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Abstract

This paper studies the optimality of matched-pair designs in randomized controlled trials (RCTs). Matched-
pair designs are examples of stratified randomization, in which the researcher partitions a set of units into
strata based on their observed covariates and assign a fraction of units in each stratum to treatment. A matched-
pair design is such a procedure with two units per stratum. Despite the prevalence of stratified randomization
in RCTs, implementations differ vastly. We provide an econometric framework in which, among all stratified
randomization procedures, the optimal one in terms of the mean-squared error of the difference-in-means esti-
mator is a matched-pair design that orders units according to a scalar function of their covariates and matches
adjacent units. Our framework captures a leading motivation for stratifying in the sense that it shows that the
proposed matched-pair design additionally minimizes the magnitude of the ex-post bias, i.e., the bias of the
estimator conditional on realized treatment status. We then consider empirical counterparts to the optimal
stratification using data from pilot experiments and provide two different procedures depending on whether
the sample size of the pilot is large or small. For each procedure, we develop methods for testing the null hy-
pothesis that the average treatment effect equals a prespecified value. Each test we provide is asymptotically
exact in the sense that the limiting rejection probability under the null equals the nominal level. We run an
experiment on the Amazon Mechanical Turk using one of the proposed procedures, replicating one of the treat-
ment arms in DellaVigna and Pope (2018), and find the standard error decreases by 29%, so that only half of

the sample size is required to attain the same standard error.
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1 Introduction

This paper studies the optimality of matched-pair designs in randomized controlled trials (RCTs). Matched-
pair designs are examples of stratified randomization, in which the researcher partitions a set of units into
strata based on their observed covariates and assigns a fraction of units in each stratum to treatment. A
matched-pair design is a stratified randomization procedure with two units in each stratum. Stratified random-
ization is prevalent in economics and more broadly the sciences. A simple search with the keyword “stratified”
in the AEA RCT Registry reveals about 500 RCTs. The procedures in these papers, however, differ vastly in
terms of variables being stratified on, how strata are formed, and numbers of strata. Among these procedures,
matched-pair designs have recently gained popularity. 56% of researchers interviewed in Bruhn and McKenzie
(2009) have used matched-pair designs at some point in their research. Moreover, more than 40 ongoing ex-
periments in the AEA RCT Registry use matched-pair designs. See Section 1.1 for a list of papers. Despite the
popularity of matched-pair designs, there is little theory justifying their use in RCTs. We provide an econo-
metric framework in which a certain form of matched-pair design emerges as optimal among all stratified ran-
domization procedures. As will be explained below, an attractive feature of our framework is that it captures a
leading motivation for stratifying in the sense that it shows that the proposed matched-pair design minimizes
the second moment of the ex-post bias, i.e., the bias of the estimator conditional on realized treatment status.
We then provide empirical counterparts to the optimal procedure and illustrate one of the proposed procedures
by conducting an actual experiment on the Amazon Mechanical Turk (MTurk). In particular, we replicate one
of the treatment arms from the experiment in DellaVigna and Pope (2018) and show that the standard error
decreases by 29% compared to original results, which means that only half of the sample size is required to

attain the same level of precision as in the original paper.

We begin by studying settings where treated fractions are identical across strata. In such settings, it is natu-
ral to estimate the average treatment effect (ATE) by the difference in means of the treated and control groups.
The properties of the difference-in-means estimator, however, vary substantially with stratifications. In the
main text, we further restrict treated fractions to be § within each stratum, but in the appendix, we provide
extensions to settings where treated fractions are identical across strata but not equal to £ and where they are
in addition allowed to vary across a fixed number of subpopulations. Our first result shows the mean-squared
error (MSE) of the difference-in-means estimator conditional on the covariates is remarkably minimized by a
matched-pair design, where units are ordered by their values of a scalar function of the covariates and paired
adjacently. The scalar function is defined by the sum of the expectations of potential outcomes if treated and
not treated conditional on the covariates. To the best of our knowledge, our result is the first to character-
ize the optimal one among all stratified randomization procedures, and additionally, it holds under almost no
assumption on the distributions of potential outcomes. In a closely related paper, Barrios (2013) considers
minimizing the variance of the difference-in-means estimator. Despite having “optimal stratification” in the
title of his paper, he only shows that a certain matched-pair design is optimal among all matched-pair designs,
instead of all stratified randomization procedures. Although intuitively attractive, it is not always without loss
of generality to restrict attention to matched-pair designs in the first place. Example E.7 shows that under a
minimax criterion the optimal stratification might not be a matched-pair design. We show, however, that we

could restrict attention to matched-pair designs if the criterion is MSE. In fact, we show that the optimality of



matched-pair designs holds under any expected utility criterion, and even any criterion convex in the distribu-
tion of treatment status. See Remark 3.4 for more details. Moreover, Barrios (2013) assumes a homogeneous
treatment effect and uses only information about untreated potential outcomes in his analysis, while our op-
timality result instead holds under heterogeneous treatment effects. Finally, as explained below, we provide
novel results relating the MSE to the ex-post bias, as well as novel results on the large sample properties of

empirical counterparts to the optimal procedure as well as formal results on inference.

We then study the properties of empirical counterparts to this optimal stratification, in which we replace
the unknown scalar function with estimates based on pilot data. Pilot experiments are frequently available
in practice. Around 350 out of 3000 experiments in the AEA RCT Registry have pilot experiments. For more
examples, see Karlan and Zinman (2008), Karlan and Appel (2016), Karlan and Wood (2017), DellaVigna and
Pope (2018), and papers cited in Section 1.1. We first consider a plug-in procedure that estimates the scalar
function using data from a pilot experiment and matches the units in the main experiment into pairs based on
their values of the estimated function. Under a weak consistency requirement on the plug-in estimator, or more
precisely, that it is L?-consistent for the scalar function, we show that as the sample sizes of both the pilot and
the main experiments increase, the limiting variance of a suitable normalization of the difference-in-means
estimator under the plug-in procedure is the same as that under the infeasible optimal procedure. Equiva-
lently, under such a normalization, the limiting MSE of the estimator is the same as that under the optimal
stratification. The consistency requirement is satisfied by a large class of nonparametric estimation methods
including machine learning methods in high-dimensional settings, i.e., when the dimension of covariates is
large. In this sense, when the sample size of the pilot is large, the plug-in procedure is optimal. Of course, this
property no longer holds when the sample size of the pilot is small. But even then, researchers may well be
content with the plug-in procedure because it results in smaller limiting variance of the difference-in-means
estimator than many alternatives. That said, we may be concerned that a poor estimate of the scalar function
leads to a matched-pair design under which the MSE of the estimator is large. Therefore, we additionally con-
sider a penalized procedure under which, according to simulation studies with small pilots, the MSE of the
estimator is often smaller than those under plug-in and other commonly-used procedures. The procedure is
named so because it can be viewed as penalizing the plug-in procedure by the standard error of the plug-in esti-
mate. Another attractive feature of the penalized procedure is that it is optimal in integrated risk in a Bayesian

framework with Gaussian priors and linear conditional expectations of potential outcomes.

For each procedure, we develop methods for testing the null hypothesis that the ATE equals a prespecified
value. Inference for matched-pair designs is challenging because of the difficulty of consistently estimating
the limiting variance of the ATE. Indeed, this is the main reason why Athey and Imbens (2017) suggest not to
use matched-pair designs. We get around this problem by a novel standard error adjustment and Lipschitz con-
ditions that guarantee the smoothness of conditional expectations of potential outcomes given the covariates.
This condition, together with the observation that paired observations become close in terms of the pairing co-
variate in the limit, enables us to estimate the limiting variance consistently. Therefore, each test we provide
is asymptotically exact in the sense that the limiting rejection probability under the null equals the nominal
level. Our results extend those in Bai et al. (2019) to settings where units are matched according to (random)

functions of their covariates instead of the covariates themselves. A special feature of inference under the



plug-in procedure is that the same test is valid regardless of the sample size of the pilot. Inference methods

under both the plug-in and the penalized procedures are computationally easy.

Our results on optimal stratification formalizes the motivation for using stratified randomization by show-
ing that minimizing the conditional (on covariates) MSE is equivalent to minimizing the conditional second
moment of the ex-post bias, i.e., the bias of the estimator conditional on both the covariates and realized treat-
ment status. Furthermore, the two problems are both equivalent to minimizing the conditional variance of
the ex-post bias. To illustrate the intuition behind this minimization problem, it is instructive to consider the
special case where there is a single binary covariate. Consider an RCT with 100 units, composed of 50 women
and 50 men. The intuitive motivation for stratifying by gender is as follows: if all the units are in one stratum,
then it could happen that 40 women are treated while only 10 men are so, so that a large part of the difference
in treated and control units could be from the difference in gender instead of the treatment itself; on the other
hand, if we stratify by gender, then we always end up treating 25 women and 25 men. The intuitive motiva-
tion is formalized by the comparison of the ex-post bias. Since the ex-post bias only depends on how many men
and women treated instead of their identities, it varies across realized treatment status if all the units are in
one stratum, but is identical if we stratify by gender. As a result, the conditional variance of the ex-post bias
is positive if all the units are in one stratum but zero if we stratify by gender. When there are more covari-
ates or when some of them are continuous, it is hard to see only by inspection which stratification minimizes
the second moment or the variance of the ex-post bias, but the solution is given by the optimal stratification.
Our results could also be viewed as formalizing the discussion about which covariates should be stratified on,
e.g., the recommendation in Bruhn and McKenzie (2009) and Glennerster and Takavarasha (2013) for using

covariates most correlated with the outcome.

One might be tempted to think that stratification only matters in finite sample, or that the limiting distribu-
tion of the difference-in-means estimator should be the same no matter how units are stratified. We show that
this is not the case. Specifically, we show that under any stratification with a fixed number of strata, the limit-
ing variance of the estimator is weakly greater than and typically strictly greater than that under the optimal
stratification. See Remark 5.8 below for more details. In addition, different matched-pair designs lead to dif-
ference limiting variances of the estimator. Although Bai et al. (2019) show the same limiting variance when
units are matched not according to our optimal stratification but to minimize the sum of Euclidean distances
of the covariates themselves, their result holds with a fixed number of covariates, while both our optimality
result and our plug-in procedure allows the number of covariates to grow with the sample size. See Remark
5.1 below for more details. Sometimes researchers do not stratify but run covariate adjustments afterwards,
i.e., regress the outcome on the treatment and some observed covariates. Although the most flexible covariate
adjustment could lead to the same limiting variance, they usually require higher order smoothness conditions
and a sufficiently fast convergence rate of the nonparametric adjustment component, while we only require

the L2-consistency of the estimator. See Remark 5.2 below and Rothe (2020) for more details.

While pilot experiments are common in RCTs, there are scenarios in which they are either not available or
are performed on a different population from units in the main experiment. For those scenarios, we study a
minimax problem that does not rely on pilot data, where we assume the data generating process is chosen by

nature adversarially among a large class of distributions that could be characterized by bounded polyhedrons.



In particular, we minimize the variance of the ex-post bias of the difference-in-means estimator conditional
on the covariates under the worst possible distribution in this class by choosing across matched-pair designs.
The framework accommodates many common shape restrictions on the conditional expectations of potential
outcomes given the covariates, including Lipschitz continuity, monotonicity, and convexity. We then rewrite
the minimax problem into a mixed integer linear program (MILP) which is computationally easy. Simulation
evidence further suggests although the minimax matched-pair design is in general not minimax-optimal among

all stratifications except when the there is a single covariate, it is often close to being so.

The remainder of the paper is organized as follows. In Section 2, we introduce the setup and notation. We
study the optimal stratification in Section 3. In Section 4, we consider empirical counterparts to the optimal
stratification, using data from pilot experiments. We consider the plug-in procedure with large pilots and the
penalized procedure with small pilots. Section 5 includes asymptotic results and methods for inference for
ATE. In Section 6, we illustrate the properties of different procedures in a small simulation study. Section
7 discusses results from the MTurk experiment using the penalized procedure. The experiment shows a 29%
reduction in standard error compared to results in the original paper, which means that we need only half of the
sample size to attain the same standard error. Section 8 briefly discusses the minimax procedure, the details

of which are included in Appendix E. We conclude with recommendations for empirical practice in Section 9.

