppose that they are generated as

Y = 8((Uioe) ecfo,1)5\{0})-

Let fj : § — R for 1 < j < p be measurable functions, and define Xg = f;(Y;) — E[f;(Y3)]. In this
case, the sample mean S can be regarded as the empirical process f — (Hf:1 Np)~1 2ien (F(Yi)—
E[f(Y;)]) indexed by the function class F = {fi,..., fp}. Allowing p — 0o as minj<x<x Ny — 00
enables us to cover empirical processes indexed by function classes with increasing cardinality.

For later convenience, we fix some additional notations. Let n = minj<y<x N} and N =
maxi<p<k Vi denote the minimum and maximum cluster sizes, respectively. For 1 < k < K,
denote by & = {e = (e1,...,ex) € {0,1} : Zszl er = k} the set of vectors in {0,1}* whose
support has cardinality k. Let e, € RE denote the vector such that the k-th coordinate of ey, is 1
and the other coordinates are 0. For a given e € {0, 1}/, define

I.(IN))={i®e:ic[N]} c Nf with Ng=NU{0}.

The following decomposition of the sample mean Sy will play a fundamental role in our analysis,
which is reminiscent of the Hoeffding decomposition for U-statistics (Lee, 1990; de la Pena and
Giné, 1999).
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Lemma 1 (Hoeffding decomposition of separately exchangeable array). For any i € NX, define
recursively

Xive, = E[X; | Uive,)s k=1,..., K,

Xz@e = E[X ‘ ( z@e ’<e Z X'L@e’ ec U gk
e'<e

e'#e

Xi == Z Xi@e.
ec{0,1}¥\{0}
Consequently, we can decompose the sample mean SN = (Hf:1 Np) ™1 Zie[N] X; as

Z > > X (2.2)

k=1 e€&y, Hk"esupp( ) R e 1 (IN))

Then, we have

The proof of this lemma can be found in Appendix B}
Example 2 (K = 3 case). For instance, if K = 3, then for 4 = (iy,149,i3) € N3,
X100 = EIXi | Ui 00)s X020 = EIXi | Uiy X005 = EIXs | U o),
X(irin0) = E[Xi | Uiy 00)s Ut0in.0)s Ul in.0)) — X(i1,00) — X(0.i2,0)» €tC.,
X iy inis) = Xi = X(i1,i2,0) = X(0sinsin) — X(10.0,i5) — X (12,00) = X(0,02,0) — X (0,0,35)-

Remark 1 (Hoeffding decomposition). The reason that we call the Hoeffding decomposition
comes from the fact that if the dimension p is fixed, for each fixed k = 1,..., K and e € &, the
component .

- X

Hk’esupp(e) Ny icl([N]) '
scales as ([T cqupp(e) Np)~Y2 = O(n™%/?) with n = minj<p < Np under moment conditions.
See Corollary [3] in Appendix [A] This is completely analogous to the Hoeffiding decomposition of
U-statistics and from this analogy we shall call the Hoeffding decomposition.

The leading term in the decomposition (2.2)) is

Z Z X; ZN ZEX | Ulo,....0,ix,0,....0)]

ecé Hk/GSUPp( ) zEI ([ND =1
which we call the Hajek projection of Sn. Define
Wi, = E[X; [ U000l E=1,..., K,
K Ny,
SKT/ = ZN];l Z Wi, and Xy, = E[Wk,IW]gjl], k=1,....K.

ip=1
Since SK,/ is the sum of independent random vectors, it is expected that the distribution of \/nSn
can be approximated by N (0, X), where

K
2= (n/Ny)Zw,,
k=1
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as long as the remainder term is negligible. This suggests the following multiplier bootstrap for
multiway clustering.

2.1. Multiplier bootstrap for multiway clustering. Let {gul}Nl ...,{gK,iK}ff;;l be inde-

1n1=1
pendent N(0,1) random variables independent of the data. Ideally, we want to make use of the
bootstrap statistic

n Ny
SN ki, (Wi, — Sn).
k=1 ir=1

However, this bootstrap is infeasible as Wy, ;, = E[X | U(O,...,ik,...,O)] are unknown to us. Estimation
of Wy, is nontrivial as Uy, ;, ..0) is a latent variable. To gain an insight into how to estimate
Wi\, consider the case where K = 2. Then Wy, = E[X(;, i,) | Us, 0] = El8(Ug, 0, Visia)) |
Uiy, with Vi i) = (U,i0)s Uty in))- Since Uy, o) and V{;, 4,y are independent and the latter
variable is independent across iz, we see that Wi ; can be estimated by taking the average of
X (i1,ip) OVEr ig.

Building on this intuition, in general, we propose to estimate each Wy, ; by

— 1
Xpi, = =———" X, tx,=1,...,.Nisk=1,....K
k,ig Hk/?éka’ Z i Uk ) s 4VE ) 5 LAy

U1y bl —1,8k4 100K

i.e., the sample mean taken over all indices but ¢;. Then, we apply the multiplier bootstrap to
Y;“k in place of Wy ;,

K Nj,

SNP =D N> i Kk — Sw).-
k=1 =1

To the best of our knowledge, this multiplier bootstrap for multiway clustering is new in the

literature. We will formally study the validity of this multiplier bootstrap for high-dimensional

multiway clustered data with p > n in the next two subsections.

2.2. High-dimensional CLT for multiway clustering. We first establish a high-dimensional
CLT for Sy over the class of rectangles,

p
R = H[aj,bj]:—oogajgbjSOO, 1<7<p
j=1

This high-dimensional CLT will be a building block for establishing the validity of the multiplier
bootstrap considered in the preceding section.

We start with discussing regularity conditions. Denote by 1 = (1,...,1) the vector of ones. Let
Dpn > 1 be a given constant that may depend on the cluster sizes IN, and let ¢ > 0 be another
given constant independent of the cluster sizes IN. We will assume either of the following moment

conditions.
lrgjagpl\X{le <Dn, or (2.3)
E[|| X1]|%] < D% for some ¢ € (4,00). (2.4)
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We will also assume both of the following conditions.

7 124k < DE _
(o nax, EIW T < DR, k=12, (25)
min _ E[|W/,|}] > o> (2.6)

1<j<p;1<k<K
Condition ([2.3)) requires that each coordinate of X7 is sub-exponential. By Jensen’s inequality,
Condition ([2.3]) implies that

<D
1<g<%11<k<K||Wk1H¢1 S UN-

Condition is an alternative moment condition on X3. Condition is satisfied for example
under the following situation: Suppose that X is given by X; = ;Z; where ¢; is a scalar “error”
variable while Z is a vector of “covariates”. If each coordinate of Z; is bounded by a constant D
(that may depend on N) and ; has finite ¢-th moment, then E[|| X;||%] < DNE[|e;]9]. Again, by
Jensen’s inequality, Condition implies that

41 < DY,
max E[|Wi,[|4] < D

Condition requires the maximum of third (respectively, fourth) moment across coordinates
to be increasing at speed no faster than the first (respectively, second) power of Dpn. By Jensen’s
inequality, Condition is satisfied if max,<;<, E[|XJ[2+%] < D%, for k = 1,2. Condition
guarantees that the Hajek projection is nondegenerate.

Let v = N(0,X).

Theorem 1 (High-dimensional CLT for multiway clustering). Suppose that either Condition
or holds, and further that both Conditions and (@) hold. Then, there exists a constant
C such that

sup [P(vnSn € R) — v(R)]
RER

o 1/6 '
C (M if Condition holds,

n

< 1/6 .\ 1/3
c{(f’“i"’m) + (BhE M) } if Condition (24) holds,

where the constant C' depends only on o and K if Condition holds, while C depends only on
q,0, and K if Condition holds.

Remark 2 (Refinement under subgaussianity). The recent paper of |Chernozhukov et al.| (2019b)
provides some improvements on convergence rate of Gaussian approximation under the subgaussian
tail assumption for the sample mean of independent random vectors. With this new technique, if
we strengthen Condition by replacing the t1-norm || - ||y, with the 19-norm || - ||, (i.e., each

coordinate X is sub-Gaussian), the bound C' (n‘lD]QV log7(pN))1/ % in Theoremcan be improved
to C (n~1D% log®(pN ))1/4

2.3. Validity of multiplier bootstrap for multiway clustering. We are now in position to
establish the validity of the proposed multiplier bootstrap for multiway clustered data. Let P, X
denote the law conditional on the data Xn] = (X;)ie[n)- Define
1 &
A X w2
W= 1<j<p 1<I<:<K N, - 1( kiv = W)™
=
9



which accounts for the estimation error of Y;“-k for Wy, ;, . Also, let & = maxi<j<p.1<ip<K /E[]ng 1121

The following theorem shows that as soon as Ay is sufficiently small (i.e, 72Aw logtp = op(1)),
then the multiplier bootstrap is consistent over the rectangles under mild conditions on the dimen-
sion p.

Theorem 2 (Validity of multiplier bootstrap for multiway clustering). Consider the following two

cases.
(i). Conditions , , and (@) hold, and there exist constants Cy and (1, (2 € (0,1)
such that
P (EzAwlog4p > C’ln*@) <Cin~ !t and (2.7)
2 2 5/ 77

(ii). Conditions (2.4)), (2.5), and (2.6) hold, and there exist constants C1 and (i, ¢ € (0,1)
such that Condition holds and

2
D3, log”(pn) D3, log® p —¢
- \ M) SO (2.9)

Then, under either Case (i) or (ii), there exists a constant C such that

e ‘P|X[N1(\/ESJJ\V4B €R) - VE(R)) < Cn~(@ne)/4
IS

with probability at least 1 — Cn~", where the constant C depends only on o, K, and Cy under Case
(i), while C' depends only on q,o, K, and Cy under Case (ii).

Remark 3 (Discussion on Conditions (2.7)—(2.9)). Conditions (2.7)—(2.9) are placed to guarantee

that the error bound for our multiplier bootstrap decreases at a polynomial rate in n. If we are to
show a weaker result, namely,

sup IPix, (VISNT € R) — 72(R)| = op(1) (2.10)
S

as n — oo (with the understanding that p,o, Dy, and N are functions of n), then Conditions
(2.7)(2.9) can be weakened to 7Aw log* p = op(1), D%, 1og?(pN) = o(n), and (n~ D%, log®(pn)) v
(n'=2/4D%,10g® p) = o(1), respectively. (The critical case ¢ = 4 is allowed for ; note that the
high-dimensional CLT (Theorem 1)) also holds with ¢ = 4.)

Condition 1j is a high-level condition on the estimation accuracy of Ylmk for Wy, . We
provide primitive sufficient conditions for Condition (2.7)) to hold in the following proposition.

Proposition 1 (Primitive sufficient conditions for Condition (2.7)). Consider the following two
cases.

(i’) Conditions , , and (@ hold, and there exist constants C1 and ¢ € (0,1) such
that

F72D2 1 7
o UNE P < Cyin~¢. (2.11)
n

10



(ii’) Conditions (2.4)), (2.3), and (2.6) hold, and there exist constants Cy and ¢ € (2/q,1) such
that

72D2.1 5
o UNE P < Cyn~¢. (2.12)

n

Under Case (i’), for any v € (1/(,0), there exists a constant C depending only on v, K, and C
such that

P <E2AW log*p > C’n*CJrl/”) <Cnl.
Under Case (ii’), there exists a constant C' depending only on q, K, and Cy such that

P (EQAW logtp > C’n*<+2/q) <Cn!

Remark 4 (Discussion on Conditions (2.11)) and (2.12)). If we are to follow Remark |3|and to show
a sufficient condition for Ay log p = 0p(1), then Conditions (2.11)) and (2.12) can be weakened
to 52 D3 log” p = o(n) and 72D3; log® p = o(n'~2/%), respectively.

In practice, we often normalize the coordinates of the sample mean by estimates of the standard
deviations, so that each coordinate is approximately distributed as N(0,1). In view of the high-
dimensional CLT, the approximate variance of the j-th coordinate of \/nSn is given by 0]2 =

Var(\/ﬁSK;’j ), where SK,/J is the j-th coordinate of SRy. This can be estimated by
K Ny
n
=2 3 2 K-
k=1 p=1

Let A = diag{c?,... ,ag} and A = diag{5?, ... ,6’5}. We consider to approximate the distribution
of /nA=1/2Sn by \/nA=1/28ME.

Corollary 1. Consider Cases (i) and (ii) in Theorem[d. In Case (i), assume further that

DIQV log7 (pN)
n

while in Case (ii) assume further that

. — 2
D2, log” (pN) V <D?\, log®(pN )) < Oyn-3Gne)/2,

n nl_z/q

Then, there exists a constant C' such that for Y ~ N(0,%),

sup [P(vnA~28n € R) —P(A~1/?Y ¢ R)‘ < Cn~ @A/ g
ReER

{;u% ‘IP‘X[ (VnA=128MB ¢ R) —P(A1/2Y € R)‘ < Cn—<<1A<2>/4} >1-Cn"t,
S

where the same convention on the constant C as in Theorem 9 applies.
11



3. PoLyabpic Data

In this section, we consider another class of exchangeable arrays, namely, jointly exchangeable
arrays, which correspond to polyadic data. The notations in the current section are independent
from those in Section [2] unless otherwise noted. Joint exchangeability induces a more complex
dependence structure on arrays than separate exchangeability, but still we are able to develop
analogous results to the preceding section for jointly exchangeable arrays as well. It should be
noted, however, that we do require a different bootstrap and technical tools (cf. Appendix [C) to
accommodate a specific dependence structure induced from joint exchangeability.

Pick any K € N. For a given positive integer n > K, let I, k = {(i1,...,ix) : 1 <iy,...,ig <
nand iy,...,ix are distinct}. Alsolet Ing x = Uy i In, . For any ¢ = (i1,...,ix) € NE et {i}+
denote the set of distinct nonzero elements of (i1, ...,ix). For example, {(2,0,1,2)}T = {1, 2}.

In this section, we consider a K-array (X;);e I i consisting of random vectors in RP. We say that
the array (X;)icr, , 18 jointly exchangeable if the following condition is satisfied (cf. |[Kallenberg;,
2006, Section 3.1).

Definition 2 (Joint exchangeability). A K-array (X;)ier.. , 4 called jointly exchangeable if for
any permutation m of N, the arrays (Xi)iejooﬂ and (X(ﬂ(il),._,,n(iK)))ieloo’K are identically dis-
tributed.

From the Aldous-Hoover-Kallenberg representation (see Kallenberg, [2006, Theorem 7.22), any
jointly exchangeable array (X;)icr,, , is generated by the structure

X; = f((U{i®e}+)eE{0,1}K)7 1€ Ioo,K7 {U{i®e}+ HES [oo,K7 €c {07 1}K} ~ U[Ov 1]

for some Borel measurable map § : [0, 1]2K — RP. For example, when K = 2, then X;, ;,) is
generated as X(;, i,y = f(Ug, Uiy, Uiy, Uy, ipy ). (We will write U, = Uy, y for the notational conve-
nience.) Here the coordinates of the vector (Ug;zey+)ec {0,1yx are understood to be properly ordered,
so that, e.g., when K = 2, X(;, i,) = f(Ug, Ui, Uiy, Ugi, iny) and Xiy i) = f(Ug, Uiy, Uiy, Uy i)
differ (although they have the identical distribution).

As in the separately exchangeable case, we consider inference conditional on Ug, and in what fol-
lows, we will assume that the array (X;)ier,, , has mean zero (conditional on Ug) and is generated
by the structure

Xi = 8((Ugioey+)ecqo13x\f0})s ¢ € I K, (3.1)
where g is now a map from [0, 1]2" ! into RP.

Suppose that we observe {X; : ¢ € I, g} with n > K and are interested in distributional
approximation of the polyadic sample mean

5= S

’iGIn’K

in the high-dimensional setting where the dimension p is allowed to entail p > n.
12



As in Section define & = {e = (e1,...,ex) € {0,1}K : K ey =k} for 1 <k < K. The
analysis of the polyadic sample mean relies on the following decomposition of Xj:

K K
X; = ZE[Xi | Us,,| + (E[X,- | Uiy, Uiy ] — ZE[Xi | Uik]>
k=1

=1
K

+> < | (Uioey+ecur_ e, ] — E[X | (U{i®€}+)e€uf;118r]> '
k=2

This leads to the decomposition

1n
Su=1 2 E n_l.Z 2. X

j:1 k= lleanZk ]

K
+(";,K)! > (]E[Xi]Uil,... ~ > E[X; | Us, > (3.2)
) k=1

":eln,K

K
(n—K)!
D el (E[Xi | Uioey+)ecut_e,) — E1Xi | (U{i@e}+)eeuf;1lgr]) :

k=2 ieln,K

The second term on the right-hand side of is a degenerate U-statistic and thus negligible
compared with the first term under moment conditions (this term can be expanded into K — 1
terms each of which scales as O(n=%/2) if p is fixed for k = 2,..., K). The analysis of the third
term is more complicated but it will be shown that the k-th term inside the first summation scales
as O(n~"/2) if the dimension p is fixed, so that the third term on the right-hand side of is
also negligible compared with the first term. See Appendix [C| for details. Applying the Hoeffding
decomposition to the second term on the right-hand side of , combining it with the third term
on the right-hand side of , and aligning the terms according to their orders, we can obtain a
Hoeffding-type decomposition for jointly exchangeable arrays. As in the multiway clustering case,
we call the first term on the right-hand side of the H&jek projection of S,,.

Defining hy(u) = E[ X, k) | Uy = u] for k = 1,..., K, we can simplify the Héjek projection
into

n K
1
=YW, with W= (U
n]:l g . ’ k=1 k( j)

Since {W;}]_, are ii.d., we can expect that v/nSY can be approximated (in distribution) by
N(0,%), where
S =E[WiW/].

This suggests the following version of multiplier bootstrap for polyadic data.

3.1. Multiplier bootstrap for polyadic data. Let {¢; };L:l be independent N(0,1) random
variables independent of the data. Ideally, we want to make use of the multiplier bootstrap statistic

1 n
- > (W - KS,).
j=1

13



This is infeasible, however, as the projections W; are unknown. As an alternative, we replace each
W; by its estimate

WJ: n_llz Z Xi,

k=114iel, KR =]

and apply the multiplier bootstrap to VAVj, i.e.,
SMEB . Zgj W, - K8S,)

For example, when K = 2 (dyadic), this muhtpher bootstrap simplifies into

n
SMB — Zﬁg m Z ( X5y + X(iny) —28n ¢,
=15
which coincides with the multlpher bootstrap statistic considered in Section 3.2 of |Davezies et al.
(2020). However, Davezies et al.| (2020) do not consider the extension to general K arrays, and
focus on the empirical process indexed by a Donsker class, which excludes the high-dimensional
sample mean. We will study the validity of this multiplier bootstrap for general polyadic data in
the following two subsections.

3.2. High-dimensional CLT for polyadic data. We consider to approximate the distribution
of \/nS,, by a Gaussian distribution on the set of rectangles R as defined in Section

Let D,, > 1 be a given constant that may depend on n, and ¢ > 0 be another given constant
independent of n. We will assume either of the following moment conditions.

[max 1XG1, s lln < Dy or (3.3)
B[ X, ll%] < DI for some g € (4,00). (3.4)
We will also assume both of the following conditions.
max E[|W{>"*] < DF, k =1,2, (3.5)
1r<n€13pEHW1I | > (3.6)

The conditions required here are similar to those in the case of multiway clustering in Section
The main difference is that Conditions (3.5 and (3.6)) are now imposed on Wj.
Let v5 = N(0,%).

Theorem 3 (High-dimensional CLT for polyadic data). Suppose that either Condition
holds, and further both Conditions and (@) hold. Then, there exists a constant C' such
that

sup ‘IP (VnS, € R) — vs(R)|

ReR

O (Do (om) | V6
n

if Condition holds,
1/6 1/3 ,
C <D’2110+7(pn)) + (M) ] if Condition holds,

n1*2/q
where the constant C' depends only on o and K if Condition holds, while C depends only on

q,0, and K if Condition holds.
14



Remark 5 (Comparison with |Silverman| (1976)). Theorem [3| is a high-dimensional extension of
Theorem A in Silverman| (1976) that establishes a CLT for jointly exchangeable arrays with fixed
p. The covariance matrix of the limiting Gaussian distribution in |Silverman| (1976)) has a different
expression than our X, but we will verify below that two expressions are indeed the same. The
covariance matrix given in Corollary to Theorem A in [Silverman (1976) reads as follows: Let
X(iy,...ix) De the symmetrized version of X, ., i-e, Xgy ig) = (K=t Z(i’l,..‘,i}{) Xt
where the summation is taken over all permutations of (i1, ...,ix). The covariance matix given in
Silverman| (1976)) is Xg = KQE[X(L...,K)X(1,K+1,A..,2K)]~ On the other hand,

K K
ZE[X(L...,K) | Uy =u] = ZE[X(L...,K) | Up = u] = KE[X(L...,K) | Up = ul,
k=1 k=1
so that
¥ =K’E [E[X(L...,K) | UI]E[X(I,.‘.,K) | Uh]] = K2E[X(1,...,K)X(l,K+1,...,2K)] =g,
as claimed.

3.3. Validity of multiplier bootstrap for polyadic data. Let Px, . denote the law condi-
tional on the data (Xj)ier, - Define 7

. 1 o, -
Aw, = max — Z(Wf - I/Vf)2

1<t<pmn

In addition, let @ = max;<¢<p E[|[W{ 2.

Theorem 4 (Validity of multiplier bootstrap for polyadic data). Consider the following two cases.
(i). Conditions (3.9), (3-9), and (3.6) hold, and there exist constants Ci and (1, (2 € (0,1)

j=1

such that
P (EQAml log* p > Cln_@) <Cin~ ' and (3.7)
2 2 5
n

(ii). Conditions (3.4)), (3.5), and (3.6) hold, and there exist constants C1 and (1, ¢ € (0,1)
such that Condition holds and

2
Dilasn) \ (DR 59

n nl—4/4

Then, under either Case (i) or (ii), there exists a constant C such that

sup |Pix,  (VASMP € R) - an(R)| < Cn~ (@A,
ReR ™
with probability at least 1 — Cn~', where the constant C depends only on o, K, and Ci under Case
(i), while C' depends only on q,o, K, and Cy under Case (ii).
The following proposition provides primitive sufficient conditions for Condition (3.7 to hold.

Proposition 2 (Primitive sufficient conditions for Condition (3.7)). Consider the following two

Ccases.
15



(i’) Conditions , , and (@ hold, and there exist constants C1 and ¢ € (0,1) such

that
=212 1067
oDz log' p < Oyn<
n
(ii’) Conditions (3.4)), (3.5), and (3.6) hold, and there exist constants Cy and ¢ € (2/q,1) such
that

—27192 1,5
o°D; log’ p < On<

n
Under Case (i’), for any v € (1/(,0), there exists a constant C depending only on v, K, and C
such that

P (EQAVW log? p > C’n*CJrl/”) <Cn L.
Under Case (ii’), there exists a constant C' depending only on q, K, and C1 such that
P (EQAWJ logp > C’n_<+2/q) < Cn %

Finally, we consider normalized sample means for polyadic data. In light of the high-dimensional
CLT for polyadic data, the approximate variance of the ¢-th coordinate of /nS, is given by
= Var(WY{), which can be estimated by

o I~
67 = - > (Wi - KSE)?.
k=1
Let A = diag{of,...,0,} and A = diag{6?,... ,02}. We consider to approximate the distribution
of /nA=1/28, by /nA~1/28MB,
Corollary 2. Consider Cases (i) and (ii) in Theorem[ In Case (i), assume further that

D2 log"(pn)
n

< Cln—3(C1/\C2)/2’

while in Case (ii) assume further that

D2log"(pn) \ ; ( D2log?(pn)\” 3(CIAG)/2
- \/< ey ) < Cin (C1nG2)/2

Then, there exists a constant C' such that for Y ~ N(0,%),

sup |P(vnA~128, € R) — P(A~2Y ¢ R)’ < Cn~ @R g
RER

P {;u% ’IPjXI” (VA28 € R) —P(ATVPY € R)‘ < cn—<<1“2>/4} >1-Cn},
c ,

where the same convention on the constant C as in Theorem [{] applies.
The proof is analogous to Corollary [1| and thus omitted.

Remark 6 (Discussion on rate conditions for polyadic data). Similar to Remark I 3l and Y l, if one is
interested only in bootstrap consistency, Conditions . n can be weakened to UAW log p=
op(1), D% log® (pn) = o(n), and (n='D2log®(pn)) V (n'=2/9D2? log? p) = o(1), respectively. In ad-
dltlon to show 7Ap log!p = OP( ), the two rate conditions in Proposition [2| can be weakened to
72D2 log” p = o(n) and @2D2 log® p = o(n'~?/9), respectively.
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4. APPLICATIONS

In this section, we illustrate four applications of our proposed methods and theories. Section
presents robust inference in demand analysis under differentiated products markets with market
share data. Section presents robust inference in extended gravity analysis with trade data.
Section presents how to construct confidence bands for densities of flows in polyadic data.
Section [4.4] presents penalty choice for the Lasso and the performance of its corresponding estimate.

4.1. Robust inference in demand analysis with market share data. Market share data used
for demand analysis under differentiated products markets naturally exhibit two-way clustering due
to the economic structure of supply and demand. Typical market share data are double-indexed by
products ¢ and markets j. Observations are generally dependent across markets j due to a common
supply shock generated by the producer of product i. Observations are also generally dependent
across products ¢ due to a common demand shock in market j. We illustrate an application of our
proposed theory to the frontier approach of robust identification for demand models using this type
of data.

Following Berry| (1994) and Berry et al.| (1995), consider a model of demand for N; products
indexed by ¢ = 1,..., Ny with an outside option ¢ = 0 in N2 markets. Consumer ¢ derives utility
Ueij = 035+ €5 for product ¢ in market j, where ;5 is the mean utility and e;; denotes idiosyncratic
shock with the type-I extreme value distribution. The mean utility is in turn modeled by §;; =
Xg;-O + 1;5, where Xj; is a vector of observed product and market characteristics and 7;; denotes
unobserved characteristics. Suppose that each consumer ¢ in market j chooses the product i yielding
the highest utility, i.e., s¢;; = L{u;; > uy; for all i =0,1,..., N1}. Aggregation yields the product
share m;; = E[s¢ij | 01j,...,0n,5]. The standard market share inversion in turn yields the mean
utility d;; = logm;; — logm;. Suppose that we obtain instrumental variables z;; that is mean
orthogonal to the unobserved characteristics 7;;.

In this setup, the standard econometric approach uses the generalized method of moments
(GMM) with the mean orthogonality condition E[n;; | z;;] = 0. However, due to zero and/or
near-zero market shares in actual market share data, this standard approach is known to suffer
from unbounded moments of moment functions. In this light, Gandhi et al. (2020) propose a

robust identification approach. Specifically, they derive upper and lower bounds of mean utility
4

functions, denoted by 5% and 5”, respectively, and propose a family of moment inequalities of the

form

Hol6) {E[(XZ;B —51)9(=ij)] < 0
E[—(X;0 —d;)g(2i)] <0

for all g € G in an infinite set G of non-negative instrumental functions — see |Gandhi et al.| (2020).
While most existing studies (including |Gandhi et al.| 2020) on demand analyses do not account for
statistical dependence within a product ¢ or within a market j, robust inference can be achieved
by accounting for the two-way dependence — see |Chiang et al.| (2019)).

Applying our proposed method in Section |2, we may conduct inference for the utility parameters
0 under two-way clustered market share data in the following manner. Define the p-dimensional
random vector X;;(60) by

u u T
X@'j(a) = ((XE}H - 5@)91(21']'), (5fj - Xz‘j;e)gl(zz‘j);- S (XE;O - 5ij)gp/2(zij)v (5fj - Xge)gpm(zij))
1



for an increasing number p/2 of instrumental functions {g1,...,g,/2} C G. Define the test statistic
Tn(0) = max{Sn(0)} (or its normalized version), where S’N(H) = (N1 Np)~t > G.en) Xii (). To
approximate the distribution of T (8), let Wy,(0) = Ny ' Y22, X,;(0) — SN(e) and Wy ;(6) =
Ny ZNl X;j(0) — Sn(0). Construct the multiplier process S%B( ) = NP 6 Wa4i(0) +
Ny Z &2, Wa ;(0), where {&1,;} and {&;} are independent N(0,1) random variables indepen-
dent of the data. Let ¢(1—«;0) denote the conditional (1 —«a)-quantile of max{SaZ(6)}. Our test
rejects the null hypothesis Hy(0) if Tn(0) > ¢(1 — a; ). Inverting this test provides a confidence
region for the utility parameters 6.

4.2. Robust inference in extended gravity analysis with trade data. Trade data used for
gravity analysis naturally exhibit two-way clustering due to the economic structure of supply and
demand. Typical trade data are double-indexed by exporters ¢ and importers j. Observations are
generally dependent across importers j due to a common supply shock generated by the exporter
1. Observations are also generally dependent across importers ¢ due to a common demand shock in
the destination j. We illustrate an application of our proposed theory to the frontier approach of
robust identification in extended gravity analysis using this type of data.

Morales et al.| (2019)) introduces an extended gravity model with an implied static profit random
function 7;5(-) that firm ¢ receives from exporting to country j in year t, where m;j(-) takes
structural parameters € as arguments. Write m;;;4(0) = 7;;1(0) — m;57:(0). We assumed to know
the set A;j; of all the countries j' that share the same cost structure with country j from the
viewpoint of firm ¢ in year t. Let d;j; denote the indicator that firm 4 exports to country j in year
t, let z;5; denote a vector of variables including components of costs that depend on gravity and
extended gravity variables, and let § denote the rate of future discounting. In this setting and with
these notations, Morales et al.| (2019) propose a family of moment inequalities of the form

Ho(0) :E | > g(zijt, zijr)dige(1 — dije) (mij54(0) + 7350 111)(0)) | =0
J'e€Aijt

for all g € G of non-negative functions satisfying certain restrictions — see Morales et al.| (2019)).
Define the p-dimensional random vector X;;(8) by

— 2 jre iy, 91(Zijt Zigt)dige (1 — dije) (7i5506(0) + 073550141 (0))
Xij(0) = :
= 2 jre Ay, 9p(Zijts Zigt)die (1 = dige) (mijj1(0) + 0mijj1(141)(6))

for an increasing number p of instrumental functions {gi,...,g,} C G. Define the test statistic
Tn(0) = max{Sn(0)} (or its normalized version), where Sn(0) = (N;No)~* 2 G.peN] Xij ().