1.1 Related literature

This paper is most closely related to Barrios (2013) and Tabord-Meehan (2020). Barrios (2013) considers
minimizing the variance of the difference-in-means estimator but assumes a homogeneous treatment effect
and uses only information about untreated potential outcomes in his analysis. Despite having “optimal strati-
fication” in the title, his paper only shows that a certain matched-pair design is optimal among all matched-pair
designs, instead of all stratifications. We instead show that a certain matched-pair design is optimal among
all stratifications, without assuming a homogeneous treatment effect. Moreover, we provide novel results re-
lating the MSE to the ex-post bias. We also provide formal results on the large sample properties of empirical
counterparts to the optimal procedure as well as formal results on inference. Tabord-Meehan (2020) consid-
ers optimality within a specific class of stratifications, which is a certain class of stratification trees. Since
the number of strata is fixed in his asymptotic framework, his paper precludes matched-pair designs. We in-
stead provide analytical characterization of the optimal one among the set of all stratifications. Remark 5.9
elaborates the details of the comparison between the two papers, and in particular, notes that it is straightfor-
ward to combine the procedures in both papers. Under the combined procedure, the asymptotic variance of the
fully saturated estimator is no greater than and typically strictly smaller than that when using the procedure
in Tabord-Meehan (2020) alone.

Recent examples of stratified randomization in development economics include Aker et al. (2012, page
97), Alatas et al. (2012, page 1211), Ashraf et al. (2010, page 2393), Dupas and Robinson (2013, page 168),
Callen et al. (2014, page 133), Banerjee et al. (2015, page 31), Duflo et al. (2015, page 96), Duflo et al. (2015,
footnote 6), Chong et al. (2016, page 228), Berry et al. (2018, page 75), Bursztyn et al. (2018, page 1570),
Callen et al. (2018, page 10), Dupas et al. (2018, page 264), Bursztyn et al. (2019, footnote 15), Casaburi



and Macchiavello (2019, page 548), Chen and Yang (2019, page 2308), Dizon-Ross (2019, page 2738), Khan
et al. (2019, page 254), and Muralidharan et al. (2019, page 1434). See Bruhn and McKenzie (2009) for
more examples in economics and Rosenberger and Lachin (2015) and Lin et al. (2015) for examples in clinical
trials. For examples of matched-pair designs, see Riach and Rich (2002), Ashraf et al. (2006), Panagopoulos
and Green (2008), Angrist and Lavy (2009), Imai et al. (2009), Sondheimer and Green (2010), List and Rasul
(2011), White (2013), Bhargava and Manoli (2015), Banerjee et al. (2015), Crépon et al. (2015), Bruhn et al.
(2016), Glewwe et al. (2016), Groh and McKenzie (2016), Bertrand and Duflo (2017), Fryer (2017), Fryer
et al. (2017), Heard et al. (2017), Fryer (2018), Bai et al. (2019), and the references therein. See Appendix F
for a list of ongoing experiments using matched-pair designs in the AEA RCT Registry. Matched-pair designs
are also implemented in leading experimental design packages, including sampsi_mccin Stata. Imbens (2011)
and Athey and Imbens (2017) discuss the benefits of stratified randomization in a finite sample framework and
a simple example with one binary covariate. These two papers, together with Chapter 10 in Imbens and Rubin
(2015), recognize the merit of matched-pair designs in terms of estimation but suggest they come with the
cost that the asymptotic variance of the estimator is hard to estimate. Our inference procedure solves this
problem and therefore eliminates this cost. Besides Bai et al. (2019), inference under matched-pair designs
has also been studied in Abadie and Imbens (2008), who consider another adjustment of standard error, in
Fogarty (2018a) and Fogarty (2018b), who provides conservative estimators for the asymptotic variance, and
de Chaisemartin and Ramirez-Cuellar (2019), under a sampling scheme different from that in Bai et al. (2019)

and a cluster setting.

For general references on RCTs, see Duflo et al. (2007), Bruhn and McKenzie (2009), Glennerster and
Takavarasha (2013), Rosenberger and Lachin (2015), Peters et al. (2016), and the Handbook of Field Ex-
periments, Duflo and Banerjee (2017). For earlier work on the optimal design of experiments under para-
metric models with block structures, see Cox and Reid (2000), Bailey (2004), and Pukelsheim (2006). A
series of papers also examine optimal design in RCTs. Hahn et al. (2011) assume independent random sam-
pling across units, whereas stratified randomization induces dependence within each stratum. Chambaz et al.
(2015) adaptively assign treatment status for each new observation based on those of the previous units.
Kallus (2018) studies optimal treatment assignment from a minimax perspective and optimizes over treatment
assignments rather than stratifications. Freedman (2008) and Lin (2013) compare regression-adjusted esti-
mators and the difference-in-means estimator, assuming all the units are in one stratum. Re-randomization,
another commonly-used method to balance covariates, is studied in parametric models in Morgan et al. (2012),
Morgan and Rubin (2015), Li et al. (2018), Schultzberg and Johansson (2019), and Johansson et al. (2019).
Kasy (2016) considers a Bayesian problem in a parametric model, where both the prior and the distributions
of potential outcomes are Gaussian with known parameters, and concludes that researchers should never ran-
domize. On the contrary, Wu (1981), Li (1983), and Hooper (1989), and Bai (2019) show the optimality of
certain randomization schemes in minimax frameworks. Carneiro et al. (2019) examine the trade-off between
collecting more units and more covariates for each unit when designing an RCT under fixed budget. A growing
literature, including Manski (2004), Kitagawa and Tetenov (2018), and Mbakop and Tabord-Meehan (2018),
considers empirical welfare maximization by assigning treatment status. Banerjee et al. (2019) study optimal

experiments under a combination of Bayesian and minimax criteria in terms of welfare.



2 Setup and notation

Let Y; denote the observed outcome of interest for the ith unit, D; denote the treatment status for the ith unit
and X; = (X;1,...,X;,) € RP denote the observed, baseline covariates for the ith unit. Further denote by
Y;(1) the potential outcome of the ith unit if treated and by Y;(0) if not treated. As usual, the observed outcome

is related to the potential outcomes and treatment status by the relationship
Y =Y;(1)D; +Y;(0)(1 — D) .

In addition, we define W; = (Y;, X/, D;)’. For ease of exposition, we assume the sample size is even and
denote it by 2n. We assume that ((Y;(1),Y;(0),X;) : 1 < ¢ < 2n) is ani.i.d. sequence of random vectors
with distribution Q. For any random vector indexed by i, A;, define A" = (A, ..., Ay,)’. Our parameter of

interest is the average treatment effect (ATE) under Q:

0(Q) = EqlYi(1) — Yi(0)] . @

For ease of exposition, we will at times suppress the dependence of various quantities on @, e.g., use 6 to refer
to 0(Q). In stratified randomization, the first step is to partition the set of units into strata. Formally, we define
a stratification A = {)\; : 1 < s < S} as a partition of {1,...,2n},i.e.,

(@) As( Ay =@ forall sand s’ suchthat 1 < s # s < S.

Md) U A=A{1,...,2n}.

1<s<S
Let A,, denote the set of all stratifications of 2n units. Many results in the paper will feature matched-pair
designs. Recall that a permutation of {1,...,2n} is a function that maps {1, ..., 2n} onto itself. Let IT,, denote

the group of all permutations of {1,...,2n}. A matched-pair design is a stratified randomization with
A={{r(2s=1),7(25)} : 1 <s<mn},

where 7 € II,,. Further define AP* C A,, as the set of all matched-pair designs for 2n units.

Define n, = |\,| and 7, as the treated fraction in stratum \,. Under stratified randomization, given X ("), \,
and (75 : 1 < s < 5), the treatment assignment scheme is as follows: independently for 1 < s < S, uniformly
at random choose n,7, units in A\ and assign D; = 1 for them, and assign D; = 0 for the other units. The

treatment assignment scheme implies that
(¥ (™(0), Y (1)) 1L D[ x (. )

It also implies that n,7, is an integer for 1 < s < S. Note that the distribution of D(") depends on \. In
the remainder of the paper, we assume the following about the treatment assignment scheme unless indicated

otherwise:



Assumption 2.1. The treatment assignment scheme satisfies 7, = 1.

Assumption 2.1 implies that the size of each stratum has to be an even number. Most results below could be
extended to settings where 7, = 7 € (0, 1) or where they are in addition allowed to vary across subpopulations.

See Appendix B for more details.

We estimate the ATE by the difference in means between the treated and control groups. Formally, for
d € {0,1}, define
_ Zl§i§2nnI{Di :d} _ l Z
ZlSiSZn I{Dl = d} n 1<i<2n:D;=d

The difference-in-means estimator is defined as

fin(d)

The difference-in-means estimator is widely used because it is simple and transparent. Under Assumption 2.1,
it coincides with the estimator from regressing the outcome on treatment status and strata fixed effects, and
the estimator from the fully saturated regression, both of which are also widely used in the analysis of RCTs.
See, for example, Duflo et al. (2007), Glennerster and Takavarasha (2013), and Crépon et al. (2015).

3 Optimal stratification

For any stratification A € A,,, our objective function is the mean-squared error (MSE) of 6, for 6 conditional
on X (™) under \:
MSE|X ™) = Ex[(6, — 6)*[X "] . 4)

Here, the subscript A\ of E indicates that the expectation depends on ), since the distribution of treatment
status D(") depends on \. We consider minimizing the conditional MSE defined in (4) over the set of all strat-
ifications:

min  MSE(A| X (™) . (5)

A€A,

The solution will depend on features of the distribution which are generally unknown, and we will consider
empirical counterparts to the solution, in which unknown quantities are replaced by estimates using data from
pilot experiments, in Section 4. By Assumption 2.1, other aspects of the stratified randomization procedure,
especially the treated fractions, are fixed. Therefore, the stratification that solves (5) corresponds to an optimal

stratified randomization procedure among all those satisfying Assumption 2.1.

In order to describe an important result that leads to the solution to (5), we define the ex-ante bias of 6,, for
6 conditional on X (™ as
Bias2"® (0, |X ) = E5[0,|X™] -0, (6)

and the ex-post bias of 6,, for 6 conditional on X (™ and D™ as

Biash Y (0,|X ™, D) = B5[0,| X ™, D™] 9. (7)



Here, ex-ante bias refers to the bias conditional only on covariates, before treatment status is assigned; ex-
post bias refers to the bias conditional on both the covariates and treatment status, i.e, after treatment status

is assigned. By definition,
Ex[BiasP% (0, |X ™, D) X ™) = Bias?™(0,| X ™), (8)

i.e., the expectation of the ex-post bias over the distribution of treatment status equals the ex-ante bias. Note

that by (3),
1

bo=— 3 (Y(1)D;=Yi(0)(1 - Dy)) .
1<i<2n
Under Assumption 2.1,
s 1
. .ante (n)y — — " ] — . 1) —
Biasy"{* (6| X ") = o= 3™ (BIV(DIX.] - EYi(0)|Xi]) — 0, ©)

1<i<2n
so that ex-ante bias is identical across A € A,,.