Then, confidence regions for @ can be constructed as in the preceding section.

4.3. Confidence bands for truncated densities of flows in dyadic data. Researchers are
often interested in “the densities of migration across states, trade across nations, liabilities across
banks, or minutes of telephone conversation among individuals” (Graham et al. 2019). Densities
of these flow measures use polyadic data. We illustrate an application of our proposed theory in

Section |3| to constructing a confidence band for such density functions.
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Following (Graham et al.| (2019)), we suppose we observe the dyadic data {Y;; : 1 <1i # j < n}
that admits the structure

Yij = o(Ui, Uj, U{i,j}) (4.1)

where g is symmetric in the first two arguments and hence Y;; = Y};. We are interested in inference
on the density of Y;;. However, in certain empirical applications, such as international trade (see
Head and Mayer, 2014)), a proportion of the variable of interest is zero. Hence we assume that
Y;; has a probability mass at zero, i.e. Yj; is such that P(Y;; # 0) = a € (0,1], and Yj; ~ f when
Yi; # 0, where f is a density function on R. Let b(y) = af(y) denote the scaled density. We may
estimate f(-) = b(-)/a by f(-) = b(-)/a, where
i= g 2 M0GA0 M=y S0 Kaly— ¥l £0)
2/ 1<i<j<n 2/ 1<i<j<n

Here K : R — R is a kernel function (a function that integrates to one), K(-) := h~'K(-/h), and
h = h,, — 0 is a bandwidth.

We consider to construct simultaneous confidence intervals (bands) for f over the set of design

points y1,...,Yyp, where p = p, — oo is allowed. Define
A Kn(ye = Yig)  blye) o ; 5 o
ij:{ - CEA = 1(Y;; #0), 1<i<j<n, X;=Xj, 1<j<i<n,
for £ =1,...,p. Then, the multiplier bootstrap statistic is given by
1< . 1 X R 1 .
SYP == "¢i(W; - 28,), where S, = -~ > Xj; and Wi=—+ > 2X[.
i3 (3) 1<i<j<n T et

For a given a € (0, 1), consider the (1 — a)-simultaneous confidence intervals defined by

21— ot TT gy o €0 =) 4 IVt TT [ o Y (=)

( a)-—g[f(yﬁ) \/ﬁ] an ( a)-—g[f(ye) \/ﬁ:|7
where 67 = n~! S°7_ (WY —25%)2, A = diag(67, ... ,02), ¢(1—a) is the conditional (1 —a)-quantile
of |[v/nSMB||,, and ¢V (1 — a) is the conditional (1 — a)-quantile of ||/nA~Y/28MB|| . The first
method Z(1 — a) is a constant-length confidence band, while the second method ZV(1 — «) is a
variable-length confidence band based on Studentization.

The following proposition establishes asymptotic validity of the confidence bands. We will assume
that there exists a conditional density of Y;; given U;, denoted by fy,,i,(y | uv). Let fnly) =
[ Ki(y — 2) f(2)dz denote the surrogate density. Recall that a kernel K is an r-th order kernel for
some r > 2if [y'K(y)dy=0fort=1,...,r —1and [|y"K(y)|dy < co.

Proposition 3. Suppose that: (i) the data is generated following Equation with point mass
at zero, P(Y;; # 0) = a € (0,1] and Y;; ~ f with probability (1 — a), and a is independent of
n; (i) the conditional density fy,,|u, is bounded by some constant independent of n; (iii) for the
set of non-zero design points {y1,...,yp} C R, minj<y<, Var(fylglUl (ye | Uy)) is greater than some
positive constant independent of n; (iv) the kernel K is a bounded r-th order kernel for some r > 2;
(iv) the bandwidth satisfies h — 0,nh? — 0o as n — oo and log’ (pn) = o(nh?). Then we have

P((Faw))i_, €T —a)) > (1—a) and P((Fulw))i_, €TV (1 —a)) > (1-a).
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In addition, if f is at least r-continuously differentiable, ||f") | < 00, and nh? logp = o(1), then
P((flye)))_y €Z(1—a)) = (1—a) and P((f(ye))_, € Vi - @) = (1-a).
Some comments on the proposition are in order.

Remark 7. (i) The assumption that g in Equation being symmetric in its first two arguments
can in fact be relaxed. In such case, the conclusions in Proposition [3| continue to hold under the
additional assumption that fy,,;;, is bounded by a constant that is independent of n. Also, when
a =1 and r = 2, the proposed dyadic kernel density estimator reduces to the estimator of |(Graham
et al. (2020). The proposition complements Graham et al.| (2020) by providing valid simultaneous
confidence intervals for their dyadic kernel density estimator.

(ii) In some applications, such as in our empirical illustration in Section |§|, the object of interest
is b(+). For such case, one can simply omit the estimation of a by setting @ = 1 while keeping B()
unaltered. The conclusions in Proposition [3| continue to hold with this modification.

(iii) The proof of Proposition [3[does not follow directly from the results of Section |3 as we have
to handle the estimation errors of & and B(), which involves additional substantial work.

4.4. Penalty choice for Lasso under multiway clustering. Consider a regression model
Y = f(Z;) + ¢is E[gi ’ Zi] =0, i€ [N]7

where Yj is a scalar outcome variable, Z; € R? is a d-dimensional vector of covariates, f : R — R
is an unknown regression function of interest, and ¢; is an error term. We approximate f by a
linear combination of technical controls X; = P(Z;) for some transformation P : R? - RP, i.e.,

f(Zi) = X} Bo+ri, i € [N],

where r; is a bias term. The dimension p can be much larger than the cluster sizes IN, but we
assume that the vector 5y € RP is sparse in the sense that ||5p]lo = s < n. Suppose that the array
((Yi, ZiT )T)z cnk 18 separately exchangeable and generated as

(Y. Z1)T = 0((Uive)ecroryroy)s € NX,  {Uiwe i € N¥ e € {0,135\ {0}} "=" U0, 1),
for some Borel measurable map g : [0, 1]2K_1 — Rt

Arguably, one of the most popular estimation methods for such a high-dimensional regression
problem is the Lasso (Tibshirani, 1996)); we refer to Bihlmann and van de Geer| (2011); Giraud
(2015); Wainwright| (2019) as standard references on high-dimensional statistics. Let N = Hszl Ni,
denote the total sample size. The Lasso estimate for 5y is defined by

~

. 1
5)‘:argm1n -~ Z (E—X;‘[’B)Q"'/\’WHI )
PER? i€[N]

where A > 0 is a penalty level. We estimate the vector f = (fi)icin) = (f(Zi))ien by fA =

(XT BN iein: Let [[t]% o = N7 Yie iy 83 for t = (t)ieiny-

In what follows, we discuss the statistical performance of the Lasso estimate. Following Bickel
et al.| (2009), we say that Condition RE(s, cy) holds (RE refers to “restricted eigenvalue”) if, for a
given positive constant ¢y > 1, the inequality

T BT
k(s,c0) = min inf >0
JC{l,...p}  O€RP, 00 110711
1<|J|<s [|05elli<collfs1
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holds with J¢ = {1,...,p}\ J. Here for = (01,...,0,)T and J C {1,...,p}, 05 = (0;)jcs. Keep
in mind that as the covariates are random, the restricted eigenvalue k(s, cp) is random as well.
Theorem 1 of Belloni and Chernozhukov| (2013)) implies that if, for a given ¢ > 1,

°o )\ > QC”SNHOO with Sy = N1 Zze[N} €;X; and
e Condition RE(s, ¢g) holds with ¢g = (¢+1)/(c — 1),

then the following nonasymptotic bounds hold with k = (s, ¢p):

g

1~

N2 < 3|rl[n2 + (1 + >

To ensure that A > 2¢||Sn||oc with high probability, say 1 — n for some small n > 0, we will
chose A to be an estimate of the (1 — n)-quantile of 2¢|[Sn||oc. To this end, we first estimate
the error terms e; by pre-estimating [y by the preliminary Lasso estimate B = B)‘O with penalty
N = 7, (n"tlog p)l/ 2 for some slowing growing sequence 7,, — oo. In the following, we take
T, = logn for the sake of simplicity but other choices also work. We apply the multiplier bootstrap
to Sy = N1 Zie[N] £; X; instead of Sp.

We note that Héjek projection to Sy is given by Zszl Nk_1 Zi\;’“l Vi.ir» Where

Vi = Ble, i1 )X (1 1101 | U(0,.,0,08,0,.,0) -

We estimate V. ;, by

Vii, = ( H Nk')fl Z €;X;.

k'#k U1yl —150k4 1509l K

Let {& Zl}Zl 1reees {gKJK}Z].\;K:l be i.i.d. N(0,1) variables independent of the data, and consider

Z ngzk ‘/k’zk_ )

ip=1
k= oo

We propose to choose A as
A= A(n) = 2eA% (1 n),

where Ag\,(l —n) denotes the conditional (1 — n)-quantile of Ag\,. We allow 7 to decrease with n,
ie,n=mn, —0.

The following proposition establishes the asymptotic validity of our choice of A (as n — o0)
under multiway clustering. In what follows, we understand that s, p, N, n are functions of n while
other parameters such as c, g, K are independent of n.

Proposition 4 (Penalty choice for the Lasso under multiway clustering). Suppose that: (i) there
exist some constants q € [4,00) independent of n and D that may depend on N (and thus on n)
such that E|e1[*7] v E[|| X1||¥] < DY and max,<j<p maxi<p< B[V | 2] < Dy for £ = 1,2; (ii)
E[\ijl\Q} is bounded and bounded away from zero uniformly in 1 < j < p and 1 < k < K; (iii)
there exists a positive constant k independent of n such that k(s,co) > k with probability 1 — o(1);

(v) as n — oo, ||r||n2 = O(y/(slogp)/n) and

71 PR
sN /qD}Q’V 10g7(pN) \/ DJQV log® (pn) —o(l)
n nl=2/q '
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Then, we have A > 2¢||SN||co with probability 1 —n — o(1). Further, we have

A= O (\/losp\/\/log(i/n)> _

Consequently, if we take n =n, — 0, we have

IF = Fllva = Op <\/31‘;§p\/\/81°g§/”>> .

The proof of Proposition 4] does not follow directly from the results of Section |2, as we have to
take care of the estimation error of the preliminary Lasso estimate 3, which requires extra work.

Condition (iii) in the preceding proposition is a high-level condition on the sample gram matrix.
The following proposition provides primitive sufficient conditions for Condition (iii) to hold in the
two-way clustering case, i.e., K = 2.

Proposition 5 (RE condition under two-way clustering K = 2). Consider K = 2 and let BNy =

\/E[maxie[N] | X;||1%,]. Suppose that the eigenvalues of E[X1X{] are bounded and bounded away

from zero, and sB% log*(pN) = o(n). Then, there exists a positive constant r independent of n
such that k(s,co) > k with probability 1 — o(1).

Under Condition (i) of Proposition 4| By < Nl/qDN, so that sB%;log(pN) = o(n) reduces to
sNY/ Dnlog*(pN) = o(n), which is implied by Condition (iv) of Proposition

The proof of Proposition [5|relies on Lemma 2.7 in Lecué and Mendelson| (2017) and an extension
of Lemma P.1 in Belloni et al. (2018), whose proof in turn relies on the techniques in [Rudelson and
Vershynin (2008), from the i.i.d. case to two-way clustering.

Remark 8 (Column standardization). For intepretability of the Lasso estimate, in practice, we
often rescale the penalty by the weighted ¢;-norm (as in Belloni and Chernozhukov| (2011)) in the
quantile regression case) to make sure that the coefficients are penalized in a comparable manner.
All the results in this section continue to hold under this practice as the conditions assumed in
Proposition [4] guarantee the sample second moment of each covariate is consistent uniformly over
the coordinates.

5. SIMULATION STUDIES

5.1. Uniform Coverage under Multiway Clustering. In this section, we present simulation
studies to evaluate finite sample performance of the proposed multiplier bootstrap method for
multiway clustering. For simulation designs, we use two-way and three-way clustered sampling.
With ¥z denoting the p X p covariance matrix consisting of elements of the form 47"¢l in its
(r, ¢)-th position, two-way clustered samples are generated according to

1 1
X; = 1 (Z(iy0) + Z(0,i2)) + §Z(i1,z‘2)-

where (i) Zijne ~ N(0,Xz) independently for i € {(i1,32) € N2 : 1 < i3 < Ny,1 < iy < Np} and
e € {0,1}? in one design, and (ii) Z;ge ~ BN(0,%Xz) + (1 — B)N(0,2% %) and B ~ Bernoulli(0.5)
independently for ¢ € {(i1,42) € N?: 1 <3 < Ni,1 < iy < No} and e € {0,1}? in the other design.
Likewise, three-way clustered samples are generated according to

1

X, = —
t12

1
(Z.0.0) + 2005200 + Z00s3) T Ziinsia0) T Ziir i) T Z(0,i)) + 5 Z i1 i2si0)

22



where (i) Z;oe ~ N(0,%z) independently for 4 € {(i1,i2,43) € N®: 1 < i3 < N, 1 <ip < Np, 1 <
i3 < N3} and e € {0,1}3 in one design, and (ii) Zjoe ~ BN(0,3z) + (1 — B)N(0,2%z) and
B ~ Bernoulli(0.5) independently for 4 € {(i1,42,i3) € N> : 1 <i3 < Np,1 <y < No, 1 < i3 < N3}
and e € {0,1}? in the other design. For each of these data generating designs, we run 2,500 Monte
Carlo iterations to compute the uniform coverage frequencies of E[X;] for the nominal probabilities
of 80%, 90% and 95% using our proposed multiplier bootstrap for multiway clustering with 2,500
bootstrap iterations.

Tables [1] and [2| show simulation results for two-way cluster sampled data and three-way cluster
sampled data, respectively. The columns consist of the dimension p of X, and the two-way sam-
ple size (N1, N2) or the three-way sample size (N7, N2, N3). The displayed numbers indicate the
simulated uniform coverage frequencies for the nominal probabilities of 80%, 90% and 95%. For
each dimension p € {25,50,100}, sample sizes vary as (N1, N2) € {(25,25), (50,50), (100,100)} in
Table (1} and sample sizes vary as (N1, Na, N3) € {(25,25,25), (50,50, 50), (100, 100,100)} in Ta-
ble [2 Observe that, for each nominal probability, the uniform coverage frequencies approach the
nominal probability as the sample size increases. These results support the theoretical property of
our multiplier bootstrap method. We ran many other sets of simulations with various designs and
sample sizes not presented here, but this observed pattern to support our theory remains invariant
across all the different sets of simulations.