To solve (5), we decompose the conditional MSE as follows. First, note that
MSE(AX (™) = Bias2™®(0,,| X ™)? + Vary [0, | X ™] . (10)

Here, Var, indicates that the distribution of treatment status depends on A. By (9), the first term on the right-
hand side is identical across all A € A,,. Hence, (5) is equivalent to minimizing the second term on the right-
hand side of (10), which could be further decomposed into

Vary [0, |X™] = Ex[Var[0,| X ™, D] X ™] + Vary [E[0,|X ™, D] x™)] . (11)

By (2), conditional on X ™) and D™, (Y;(0), Y;(1))’s are independent across i, so that for any A € A,,, the first
term on the right-hand side of (11) equals

Ex % Y (VarlYi(1)[Xi]D; + Var[Y;(0)|X:](1 = D)) | X | = o~ 3 (Var[Yi(1)|Xi] + Var[¥;(0)|X4])

1<i<2n 1<i<2n
(12)
which is also identical across all A € A,,. Here, we use (2), the facts that D;(1 — D;) = 0for 1 < i < 2n, and
that £[D;| X ("] = L. Hence, (5) is further equivalent to minimizing the second term on the right-hand side of
(11), which equals

Var, [Biash % (6, X ™), D) x (] (13)
Furthermore, we have
Vary[E[0,|X ™, D™]| X ™)

= EX[(E[6,|X ™, D™] — E[f,| X "])* X ]
- EA[(Biast?it(én\X(”)7 D™) — Bias2¢(8,,| X ™)) X ™)]



= Ex[Biasl%}' (0, |X ™, D
| X D

121X ] — 2B, [Biash % (6, X ™), D) Biasi™® (6, X ™) X )] + Biasi™ (0, | X ™))
=E, [BlaSPOSt( N2 XM — 2E, [Blasgoit(ﬂ |x ™) D) x ™) Blasante(ﬁ | X (™) 4 Blasa“te(e | x ()2
=E, [Blasp% (0,|X ™), D2 x ()] — 2B1asa“te(9 | X (M2 4 Blasante(H | X (7))2
(0 )) ] -

= Ex[BiasP% (0, | X ™, D)2 X M] — Biast™® (0, |X ™)? (14)
where the first equality follows from definition, the second follows from (6) and (7), the third equality follows
from expanding the square, the fourth equality follows since B1asarlte (6,| X ™) is constant conditional on X (™),

and the fifth equality follows from (8) . By (9), Blasante(ﬁ | X (™) is the same across ), and therefore it follows
from (10)-(14) that (5) is equivalent to minimizing the first term in (14), i.e., the second moment of the ex-post

bias. We summarize the results in the following lemma:

Lemma 3.1. Suppose the treatment assignment scheme satisfies Assumption 2.1. Then, the set of solutions to (5)

is the same as the set of solutions to

min Ex[BiasP% (0, | X ™, D)2 x (] (15)
ENp
and the set of solutions to
min Var [BiasP 5" (0, X ™), D0V)| X )] (16)
(ST

Remark 3.1. We have shown that minimizing the conditional MSE is equivalent to (15), i.e., minimizing the
second moment of the ex-post bias, and (16), i.e., minimizing the variance of the ex-post bias conditional on
the covariates. This equivalence holds since the mean of the ex-post bias is the ex-ante bias, which is the same

across stratifications by (9). (15) is more convenient for intuition, while (16) is easier to solve. m

The following theorem contains our main result on optimal stratification, which shows that (5) is solved by
a matched-pair design, where units are ordered by their values of a scalar function of the covariates and paired

adjacently. In particular, define the function
g9(z) = E[Yi(1) + Y;(0)|X; = 2] . a7

For any measurable function % : R? — R, define h; = h(X;). Let 79 € I1,, be such that go(1) < ... < gro(2n)-
Define the stratification
N (X)) = {{n9(25 —1),79(25)} : 1 < s <n}. (18)

Theorem 3.1. Suppose the treatment assignment scheme satisfies Assumption 2.1. Then, \9(X ™)) defined in
(18) solves (5).

Remark 3.2. Figure 3 illustrates the optimal stratification in (18). The outline of the proof of Theorem 3.1
is as follows. Lemma C.1 shows that each stratification is a convex combination of matched-pair designs.
Therefore, one of the solutions to (5) must be a “vertex” of these convex combinations, i.e., a matched-pair
design. Using the second part of Lemma 3.1, we show that the conditional MSEs of 6,, under matched-pair

designs differ only in terms of the sum of squared distances in g within pairs. The sum is minimized by the



T

Figure 1: Illustration of the optimal stratification defined in (18). In the example, p = 1, i.e., X;’s are scalars.
The optimal stratification is {{3, 4}, {1,5},{2,6}}.

stratification defined in (18), according to a variant of the Hardy-Littlewood-Pélya rearrangement inequality

for non-bipartite matching. ®

Remark 3.3. Note from (17) that ¢; is a scalar regardless of the dimension p of X;. Moreover, (18) depends
not on the values but merely the ordering of ¢g;, 1 < ¢ < 2n. For instance, if p = 1 and we are certain that g(x)
is monotonic in x, then it is optimal to order units by X;, 1 < ¢ < n and pair the units adjacently, regardless of

the valuesof g;,1 < ¢ < 2n. m

Remark 3.4. Using similar arguments as those used to establish Theorem 3.1, it is possible to show that if
MSE in (5) is replaced by any expected utility criterion, then one of the solutions is a matched-pair design.
It is further possible to show the same conclusion holds for any criterion that is convex in the distribution
of treatment status. Therefore, the optimality of matched-pair designs holds quite generally. That said, it is
nontrivial to characterize the form of the optimal matched-pair design in those general settings and this is left

for future work. m

Remark 3.5. Theorem B.1 in the appendix examines the scenario where 7, = 7 € (0,1). Assume 7 = % where

I,k € Z,0 <l < k, and they are relatively prime, and that the sample size is kn. Define

) — EMIX] | FY(O)IX)

T 1—7

. (19)

Let 779" be a permutation of {1,..., kn} such that Irram (1) S - S Grriam () W show that (5) is solved by
A9(XM) = {779 ((s — Dk +1),...779 (sk)} : 1 < s <n}, (20)

The scalar function g™ adjusts for treatment probabilities by inverse probability weighting. For a similar de-
sign, see Bold et al. (2018). m

We illustrate Lemma 3.1, and in particular (15), in a small simulation study. In this example, 2n = 100;
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X; = (Xi1,Xi2); X; 1 and X, 5 are both distributed as N (0, 1), independent from each other, and i.i.d. across
1 < i < 2njand E[Y;(d)|X;] = X/5(d) for 3(0) = (0,1.5)" and 3(1) = (0.5,2)'. As aresult, § = 0. In Figure
2, we plot the densities of the distributions of Biasf’lf’it(én| X D) defined in (7) over 1000 draws of X (")
and D), for different treatment assignment schemes:

Oracle stratified randomization using the infeasible optimal procedure defined by (18).

byl stratified randomization with two strata separated by the sample median of X, ;.

by2 stratified randomization with two strata separated by the sample median of X, 5.

SRS Simple Random Sampling, i.e., (D;, 1 < i < 2n) areii.d. Bernoulli(3).

Note that the distribution of Bias?°} (0,]X ™ D)) under Oracle is much more concentrated than those under

other treatment assignment schemes.

Method
— Oracle

Density

15 10 05 0.0 05 10
Ex-post bias

Figure 2: Densities of the distributions of the Biasz‘?/s\t (0,| X D) over 1000 draws of X (™) and D™ under
all treatment assignment schemes.

4 Empirical counterparts

The optimal procedure in (18) depends on the function g defined in (17), which needs to estimated in practice.
Fortunately, pilot experiments are common in RCTs, and we could use data from pilot experiments to estimate
g. In this section, we consider empirical counterparts to the optimal procedure defined by (18), when there is

a pilot experiment. We describe the procedures in this section and comment on their asymptotic properties,
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formally introducing asymptotic results in Section 5. For any random vector A, we denote by Aj the corre-
sponding random vector of the jth unit in the pilot experiment. Suppose W (™) = ((Y;, X 2 Dj) :1<j<m)
comes from the pilot experiment. We assume that ((Y;(1),Y;(0), X;) : 1 < j < m) is an i.i.d. sequence of
random vectors with distribution Q, i.e., the units in the pilot are drawn from the same population as the units

in the main experiment.

We first consider a plug-in procedure. Suppose §,, is an estimator of g defined in (17). Concretely, g,
is a random function from R” to R that depends on W (™). We will abstract away from how §,,, is obtained
but directly impose conditions on g,, itself. Recall II, is the set of all permutations of {1,...,2n} and let
w9m € I, be such that g, rom 1) < -+ < Gm,mim (2n)- We define the following plug-in stratification for the
main experiment:

A (X)) = ({79 (25 — 1), 79" (25)} : 1 < s < n}. (21)

As Theorem 5.1 shows, the plug-in procedure enjoys the property that as the sample size of the pilot increases,
the asymptotic variance of 6, in (3) is that same as that under the optimal procedure defined by (18). The key
condition for the property is that §,, is consistent for g in a certain cense. See Assumption 5.3 below for more
details. The assumption is satisfied by a large class of nonparametric estimation methods, including machine

learning methods in high-dimensional settings, i.e., when the dimension of the covariates is large.

When the sample size of the pilot is small, the plug-in procedure generally does not have the efficiency prop-
erty as in settings with large pilot. But even then, researchers may well be content with the plug-in procedure
because it results in smaller limiting variance of f,, than many alternatives. That said, we may be concerned
that the plug-in estimator §,, is a poor approximation for g in (17), and as a result, that under the plug-in strati-
fication defined in (21), the conditional MSE and the asymptotic variance of d,, is large. Therefore, we consider
a penalized procedure under which, according to simulation studies in Section 6, the conditional MSE of 6, is
often smaller than that under the stratification defined in (21). The procedure is named so because it can be

viewed as penalizing the plug-in procedure by the standard error of the plug-in estimate.

We will describe the procedure first and then explain the intuititon why it is of this particular form. For

d € {0, 1}, define the least-square estimators based on the treated or control units as

-1

Bm(d) = Z XJXJI Z XJY/J ’ (22)

1<j<m:D;=d 1<j<m:Dj=d

and the variance estimators assuming homoskedasticity as

-1

Em(d) = A72n(d) Z Xj ~§ ) (23)

1<j<m:D;j=d

where

_ Z1§jgm(?j - X;Bm(d))Ql{ﬁj = d}

72 (d) .
Z1gjgm I{Dj = d}

m
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Further define

Bin = B (1) + Bm(0) (24)
m = Sm(1) + S (0) . (25)

™M

Next, we define R, as the result of the following Cholesky decomposition:
Ry B = BBy + S (26)
and the following transformation of the covariates:
Z; = R X; . (27)

The penalized stratification matches units to minimize the sum of distances in terms of Z; within pairs. Com-
pared with §,,, (X;), the main difference is that Z; is a vector of the same dimension p of X, instead of a scalar.

Let 7P denote the solution to the following problem:

1
in — 7 ime 1) — 7ol 28
fellnrinl;s;n” r(25—1) 29l (28)

When the dimension p of X; is not too large, the problem could be solved quickly by the package nbpMatching

in R. Finally, define the penalized stratification as
APen (X ()y = [{7Pen(25 — 1), 7P (25)} : 1 < s < n}. (29)

(29) can be viewed as penalizing the plug-in procedure in (21) by the variance of the plug-in estimator.

We now briefly explain the intuition behind (28). For simplicity, suppose E[Y;(d)|X;] = X/3(d) for d €
{0,1}. In addition, define 8 = (1) + 5(0). (28) penalizes the the plug-in stratification by the standard error
of the plug-in estimate. Indeed, the objective in (28) equals

1 51
-~ Z dé (Xw(stl)aXﬂ'(Qs)) ;
n

where for any z1, 75 € R?,

d(xlv$2) = (xllém - xéBm)Q + (xl - xQ)IEm(Il - 552) . (30)

If$,, = 0, then (28) is solved by 79~ in the plug-in stratification in (21) with g,, = X/f,,. If on the other hand
3, is large, which means that /3,, is a very noisy estimate for 3, then the second term in (30) dominates, and

Jm contributes little to the solution to (28).

Remark 4.1. We now provide a further justification for (29) by discussing its optimality in a Bayesian frame-
work. To begin with, note that the problem in (28) could also be defined with the squared norm || Z(2,_1) —

Zr(2s) ||?, and the two definitions are asymptotically equivalent. For more details, see Section 4 of Bai et al.
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(2019). This asymptotically equivalent formulation is in fact optimal in the sense that it minimizes the inte-
grated risk in a Bayesian framework with a diffuse normal prior, where the conditional expectations of poten-
tial outcomes are linear. With some abuse of notation, denote the conditional MSE in (4) by MSE(\|g, X (™)),
where we make explicit the dependence on g. Suppose we have a prior distribution of g, denoted by F(dyg),
which is normal. Let Q% (dz(™)) denote the distribution of X and Q7" (dw(™)) denote the distribution of
W (™). Consider the solution to following problem of minimizing the integrated risk across all measurable

functions of the form u : (0™, z(™) s X\ € A,

min / / MSE(u(@™, (") g, ") Q% (dz™) Q™ (™) F(dg) (31)

In Appendix D, we first show that the problem in (31) under any prior F' is solved by a matched-pair design.
To the best of our knowledge, this is the first result showing that matched-pair designs are optimal in general
Bayesian frameworks. Next, we specialize the model by assuming E[Y;(d)|X;] = X/5(d), define g = 5(1) +
£(0), and show that F' could be equivalently expressed as a distribution on 3, which we further assume to be
normal. One may be tempted to conjecture that the solution to (31) is to nidively match units on the the value
of X!j3, where 3 is posterior mean of 3, i.e., By in (24) shrunk towards the prior mean. We show, however,
that the solution to (31) depends not only on the posterior mean of 3, but also on the posterior variance of
it. The posterior variance serves as a penalty to matching naively on the posterior mean of §: the larger the
variance, the more it penalizes matching on the posterior mean. In the end, we show that when F' diverges to
the diffuse prior, the posterior mean converges to the OLS estimate, and the posterior variance converges to
the variance estimate from OLS. As a result, the solution to (31) converges to the procedure defined by (28)

with the squared norm || Z (25_1) — Zr(25)[|*. ®

5 Asymptotic results and inference

Under matched-pair designs, it is challenging to derive asymptotic properties of the difference-in-means esti-
mator and conduct inference for ATE, because of the heavy dependence of treatment status across units. Even
if g in (17) is known, commonly-used inference procedures under matched-pair designs, including the two-
sample ¢-test and the “matched pairs” ¢-test, are conservative in the sense that the limiting rejection probabil-
ity under the null is equal to the nominal level. The issue is further complicated since ¢g needs to be estimated,
so that the stratifications in (21) and (29) depend on data from the pilot experiment. Extending results from
Bai et al. (2019), we develop novel results of independent interest on the limiting behavior of the difference-in-
means estimator under procedures involving a large number of strata, when the stratifications depend on data
from the pilot experiment. These results enable us to establish the desired property of our proposed inference
procedures. To begin with, we make the following mild moment restriction on the distributions of potential

outcomes:

Assumption 5.1. E[Y;?(d)] < coford € {0,1}.

14



5.1 Asymptotic results for plug-in with large pilot

In this subsection, we study the properties of 6,, defined in (3) under settings where the sample sizes of both
the pilot and the main experiments increase. We henceforth refer to such a setting as an experiment with a

large pilot. We first impose the following assumption on g defined in (17).

Assumption 5.2. The function g satisfies

(a) 0 < E[Var[Y;(d)|g(X;)] ford € {0,1}.
(b) Var[Y;(d)|g(X;) = 2] is Lipschitz in .

(©) Elg*(Xi)] < oo.

Assumption 5.2(a)-(c) are conditions imposed on the target function ¢ instead of the plug-in estimator §,,.
Assumption 5.2(a) is a mild restriction to rule out degenerate situations and to permit the application of suit-
able laws of large numbers and central limit theorems. Assumption 5.2(c) is another mild moment restriction
to ensure the pairs are “close” in the limit. New sufficient conditions for Assumption 5.2(b) are provided in
Appendix C.1. The results therein about the conditional expectation of a random variable given a manifold are

new and may be of independent interest.

We additionally impose the following restriction on the estimator §,,,. In what follows, we use Q x to denote

the marginal distribution of X; under Q.

Assumption 5.3. The sequence of estimators {g,, } satisfies

[ lan(a) - @) PQx () B o
Rr

as m — oQ.

Assumption 5.3 is commonly referred to as the L2-consistency of the §,, for g. When p is fixed and suitable
smoothness conditions hold, L2-consistency is satisfied by series and sieves estimators (Newey, 1997; Chen,
2007) and kernel estimators (Li and Racine, 2007). In high-dimensional settings, when p increases with n at
suitable rates, it is satisfied by the LASSO estimator (Bithlmann and Van De Geer, 2011; Belloni et al., 2012,
2014; Chatterjee, 2013; Bellec et al., 2018), regression trees and random forests (Gyorfi et al., 2006; Biau,
2012; Denil et al., 2014; Scornet et al., 2015; Wager and Walther, 2015), neural nets (White, 1990; Chen
and White, 1999; Chen, 2007; Farrell et al., 2018), and support vector machines (Steinwart and Christmann,

2008). The results therein are either exactly as stated in Assumption 5.3 or one of the following:

(@) sup |gm(z) — g(z)] B oasm — occ.
z€RP

(B) Ellgm () — g(a)[?] — 0as m — ox.
Itis straightforward to see (a) implies Assumption 5.3. (b) also implies Assumption 5.3 by Markov’s inequality.
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The next theorem reveals that under L?-consistency of the estimator §,,, the asymptotic variance of 0,,

under the plug-in procedure is the same with that under the infeasible optimal procedure defined by (18).

Theorem 5.1. Suppose the treatment assignment scheme satisfies Assumption 2.1, Q satisfies Assumption 5.1, g

satisfies Assumption 5.2. Then, under \9(X (™), asn — oo,

Vb, —8(Q) % N(0,¢2).

where

2 = VarlYi(1)] + Varl¥i(0)] — 5 El(g(X:) — EIYVi(1) + ¥i(0))?]. (32)

In addition, suppose g, satisfies Assumption 5.3. Then, under A9 (X (™) defined in (21), as m,n — oo,

Vi, — 6(Q)) % N(0,2).

Remark 5.1. Bai et al. (2019) studies the scenario where units are matched to minimize the sum of the Eu-
clidean distance in terms of their covariates, and show that the limiting variance of 6,, is equal to <7 in (32).
The results there, though, are derived assuming that the number of covariates p is fixed. Instead, we could

allow for p to increase with the sample size n, as long as g,, is L?-consistent for g. ®

Remark 5.2. In analysis of randomized controlled trials researchers sometimes choose not to stratify but run
regressions with covariate adjustments afterwards, or more precisely, regress outcomes on treatment and some
observed covariates of the units. With the most flexible adjustment, the “efficiency bound” of 6,, is equal to s
in (32). Unfortunately, in order to attain this bound, higher order smoothness conditions are usually required.
L2-consistency of the estimator seldom suffices, and the estimators are often required not only to be uniformly
consistent, but also to have a sufficiently fast convergence rate. See Rothe (2020) for more details. As aresult,
in practice, researchers often opt to use only linear covariate adjustments. In constrast, the only assumption
we require for Theorem 5.1 to hold is the L?-consistency of §,,. Furthermore, it is straightforward to com-
bine stratification with covariate adjustments. By using a conventional argument in partitioned regression,
one could show that with the same covariate adjustments, stratification will always lead to a weakly smaller
limiting variance of 0,,. A further observation is that sometimes the optimal stratification \9(X (")) in (18) is
known without any need for estimation. For example, if X; is a scalar and g(z) is known to be monotonic in
x, then we could simply match units acccording to X;’s, and this would attain ¢} in (32). On the other hand,

with covariate adjustments we still need to nonparametrically estimate g at a sufficiently fast rate.

5.2 Inference under plug-in procedure

Next, we consider inference for the ATE. For any prespecified 6, € R, we are interested in testing

Hy : 0(Q) = 0y versus Hy : 0(Q) # 6y (33)
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atlevel « € (0,1). In order to do so, for d € {0, 1}, define

) 1 )
62(d) = — Z (Y; — fin(d))? .
1<i<2n:D;=d
Define
R 2
pn = (Yeom (45-3) + Yaom (a5-2)) Veom gj-1) + Yaom (a5)) (34)
1<5<| 3]
and define ¢9 such that
AGm \ 2 ~2 ~2 1 1o { 2
() = 62(1) 4 62(0) = S + 5 (1) + 1 (0))” - (35)
The test is
I (WY = [{|T9 (W) > &~ (1 — %)} ; (36)
where .
TgWL(W(n)) — w , (37)

and (1 — &) denotes the (1 — $)-th quantile of the standard normal distribution. Although the right-hand
side of (35) is possibly negative, its limit in probability must be positive under assumptions imposed below.
By Remark 5.5 below, we could always adjust it to be positive. Therefore, we assume all quantities like (35)

are positive for the rest of the paper.

We start by studying the limiting behavior of the test defined in (36) with a large pilot. The following
theorem shows that the test defined in (36) is asymptotically exact in the sense that when the sample sizes
of both the pilot and the main experiments increase, the limiting rejection probability is equal to the nominal

level.

Theorem 5.2. Suppose the treatment assignment scheme satisfies Assumption 2.1, Q satisfies Assumption 5.1, g

satisfies Assumption 5.2, and §,, satisfies Assumption 5.3. Then, under A9 (X () defined in (21), asm,n — oo,
() 5
Thus, for the problem of testing (33) at level o € (0, 1), ¢ (W (™)) defined in (36) satisfies

lim B¢ (W) =a,

m,n—co

when Q additionally satisfies the null hypothesis, i.e., 6(Q) = 6.

Remark 5.3. The studentization by (35) is crucial for the asymptotic exactness of (36). Commonly-used tests
including the two-sample ¢-test (Riach and Rich, 2002; Gelman and Hill, 2006; Duflo et al., 2007) and the
“matched pairs” ¢-test (Moses, 2006; Hsu and Lachenbruch, 2007; Armitage et al., 2008; Athey and Imbens,
2017) are asymptotically conservative in the sense that the limiting rejection probabilities under the null are

no greater than and typically strictly less than the nominal level. See Bai et al. (2019) for more details. m

Remark 5.4. In order for §,, to satisfy Assumption 5.3, the following selection on observables condition is
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usually required on the pilot experiment:
(Y™ (1),Y™(0)) 1L DX

The condition is satisfied by a large class of treatment assignment schemes, including simple random sampling,
covariate-adaptive randomization, re-randomization, etc. For more details, see Bugni et al. (2018) and Bai
et al. (2019). m

Remark 5.5. In finite sample one might be worried that the right hand side of (35) is negative. Furthermore,
we always have access to an asymptotically conservative estimator for the limiting variance, for example,
¢2 = 62(1) + 62(0), whose probability limit is weakly greater than 7. So even though the right hand side of
(35) is positive, it might be larger than ¢ in finite sample. To get over both problems, we could simply redefine
the variance estimator to be ¢ if the right hand side of (35) is less than or equal to 0, and the smaller one of

the right hand side of (35) and ¢2 otherwise. m

Next, we consider settings where the sample size of the main experiment increases while that of the pilot
experiment is allowed to be fixed. We henceforth refer to such a setting as an experiment with a small pilot. We
show that test defined in (36) is again asymptotically exact in the sense that the limiting rejection probability
under the null is equal to the nominal level when the sample size of the main experiment increases, regardless
of the sample size of the pilot. The restrictions that we put on g,,, however, are more likely to be satisfied when
Jm 1s constructed using simple methods such as least squares. We impose the following restriction in addition

to Assumption 5.1:

Assumption 5.4. The estimator §,, satisfies

Q{QmGH}:l,

where H is the set of all measurable functions . : R? — R such that

(a) 0 < E[Var[Y;(d)|h(X;)]] ford € {0,1}.
(b) E[Y;/(d)|h(X;) = z]is Lipschitzin z forr = 1,2 and d = 0, 1.

(©) E[R3(X;)] < oo

Assumption 5.4 is imposed on the distributions of potential outcomes conditional on §,,, where g, is viewed
as a fixed function given data from the pilot experiment. In fact, with small pilots, Assumption 5.4 contains
the same set of conditions as those in Assumption 5.2, the only difference being that they are imposed on g,,
instead of g. In the definition of H, (a) is a mild restriction to rule out degenerate situations and to permit the
application of suitable laws of large numbers and central limit theorems, and (c) is another mild moment re-
striction to ensure the pairs are “close” in the limit. New sufficient conditions for (b) are provided in Appendix
C.1. Note, in particular, that (b) is more likely to be satisfied when §,, is constructed using simple estimation

methods such as least squares.
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The following theorem shows that the test defined in (36) is asymptotically exact in the sense that as the
sample size of the main experiment increases, the limiting rejection probability under the null is equal to the

nominal level. Note, in particular, that the sample size of the pilot is allowed to be fixed.