5.2. Uniform Coverage under Polyadic Data. In this section, we present simulation studies
to evaluate finite sample performance of the proposed multiplier bootstrap method for polyadic
data. We shall focus on the the most common case in practice, the dyadic data, i.e. K = 2. With
Yz denoting the p X p covariance matrix consisting of elements of the form 4-"=¢ in its (r,c)-th
position, dyadic samples are generated according to

1 1
Xij =5 (Zaoy +ZGo) + 52Z6,),

where (i) Zipe ~ N(0,3z) independently for i € {(i,j) € N> : 1 < 4,5 < n,i # j} and e €
{1} x {0, 1} in one design, and (ii) Z;ce ~ BN(0,Xz)+ (1 —B)N(0,2Xz) and B ~ Bernoulli(0.5)
independently for 4 € {(i,j) € N> : 1 <4i,j < n,i # j} and e € {1} x {0,1} in the other design.
We run 2,500 Monte Carlo iterations to compute the uniform coverage frequencies of S, for the
nominal probabilities of 80%, 90% and 95% using our proposed multiplier bootstrap for multiway
clustering with 2,500 bootstrap iterations.

Table [3|shows simulation results. The columns consist of the dimension p of X, and the polyadic
sample size N. The displayed numbers indicate the simulated uniform coverage frequencies for
the nominal probabilities of 80%, 90% and 95%. For each dimension p € {25,50,100}, sample
sizes vary as n € {50,100,200}. Observe that, for each nominal probability, the uniform coverage
frequencies approach the nominal probability as the sample size increases. These results support
the theoretical property of our multiplier bootstrap method. We ran many other sets of simulations
with various designs and sample sizes not presented here, but this observed pattern to support our
theory remains invariant across all the different sets of simulations.

5.3. Uniform Confidence Band for Densities of Dyadic Data. In this section, we present
simulation studies to evaluate finite sample performance of the proposed uniform confidence bands

for probability density functions of dyadic data that is presented in Section Dyadic data are
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Distribution of Z;ze (i) Gaussian

Normalization No
Dimension of X;: p| 25 25 25 50 50 50 100 100 100
Sample Sizes: N1, No | 25 50 100 25 50 100 25 50 100
80% Coverage | 0.834 0.834 0.807 | 0.838 0.829 0.794 | 0.864 0.815 0.813
90% Coverage | 0.928 0.921 0.909 | 0.935 0.925 0.906 | 0.943 0.916 0.910
95% Coverage | 0.973 0.964 0.955 | 0.973 0.963 0.954 | 0.976 0.962 0.960
Normalization Yes
Dimension of X;: p| 25 25 25 50 50 50 100 100 100
Sample Sizes: N1, No | 25 50 100 25 50 100 25 50 100
80% Coverage | 0.753 0.776 0.788 | 0.740 0.783 0.793 | 0.698 0.758 0.791
90% Coverage | 0.876 0.889 0.895 | 0.860 0.882 0.900 | 0.834 0.876 0.896
95% Coverage | 0.933 0.943 0.947 | 0.921 0.938 0.947 | 0.902 0.936 0.948

Distribution of Z;qe (ii) Mixture
Normalization No
Dimension of X;: p| 25 25 25 50 50 50 100 100 100
Sample Sizes: N1, No | 25 50 100 25 50 100 25 50 100
80% Coverage | 0.824 0.817 0.803 | 0.859 0.841 0.814 | 0.864 0.828 0.814
90% Coverage | 0.927 0.908 0.905 | 0.942 0.931 0.919 | 0.943 0.910 0.917
95% Coverage | 0.967 0.954 0.956 | 0.976 0.968 0.960 | 0.973 0.957 0.962
Normalization Yes
Dimension of X;: p| 25 25 25 50 50 50 100 100 100
Sample Sizes: N1, No | 25 50 100 25 50 100 25 50 100
80% Coverage | 0.747 0.772 0.785 | 0.716 0.768 0.783 | 0.711 0.776 0.789
90% Coverage | 0.861 0.882 0.891 | 0.848 0.878 0.887 | 0.841 0.884 0.888
95% Coverage | 0.925 0.939 0.940 | 0.912 0.938 0.944 | 0.914 0.941 0.942

TABLE 1. Simulation results for two-way (K = 2) cluster sampled data. Displayed
are the dimension p of X, the two-way sample size (N7, No) with N3 = Nj, and the
simulated uniform coverage frequencies for the nominal probabilities of 80%, 90%
and 95%.

generated according to
1 1
Yij = ;WUio+Ujo) + Ui,
where (i) Usoe ~ N(0,1) independently for i € {(i,7) € N> : 1 <i,5 <n,i# j}ande € {1} x{0,1}
in one design, and (ii) U;oe ~ Logistic(0,1) independently for i € {(i,7) € N2 : 1 <i,j <n,i# j}
and e € {1} x {0,1} in the other design.
We use the Epanechnikov kernel function K for estimation and inference for the probability

density functions f of Y; ;. We use the n1/5-undersmoothed version of two Silverman’s rules of
thumb, i.e., (a) bl = 1.065y;, ,n~?/> and (b) h2 = o.9min{&m,@n ) /1.34} n~2/5 where 6y, ,

and I/Q?%YZ ; are the sample standard deviation and the sample interquartile range of Y; ;, respec-
tively. Confidence bands for f are constructed on the interval [—2, 2] with the grid size of 201. We

run 2,500 Monte Carlo iterations to compute the uniform coverage frequencies of f on this grid
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Distribution of Z;qe

(i) Gaussian

Normalization

No

Dimension of Xj;: p

25

25

25

50

50

50

100

100

100

Sample Sizes: Ny, No, N3

25

50

100

25

50

100

25

50

100

80% Coverage
90% Coverage
95% Coverage

0.819
0.912
0.952

0.808
0.912
0.958

0.805
0.910
0.951

0.834
0.932
0.971

0.812
0.914
0.958

0.808
0.908
0.956

0.843
0.929
0.973

0.817
0.918
0.962

0.813
0.902
0.956

Normalization

Yes

Dimension of X;: p

25

25

25

50

50

50

100

100

100

Sample Sizes: Ny, No, N3

25

50

100

25

50

100

25

50

100

80% Coverage
90% Coverage
95% Coverage

0.777
0.879
0.938

0.780
0.884
0.936

0.792
0.892
0.953

0.768
0.874
0.939

0.789
0.890
0.944

0.785
0.888
0.935

0.732
0.852
0.925

0.768
0.878
0.935

0.797
0.898
0.945

Distribution of Z;ze

(if) Mixture

Normalization

No

Dimension of Xj;: p

25

25

25

50

50

50

100

100

100

Sample Sizes: Ny, No, N3

25

50

100

25

50

100

25

50

100

80% Coverage
90% Coverage
95% Coverage

0.829
0.921
0.964

0.823
0.916
0.958

0.810
0.904
0.952

0.824
0.923
0.960

0.822
0.915
0.958

0.810
0.908
0.956

0.852
0.946
0.974

0.818
0.913
0.959

0.803
0.908
0.958

Normalization

Yes

Dimension of Xj;: p

25

25

25

50

50

50

100

100

100

80% Coverage
90% Coverage
95% Coverage

0.777
0.887
0.940

0.786
0.891
0.943

0.776
0.890
0.940

0.779
0.885
0.939

0.767
0.880
0.938

0.789
0.895
0.943

0.741
0.859
0.924

0.763
0.878
0.939

0.796
0.894
0.946

TABLE 2. Simulation results for three-way (K = 3) cluster sampled data. Displayed
are the dimension p of X, the three-way sample size (N1, Na, N3) with N3 = Ny =
N3, and the simulated uniform coverage frequencies for the nominal probabilities of

80%, 90% and 95%.

for the nominal probabilities of 80%, 90% and 95% using our proposed multiplier bootstrap for
inference about the probability density functions of dyadic data with 2,500 bootstrap iterations.

Table 4] shows simulation results. The columns consist of the dyadic sample sizes n € {250, 500}.
The displayed numbers indicate the simulated uniform coverage frequencies for the nominal prob-
abilities of 80%, 95% and 95%. Observe that, for each nominal probability and for each data
generating design, the uniform coverage frequencies approach the nominal probability as the sam-
ple size increases. These results support the theoretical property of our multiplier bootstrap method
for constructing uniform confidence bands for probability density functions of dyadic data.

6. EMPIRICAL ILLUSTRATION

In this section, we present an empirical application of our proposed method in Section to
constructing uniform confidence bands for the density functions of bilateral trade volumes in the

international trade, with a similar motivation to that stated in |Graham et al. (2019, 2020). Recall
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Distribution of Z;ze (i) Gaussian

Normalization No

Dimension of X;;: p| 25 25 25 50 50 50 100 100 100
Sample Size: n | 50 100 200 50 100 200 50 100 200
80% Coverage | 0.791 0.782 0.800 | 0.792 0.798 0.795 | 0.803 0.805 0.801
90% Coverage | 0.902 0.898 0.901 | 0.909 0.898 0.905 | 0.909 0.906 0.912
95% Coverage | 0.953 0.954 0.950 | 0.958 0.951 0.956 | 0.956 0.954 0.957
Normalization Yes

Dimension of X ;: p| 25 25 25 50 50 50 100 100 100
Sample Size: n | 50 100 200 50 100 200 50 100 200
80% Coverage | 0.713 0.744 0.780 | 0.664 0.736 0.770|0.621 0.718 0.768
90% Coverage | 0.837 0.869 0.889 | 0.806 0.854 0.886 | 0.780 0.845 0.876
95% Coverage | 0.918 0.928 0.946 | 0.887 0.923 0.943 | 0.867 0.915 0.942

Distribution of Z;ge (ii) Mixture
Normalization No

Dimension of X; ;: p| 25 25 25 50 50 50 100 100 100
Sample Size: n | 50 100 200 50 100 200 50 100 200
80% Coverage | 0.777 0.781 0.786 | 0.778 0.798 0.786 | 0.794 0.801 0.797
90% Coverage | 0.884 0.902 0.894 | 0.904 0.908 0.892 | 0.911 0.899 0.899
95% Coverage | 0.948 0.953 0.952 | 0.960 0.958 0.950 | 0.957 0.953 0.954
Normalization Yes

Dimension of X; ;: p| 25 25 25 50 50 50 100 100 100
Sample Size: n | 50 100 200 50 100 200 50 100 200
80% Coverage | 0.697 0.762 0.763 | 0.659 0.734 0.756 | 0.615 0.720 0.746
90% Coverage | 0.824 0.870 0.878 | 0.807 0.863 0.870 | 0.773 0.857 0.870
95% Coverage | 0.901 0.927 0.941 | 0.884 0.928 0.925 | 0.870 0.921 0.933

TABLE 3. Simulation results for dyadic data. Displayed are the dimension p of X,
the dyadic sample size n, and the simulated uniform coverage frequencies for the
nominal probabilities of 80%, 90% and 95%.

that our method extends those by Graham et al.| (2019)) in that we can draw uniform confidence
bands as opposed to point-wise confidence intervals. From this analysis, we can learn about the
evolution of the distributions of international trade volumes over time.

We employ the international trade data used in [Head and Mayer| (2014)), that come from the
Direction of Trade Statistics (DoTS). This data set contains information about bilateral trade flows
among 208 economies for 59 years from 1948 to 2006. In this analysis, we will focus on the relatively
recent years, 1990, 1995, 2000 and 2005. Our measure of the bilateral trade volume Yj; is defined
as the logarithm of the sum of the trade flow from economy ¢ to economy j and the trade flow from
economy j to economy ¢. We use the same software code as that used for our simulation analysis
presented in Section to draw confidence bands of the probability density function of Y;;. Since
there is a probability mass at zero in the international trade volumes, what we estimate is precisely
the Lebesgue-Radon-Nikodym derivative of the continuous part of the distribution, rather than

the probability density function. Specifically, we use I;(y) defined in Section for estimation,
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Distribution of Usge (i) Gaussian
Bandwidth Rule (a) hl (b) h2
Sample Sizes: n | 250 500 1000 | 250 500 1000
80% Coverage | 0.712 0.788 0.790 | 0.678 0.778 0.787
90% Coverage | 0.835 0.908 0.906 | 0.813 0.889 0.913

95% Coverage | 0.902 0.953 0.962 | 0.880 0.949 0.959

Distribution of Ujge (ii) Logistic
Bandwidth Rule (a) hL (b) h2
Sample Sizes: n | 250 500 1000 | 250 500 1000
80% Coverage | 0.792 0.817 0.799 | 0.781 0.809 0.794
90% Coverage | 0.906 0.916 0.914 | 0.899 0.914 0.908
95% Coverage | 0.955 0.962 0.962 | 0.951 0.958 0.961

TABLE 4. Simulation results for uniform confidence bands on [—2, 2] of probability
density functions of dyadic data. Displayed are the dyadic sample sizes n and the
simulated uniform coverage frequencies for the nominal probabilities of 80%, 90%
and 95%.

and confidence bands are constructed by setting a = 1. That said, we shall call it a density for
conciseness.

Figures [1] and [2] illustrate estimates and confidence bands of the density functions of Y;; in each
of the years 1990, 1995, 2000 and 2005. Each panel of these figures displays the kernel density
estimates in a solid curve and the 95% uniform confidence bands in a gray shade. In addition, we
also display the proportion of zero bilateral trade volumes to the left of the kernel density plots so
we can get an idea of the complementary proportion that consists the density of the continuously
distributed part of the distribution. Although we treat Y;; as the logarithm of the bilateral trade
volumes in estimation and inference, we use the original scale (as opposed to the logarithm) on the
horizontal axis for ease of reading the graphs.

Observe that the proportion of the zero trade volume is decreasing over time, and the density
function is accordingly moving upward over time. Despite this pattern of the changes over time,
the shapes of the density functions are rather similar in the middle of the distribution across time.
This observation entails a high level of confidence given the reasonably tight confidence bands.
However, notice that the right tail of the distribution becomes fatter as time progresses, implying
that there is an increasing number of bilateral pairs with very large trade volumes. Again, this
observation entails a high level of confidence given the tight confidence bands.

7. SUMMARY

Empirical data in use for economic analysis are often clustered in two or more ways, where
one source of dependence across units of demand is the common supply shock, and the the other
source of dependence across units of supply is the common demand shock. When the set of agents
generating the supply and the set of agents generating the demand are different, then such data is

separately exchangeable or two-way clustered. Examples include market share data. When the set
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FIGURE 1. The kernel density estimates (solid curve) and the 95% uniform confi-
dence bands (gray shade) of the bilateral trade volumes in 1990 and 1995.
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FIGURE 2. The kernel density estimates (solid curve) and the 95% uniform confi-
dence bands (gray shade) of the bilateral trade volumes in 2000 and 2005.



of agents generating the supply and the set of agents generating the demand are the same, then
such data is jointly exchangeable or dyadic. Examples include international trade data.

In this paper, for both separately exchangeable data and jointly exchangeable data, we de-
velop methods and theories for inference about multi-dimensional, increasing-dimensional and high-
dimensional parameters. Based on non-asymptotic Gaussian approximation error bounds for the
test-statistic on hyper-rectangles, we propose bootstrap methods and establish their finite sample
validity. Simulation studies support the theoretical properties of the method.