Theorem 5.3. Suppose the treatment assignment scheme satisfies Assumption 2.1, Q) satisfies Assumption 5.1,
and g, satisfies Assumption 5.4. Suppose Q additionally satisfies the null hypothesis, i.e., 6(Q) = 6y. Then,
under N9 (X (™)) defined in (21), for the problem of testing (33) at level o € (0,1), ¢9m (W ™)) defined in (36)
satisfies

lim E[¢dm(W™)] = a.

n— oo

Remark 5.6. Note that we use the same test ¢9~ with large (Theorem 5.2) and small (Theorem 5.3) pilots, and
it is asymptotically exact either way. When m increases at a rate such that Assumption 5.3 is satisfied, the
asymptotic variance of §,, asm, n — oois <7, which equals the asymptotic variance under the infeasible optimal
procedure defined by (18). Yet when m is fixed, the asymptotic variance of §,, as n — oo is generally larger than
gg2. Moreover, as previously commented, the assumptions in the two settings are non-nested. Assumption 5.4
is more likely to be satisfied when the plug-in estimator §,, is constructed using simple estimation methods, but
does not require g,,, to be consistent for ¢ in any sense. On the other hand, Assumptions 5.2 and Assumption
5.3 could potentially allow for more complicated estimation methods but require §,, to be L2-consistent for g.
]

Remark 5.7. In fact, the asymptotic exactness of ¢ (W (")) holds conditional on data from the pilot experi-
ment, i.e.,
lim B[gd (W)W 0) = (38)
n—oo

with probability one for TV (™). See the proof of Theorem 5.3 in the appendix for more details. Furthermore, it

follows from the proof that the test is also asymptotically exact under
M(xX™) = ({7"(2s — 1),7"(25)} : 1 < s < n}, (39)

where fi;n 1y < ... < hon(a,) and his a fixed function satisfying & € H for H defined in (5.4). m

Remark 5.8. As an intermediate step in the proof of Theorem 5.3, we derive the limiting variance of 6,, under

M (X (™)) defined in (39), where h is a fixed function satisfying » € H. The limiting variance equals
1
i = Var[Y;(1)] + Var[V;(0)] = S E[(E[Yi(1) + Yi(0)[n(X,)] — E[Yi(1) + Yi(0)])*] (40)

Comparing (40) with (32), we could show the minimum of 7 over € H occurs when i = ¢, and the minimum
is unique unless there exists and 2 € H for which E[Y;(1)+Y;(0)|h(X;)] = E[Y;(1)+Y;(0)|X;] with probability
one. This result enables us to compare the limiting variance of 6,, across a large class of stratifications, and
in particular, all stratifications with a fixed number of large strata. Indeed, all such stratifications could be
defined by a discrete-valued function  : R” — {1,..., R} for a fixed integer R, and therefore ¢; > ¢2 unless
E[Y;(1) + Y;(0)|h(X;) = r] = E[Y;(1) + Y;(0)| X;] with probability one, i.e, when E[Y;(1) + Y;(0)|X;] is the
same within each stratum. Another corollary is that if ~ € H and k. is a constant function, then the stratifi-

cation \"<(X (™) = {{1,...,2n}} with all units in one stratum satisfies Sh_ > <j, unless again the degeneracy
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condition holds, this time requiring F[Y;(1) 4+ Y;(0)|2(X;)] to be a constant. Any g,, with Q{g,, € H} = lisa
constant function in H conditional on the pilot data W ("™, so in this sense, almost all stratifications are better
than not stratifying at all, because it results in a weakly smaller and typically strictly smaller limiting variance
of §,,. See Theorem B.2 for more details. By direct calculation we could also show that for any 7 € H, ¢? is
weakly less than and typically strictly less than the limiting variance of §,, under simple random sampling, i.e.,

when treatment status is determined by i.i.d. coin flips. ®

Remark 5.9. Sometimes political or logistical considerations or estimation of subpopulation treatment effects
require researchers to prespecify different treated fractions across subpopulations. In those settings, as dis-
cussed in Appendix B, 6,, is no longer consistent for  in (1). Instead, it is natural to use the estimator from
the fully saturated regression with all interaction terms of treatment status and strata indicators, i.e., éfft de-
fined in (62). Appendix B discusses straightforward extensions of the optimality result in Theorem 3.1 and
empirical counterparts including that in (21). These results are closely related to Tabord-Meehan (2020), who
considers stratification trees which lead to a small number of large strata. In particular, Remark B.1 discusses
a way to combine his procedure and procedures in this paper, under which the asymptotic variance of 5 is

no greater than and typically strictly less than that under his procedure alone. ®

5.3 Inference under penalized procedure

We now consider inference under the penalized procedure defined by (29) with a small pilot. This subsection
follows closely the exposition in Section 4 of Bai et al. (2019). Since in general Z defined in (27) is not a
scalar, the correction term in (34) could no longer be defined as before since it relies on w9, where §,, is a

scalar. Instead, we need to match the pairs to ensure that the two pairs matched are close in terms of Z. Define

— Zﬂ-pen(QS_l) + Zﬂpen(Zs)

Zs =
2
and 7 as the solution of the following problem:
o1 _ _
Jnin Z 1 Zr2j-1) = Zn(2g)ll -
1<5<% ]

Let 7P°" € II,, be such that for 1 < s < n,
7P (25 — 1) = 7P (27 (s) — 1) and 7P (2s) = 7P (27 (s)) .

In other words, 7P°" matches the pairs defined by 7P°" based on the midpoints of pairs. Since 7P°" rearranges

7Pe" in (29) while preserving the units in each stratum, it follows that for \P** (X (")) defined in (29), we have

/\pcn(X(n)) = {{7P"(25 — 1), 77 (25)} : 1 < 5 < n} .
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We then define the test similarly to (36), with 79 replaced by 7P°". In particular, define

~pen 2
pg = ﬁ Z (Yﬁ-pcn(4j_3) + Yﬁ-pcn(4j_2))(Yﬁ-pcn(4j_1) + Yﬁ-pcn(4j))

1<5<| 5]

and let ¢P°" be such that
~pen\?2 ~2 ~2 1 ~pen 1 ~ ~ 2
(S22 = 62(1) 4+ 62(0) = 575 + S (n(1) + in(0))°

The test is

¢ (W) = I{TP (W) > &1 (1 - %)} ;
where R

n n \/ﬁ(@n B 90)
Trge (W( )) = T,

and (1 — §) denotes the (1 — §)-th quantile of the standard normal distribution.
Under the penalized procedure, we impose the following assumption on Q:

Assumption 5.5. (a) 0 < E[Var[Y;(d)|R,,X;]] ford € {0,1}.

(b) E[Y/(d)|RmX; = z]is Lipschitzin z for r € {1,2} and d € {0,1}.

(c) The support of R,, X; is compact.

(41)

(42)

Assumption 5.5(a)-(b) are the counterparts to Assumption 2.1(a) and (c) of Bai et al. (2019). Assumption

5.5(c) is also imposed in Section 4 of Bai et al. (2019). The following theorem establishes the asymptotic

exactness of the test defined in (41), in the sense that the limiting rejection probability under the null equals

the nominal level. Note, in particular, that the sample size of the pilot is allowed to be fixed.

Theorem 5.4. Suppose the treatment assignment scheme satisfies Assumption 2.1 and Q satisfies Assumptions
5.1and 5.5. Suppose Q additionally satisfies the null hypothesis, i.e., (Q) = 6. Then, under \P<* (X (™)) defined

in (29), for the problem of testing (33) at level o € (0, 1), o™ (W (™)) defined in (36) satisfies

lim E[¢P (W) =a.

n—oo

Remark 5.10. In some setups, it may be possible to improve the estimator §,,, by imposing shape restrictions

on g. See, for instance, Chernozhukov et al. (2015) and Chetverikov et al. (2018). m

5.4 Inference with pooled data

So far we have disregarded data from the pilot experiment in the test defined in (36) except when computing g, .

We end this section by describing a test that combines data from the pilot and the main experiments. Define



where L
_ Z1gjgm YJ‘I{DJ‘ = d}

Zlgjgm I{Dj = d}
for d € {0,1}. We define the new estimator for (Q) as

fim (d)

m §+ 2n
m+2n " 2n4+m

écombined _
n - n -

We define the test as
¢%ombincd(w(n)’ W(m)) — I{|TﬁombinCd(W(n), W(m))‘ > (1)71(1 _ %)} , (43)

where

\/M(éqclombined _ 90)

= )
m ~2 2n ~gm \2
m—+2n gpilotgm + m+2n2(§n )

TTcLombined (W(’ﬂ) , W(m)) — (44)

and (1 — §) denotes the (1 — §)-th quantile of the standard normal distribution.

The following theorem shows that the test defined in (43) is asymptotically exact as the sample sizes
of both the pilot and the main experiments increase. The main additional requirement is that as m — oo,
Vm(0,, — 0(Q)) converges in distribution to a normal distribution whose variance is consistently estimable.
The assumption is satisfied by many treatment assignment schemes, including simple random sampling and

covariate-adaptive randomization. See Bugni et al. (2018) and Bugni et al. (2019) for more details.

Theorem 5.5. Suppose the treatment assignment scheme satisfies Assumption 2.1, Q) satisfies Assumptions 5.1,
g satisfies Assumption 5.2, and §,, satisfies Assumption 5.3. Suppose in addition that as m — oo, /m(0,, —

d - P
0(Q)) = N(0,Fitor)s Spitot,m — Spitot » andl that as m, n — oo,

— 1.
— v e |[0,1]

Then, under A9 (X (™)) defined in (21), as m,n — oo,

M(é%ombined _ Q(Q))

V) 4 N(0,1).
C: 2 ~9m
\/ o Saitot,m + e 2(G)?

Thus, for the problem of testing (33) at level o € (0, 1), ¢combined (717 (m) 17(m)) i (43) satisfies

lim E[¢$Lombined(W(n)7 W(m))] —a,

m,n—00
whenever () additionally satisfies the null hypothesis, i.e. 6(Q) = 6,.

Remark 5.11. Although Theorem 5.5 is stated under A9 (X (™)) in (21), it is straightforward to establish sim-

ilar results when A9 (X (")) in the main experiment is replaced by other stratifications, e.g., (29). m
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6 Simulation

In this section, we examine the properties of the procedures discussed in Section 4 in a small simulation study.

Ford € {0,1} and 1 < i < 2n, potential outcomes are generated according to the equation:
Yi(d) = p(d) +ma(Xi) + oa(X;)ei(d)

where p(d), mq(X;), 04(X;), and €;(d) are specified in each model as follows. In each of the following specifi-
cations, 2n = 200; ((X;,€;(0),€;(1)) : 1 < ¢ < 2n) arei.i.d.; X;,€;(0),€;(1) are independent; and 1(0) = 0. For
each model, we generate data from a very small pilot experiment of sample size m = 20, in which half of the

units are treated.
Model1p = 2; X;; ~ Beta(2, 2), X;.» ~ Beta(2,2); ma(X;) = X/3(d) and ;(d) ~ N(0, 1) ford € {0,1};
B(1) = B(0) = (1,1)'; 00(X;) = o1(X;) = 0.1
Model 2 as in Model 1, but 3(1) = 5(0) = (3,0.1)'.
Model 3 as in Model 1, but o¢(X;) = 01(X;) = 1 and ¢;(d) ~ Unif [—1, 3] for d € {0,1}.
Model 4 as in Model 2, but 0 (X;) = 01(X;) = 1 and €;(d) ~ Unif [—-3, 1] ford € {0,1}.

Model 5 as in Model 1, but ml(Xz) = mo(Xl) = Xi2,1’ UO(X»L‘) = 01 (Xz) = 0.1, and Gi(d) ~ N(O, 1) for
d e {0,1}.

Model 6 as in Model 5, but m; (X;) = mo(X;) = X7, + X7,.
Model 1is a symmetric model with small variances in error terms. Model 2 differs from Model 1 in that X ;
is the predominant component in potential outcomes. Models 3 and 4 are similar to Models 1 and 2, the only
difference being that the error terms have larger variances. Models 5 and 6 are non-linear and are designed

to study properties of the plug-in and the penalized procedures under misspecification. In Model 5, only X ;

affects the potential outcomes, while X ; and X , are symmetric in Model 6.

We consider the following procedures:

Oracle matched-pair design with the infeasible optimal stratification in (18).

Plug-in matched-pair design with the plug-in stratification in (21) with §,,, () = #'3,y, for 3,, in (24).
Pen matched-pair design with the penalized stratification in (29).

MPeuc matched-pair design minimizing the sum of Euclidean distances within pairs.

byl stratified randomization with two strata separated by the sample median of X, ;.

by2 stratified randomization with two strata separated by the sample median of X, ,.

MP1 matched-pair design using X; ; only, i.e., stratification in (21) with §,,, (z) = 1.
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MP2 matched-pair design using X , only, i.e., stratification in (21) with §,,(x) = z2.

Stratifications in Pen and MPeuec are computed using the package nbpMatching in R.

We first present results on the conditional MSE of ,, defined in (4). In these results, we set (1) = 1(0) = 0,
sothat #(Q) = 0 as well. By Lemma 3.1 and in particular (16), the conditional MSEs of f,, under stratifications
differ only in terms of the variance of the ex-post bias conditional on the covariates. Therefore, for a given
stratification )\, a set of covariates X ("), and the function ¢ defined in (17), we define a constant multiple of

the objective in (16) as the loss:
L(Ag, X)) = 4n? Vary[E[0,| X ™, D] x™)] . (45)

Table 1 displays the summary statistics of the values of the loss defined in (45) for different stratifications
across 1000 draws of X (™), We label the columns according to the procedures. In each model, we calculate
ratios of values of the loss for each procedure against those for Oracle, and present the quartiles and means of
the ratios across the 1000 draws of X (),

Model Oracle Plug-in Pen MPeuc byl by2 MP1 MP2

1 25% 1.00 2.50 3.69 22.51  2344.62  2353.34 885.77 903.36
50% 1.00 8.46 5.76 35.86  3852.52  3848.06 1455.54 1435.83

75% 1.00 28.03 9.93 55.50  5853.40 5866.36  2238.42  2183.49

Mean 1.00 25.07 8.22 40.76  4281.19  4293.87 1653.90 1641.51

2 25% 1.00 2.08 4.33 67.39  3238.83 10723.31 6.89 5192.29
50% 1.00 5.34 5.96 86.24  4211.93 14112.38 8.48 6954.55
75% 1.00 15.21 9.53 108.13 5239.90 17414.65 10.57 8640.57
Mean 1.00 12.85 8.14 89.26  4305.93 14377.14 8.90 7169.01

3 25% 1.00 16.28 8.57 22.52  2329.58  2340.74 894.50 902.57
50% 1.00 68.97 14.04  35.55 3835.03 3850.74 1455.64 1466.20

75% 1.00 230.33 25.64 54.02 5734.63 5783.08  2230.34  2226.22

Mean 1.00 205.52 21.42 40.65 4288.67 4299.91 1650.97 1662.17

4 25% 1.00 8.86 10.27 67.58  3266.09 10924.10 6.91 5440.39
50% 1.00 43.88 1549 87.50 412596 13824.46 8.57 6847.59

75% 1.00 131.81 26.43 109.16 5197.76 17364.76 10.65 8744.17

Mean 1.00 104.72 22.07 89.41 4291.05 14343.10 8.97 7168.34

5 25% 1.00 27.39 71.83 415.34 19128.24 57595.61 1.00 27631.81
50% 1.00 116.62 103.72 501.70 22248.95 66572.16 1.00 32579.67
75% 1.00 333.13 176.04 599.89 26430.16 77215.74 1.00 38871.75
Mean 1.00 318.20 150.85 520.67 23158.28 68653.31 1.00 34162.98

6 25% 1.00 244.36 115.27 214.18 27727.82 11878.77 13124.19 1424.60
50% 1.00 342.09 150.88 265.06 32936.14 14190.12 15817.15 1726.21
75% 1.00 517.14 197.98 328.09 39810.35 17243.41 18864.44 2118.38
Mean 1.00 424.81 168.61 276.24 34031.92 14659.61 16327.06 1798.22

Table 1: Summary statistics for ratios of the values of the loss in (45) under all stratifications against those
under the infeasible optimal stratifications (Oracle), over 1000 draws of X ("), in Models 1-6.

Unsurprisingly, Oracle always has the smallest values of the loss. Ad-hoc procedures including byl, by2,
MP1, MP2 perform miserably most of the time. Although MP1 performs well under Models 2, 4, and 5, it is

because there X; ; is a predominant element of potential outcomes. In particular, Model 5 is an example where
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g defined in (17) is a monotonic function of the first covariate, so that MP1 solves (5) and has the same values

of loss with Oracle. We separately discuss the remaining three procedures, Plug-in, Pen, and MPeuc:

Plug-in: In most models, Plug-in outperforms ad-hoc procedures including byl, by2, MP1, MP2, which
is somewhat surprising since the sample size of pilot is only m = 20. In Models 1-2, where the variances
of ¢;(d)’s are small, Plug-in also improves upon MPeuc, and the improvement is pronounced in Model 2.
But when the variances of ¢, (d)’s are large, it performs worse than Pen and MPeuc, as could be seen from
Models 3-6.

Pen: In Models 1-4, Pen is the best among all procedures. In all models, it performs better than Plug-
in and MPeuc, remarkably so than Plug-in in Models 3-6. The improvement upon MPeue is most pro-
nounced in Models 2 and 4, where X; » contributes little to potential outcomes. These are examples in
which MPeue assigns equal weights to two covariates while regression-based methods could detect that
one of them dominates. Even when potential outcomes are non-linear (Models 5-6), the values of its loss

are smaller than those under MPeuc.

MPeuc: In all models, it is not as poor as the ad-hoc procedures including byl, by2, MP1, MP2, but is
obviously worse than Pen. In Models 2 and 4, where only X; ; matters, it is obviously worse than Pen
and Plug-in, because the pilot informs us that X ; is much more important than X, ,, which is not taken

into account by Euclidean matching.

Next, for 6, = 0, we consider the problem of testing (33) at level « = 0.05. For Models 1-6, we compute
the rejection probabilities of suitable tests under stratifications mentioned previously, when 1(0) = 0 and
6 = u(1) =0,0.0.1,0.02,0.04. In particular, we use the following tests under each stratification:

Oracle: test in (36) with g, = g for g defined in (17).
Plug-in: test in (36) with §,,, () = 2’/ 3,5, for 3, defined in (24).
Pen: test in (41).
MPeuc: test in (41) with Z replaced by X.
byl: test in (36) with §,,,(z) = I{z1 > med(X;1:1 <7 < 2n)}.
by2: test in (36) with §,,(z) = [{z2 > med(X;2:1 <7 < 2n)}.
MP1.: test in (36) with §,,, (z) = ;.
MP2: test in (36) with §,,,(z) = x2.
Table 2 displays the rejection probabilities for Models 1-6 under all stratifications using tests described

above. Note that loss properties in Table 1 translate into power properties in Table 2. Indeed, while all tests

under all stratifications have correct sizes, the test in (41) under the penalized stratification in (29) has higher
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power than most other tests under other stratifications, except that under Oracle. In Models 1-2, the corre-
sponding tests under Plug-in and Pen have higher power than that under MPeue, while being comparable in
other models, except in Model 6, where potential outcomes are highly non-linear. The comparison is most pro-
nounced in Model 2, where g in (17) depends mostly on x;, because Plug-in and Pen incorporate information
from the pilot while MPeue doesn’t. The test under Pen performs better than that under Plug-in in Models 1-5.
Finally, note that tests under matched-pair designs, including Plug-in, Pen, and MPeuc usually perform much

better than tests under stratifications with a small number of large strata, including byl and by2.

Model Oracle Plugiin Pen MPeuc byl by2 MP1 MP2

1 =0 5.63 5.15 5.61 5.48 502 527 544 545
/=001 1121 10.63 11.2 11 6.34 6.41 6.15 6.24
=002 3026 2832 29.76 2731 8.02 819 9.83 9.6
0=0.04 7944 76.86 7998 754 17.71 18.12 20.87 23.19

2 0=0 5.43 5.05 5.12 5.24 537 547 532 5.88
=001 11.72 10.84 11.06 9.68 554 5.57 10.96 5.53
0 =002 2852 2745 27.88 20.5 7.35 56 27.14 581
=004 7982 7623 78.6 62.6 11.98 6.79 77.77 7.19

3 =0 5.08 5.61 5.32 5.34 5.51 5.7 537 5.26
#=0.01 5.69 6.11 6.33 5.58 593 546 551 5.57
0=0.02 8.22 7.49 8.18 8.43 692 6.92 727 7.67
=004 17.52 16.66 16.94 16.84 11.82 12.31 12.67 12.84

4 =0 5.69 5.55 5.7 5.31 543 5.16 5.2 5.14
=001 631 6.2 6.69 5.98 572 549 632 5.72
0 =0.02 8.1 7.98 8.13 7.87 697 591 8.05 5.88
=004 16.73 16.77 17.02 16.75 9.69 7.28 16.81 7.28

5 =0 5.33 5.26 5.66 5.5 547 5.38 5.6 5.16
/=001 1144 1093 11.57 11.5 778 656 11.64 6.5
0=0.02 30.34 28.2 30.02 28.44 14.36 9.28 30.02 9.23
=004 8081 77.12 79.89 7746 40.39 20.83 80.52 21.93

6 =0 5.15 5.47 3.51 4.94 557 578 578 5.72
=001 6.77 6.84 4.44 6.46 5.72 5.7 562 6.52
=002 1241 1149 872 11.22 6.79 791 6.69 10.55
0=0.04 3194 29.34 2437 29.18 10.45 16.31 10.94 25.43

Table 2: Rejection probabilities for Models 1-6 under all stratifications using tests in Section 4.

7 Empirical application

To illustrate our procedures in practice, we replicate part of the experiment in DellaVigna and Pope (2018) on
Amazon Mechanical Turk (MTurk) and the TurkPrime Prime Panels, using the penalized procedure defined
by (29). MTurk is an online crowdsourcing platform widely used to conduct economic and behavioral experi-
ments. For more information about running experiments on Amazon MTurk, see Horton et al. (2011), Mason
and Suri (2012), Paolacci and Chandler (2014), Kuziemko et al. (2015), and Litman et al. (2017). Prime

Panels is another online platform with over 30 million participants and their reliable demographics.

DellaVigna and Pope (2018) run a large-scale experiment to compare the effectiveness of multiple incen-

tives for efforts in one setting, as well as compare experimental results with expert forecasts. The 18 treat-
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ments include various monetary and behavioral incentives. We focus on one of the treatments, which is a
monetary incentive. In the experiment, subjects are asked to alternately press the “a” and “b” buttons on
their keyboard as quickly as possible in 10 minutes. One alternate press counts as 1 point. All subjects are
paid some base rate upon finishing the experiment. In the treatment we replicate, subjects in the treated group
are paid an extra $0.01 for every 100 points they score, while subjects in the control group receive no extra
payment. In DellaVigna and Pope (2018), the base payment is $1, but we use about $1.25 in the pilot and $2 in
the main experiment to minimize attrition. In our notation, the outcome Y is the points scored, the treatment
D indicates whether the subject receives extra payment (D = 1) or not (D = 0). The covariates X include
a constant term, age, gender, ethnicity, education, and income. We re-index gender and ethnicity as binary

variables and regard the rest as continuous.

The sample size in the original experiment in DellaVigna and Pope (2018) is 1098. In the original experi-
ment, all the units are in one stratum and the treated fraction is approximately % There is a pilot experiment
in the preregistration stage but the results used in neither designing the main experiment nor analysis in their
paper. In our replication, we perform the pilot experiment on Prime Panels and the main experiment on MTurk.
The sample size of the pilot experiment is m = 44, and that of the main experiment is 2n = 176. We could not

replicate the original experiment with 1098 units because of the budget constraint.

After collecting data from the pilot experiment, we calculate the penalized stratification defined in (29),
and conduct inference on the ATE in two ways: disregarding data from the pilot experiment as in (41), and
combining data from the pilot and main experiments as in (43). We compare the results with the original ones
in DellaVigna and Pope (2018). For a meaningful comparison, we also present the scaled-up version of the
original standard errors in DellaVigna and Pope (2018) to match the sample size in our replication. Table 3
lists the sample sizes and difference-in-means estimates, standard errors, and ¢-statistics. Since there is only
one stratum in DellaVigna and Pope (2018), the two-sample ¢-test is asymptotically exact in their setup. The

columns correspond to the following:
Pen penalized stratification in (29) and the test statistic in (42).

Combined penalized stratification in (29) and the test statistic in (44).

Original (scaled) resultsin DellaVigna and Pope (2018), with sample size scaled down to 2n+m and standard

error scaled up accordingly.
Original results in DellaVigna and Pope (2018) and the two-sample ¢-statistic.
We see that the standard error under Combined is 29% smaller than that under Original (scaled). Equiva-

lently, to attain the same standard error, Combined requires only about half the sample size of that under the
stratification in DellaVigna and Pope (2018).
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Pen Combined Original (scaled) Original

sample size 176 220 220 1098
O 644 624 - 499

s.e. 108.16 92.05 129.95 58.70
t-statistic 5.95 6.78 - 8.50

Table 3: Summary statistics from DellaVigna and Pope (2018) and our replication.

8 Minimax procedure

Finally, we discuss alternative procedures without reliable pilot data. In some experiments pilot data is not
available, or even if there is a pilot experiment, the units might not be drawn from the same population as the
main experimental units. On the other hand, the procedure in Theorem 3.1 is optimal in population, which
translates into optimality with large pilots in Theorem 5.1, while the penalized procedure in (29) is based on
optimality in integrated risk in a Bayesian framework, assuming linearity and normality. It is then natural
to ask about finite sample optimality without linearity and normality. To answer the question, we introduce
a minimax problem. We briefly highlight the results and leave all details to Appendix E. By Lemma 3.1 and
in particular (16), the conditional MSEs of 6,, under stratifications differ only in terms of the variance of the
ex-post bias conditional on the covariates, and hence we define a constant multiple of it as the loss in (45).