Four applications of the proposed method are illustrated. For demand analysis with a two-
way clustered data consisting of N; products and Ny markets, Gandhi et al. (2020) derive high-
dimensional moment inequalities. Similarly, for extended gravity analysis with a two-way clustered
data consisting of V] firms and N3 countries, [Morales et al.|(2019) derive high-dimensional moment
inequalities. With our theory of approximating the distribution of a multiway sample mean of a
high-dimensional random vector, inverting the Kolmogorov-Smirnov test allows for inference about
the structural parameters in these two settings. Third, extending Graham et al. (2019)), our method
was demonstrated to apply to construction of uniform confidence bands for probability density
functions of dyadic data. Finally, we also demonstrate an application of our proposed method to
penalty tuning parameter choice for £i-penalized regression under multiway cluster sampling. As
such, our basic theory paves the way for a variety of applications to analyses of multiway-clustered
and dyadic/polyadic data in econometrics.

APPENDIX
APPENDIX A. MAXIMAL INEQUALITIES FOR MULTIWAY CLUSTERING

In this section, we shall develop maximal inequalities for separately exchangeable arrays. As in
Section [2} let (X;);cnkx be a K-array consisting of random vectors in R” with mean zero generated
by the structure , Le., X; = g((Uice)ec{o1}x\{0}) for ¢ € N&. We will follow the notations
used in Section 2 The following theorem is fundamental.

Theorem 5. Pick any 1 <k < K and e € . Then, for any q € [1,00), we have
q 1/q a/27\ V4

Ell Y X < Cllogp)*? [E | max | > |X]P ,
€l(N) || YIS\ e )

where C' is a constant that depends only on q and K.
The following corollary is immediate from Jensen’s inequality.

Corollary 3 (Global maximal inequality). For any 1 <k < K,e € &, and q € [1,00), we have

q 1/q
E Z X;

<Cllogp)*” | 1]  Nw(E[X1eell&) ), (A1)
i€l ([N]) oo k' €esupp(e)

where C' is a constant that depends only on q and K.

Remark 9. By Jensen’s inequality, E[[| X10e]|%°] on the right-hand side of (A.1)) can be replaced

by E[|| X1 %% by adjusting the constant C.
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The proof of Theorem [5|relies on the following symmetrization inequality. Recall that a Rademacher
random variable is a random variable taking +1 with equal probability.

Lemma 2 (Symmetrization). Pick anyl < k < K. Let{e1 },...,{€r,} be independent Rademacher
random variables independent of the U-variables. Then, for any nondecreasing convex function
® :[0,00) — [0,00), we have

E|® Z 'XA.(il,...,Z’k,O,‘..,O) <E|® 2" Z 5171‘1"'ek,ikX(il,...,ik,o,...,o)

U1 5eenlk s Ul yeennlk o

The proof of Lemma [2| in turn relies on the following result.

Lemma 3. Let i € NX. Pick any 1 < k < K and let e € &,. Then, for any { € supp(e),
conditionally on (Usce )e<e—e,, the vector X;oe has mean zero.

Proof of Lemma(3 For illustration, consider first the K = 3 case and e = (1,1,1). Then

Xi = Xi— X(1,.0) ~ X0.29) = X(i1.05) — X(1.00) — X(0,02,0) ~ X(0,0,i5)-

Given (U, 0,005 U(0,i2,0)5 U(i1,i2,0))7 we have

A~

E[X(0,i0,i5) | Ui1,0,0) U0,i2,0) Utinin,0)] = E[ X | Ugin,0)] — E[ X | Ugg,in,0] = 0,
]E[X(il,ﬂ,ig) | Ui1,0,0)> U0,i2,0)» Ui i0,0)] = B[ X | Ugiy0,0)] — B[ X | Uiy 0,0)] = 0.
Conclude that
E[X; | Uiy 00 Ut0,iz.0)> Utin o)) = EIXi | Uiy 0,0)> Ut0,i2,0)» Ui in,0)]
- (X(il,iz,o) + X(il,O,O) + X(O,ig,o))
=0.

The proof for the general case is by induction on k. The conclusion is trivial when & = 1.
Suppose that the lemma is true up to kK — 1. Then,

E[XiQe ‘ (Ui(De’)e’Se—el]
= E[Xz ‘ (UiCDe’)E’Se—Ez] - Xi@(e—eg)
— Z E[Xi(ae/ | (Uice”)e'<e—e,) (by the definition of Xi@e)

e'<e
e'#e.e—ey

= Z Xi@e’ — Z E[X,;@e/ | (Ui®e”)e”§e—eg] (by plugging in the expansion of Xi@(efeg))

e'<e—ey e'<e
e'Ze—e, e'#ee—ey
_ Z E[Xi(ae’ ‘ (Ui(ae”)e”ﬁe—ez] — Z E[XiQe’ | (Ui®e’/>e//§e—eé]
e'<e—ey e'<e
e'Fe—ey e'reeer
== Y B[ | Uieeerze e

e'<e—ey l'#L
£esupp(e’), ' esupp(e)
Here, we have used the fact that Xi@e/ is 0((Usmer ) e <e)-measurable, so that E[X,-@e/ | (Uice)e'<e—e,) =

Xioer as long as supp(e’) C supp(e — ey). For any € < e — ey with ¢/ # ¢, £ € supp(e’), and
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¢ € supp(e), we have

B [Rice | Whoerlerce-er] = [Kiver | Uioenherze o] =0

by the induction hypothesis. Conclude that E[X;ce | (Uioe)e'<e—e,] = 0. O

A~

Proof of Lemmal[2 Lete = (1,...,1,0,...,0). Given (Uive )ic|N]e'<e—e1s 1 Di.... i X (i1,izersin.0,.0) :

k
i1 =1,..., N1} are independent with mean zero (the latter follows from Lemma . Hence, apply-

ing the symmetrization inequality (van der Vaart and Wellner| (1996), Lemma 2.3.6) conditionally
on (Ui@el)iE[N],e’SE—eN we have

E|® Z X(il,...,ik,O,...,O) ’ (UiGE’)iE[N],e/gefm
U1 yeenyik 0
=E |® Z Z X(i1,ii,0,...,0) | (Usice!)ic|N],e'<e—e1
i i1 \d2,.in -
<E|®|2 261,1'1 Z X (it ,onnsin.0,...,0) | (Uioe )ic|N],e'<e—e:
L i1 125050k 0
= E q) 2 Z 61,i1X(i1,‘..,ik,O,...,O) | (Ui®e’)i€[N],e/§efel
i 81 yesin -

By Fubini’s theorem, we have

Ef@ (| Y X(.ino...0) SE|® (2] D @i Xiin0,..0)

1y - 150 -

Next, given {61,2‘1} U {UiGe’}ie[N],e’gefew {Zil,ig,.,.,iK Gl,ilX(il,iz...,iK,o,...,o) i = 1,...,Na} are
independent with mean zero, so that by the symmetrization inequality and Fubini’s theorem, we

have
]:E (p 2 Z 6177;1X(i17~"’ik707"'70)
T genes ik 00
=E[® (2> | D @nXinino..0
L iz 11,8350k 00
<E|®[4 Z €2,iy E , el,ilX(il ----- ix;,0,...,0)
i i2 01,0350k 00
=E|P |4 Z €1,4y 62,2'2X(i17~~~7ik70,~~,0)
L U1 yeeeyliks 00
The conclusion of the lemma follows from repeating this procedure. O

We are now in position to prove Theorem
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Proof of Theorem[J. In this proof, the notation < means that the left-hand side is less than the
right-hand side up to a constant that depends only on ¢ and K. We may assume without loss of
generality e = (1,...,1,0,...,0). In view of Lemma it suffices to show that

N——

k

q q/2

v k/2 O J 2
E D et erinX(ir,in.0,..0 < (log p)™/°E max > X000

U150l oo U15eenlk

By conditioning and Lemma 2.2.2 in van der Vaart and Wellner| (1996, together with the fact that
that the L%-norm is bounded from above by the 1, /;-norm up to some constant that depends only

on (g, k), the problem boils down to proving that, for any constants a;, . i, ,

2
Z iy einy?

U1yeenyik

E €1yt " €hyip Qin ... i S

Ul yeenylk

oy

but this follows from Corollary 3.2.6 in de la Pena and Giné (1999). Indeed, let
(€156, ) = (€11, €LNY, €215 -+ 5 €K N ),
and define correspondingly

)iy it =i1,52 = N1 4o, ..o, jx = [ 1oy Nk + ik,
bjl--~jK - .
0 otherwise

forip, =1,...,Np,k=1,..., K. Then,

Z €l " €Ki iy = Z 691 “'egij1~~-jK‘
11,00l K n<-<jk
Corollary 3.2.6 in |de la Pena and Giné (1999) implies that the 1y ,-norm of the right-hand side is
2 _ 2
5 \/Zj1<"'<jK bﬂ]K - \/Zil,...,iK a’il...iK' O

Remark 10 (Comparison with Davezies et al.[(2020)). Lemma S2 of |Davezies et al. (2020) derives
a symmetrization inequality for the empirical process of an separately exchangeable array. Their

symmetrization inequality is substantially different from the maximal inequalities developed in this
section, in the sense that their symmetrization inequality is applied to the whole sample mean and
does not lead to correct orders to degenerate components of the Hoeffding decomposition. Indeed,
Davezies et al. (2020) do not derive a Hoeffding-type decomposition for separately exchangeable
arrays.

APPENDIX B. PROOFS FOR SECTION [2]

B.1. Proof of Lemma [1} The lemma follows from the fact that E[X; | (Ujce)e<1] = Xi, so that

A~

Xi = Xi+ Dect.er1 Xive = Deefo1}\ (o) Xive: =
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B.2. Proof of Theorem We will assume Condition . The proof under Condition is
similar and thus omitted. In this proof, let C' denote a generic constant that depends only on o
and K. We divide the proof into two steps.

Step 1. We first prove the following bound for the Héjek projection

D2, log” (pN)\ /°
sup [P(vnSY € R) — ys(R)| < C (Og(p)> .
RER n

For the notational convenience, we assume K = 2; the proof for the general case is completely
analogous. Let W, = Nk,_1 > i Wh,i,- By Proposition 2.1 in |Chernozhukov et al.| (2017a), we have

D% log" (pN)\ /°
sup [P(y/ Ny W € R) — 15y, (R)] < C (‘E(p)) k=12
ReR
For any rectangle R = szl[aj, bj], vector w = (w1,...,w,)T € RP, and scalar ¢ > 0., we use the

notation [¢R+ w] = H?Zl[caj +wj, cbj +wj], which is still a rectangle. With this in mind, observe
that for any rectangle R € R,

P(vn(W1 +W3) € R) = [ (MWle [W/N1/nR — /NiWo] |W2)}

Since W1 and W are independent, the right-hand side is bounded by

1/6
— ~ log' (pN
oo, (8~ VT (0
For Y; ~ N(0, 3y, ) independent of Wy, we have

Yo, (VN1 /R = /NiW3)) = P(Yi € [\/Ni/nR — V NMiW3] | W),

so that
E [y, (VIR - VRIWS))] = PV € [VRL/iR — VW)
= P(\/EWQ € [\/NQ/nR_ \/NQ/N1Yi]>

=E []P’(\/EWQ € [VV/N2/nR — /N2 /NoY1] | Yl)] :

Since Y7 and W are independent, the far right-hand side is bounded by

E [vzWQ ([v/No/nR — \/NQ/Nng])] +C <loi(pN)>l/6.

For Y5 ~ N (0, Xy, ) independent of Y7, the first term can be written as P(1/n/N1Y1++/n/NoYs €
R) = vs(R). Conclude that

1/6
P(vn(W1+W3) € R) <yx=(R) +C <17210§L(PN)>

The reverse inequality follows similarly.
Step 2. We will prove the conclusion of the theorem. Recall the decomposition:

SN:S%-FRN with Ry = ZZ Z X
k=2 ec& Hk’ESupp(e) " del(IN])
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By Corollary [3], we have

K
E[|Rlloc] < CD 0 *?(logp)***' DN < Cn~' Dy (logp)*.
k=2

For R =[[}_,[a;,b] with a = (a1,...,a,)T and b= (by,...,b,)T, we have

P(vnSn € R) = P({—V/nSn < —a} N{ynSn < b})

<P({—vnSn < —a} N {VnSxn < b} N {|ViRx | < t}) + B(|ViRy oo > 1)
<PE—vnSN < —a —t} N {/nSN <b+1t})+ Ct 'n"2Dn(logp)?
<vy({yeRP: —y< —a+t,y<b+t})

D% 1 1/6
+C <Oi (p )> + C’t_lrfl/QD]\r(logp)2

1/6
1 N
< v2(R) + Cty/logp + C <Oi<p)> + Ct*1n71/2DN(logp)2,

where the last line follows from Nazarov’s inequality — see Lemma [7] in Appendix Choosing
t= 11_1/4D11\/,2(10g3 p)'/4, we have

1/6 1/4
D3, log” (pN)> Lo (D%V log® p>
n n

P(vnSn € R) <vs(R) +C (

D3, log <pr>)1/6

n

<7s(R)+C (
The reverse inequality follows similarly. O

B.3. Proof of Theorem (2, We separately prove the theorem under Cases (i) and (ii).

Case (i). Let C denote a generic constant that depends only on ¢, K, and C. Also the notation
< means that the left-hand side is bounded by the right-hand side up to a constant that depends
only on o, K, and C].

Conditionally on Xy, we have /nSNZ ~ N (0, 3)), where

K

Z@ZXM—<&W&F

k=1

Hence, to obtain a bound on supgrcr |IP)|X[N] (vnSME € R) —~s(R)|, it suffices to bound || — %o
in view of Lemma [§in Appendix [Fl We note that

k
*j 72 N o ot n j 0
Xk,z'ka,ik - ESNSN - EE[ngJWk,ﬂ :

K
IS = Zfloe <) max
k ip=1

—1<j4<p ‘ NZ

::AW,k

We will focus on bounding AWJ as similar bounds hold for AW r with k€ {2,...,K}.
35



Observe that

N1
‘ n 7 j ¢
Nz Z 111 N2 Z Xlzl 111)(X1“ Wl,ﬁ)"‘ﬁZ( Lin — Wi Wi,
i1=1 i1=1 Li=1
n L
A2 Z le,il (Xl,u Wl 11 Z le i1 ,il .
i1=1 11=1
By the Cauchy-Schwarz inequality and the definition of n, we obtain
1 M Y] /
Aw, < — N (X - W2 42A)7 — N wt
w1 1@?<Xp N Z:l( L 1,11) T20y1 4 1121?<Xp N Z:l‘ 111
1= 11
=‘AW1 1
N1 (B.1)
J i J 14 0 (2
+ max |53 W Wi — WD + o IS
:5AW,1,2

For the second term on the right-hand side, we have
1 &
Z Wi l? <E[WH, 1%+ N D (WL, P =EIWL, %) <7° + Awae. (B.2)

11 1 11=1
. ¥
Further, since S& = N, Z“ V(X1 =W i) TNy Z“ 1 Wfil, we have

4 <
nax SN2 < Awaa + AW1 35 (B.3)

where AW1 3 = maxj<¢<p | Ny Z“ 1 ng,i1|‘ Combining 1)1 , we have
Ay < Ay £ 7AY2 4 Ay, t A2
Awi S Awaa +0Ay5 1 +Awie + Ay 3.