Moreover, we have

-« 1
(MY = 4n? () p)x ™) = C_g:)2
L(\|g, X"™) = 4n® Var,[E[0,| X", D'™]| X"™)] = Z = Z .(gl g;)° . (46)
1<s<S 1, ENs,1<]
Consider the following minimax problem to find the stratification X that has the best worst-case performance

in terms of the loss in (46), where the worst-case is among a class of functions G.

min max L(A|h, X)) . (47)
AeA heg

Our framework requires G to have a bounded polyhedron structure, in the sense made precise by Assumption

E.1. The assumption is satisfied by a large class of shape restrictions on G, including Lipschitz continuity,

monotonicity, and convexity.

Our first result shows that when p = 1, under a Lipschitz model, (47) is solved by matching on X di-
rectly. It reflects the intuition to match on the covariate itself when little information is available on how
the covariate affects potential outcomes. For more details, see Theorem E.1. Unfortunately, such a result no
longer holds when p > 1. Indeed, Example E.7 shows that matched-pair designs may not even be minimax-
optimal. We show, however, that under Assumption E.1 it is possible to reformulate (47) into a mixed-integer
linear program. The reformulation is based on the special structure in (46), which enables us to rewrite (47)
into a problem in graph theory, related to but more complicated than what is known in the literature as the
clique partitioning problem. The program is computationally intensive, and therefore we consider a relaxation

which replaces A € A in the minimization in (47) with A\ € AP**, The resulting program, related to what
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is known in the literature as the minimum-weight perfect matching problem, is computationally much easier
and could be computed using modern solvers such as Gurobi. In Appendix E, we compute the solutions in a
simulation study. Simulation evidence suggests that although the minimax matched-pair design is in general
not minimax-optimal among all stratifications, it is often close to optimal in a sense we make precise in the

appendix.

9 Conclusion and recommendations for empirical practice

This paper provides a framework under which a certain matched-pair design is optimal among all stratified
randomization procedures. To the best of our knowledge, this is the first formal justification in the literature
on the use of matched-pair designs based on optimality results. We show it is optimal to match units according
to the sum of expectations of potential outcomes if treated and untreated conditional on the covariates. We then
provide empirical counterparts to the optimal stratification and study their properties. In particular, we provide
different procedures under large and small pilots, as well as inference procedures under each of them. From the
theoretical point of view, stratifying impacts the estimation efficiency of RCTs in terms of the ex-ante MSE, i.e.,
before treatment status is assigned, and the ex-post bias, i.e., after treatment status is assigned. Lemma 3.1
shows that ex-post bias translates into ex-ante MSE, and hence impacts the estimation of treatment effects in
an RCT. From a practical point of view, matched-pair designs weakly improve estimation and typically strictly
do so, as long as the function used in matching satisfies the regularity conditions laid out in Assumption 5.4.
Therefore, we recommend researchers to consider using matched-pair designs, or corresponding procedures in
Appendix B, when treated fractions are identical across strata but not 1 and when they are in addition allowed

to vary across subpopulations.

Both our theoretical and simulation results suggest that the efficiency for estimation of ATE could be im-
proved, often notably, by incorporating information from pilot data. Therefore, we recommend researchers to
perform pilot studies, on the same population as the main experiment. Based on Theorem 5.2, we recommend
researchers to use flexible nonparametric estimation methods to estimate the target function in (17) when the
pilot is large. When the pilot is small, researchers could still use the plug-in procedure with simple estimators

such as least squares, but could also consider the penalized procedure.
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A Proof of main results

For the rest of the appendix we introduce the following definition for the convex combination of matched-pair designs.

Definition A.1. For A\, \' € AR*" and 6 € [0, 1], define 6A @ (1 — )\’ as the randomization between ) and \’ such that ) is

implemented with probability . Define the convex hull formed by all convex combinations of any matched-pair designs as

CO(Agaif):{ @ SN N e AP*and §; > 0for1 < j < J, Z 5j:1,1§J<oo} . (48)

1<5<T 1<5<T

A.1 Proof of Theorem 3.1

Define V' ()\) as the objective in (16) multiplied by n>. We have

V(A) = n® Vary [E[0,| X ™, D™]| x ™)

—var, | 3 IDEMOIX] - (1 D»EWOMXA]‘XW]
=Vars | 3 Di(EN(0)Xi] + EY:()|X.)) X“”]

_ (g(n))' Vary, [D(n)]g<") )

Recall from Section 2 that AL*"™ is the set of all matched-pair designs. Forany A = {{n(1),7(2)},...,{r(2n—1),7(2n)}} €
A’,plair,

V(A) =+ Z (gr(2s-1) — g‘rr(2s))2 . (49)

1<s<n

By Lemma C.2, we have V(A9 (X (™)) < V()).

Recall the definition of convex combinations of matched-pair designs from Definition A.1. To conclude the proof, note

A= P 6N,

1<5<

that by Lemma C.1, for any A € A we have

where A7 € AR*Tand §; > 0for1 <j < JyY<j<y 05 =1,and 1 < J < oc. Then,

MSE(X™) = 3 8 MSE(V|X™) > min MSE(Y|X) > MSE(N (X)) x™),

1<5<T

where the last inequality follows because \?(X (")) minimizes MSE(A| X (™)) over AR*". The theorem therefore follows. B

A.2 Proof of Theorem 5.3

First, note that the assumptions in Lemma C.4 hold because of Lemma C.7 and Assumption 5.4, and that §,, is a fixed

function conditional on W (™). Hence, by Lemma C.4 with r = %, with probability one for W™, asn — oo,

sup |Q{vn (0, — 0(Q)) < W™} — &(2/s,,)| = 0, (50)

teR
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where
B = VarlYi(1)] + Varl¥i(0)] = 2 E[(E[Y:(1) + Yi(0)[gm (X:), W] = E[Y:(1) + Y (0)])?]. (51)

On the other hand, note that the assumptions in Lemma C.5 hold because of Lemma C.7 and Assumption 5.4, and that
§m is a fixed function conditional on W (™. Hence, by Lemma C.5 with 7 = %, with probability one for W™, forall ¢ > 0,

asn — oo,
QUEI™? = | > W™} 0. (52)

The conditional convergence in (38) follows immediately from (50) and (52). Since the conditional convergence holds with
probability one for W™, and ¢dm (W(") ) € [0, 1], the unconditional convergence follows from the dominated convergence

theorem. W

A.3 Proof of Theorem 5.1

The first assertion follows from Lemma C.4 with h = g and 7 = 1. We now show that under A% (X ™) defined in (21),

vn(f, —0(Q)) KX N(0,s7) for ¢} defined in (32) as m,n — oco. By repeating arguments in the proof of Lemma C.4, we

write
V0, —0(Q)) = Ap — By + Cy — Dy,
where
A= X (D = D™, D)
B, = % > (Vi(0)(1 - Di) — E[Yi(0)(1 — Dy)|g™, D™)])
Co= = 3 (B0 +Y:(0)Dilg™. D) = DEV() +Y:(0))
D= 3 EO" D) = BYO).

Note that unlike in Lemma C.4, the quantities above are conditioned on g™ for g defined in (17), instead of gﬁ,? ). Note that

by Assumptions 5.2(c), 5.3, and Lemma C.8,

2 P
(gwf?m (2s—1) — Grim (23)) —0. (53)
1<s<n

S

Since Assumption 5.2(a)-(b) and (53) hold, by repeating arguments in the proof of Lemma C.4 with 7 = 1, it is straight-

forward to establish that as m,n — oo,

Vb, —0(Q)) % N(0,¢2) (54)

Note that (53) is enough to derive the asymptotic representation for C,, so that we need not impose Lipschitz conditions
on E[Y;(d)|g(X;)]. ®
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A.4 Proof of Theorem 5.2

In light of Theorem 5.1, we only need to show that (¢Z™)? £ 2 asm,n — oo. Similar arguments as those used in Lemma
C.5 go through if (53) holds and

1 P
o Z |Gim (45— k) — G (a5—1)| > = O (55)

1<5<| 3]

for k € {2,3}and ! € {0, 1}. Since (55) follows from Assumptions 5.3 by Lemma C.8, the proof is concluded.

A.5 Proof of Theorem 5.5
To begin with, note that we need only establish that as m,n — oo,
Vm £ 2n(0EmP e _ 9(Q)) 5 N (0, veZien + (1 — 1)26%) (56)

and the rest follows from Slutsky’s lemma. We prove (56) by contradiction. Suppose (56) does not hold. Then, there exists

a subsequence still denoted by {m, n} for notational simplicity, along which as m, n — oo,

sup /m ¥ 2n(é;ombined _ Q(Q)) — q)(z/\/l/§§ilot + (1 — l/)2g2) —cC, (57)

teR

where ¢ > 0, and

— 1].
mran "V ED]]

Now consider this subsequence. Since the two convergences in the Lemma C.8 hold in probability, there exists a further
subsequence along which they hold with probability one. By repeating the proof of Theorem 5.2, we could see that along

this subsequence, as m, n — oo, with probability one for W (™),

sup | Q{v/n(Bn — 0(Q)) < W} = @(2/5,)| = 0. (58)
€
Along the subsequence we construct, since 25— — v, by (58), Slutsky’s lemma and Lemma C.3,

Vim £ 2n(057 N - 0(Q)) 5 N(0, veiion + (1 —1)26%)

which is a contradiction to (57). The theorem therefore holds. B

A.6 Proof of Theorem 5.4

Follows from Theorem 4.2 in Bai et al. (2019) and by repeating arguments in the proof of Lemma C.4. B

B Supplementary results

The next theorem shows that the infeasible optimal stratification has a similar structure to (18) when 7 #

NI

Theorem B.1. Suppose the sample sizeis kn for k € Z and the treatment assignment scheme satisfies7s = 7 = +, wherel € Z,

1
3
0 <l < k, and k and I are relatively prime. Then, (5) is solved by \™9 defined in (20), where Grram)y S-S g
for g™ defined in (19).

-
7797 (kn)
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PROOF OF THEOREM B.1. First, note that

Next,
MSE(A|X ™) = (Ex[0.]X™] — 0(Q))* + Varx[0,|X™] .

By repeating arguments in the proof of Lemma 3.1,

BB IX )~ 0Q) = o= 3 (BIV()IX:] - BV(0)X]) - 0(@).

1<i<kn

identical across all A € A,,, so that we need only consider conditional variances of § given X ) which could be decomposed
asin (11). By repeating arguments in the proof of Lemma 3.1, for any A € A, the first term of the right-hand side of (11)

equals

1 Var[Y;(1)|X;] | Var[Y;(0)|X;]
k2n2 1<;m ( T + 1—7 ) ’

again identical across all A € A,,. Therefore, we need only consider
Vary [E[0,|X™, D™ x™].

By repeating arguments in the proof of Lemma C.1, a stratum of size k! where [ > 1 is a convex combination of stratifica-
tions with strata only of size k. We could therefore focus on the case where each stratum is of size k. For any stratification
oftheform A = {{w((s — Dk +1,...7(sk)} : 1 < s < n},

Var B X, D)X o S S (gl - a0,

1<s<n (s—1)k+1<j<sk

where g; is defined in (19) and

T 1 T
gs = 5 Z 9r(5) -

(s—1)k+1<j<sk

To see this, first note that units are independent across strata, so that by repeating arguments in the proof of Lemma 3.1,
Vara[E[0,| X ™, D™ XM oc Y7 Vary > 97 D)
1<s<n (s—1)k+1<j<sk
Next,

Vary > 9 () P (i)

(s—1)k+1<j<sk

1 T —T
= T) Z Z 9r(5.) — 19s
1

(s—1)k+1<j1<...<j;<sk \1Z:<1

= Z () — 2)°

~

1 _ _r
% + N > > (9nty) — 959Gy — 82)
(s—1)k+1<j<sk (l) (s—1)k+1<j1<...<j;<sk 1<u11#t2<1
I (k—2) 2
T —T\2 1—2 T T T —_T\2
= % Z (gw(j) —gs)" + () Z 9=@G) — kgs - Z (gﬂ(j) )
(s—1)k+1<j<sk l (s—1)k+1<j<sk (s—1)k+1<j<sk

33



o Z (9= -g7)°,

(s—1)k+1<j<sk

where the first equality holds by definition, the second holds by expanding the square, the third holds by accounting for
cross product terms, and the fourth holds because the first term inside the square bracket on the fourth line is 0. Therefore,
the problem is reduced to optimal univariate clustering of kn units on the real line where each cluster is of size k, and the

conclusion follows by arguing similarly to in the proof of Lemma C.2. B

For a measurable function » : R? — R, let 7" be a permutation of {1,...,kn} such that Prrigry S oo < R () -
Define
AT = ({77 (s — Dk +1),...77"(sk)} : 1 < s <n}. (59)
Further define ] = ¢ D (s Dkt1<j<sk Pamn (-
Assumption B.1. h satisfies
(a) 0 < E[Var[Y;(d)|h(X;)]] ford € {0,1}.
(b) E[Y;(d)|h(X;) = 2] is Lipschitz forr = 1,2 and d = 0, 1.