It remains to find bounds on the four terms on the right-hand side.
First, by Condition li we have Ay1qloghp < Cin™¢ and EAII,éQl log?p < Cn~%/2 with
probability at least 1 — Cn~!. Second, we note that

B | o, e (W, 14| < Qomp)* e 19311, = (g ) o |

1<’Ll <N1 1<é<p
_,_/
<Dk

Applying Lemma 8 in (Chernozhukov et al.| (2015), we have

Ny
A < N1 J 74 -1
ElAwa12] S Ny | (logp) max ) E[Wi;, Wi, []+ Ny \/E ng%mrgggplWl [*| logp
7

< Ny V2D log!? p + Ny D3 (log p) log?(pN)

<n Y2Dn1og"? p + n~ D% log? (pNN).
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Now, applying Lemma E.2 in |Chernozhukov et al. (2017a)) with n = 1 and 8 = 1/2, together with
the fact that
2
< (log pNy )2 D%
~ g PIV1 N>
1

Pl =

max max |Wfi1 ]

max  max |W{;
’ 1<i1 <Ny 1<6<p

1<i1 <Np 1<0<p !

P1/2

we have

1/2
A X nt2 nt
P(A > 2E[A t) < —ap2 | T3 "\ D2 1062(pN)
( w2 = 2E[Aw;1 ] + ) = exp < 3DJ2V) +aexp (C’D]QV IOgQ(pN)>

Setting t = {Cn~'D% logn}'/2 v {Cn~' D% (log? n) log®(pN)}, we conclude that
P (AW’LQ > C{(n"1D% log!?(pn) + n~tD%;(log n)? log%pﬁ)}) <cnl.

Condition ll then guarantees that AW 1,2 log? p < Cn=1/2 with probability at least 1 — Cn~!.
Finally, since 72 < (maxngSpE[|Wfl|3])2/3 <1 +max1S4SpE[|Wfl]3] S Dp, using Lemma 8 in
Chernozhukov et al.| (2015, we have

E[Aw,13] S (n ' Dnlogp)'/? + n™' Dy log(pN).
Applying Lemma E.2 in |Chernozhukov et al.| (2017a) with n =1 and S = 1, we have
Afy1510g” p < C{n "D (log” p) log(pn) + n~> D} (log” n)(log” p) log® (pN) }

<Cn=—¢1

with probability at least 1 — Cn~'. Conclude that Aw,l log? p < On~(QA)/2 with probability at
least 1 — Cn~t. The desired result then follows from Lemma [§]in Appendix
Case (ii). The proof is similar to the previous case. We only point out required modifications.
Let C denote a generic constant that depends only on ¢,0, K, and C;. The similar modification
applies to <. In view of the previous case, we only have to find bounds on AVV,LQ and AWJ,g.
Applying Lemma 8 in |(Chernozhukov et al.| (2015), we have

Ny
A -1 J L2 -1 L 14
E[Awa.2] S Ny (logp)lg%piIEHWule!]+N1 \/E Lgrg%lgggplWLn\ logp
=

< Nf1/2DN log"/? p + NfHQ/qD?V log p

<n Y2Dpnlog? p+n~1 21D log p.

Applying the Fuk-Nagaev inequality (Lemma E.2 in (Chernozhukov et al.| (2017a))) with s = ¢/2,
we have

. . Nyt? CN; D4
P (AW,1,2 > 2E[Aw,12] + t> < exp <— . ) N

3D%V Nf/2tq/2
< nt? CDY,
=P\ Tpg, ) T e

Setting t = (Cn~'D% logn)'/2\/(Cn~*¥4D%;), we have

P (AWJQ > C{(n~ D% log(pn))'/? + n~1+44p%; logp}) <Cnl.
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Condition 1) then guarantees that AWJ’Q log? p < Cn~$1/2 with probability at least 1 — Cn 1.
A bound for AWJ,;), can be obtained similarly. Using Lemma 8 in (Chernozhukov et al.| (2015)), we
have

E[Aw,3] S(n~'Dnlogp)'/? + n~ /1Dy logp.
Applying Lemma E.2 in |Chernozhukov et al.| (2017a)) with s = ¢, we have

nt? CDY,
3DN nd—1ta’

Setting t = (Cn~ D logn)'/2\/(Cn='*2/4Dy), we conclude that

P (Aw,l,s > 2E[Aw,13] + t) <exp (—

A} glog? p < C{n "D (log? p) log(pn) +n~ 2 /7 1og? p}

<Cn~¢1

with probability at least 1 — Cn~1. g

B.4. Proof of Proposition [1 We separately prove the theorem under Cases (i’) and (ii’).

Case (i’). Let the notation < mean that the left-hand side is bounded by the right-hand side up
to a constant that depends only on v, K, and C. We will show that IP’(E2AW7171 loghp > n=¢+1/v) <
n~!, where

. 1 &,
Awi1,1 = max — Z(Xul - ng,il)z'

1<e<p Ny -
i1=1

Similar bounds hold for max;<¢<, N, ! Zfi’;l(Yilk — V[//,fﬂ.k)2 with k € {2,..., K}.
We first note that

A 1 oL ~+ £ \2 1 LN 2
Awia = fg?gp E Zzl(Xl,il - Wl,il) < E ZZI X160 — Wi ll5-
1= 1=

Pick any i; € N. For each i_1 = (ia,...,ix) € NS~ and e € {0,1} 71, define the vector

Vji_1®6 = (U(O,i,l@e)a U(il,i,1®e))'

With this notation, we can rewrite X; with ¢ = (i1,7_1) as

Xi = 0(UGi0,..0) (Vi10e) ec{o,115-1\{0}) -

From this expression, we see that, conditionally on U;, o . o), the (K —1)-array (X, _,))i_,enc-1

is separately exchangeable with mean vector Wi, generated by {V; ,ce : tx—1 € NE-1 e ¢

{0, 1}K -1\ {0}}. Applying Corollary [3| conditionally on Uiy 0,...,0) (the fact that U;ee are uniform

on [0, 1] is not crucial in the proof of Corollary [3) combined with Jensen’s inequality, we have
K-1

2v
El| X1 — Wi lZ | Uo..0] S <Z n_k/2(10gp)k/2> El X1, 012 | Uty
k=1

~~

<(n~tlogp)¥
so that by Fubini’s theorem

El| X 14, — Wi, |12] S (07 log p) E[| X i, 1, 1) 1] S (n7' D3y log® p)”.
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This implies that E[(c ZAW1 11og? p)’] < n~¢ under our assumption. By Markov’s inequality, we
conclude that

P (EQAWM logp > n*CH/”) <n!

This completes the proof.
Case (ii’). The proof is similar to the previous case. We only point out required modifications.
Set v = ¢/2 in the previous case.Under Case (ii’), we have

E[| X 15 — Wi %] S (n7 logp)” E[ Xy 1,01 1],

q
<D%,

which implies that IE[(EQAWJJ log* p)?/2] < n=¢4/2. Markov’s inequality yields the desired result.
[l

B.5. Proof of Corollary [1. We only prove the corollary under Case (i). The proof for Case (ii)
is similar. Let C denote a generic constant that depends only on ¢, K, and C. We first note that
from the proof of Theorem [2| we have

2 —(C1N¢2)/2 2
-1/ <C 1
llgjaécp|a /O’ ‘_ n /log“p

with probability at least 1 — Cn~!. By Theorem [1, we have

sup [P(vnA~Y2Sn € R) — P(AV?Y € R)‘ < On~(@re)/4,
ReR

By the Borell-Sudakov-Tsirel’son inequality and the fact E[||[A~Y2Y||o] < Cv/Iogp, which is im-
plied by the Gaussianity of A~1/2Y", we have

P (|A72Y | > CV/log(pn)) < 07!,

Combining the high-dimensional CLT, we see that

P (WAL 28 > C/Toglom) < Cn (@,

< Cn~— (C1ACz)/4

—(¢11¢2)/2
n 1,2 3z, We have

Since ey X log(pn) s

(H\f( -1/2 _ 1/2)5N||OO > tn) < Cn—(GNG)/4,

with t, = %fij
Now, for R = H JJaj,b;] with @ = (ay, ..., a,)T and b= (by,...,b,)T, we have

P(Vah~2Sy € R) <P ({-viA"'28y < —a+1,} N {vA"/2Sn <b+1,})
+ P (IVAAT? = A7) SN oo > 1)
<P ({—A—1/2Y < —a+t,)N{AV2Y <b+t tn}> O~ (©@AG)/A
<P(A~Y2Y € R) + Cn~(@1)/4)

where the last inequality follows from Lemma [7] together with the fact that

tn/logp < Cn~ (A4 1og p < Cn~(QAQ)/4,
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Thus, we have

P(vnA~'2Sn € R) < P(A"Y?Y € R) + Cn~(@A@)/4,
Likewise, we have

P(vnA~'2Sy € R) > P(A"Y?Y € R) — Cn~(@A@)/4,
Conclude that

sup |P(vnA~12Sn € R) —P(A™/%Y ¢ R)‘ < O~ @16/,
ReR

Similarly, using Theorem [2] and following similar arguments, we conclude that

;u% ‘P‘X[N](\/HA—UZSIJ\VIB €R)— P(A_1/2Y c R)‘ < COn—(C1AG)/4
€
with probability at least 1 — Cn~!. 0

APPENDIX C. MAXIMAL INEQUALITIES FOR POLYADIC DATA

In this section, we shall develop maximal inequalities for jointly exchangeable arrays. As in
Section let (X5)ie I x bea K-array consisting of random vectors in R? with mean zero generated
by the structure , e, Xi = 9((Ufivey+)ecqo,13x\{0})- We will follow the notations used in
Section Recall that I, g = {(i1,...,ix) : 1 <i1,...,ig <nand iy,...,ix are distinct}.

We first point out that when analyzing the sample mean S, it is without loss of generality to
assume that X; is symmetric in the components of , i.e.,

X — X (C.1)

il:---viK) 1/1»77’/}()

for any permutation (4}, ...,4%) of (i1,...,ix). This is because even if X; is not symmetric in the
components of ¢, we can instead work with its symmetrized version

- 1
Xin,ine) = 01 > X

(175-7%)

where the summation is taken over all permutations of (i,...,ix). It is not difficult to see that

the array (X;)e I..x continues to be jointly exchangeable and satisfies that

sn:(";f()!zxz.:@) Y X

1€l K 1<i1<--<ig<n

Henceforth, in this section, we will maintain Condition (C.1)).
In the decomposition ({3.2]), the second term on the right-hand side

n\ K
Up = (K> > <E[XZ~ | Uiy Uiy — ;E[Xi | Uik]>

1<i1<-<ig<n

is a degenerate U-statistic (with a symmetric kernel) of degree K. Indeed, if we define t(uy, ..., ux) =
E[Xq, x| U1 =u1,...,Ux = ug] — Zszl E[X (1, k) | Ux = ugl, then t is symmetric and

Un:(@_l S U Ui

1<i1<--<ig<n
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The kernel t is degenerate as
Elt(u,Us,...,Uk)| = E[X .. ) | U1 =u] = E[Xq, . x) | U1 =u] =0.
Applying Corollary 5.6 in (Chen and Kato| (2020), we obtain the following lemma.

Lemma 4. For any q € [1,00), we have

K
(E[| U187 < © >~ /> (log p) (B[ X1, sy |27,
k=2
where C' is a constant that depends only on q and K.

We turn to the analysis of the third term on the right-hand side of ([3.2)
K (n— K)!

2 GIZ (E[Xz | (U{z’@e}+)eeu’;:15r] - E[X; | (U{,,:Qe}-‘r)eeulﬁ;llgr])
= Cin, K

K -1
n
- (1) T (B Wioardecr,e] ~ EIX | Upioerseeut 1)

1<i1<<ig<n

where the quality follows from Condition (C.1)).

Lemma 5. For any k=2,...,K and q € [1,00), we have
q 1/q

-1
n
Bll(k) X (B Upoardecct o] B | Uptoardec poie)

1< < <ig<n o

< Cn 2 (log p) P (B[ X 1,... 10 127192,
where C is a constant that depends only on q and K.

Before the formal proof of Lemma [5] which is somewhat involved, we shall look at the case with
k = K = 2 to understand the bound. If £ = K = 2, then the term in question is

-1
(Z) Y (EBIXay | U Uj Ug ) = ElX ) | Ui, Uy
1<i<j<n

Conditionally on U;’s, this is the sum of independent random vectors with mean zero, so the bound
in the lemma can be deduced from applying the symmetrization inequality (van der Vaart and
Wellner}, 1996, Lemma 2.3.6) conditionally on U;’s and then Lemma 2.2.2 in jvan der Vaart and
Wellner| (1996)) to the weighted sum of Rademacher variables conditionally on all U-variables. The
general case is more involved and we will apply the symmetrization inequality for U-statistics with
index-dependent kernels; cf. Theorem 3.5.3 in de la Pena and Giné| (1999) and the remark after
the theorem.

Proof of Lemma[J. In this proof, the notation < means that the left-hand side is bounded by the
right-hand side up to a constant that depends only on ¢ and K. Fix any k£ = 2,..., K. Conditionally
on U1 = {U{i@e}+ re € Uf;ll&,i € I i}, the component

ElXi | Uiceyt)eeuts_ e, = E[Xi | (Uioey+)ecut-re, ]
is a function of (Ugjge)+)ecs;, with mean zero

E[Xi | Utiveyt)ecur_,e,) = BIXi | (Utiveyt)ecui-te,] = Dtioe}t)eee, (Utivey+)eces)-
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The function h(;oe}+) implicitly depends on (Ugoe}+)qe i-1g 5 SO that it is indexed by ({7 ©®
r=1¢7T
e}t )ece, (the vector ({3 ® e} ) -1, is uniquely determined by ({i © e}")ceg, so it is enough to
r=1%7

index the function by ({2 ® e} )ecg, ). Define

Ik ={({t0 e} Nece, 1 1<iy <+ <ig <n}.

ec&y

This is a collection of vectors of sets where each vector contains m; = (Ik( ) sets. We denote a

generic element of 7,1 by J = (Ji,...,Jm,) by ordering the elements of £,. We will also write
Uj=Uy,..., UJmk). Then we arrive at the expression

> (E[Xi | Ugivey+)ecur_ e, — E[X | (U{i®e}+)eeuf;llgr]> = ) by(U)).
1<ii<—<ig<n JETn k

We will apply Theorem 3.5.3 in |de la Pena and Giné (1999)) to bound the g-th moment of the
¢>*-norm of the right-hand side. Let {e{i®e}+ ce €&l <ip <--- <ig < n} be independent
Rademacher random variables independent of everything else. We first note that conditionally on
Un—1, Y e Tk hs(Uy) can be seen as a U-statistic with index-dependent kernels by adding zero
kernels. In view of Remark 3.5.4 ii) in |de la Pena and Giné| (1999), to apply their Theorem 3.5.3,
we need to verify that by = by, ) is symmetric in the sense that

O ey (Wi st ) = 07y (s ugy, )

for any permutation (Ji,...,J} ) of (Ji,...,Jm,). But this follows from the definition of h; and

rmy

Condition (C.1). Now, applying Theorem 3.5.3 in de la Pena and Giné (1999), we have

q B q
E|| D b0 (U SE|| Y enbsU)|| U
Jejn,k 00 | JEJn,k 00
B q
=E Z €2 Z bhs(Uy) | Up—1
i J1 JQ,...,Jmk 0o

Here the summation ) ; >°; ; is understood as
seedmp

2 2

Jl:EI(JQr--vak) (J27---7Jmk):(J17J27---7Jmk)6u7n,k:
such that (J1,J2,...;Jmy )ETn k

Conditioning on Uj;’s and applying Lemma 2.2.2 in van der Vaart and Wellner| (1996), we have

q q/2

2
E Zwl Z hs(Uy) | Up—1 | < (logp)*°E Z Z hs(U) | Up—1

J T2 e J1 || T2y,

o0 [e.9]

Observe that given Ji, the number of (Jo, ..., Jy,, ) such that (Ji,Jo, ..., Jm,) € Tk is

(Z‘_’Z) — O(nKHy,

To see this, observe that J = (Ji,...,Jm,) € Jnk is of the form J = ({¢ ® e} )ecs, for some
(41,...,ix) such that 1 < 43 < .-+ < ig < n. Fixing J; corresponds to fixing k elements of
i1,...,9K, so the number of possible (Ja, ..., Jy,) coincides with the number of ways to choose

remaining K — k elements from n — k integers.
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Thus, by the Cauchy-Schwarz inequality, we have

2
oD W S Y U
J

J1 JQ,‘..,Jmk oo

Combining Fubini and the fact that the size of J,, 1 is () = O(n®), we have

a q/2
E|| > b)) < nEk D4 (10g p) /2R, (’jn,k’_lz”hJ(UJ)Hgo>
J

JETn k o

Using Jensen’s inequality and the definition of b, we conclude that

q 1/q
E Z f)J(UJ) 5 ank/2(logp)1/2(E[HX(LW’K) ”223/2])1/((1\/2)'
Jejnyk 0o
This completes the proof. 0

Remark 11 (Comparison with |Davezies et al.|(2020)). Lemma A.1 in Davezies et al.| (2020)) derives
a symmetrization inequality for the empirical process of a jointly exchangeable array. Essentially,
the same comparison made in Remark [10| applies to the comparison of their Lemma A.1 with the
maximal inequalities developed in this section. Lemma S3 in [Davezies et al. (2020) covers the
degenerate case but focuses only on the K = 2 case. As seen in the proof of Lemma [5| above,
however, handling the degenerate components in K > 2 cases is highly nontrivial.

ApPPENDIX D. PROOFS FOR SECTION 3

D.1. Proof of Theorem [3| Given Lemmas [4] and [5 the proof is almost identical to that of
Theorem [II We omit the details for brevity. O

D.2. Proof of Theorem E|. Conditionally on (X;)ier,, , we have VnSME ~ N(0,3), where
S R .
¥ =— — KS,)(W; — KS,)T
- lev Sn) (W) — K Sy)
As in the proof of Theorem [2| the desired result follows from bounding Ay = ||& — 2|o.
We first note that

~ . ]_ n N [ e ~ El e/ e /
Aw = max n;(Wj — KSLHW! - Ky —Ewiw{]|.

For every ¢, 0" € {1,...,p},

14 0 4 Lyirl b’
fz — KSH(Wf — KSY) ZW Wt — K2S.S,
j 1
1 ¢ N oy L L e N
= (W —WhHW! —wE) + 5Z(Wj ~ WHW!
j=1 j=1
1 . VAaY va A 4 Lyxt 2l ol
+ =) Wi =Wy ZW W) - K288
j=1 k 1
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Using the Cauchy-Schwarz inequality, we have

R 1< . 1/2 1 —
Aw < - C_ppty2 1oAY - 02
w =S 1@?§Xp " ;(W] Wj) T2y, fg?gp n jz; |W]|
ZIAW,l
1 :
+ max |— (WJ»ZWK EW{W{)| +K? max |SE|%.
1<l/<p|n < 1<<p

j=1

=Aw,2

For the second term on the right-hand side, we have
1 « 1 « 1 «
ISR <E | STIWEP | - SS(WER - W) <0 + Awea
j=1 j=1
Further, since K S, = n~! Z?Zl(We — W»Z) +nt > i1 W»Z, we have

K? < 2Aw;1 + 24}
max |52 w1+ 28y,

where AW73 = maxj<p<p [n! Z?:l Wf| Conclude that
Aw <Ay + EA%% + Awa + Aws

up to a universal constant. The rest is completely analogous to the latter part of the proof of
Theorem [2, We omit the details for brevity. O

D.3. Proof of Proposition |2, We only prove the proposition under Case (i’). The proof for
Case (ii’) is similar (cf. the proof of Proposition [I)). In this proof, the notation < means that the
left-hand side is bounded by the right-hand side up to a constant that depends only on v, K, and
C1. Recall that W; can can be written as

W;=E n_1|z Z X

k= 1’L€In1<’Lk =j

We have
1 -, PR R 2
Am—fgggpn;(Wj —W;)® < 5;||Wj—wjlloo
2
K n
1 (n—K)!
S S T
]:

iEInyK:iij 00

Consider the £ = 1 term. Pick any j € N. Let I_K L = {(ia,...,ig) € (N\ {jHE1 .

i2,...,1x are distinct}. Given Uj, for each i1 = (i2,...,iK) € IOOJK and e € {0,1}*~1 define the
vector

Viisioey = Uhiioep U(jir0e)}+)-
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With this notation, we can rewrite X; with ¢ = (j,4_1) as

X;= Q(Uj, (V{i_1®e}+)eG{O,l}K—l\{O}) .

From this expression, we see that, conditionally on Uj, the array (X(j,i—l))i e1d is jointly

- oo, K—1
exchangeable with mean vector E[X; | U;]. Applying Lemmas {4 and [5| conditionally on U; (the
fact that U-variables are uniform on (0, 1) is not crucial in the proofs), we have

2v

K-1 2v
n — K)! _ ”
| s D SRE T LI AR (Zn k/2<logp>k/2> BlX 2] U
© i€l k=] o k=1

S(n—1tlogp)v

wheret_; € [ o_oj K1 is arbitrary. By Fubini’s theorem, the expectation of the left-hand side can be

bounded as
< (n M og p) E[| X (i 1] < (n~' D3 log? p)”.

~

Similar bounds hold for other k. Conclude that E[(@%Aw; log? p)¥] < n~¢ under our assumption.
Together with Markov’s inequality, we obtain

P (EQAWJ log* p > n*CJrl/”) <n L

~

This completes the proof. O

APPENDIX E. PROOF FOR SECTION [4]
E.1. Proof of Proposition

Proof. In this proof, the notation < means that the left-hand side is less than the right-hand side
up to an n independent constant. Also, Z#i is understood as Zje{l,...,n}\{i}' We will establish
the validity of multiplier bootstrap for the non-normalized test statistic as it implies the result for
normalized test statistic in view of Corollary [2] under the rate condition of this proposition.

First, let us derive the Hajek projection for the test statistic. Observe that

E[K)(y — Vi) L(Yy; #0) | U] = a / K(2) fryo (v + 2 | Up)dz = O(1),
B[ Ka(y — Yi)[1(Yij #0) | Us, Us] v E[K2(y — i) L(Yy; £ 0)] = O(h~Y)
Eb(y)] = E[Ku(y — Yi;)1(Yi; #0)] = a/Kh(y —2)f(2)dz = af,(y) = by(y).

Then the Hoeffding type decomposition (3.2) along with Lemma [5| yield |a — a] = Op(n~1/?)
and max; <<, [b(ye) — bu(ye)] = Op (\/n_1 logp> . Linearization yields that uniformly over y €

{yh R 7yp}7
/i (b(y) _ b(y)) _ [ia(y) “hla)_ = aful)] o, (Toer).
The leading term on the right-hand side can be written as
n Ky —Y;; b
fl) Z 2{ n(y—Yiy) h(y)}]l(YijaéO).

a a a a
a a?
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Note that the summands are centered. Let us define
Knly—Yi;) b

a a?

bios £0)
then we can write

Vi(f(ye) = Fu(ye)) = V(S5 — E[SL]) + Op(log p/+/n)

uniformly over £. Note a term of the leading component’s Héjek projection is given by

WE=E [Xf; | Ui:| :Q{fh(ye i) bh(y)}P(Yij 20Uy,

a a?

Let us now show the first statement in the proposition. Denote by ¢é(1 — «) the conditional
(1 —a)-th quantlle of |[v/nSMB|| ., where

: 1 Kn(ye —Yij)  bn(ye
J#i
and S, = (n(n — 1))_1 > i<i<j<n Xij- In addition, denote by Z(1 — «) the infeasible confidence
interval

p

71-a) =] [f(ye) :

(=1

(1l —a)
5]
Observe that || X;j||cc < 2! and thus for D,, = Ch~! with some appropriate constant C' > 0, once
h is small enough, maxj</<, HXfQle < Dy, maxi<i<, B[| X, < h=04%) < DE for k = 1,2.
This verifies the conditions required for Theorem [3[ and Corollary [2| under Condition (3.3)) and
Remark @ For Y ~ N(0,¥) with ¥ = 2E[W; W], we now have

Sup ’]P’|X, B (\/55‘7]1”3 € R) _’YE(R)’ = op(1).

Observe that conditional on X7, ,, we have

. . 1< . .
MB T
~ N(0,X h Y=— P — Sh i —Sh) .
SY1% ~ N(O.8), where £= 03 (Wi = S,)(W, - S

In view of Lemma |8 it suffices to show || — e = op((logp)~2), as this implies
sup [Py, |, (ViSi® € R) = u(R)| = op(1)
c ,

which in turn gives the desired result. Now, using a similar decomposition as in the proof of
Theorem [4] it holds that

n

1 70 oal\(irl o\ _ (Tirl _ o &\l 7/}
\max | §‘1:{<Wi 250) (W' = 281) = (W — 280) (W - 25)
e SOV WAEE)| 44 max (8187 — ststh)| =

L<LU<p | 1<0,0'<p

First let us consider I. Using the algebraic fact that

1 " A a_pt ~ ~_ gt 1 i A ~ a_pl ~_ gt S /
=S WA = W) = ST = WOV = W + (W = WHWE + WiV, - W),
=1 =1
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we have

n

1 I, 1/2 ¢
< — s — W — 2
I m D (WP + 20,7, e O Z Wi

=111 — TV

Now let us consider ITI. Note that as a is bounded away from zero, with probability 1 — o(1), it

holds for all 7 that
2

. ~ 2 a—a a?bp, (ye —a?b Yo

2,2
— a’a
J#i

2

Sla—a)”|—— > Kulye —Yip)| + (@ —a)V [ba(ye) — blye)|*.
J#i
To obtain a bound for the first term on the right-hand side, note that for any j # i,
2 2
< _ V.. .
s | D K Yi)| S e | 7 (R = Vi) ~ Bl i) | D)
J# J#i
E[Kpu(ye — Yij) | U
+ 112?;(p| [ h(yé zg) ‘ z”

Conditional on U;, Theorem 2.14.1 in [van der Vaart and Wellner| (1996)) with p = 2 yields
2

E max | Z {Kn(ye — Yij) — E[Kn(ye — Yij) | Uil}| | U
J#i
logp
<
S ER | (i~ Y3)? | 1. (E.1)
Thus by Fubini, we have
2
B logp -
B | e | 3 (e~ ¥) — ElRnte — ) | 0} | = 0 (252) = o)

JFi
On the other hand, max) <<, [E[Kx(ye — Yij) | Ui]l = O(1) as fy,,jy, and K are bounded. Hence

2

ZKh ye—Yi)| | +(@—a)?v max by (ye) - b(ye)|?
J#i

11 1
—0p ( y 0gp> _Op ( 0gp> ‘
n n n

Next let us consider IV. Observe that

=0Op | E | max
1<¢<p n—l

~ ~ 2
max ,Z WP < Z max W/ — EIW! | U} = Op(1)
=1

1<<pmn 1<t<p

2 1 -
= EW! | U;
+ni§jmax] Wi | Ui

1<e<
—1 =P

47



To see this, observe that since E[W@ | U;] = E[X 12 | Uy] for all i, by Fubini,

E [1 Zn: max ‘E[Wf Lol

n £ 1<i<p

2
L _
<E L@?SXP‘E[XH | Ul]‘ } —0(1).

Furthermore, conditional on Uj,

1<¢<p

E [max ]va —E[W! | Uy
1<e<p

) B 2
| UZ} =K [max ‘Wf —E[X;; | Ui]| | U%} :

Similar to Equation ([E.1|), conditional on Uj,

E [max ‘Wf - E[Xij | Ul]

2 log p 5
| S El||X .
1<<p | UZ] S—Ell X2 | Ui

By Fubini, we have

E [max ‘Wf — E[Xij | Ul]

2 1
} <8P _ ).
1<e<p

~ nh?

Thus we have,

n

1
IV = Op(IIIV?) - Op(1) = Op < ng) .

Now, for I1, since ||Splloe = Op(y/logp/n) following the Gaussian approximation of Theorem
using the fact that

880 = 5hSy = (S5 = SR)(S = S) + 5,(S5 = S1) + (8, — 555

we have I1 = O, (]d — a| Vmaxi</<p 1b(ye) — Bh(yg)|) = Op((n~'logp)/?). Combining the results,
we have
log®p

|5 — 2|0 log?p = Op -

=op(1).

For the second statement of this proposition, note that the bias can be controlled uniformly over
yE{yr,-- . yp} by

i h" r r r
7~ S < 15O [ 17 K 1 = 00,
Thus, by Lemma [7], we have

B (a0, €T =) = B ((f))iey € Z(1 - )|
< V/nlogp- max | (ve) = F (vl = O(h"\/nlogp).

The argument here follows similar steps as in Corollary 3 in |Kato and Sasaki (2018). We omit the

detail for brevity. O
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E.2. Proof of Proposition In this proof, the notation < means that the left-hand side is

~

bounded by the right-hand side up to a constant independent of n.
By Theorem [1| (use Condition ({2.4))), we have

sup IP([VrSNlleo < t) = P(|Glloc < )] =0,
€

where G ~ N(0, %) with & = Y4 (n/Ni)E[Vi,1 V)] Conditionally on ((Y;, Z{)T)se(n, we have

K \/ﬁ Ny ~ ~ ~ _ K Ny, B ~ ~ ~
>N 2 Srie(Via, = S) ~ N(0.8), where =3 (n/N7) 3, (Via, = SN) (Vi = SN)"-
k=1 ip=1 k=1 ip—=1

Thus, in view of Lemma it suffices to show that || — %o log? p = 0p(1) (the bound on X follows
from the Gaussian concentration). Further, Proposition [I| and the proof of Theorem [2{ under poly-
nomial moment conditions (see also Remark [3) imply that |3 — %o = op((logp)~2), where ¥ =
>kt (/NE) S0y (Vieiy, — SN) (Vi — SN)T and Vii, = (Tt No) ™ iy i i €6
Thus, it suffices to show that |2 — 3||e = op((logp)~2).

Recall that A’ = (logn)(n~'log p)'/2. We note that

E[IGlc] S max \/EI(V{1)*logp S Viogp,

so that \° > 2¢|[Sn||s With probability 1 — o(1). By assumption, (s, cp) is bounded away from
zero with probability 1 — o(1). Thus, Theorem 1 in Belloni and Chernozhukov| (2013)) implies that

v S (XI(B - ) =0p

1€[N]

slog®(pN)
n

Observe that

K Ny

- . 1 . PR L )
S S <5 max |— SV VL VI V) 4K max ‘SJ g4 — i gh ]|
H Hoo—k 11§j,€§p Ny, z:l( ki ¥ ke kg k,zk) 1<5.0<p NN NN
= 1=

=:(Ix) =

We first consider the term (Ij). We shall focus on k = 1 as similar bounds hold for other k. Observe
that

N Ny Ny

1 P NP 1 y NP Ny 1 y NP

A E (‘/1],@'1 Vi — Vi Vi) =N E (Vf,z‘l - ‘/1],1‘1)(‘/1,11 Vi) + N E (Vf,z‘l - Vii)Via
= =1 =1

LA
+ N Z Vlj,il(vlz,il - Vfil)-

i1=1

By Cauchy-Schwarz, we have

N1 Nl
1 NP 1 .
i 2 1/2 02
(I1) < max E 1(V1,i1 Vi )" +2(111) X N E 1: Vil
i1= i1=

=:(I1I) =:(IV)
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To bound (IV'), we note that

2
\Vul— E[Viir | U 0...0)]| *E

2
‘E ‘/121 | Uzl, 0,. 70)]”
= o0

2
— < _—
125, Ny Z' Vil
=

Since E[Vl“ | Uiy 0,...00) = Ele1 X1 | Ui p,... 0] for all iy, by Fubini and Jensen’s inequality, we have

< (E [HE[ngf | U(l,o,...,o)]HZODQ/q

o0

1 QL 2
E |5 2 [E Vi | U0
[N1 1'1§=:1 Vi | Uiy ,...0)]

2/q
q 2
< <IE Lril?é( le1 X1 }) < Dy

Conditionally on U(Z-l’oy,,,70),

. 2 A q 2/q
E||[Via — EVia | Vo o||_ | Unoro0| < (B [[ Vi — BEiXs | Upno ]| 1 Uino0)]) -

As in the proof of Proposition |1} conditionally on Uy, o . o), the array (e, i) X, ,i_1))i_ enk-1
is separately exchangeable with mean vector E[e; X; | U, 0,...0)]- By Corollary |3, we have

E[HVW —Eles Xs | U( »0>]HZO | U(il,o,...,oﬂ S~ (log p)PE||es Xl % | Uty o.,...0)-

Zl: 9’
By Fubini, we have
E [HVlu — Elei X; | U(il,o,...,o)]Hq } <n~"?(logp)?/?DY,.

Conclude that |(IV)| = Op(D3%).
Next, we shall bound the term (/I1). Observe that by Cauchy-Schwarz,

y 1 , _
Vi = Vil =l > XI(XT(B—Bo)+rs)
e

_ 1 7y2 _ 1 T(3_ 2 _ 1 r2
s\/m# W T & \/Hk# v ¥ Xl +\/Hk# w

25l K

so that the term (II7) is bounded as

; 1 ~ 1
S — X7)? e XI5 = 24 - 2
max Z Hk;ﬂ N, . Z (X;) Hk#l N, Z (X, (B=00)" + Hk;él N, iQZ r;

11 1 K 12,0k

1 : 1 ; 1
<o 2 00 |y 2 G-ty 3

ol 1€[N] 1€[N]

—Op (1)
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Observe that

7iK

1 .
E |max ———— X7)?
|:]Zl Hk,’;ﬁlNk Z ( ’L)

<E |:max Z {(x])? (“’ ol )2 | Ui 0. ,0)]}]

71 Hk;ﬁl

+E [maXE[(X(
Jri1

) U, ,0>]] .

geos

By Holder’s inequality, we have

B [maxE(0X, 1, ) | U0 < B (Bl Xl | oo

j:il

IN

1
{mizllx (]E[HX('L'LI,...J)Hgg | U(il,O,...,O)]) /q}

1/q
ZE |X(z1 1,...,1 ’ |U(210 )]])

~NY qDN

Applying Corollary |3 conditionally on U;, o, . o) (cf. the proof of Proposition , we have

-----

q
1 . .
E [max TN > A& ~EUX, 1 0" 1 U000 | U(il,o,.“,o)]

Thus, we have

1 . .
E X2 _m[(X7. 2 U
|:HJI?1X Hk#l Nk ia Z {( 7') [( (i1,1,...,1 ) ’ (i1,0,. ’O)]}

ol

a7\ /e
(ZE |:max M@Z {XJ (217, . )2|U,1,, ol ])

<N /qnfl/z(logp)l/QDN.

Conclude that (I11) = Op ({n‘lsﬁl/qDN log3(pﬁ)}1/2> and consequently

1 1 -
(1)] = Op ({n"sN"/" D log* (vN)}/2) .
Finally, to bound |(II)|, observe that
SNSN — ShSiv = (S — S3) (S — Siv) + Sy (S — Si)

+ (54 — SN)SN-
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Then, we have

1 . .

< — i — )X . — = e XY
(D] < max | = D (& = )X | + 20 Swvlloo - max | D7 (55— <)X
1€[N] €[N

D IR BRI DYC I I P NC IR

e S Ime N,2
1<jsp| N 1€[N] l1<j<p i€[N] 1€[N]
_op [/ #Pn 102’ (V)
TL )

so that |(IT)| = Op (n~'sD3; log®(pN) + {n~2sDn (log p)(log®(pN)) }1/2) .
Combining the above bounds, we have || — 3|/ = Op ({n‘lsﬁl/qD?\, log3(pﬁ)}1/2> . This
implies that ||~ — 3| log? p = 0p(1), as required. O

E.3. Proof of Proposition Recall that K = 2. We write X ; instead of X(; ;) for the nota-
tional simplicity. Define the N x p matrix X = (X11,..., Xn;.1, X2.1,---, XN, .N,) - The s-sparse
eigenvalue with 1 < s < p for X is defined by

Omin(8) = min X0 nva.
min (%) ||e||oss,||9||=1” I,

By [Lecué and Mendelson (2017, Lemma 2.7), if ¢min(s) > ¢é1, then for 2 < s < p, we have

2 2110112 _ M £ \2
IXOFe2 = 03101 = = x max > (X0;)*/N
(1,4)€[N]

-

=:p

for all # € RP. We can then deduce that for s; < (s — 1)¢3/(2(1 + c0)?p), we have
r(s1,¢0) = ¢1/V2.

Lemma [6] below implies that ¢min(s) is bounded away from zero with probability 1 —o(1). Further,
observe that

h < £ )2 -1 N2 _ 0 \2
p< g%xpE[(Xl,l) ]+112?§xp N ) %N]{(Xlﬂ) E[(X{,)2]}.
Z)-]

The first term on the right-hand side is O(1), while the second term is op(1) (which follows from
Lemma [6] below with s = 1), so that p = Op(1). The conclusion of the proposition follows from
rescaling s. O

Lemma 6 (Sparse eigenvalues for two-way clustering). Suppose that (X ;) j)einy with [IN] =
{1,..., N1} x {1,..., Na} is sampled from a separately exchangeable array (X ;) jenz generated

as Xij = 9(Ui0,Uo;,Ui;) for some Borel measurable map g : [0,1]> — RP and i.i.d. U[0,1]
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variables Ui 0, Ujo,Us j. Pick any 1 < s <pAn. Let B = \/E[M?] with M = max; je(n] | Xi,jlloo-
Define

ON =+/sB < {log /2 p + (log s)(log/? N)(loglmp)} \/ \/IN {logp + (logN)(logp)}> )

NLD

Then, we have

E Z (07X, ;) —E[(0TX11)Y}|| S0% +0n  sup E[(0T X11)2]
H9Ho<s ||a|| R I6]l0<s, ||6]|=1

up to a universal constant. In addition, we have oy < {n~'sB2log*(pN)}Y? up to a universal
constant.

Proof of Lemma[6 In this proof, the notation < means that the left-hand side is bounded by the
right-hand side up to a universal constant.

Let O = Uppi=s{0 € R? : ||0]] = 1, supp(0) C T'}. Further, let Z; ;(0) = (67 X, ;)? —E[(67 X1,1)?].
Then, for each 6, Z; ;(0) is a centered random variable. Consider the decomposition

Z;,j(0) =E[Z;1(0) | Uio] + E[Z1,;(0) | U] + Zij(0) — E[Zi1(0) | Uio] — E[Z1,;(0) | Up,l-

::Zm-(e)

We divide the rest of the proof into two steps.
Step 1. Consider first the term }_, ;E[Z; ;(0) | Uio] = N2 Zivll E[Z;1(0) | Uip], which consists
of i.i.d. variables. Observe that E[Z;1(6) | Uip] has mean 0 and by symmetrization

w]

Ny

=E | sup (0"E[Xi1 X | Uiold — E[(0" X1,1)7])

0cOs i=1
- ~
< 2E |E | sup Zei (0TE[Xi1 X7, | Uiol0)

19€0s |35
] ,
1

where (ez)f\i 1 is a sequence of independent Rademacher random variables that are independent of

ZE zl ‘UzO]

sup
00,

- - N

<2F |E sup Zei(eTXi,1)2|\X[N]
[0€9s |i=1

(Xi,j)(i, j)e[n]> and the second inequality follows from Jensen’s inequality. Now, the following bound
can be obtained by following the proof of Lemma P.1. in Belloni et al.| (2018) with I set to be a
singleton set:

Ny

E [sup Zei(GTXM)Q‘ |X[N]] < V/sMR;(log"? p + (log s)(log™? N)(log'/? p)),
(ASCH i=1

N1 (gT 2 1/2
where Ry = supyce, (Ei:1(9 Xi1) ) :
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Choosing dn,1 = BNV, 1/2f{log1/2p+ (log s)(logl/2 )(logl/2 p)}, by Cauchy-Schwarz, we have

N1 1/2
on1E[MR)] <5N1> <E[M2]E[R2]>
I:=E|su (07X )| < 24 < ’ 1
e | R R M

1/2
< N1 (B[R /N2 < o <1 + sup E[(GTXM)Q]) .
[ISCH

Using the algebraic fact that a? < §%2a + 6%b implies a < 62 + a~162b, we have

IS8k 40N \/;u@p E[(07X1,1)2].
€0,

The same bound holds for E |:Sup9€@ ‘N ZNz E[Z1;(8) | UOJ]H' Conclude that

sup NZ ) | Uil +E[Zi5(9) | Uo)) sa%v,ﬁam\/supE[<9TX1,1>21,
USCH [dS(SH

where 62 = Bn~'/2y/5{log"/? p + (log s)(log'/? N')(log"/? p)} < Bn=1/2\/s1og*(pN).
Step 2. Now, to obtain a bound on E[supyeg, [N 7" > 7 1(0)]], by Lemma [2, we have the
following symmetrization inequality

sup ZZ” <AJ4E |E | sup ZQ‘ESZ‘,;’(Q) \X[N]
96@ 7]- 96@5 i,j

<E|E esué) Zeieg(GTXi,j)z | Xinp| | >
€0 ij

where (¢;) and (¢;) are independent copies of Rademacher random variables independent of (X ;) (i je[n]»
and the second inequality follows from Jensen’s inequality. Conditionally on (X5 ;)i j)e(Ny: 2o ; €i€; 0T X; ;)2
is a Rademacher chaos of degree 2 (cf. the proof of Theorem [5). Hence, Corollary 5.1.8 in |de la
Pena and Giné| (1999)) yields that

Il :=E | sup Zeieg-(HTme | XN | S || sup Zeieg(GTXi,j)Q
UISSH i (ISCH i
’ ’ Y| X

diam(O5)
< / log N(©s, px, t)dt,
0

where |- ||y, | x is the 11-norm evaluated conditionally on (X; ;) j)e(n], px is a pseudometric on O

_ _ 1/2
defined by px(0,0) = <EfV:11 ;Vil{(HTXi,jV - (GTXZ-,]-)Z}Q) , and diam(Oy) is the px-diameter
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of ©,. Now, for any two 6, 6 € O,

N Ny 1/2
(ZZ{ (07 X:5)2 — (07X, ) }2>

i=1 j=1
NN 1/2
(0" X5 ;) + (0" X, max |6 —0)" X;
< XLAOXD) T OXY ) e 10— 0)7 X
i=1j
T 2\ /2 T
where Ry = supgcg, (Z(i,j)e[N](g X ;) ) and ||0]|x = max(; jyeny |0° Xi ;|- Thus, we have
diam(O5) 2v/2sM R
[ V@< [ log N (©,/V5, | - 1x./(v25Rs)) d
0 0

M
— 9V2sR, /0 log N (©,/v/5, | - | x,t) dt

Lemma 3.9 and Equation (3.10) in Rudelson and Vershynin| (2008) yield that for some universal
constant A,

M
/ log N (€4/v/5, | - | x. ) dt
0

< /0 M/\/glog<<i>(1+2M/t)s> dt + /MM 1og((2p)At*2M“°gN) dt

/s

M D M/+/s ) M- gy
< 7 log (8> + /s /0 log(1 4+ 2M /t)dt + AM*(log N)(log(2p)) /M/\/g 2
< My/slogp+ M(1+2v/s)log <1 + 2\1[> + Av/sM (log N)(log(2p))
S V/sM (logp + (log N)(logp)) ,

where the second term follows from integration by parts

M/vs M/Vs M/ /5
\/E/ log(1 + 2M/t)dt < \/stlog | 1 + — ‘0 + v/s2M log(t + 2M)
0

< M(1+2v/s)log <1 + \[>

Hence, we have IT < sRoM {logp + (log N)(logp) }.
Setting o3 = sN~/2B (logp + (log N)(logp)), we have

SN3E[MRs] _ [dns)\ (E[M2E[RZ]\ ">
II1:=E |s i (07X, )7 | < 2 << : 2
Leuél ZJ:G e N N

IE[R2] 1/2 1/2
<IN ( N2 ) <On3 (m + esug E[(@TX1,1)2]> .
€0Os

Using the same algebraic fact as in Step 1 yields that 111 < 5?\,73 + 5N73\/sup9€@s E[(6T7 X11)2].
55



Finally, since n < v/N and s < n, we have
B — B B
B (1o + (0 ) oz ) 5 22 <Y

VN Vn

This completes the proof. ]

(logp + (log N)(log p)) log*(pN).

APPENDIX F. TECHNICAL TOOLS

Lemma 7 (Nazarov’s inequality). Let Y = (Y1,...,YP)T be a centered Gaussian random vector
in RP such that E[|Y7|?] > a2 for all 1 < j < p and some constant o > 0. Then for every y € RP
and 6 >0,

PY <y+0)-P(Y <y) <

[SHESY

(vV2logp+2).

Proof. This is Lemma A.1 in (Chernozhukov et al.| (2017a)); see Chernozhukov et al.| (2017b) for its
proof. O

Lemma 8 (Gaussian comparison over rectangles). Let Y and W be centered Gaussian random
vectors in R® with covariance matrices LY = (E}jk)léj,kéd and W = (E%)lgj,kgd, respectively,
and let A = ||2Y — ¥W||o. Suppose that minj<;<q Z}fj\/minlgjgd E% > g2 for some constant
o >0. Then

sup |P(Y € R) — P(W € R)| < C(Alog? d)'/?,
ReR

where C is a constant that depends only on o.

Proof. See Corollary 5.1 in |Chernozhukov et al.| (2019b)). O
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