© % 3 S by = BIP B0,

1<s<n (s—1)k+1<j<sk

The next theorem is the limiting counterpart to Theorems 3.1 and B.1. It shows that across all stratifications defined

by (59) for h satisfying Assumption B.1, the asymptotic variance of 6,, is minimized by choosing h = ¢ defined in (19).

Theorem B.2. Suppose h : R? — R be a measurable function that satisfies Assumption B.1. Then,

2 2
St,97 S St,h s

T 1—7

for 2 ;- and 2 ), defined in (64) and g” defined in (19). Moreover, the inequality is strict unless E {Yi ) 4 %0

9" (X;) with probability one under Q.

PROOF OF THEOREM B.2. By the definition of ¢ ;, in (64), minimizing ¢? , with respect to & is equivalent to maximizing

B (E {& + 10 h(xn] - (E[Y;‘“” + EP”_Z‘@”))T .
Next, note that
. (gT(XI_) _ (E[Y;-u)] . Elmgﬂ))?]
p :(gf(xl-) — i [B0 4y BO, ] 4 [ B 4 20| - (ELED EP’:@”))T
i :(gf(m o [503[5O — (B E{%@”))Q] ,
B <E [Yiil) + O h(Xi)} B (E[Y;:(l)] N El{y_i@])ﬂ . :?z
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where the last inequality is strict except unless £ {YiT(l) + 3?-7(3) h(X,-)] = ¢" (X;) with probability one under Q. To show
(60), note that
. Yi(1) | Yi(0) Yi(1) | Yi(0) EY;(1)] | EYi(0)]

(50 -2 2] (522 B (250 sy

=5[]y - B [F 4 XO ] [nex] ([ 28+ O x| - (EEOD, HEOD )]

=0,
where the second equality holds because

Bl () = & | E0 4 EO x|

by the law of iterated expectation. The lemma is thus proved. B

If 7,’s are allowed to differ across s, then 6,, is generally inconsistent for 6. In such settings researchers often use the

estimator from the fully saturated regression in Bugni et al. (2019). For 1 < s < Sand d € {0, 1}, define

and

The estimator is
N

nsat ~ ~

o 125 = (fim,s(1) = fin,5(0)) - (62)
Note that 65** and 6,, coincide whenever 7. = 7 € (0,1). See Bugni et al. (2018), Tabord-Meehan (2020), and Bugni
et al. (2019) for more details. By repeating arguments used in the proof of Theorem 3.1 and Theorem B.1, we could find
the stratification that minimizes MSE (65| X ")), which is defined as in (4) with 6,, replaced by ¢5**. The solution is as
follows: we first calculate the stratification defined in (20) with 7, g, and X ™ defined separately for each subpopulation,
and then take the union of those stratifications. Moreover, the next theorem enables us to derive feasible procedures similar
to (21) when treated fractions are allowed to vary across subpopulations. In particular, it reveals any plug-in estimator that
satisfies the regularity conditions in Assumption B.1 leads to a procedure under which the asymptotic variance of 65** is

no greater than and typically strictly less than that under procedures with each subpopulation as a stratum.

Theorem B.3. Suppose the sample size is n. Define a function f : R? — {1,..., R} where R > 1 is an integer. Define N,, =
{i: f(Xs)=r} XN = (X;:i€ N.),n. =|N.|,and p(r) = Q{f(X:) = r}. Define \'*'&° = U N,.Forl <r <R,
1<r<R
let 7,. be the treated fraction in N,. Define functions h™ : R? — R for1 < r < R. Define »*™!! = U )\T""’LT(X Ny,
1<r<R

where X" (X N7 is defined in (59). Suppose Q satisfies Assumption 5.1. Then, under A=, for 05** defined in (62), as

n — 0o,
V(B3 = 0(Q)) % N(0, Sarge)
where
2 p|Valvi()] | Varyi@) Yi(h) | Yi(0) | o] (BN, EROIVY
Slarge = I Tt * 1—7y s 5B (E|: Tfi * -7y, f(Xl):| ( Tfi * 1—7y )) :|:| .
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Suppose in addition that h™,1 < r < R satisfy Assumption B.1, under Q restricted to {z € R” : f(z) = r}. Then, under
Asmall for 953 defined in (62), asn — oo,

\/ﬁ(éi&t - Q(Q)) i N(07§52ma11) )
where

2 - p|Yali)] , Var[yi(0)]
Tf,

i

- sz‘(l - sz‘)E

(o[, 30

Tf, 1—7y,

i

i) - (B0 +E1[f(72)])>H |

L=y,
In addition, ¢2,,.11 < Siarge, Where the inequality is strict unless

Yi(1) | ¥i(0)

B {Yi(l) N Y;(0)
T 1=y,

T 1=y,

hfi (XZ-)] =F {

x|

with probability one under Q. Moreover, among all choices of (h™ : 1 < r < R), 62,1 is minimized by setting h™ = g™,
where g is defined in (19).

Remark B.1. Tabord-Meehan (2020) considers stratification trees, which leads to a small number of large strata, with
different treated fractions in each stratum. Using results from Theorem B.3, it is straightforward to combine his procedure
with procedures in this paper. The asymptotic variance of 63** under the combined procedure is no greater than and typically
strictly less than that under his procedure alone. The combined procedure is as follows: First, perform the procedure in
Tabord-Meehan (2020), which produces a finite number of strata with a target treated fraction for each stratum. Second,
we view each stratum as a subpopulation and calculate the stratification in (59) either with a fixed function h or some
plug-in estimate, with 7 equal the target treated fraction. Finally, we take the union of these stratifications. The desired

property now follows from Theorem B.3. W

PROOF OF THEOREM B.3. The first convergence holds by Theorem 3.1 of Bugni et al. (2019). For the second conver-

gence, note that
vV (fin,1 (1) = fin,1(0))
: N (0,diag(s? - : 1 <r < R)) .

VAR (fin,r(1) = fin,r(0))

Meanwhile, note that == 5 p(r) for 1 < r < R. The convergence then follows by the Slutsky’s lemma. The last two

results could be shown similarly to Theorem B.2. B

C Auxiliary Lemmas

In the rest of the appendix, we use a < b to denote that there exists ¢ > 0 such that a < cb.

Lemma C.1. If the treatment assignment scheme satisfies Assumption 2.1, then A,, C co(AR*T).

PROOF OF LEMMA c.1. We first prove that A\¢ = {{X1,...,X2n}} is a convex combination of matched-pair designs.
Indeed,
b= @D
AEARE
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where
Con!
2n
Next, consider A = {\1, ..., As}. Let AB**(),) denote the set of all matched-pair designs of units in ;. Then,

=L P U ¢,

H AR ()] €A (Ay)i1<s< g 1S5S

|A}:Lair| _

1<s<S
and the conclusion follows. B
Example C.1. Let n = 4 and define
2 = {{1,2,3,4}}
A= {{1? 2}7 {374}}
N ={{1,3},{2,4}}
2N ={{1,4},{2,3}} .
Wehave \’ = 1A' PN PN, &
Lemma C.2. Supposem > 2, and x1,. .., x2m are real number such that x1 < ... < x2,,. Then, for any = € 11,
wa(Qk—l)xﬂ'@k) < Z$2k—1$2k . (63)
k=1 k=1

PROOF OF LEMMA c.2. We need only consider the case where there exists k1 < k2 < k3 < k4 such that at least one of
m(k1), m(ke) is greater than at least one of 7 (ks), w(k4) because the lemma trivially holds otherwise. Suppose without loss

of generality that 7(k2) < 7(ks) < 7(ka) < 7(k1), then it is easy to verify that

Tr(ky)Tr(ka) T Tr(hg)Tr(hy) S (ko) Tr(hs) + Trr(loy) T (hy)

so that by interchanging two indices we decrease the sum weakly. A finite number of those interchanges maps 7 back to
the identity operator, and hence (63) holds. ®m

Lemma C.3. Let X, Y, Z, be random variables. Suppose Y, = g(Z) L Yasn — oo, where g : R — R is measurable
and X,, % X conditional on Zpn, with probability one for Z,,. Furthermore, suppose the distributions of both X and Y are
continuous everywhere. Then

(X, Vo) 5 (X, V),

where X 1l Y.

PROOF OF LEMMA c.3. Since X and Y both have continuous distribution function, we need only show for any z,y € R,
P{X, <zY, <y} - P{X <z}P{Y < y}.

To this end, note that

P{Xn <,Yn <y} — P{X <a}P{Y <y}
— BIE[{ X, < o} I{Y, < y}|Za]] - P{X < 2} P{Y <y}
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[BU{X. < 2} Z,]I{Ys < y}] - PIX < 2} P{Y <y}

E
B{(BU{X, < a}|Z.] - P{X < e})I{Ys < y}] + EIP{X < 2}(I{Ys <y} - P{Y <y})
FE

(PAX, < lZ} — PIX < 2})I{Ya < y}] + (P{Y, < y} — P{Y < y})P{X <z}
For the first term on the right-hand side, note that
P{X, <z|Z,} -P{X <z} —0

with probability one for Z,,, and hence the product inside the expectation converges to 0 with probability one as well, which
in turn implies the expectation converges to O by the dominated convergence theorem since probabilities are bounded. The
second term converges to 0 because of the definition of convergence in distribution and the fact that the distribution of Y

has no discontinuity. B

Lemma C.4. Suppose the sample sizeis kn for k € 7Z and the treatment assignment scheme satisfies 7s = 7 = % , Wherel € Z,
0 < I < k, and they are relatively prime. Suppose Q satisfies Assumption 5.1 and h satisfies Assumption B.1. Then, under
AP X ™) defined in (59), asn — oo,

d

VEin(6, —0(Q)) % N(0,52,),

where

Cf,h _ Var[Y;(1)] n Var[Y;(0)] _F1-1)E

T 1—7

PROOF OF LEMMA c.4. To begin with, note that

VEn(, —0(Q)) = A, — By 4+ Cp — Dy,

where
VEn 1<i<kn T T
Vkn | S5, 1—7 T
Vkn 1<i<kn T
D= (E {7“(0)(1 —Dy) h(">,D(”>] - E[l@(o)]) .
VEn | S, L—7

Note that, conditional on 2™ and D™, A,, and B, are independent and C,, and D,, are constant.

We first study the limiting behavior of A,,. Conditional on 2(™ and D™, the terms in the sum are independent but
not identically distributed. Therefore, we proceed to verify that the Lindeberg condition holds in probability conditional
on A and D™, To that end, define
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and note that

52 = Z Var {L(I)Di
.

1<i<kn

1 n
=5 > D Var[yi(1)[n™)]
1<i<kn

1
- LY vk,
1<i<kn:D;=1

nel D(")}

where the second equality follows from (2) and the third follows from the fact that units are i.i.d. It follows that

TZ—:L:% > Var[Yi(1)|h(X:)] + (1—7 3 var[m(l)\h(xi)]_ki S Var[Yi(1)|A(X))]

- Tkn ) n_
1<i<kn 1<i<kn:D;=1 1<i<kn:D;=0

(65)
By Assumption 5.1,
1

=3 VarlVi(U)[a(Xa)] 5 BVarYi(1) a(X0)]) < BYi(1)] < oo (66)

1<i<kn

Meanwhile,

LY Va3 VarlY()h(x)]

1<i<kn:D;=1 1<i<kn:D;=0

1—7 1
S Tkn Z hi_% Z hi

1<i<kn:D;=1 1<i<kn:D;=0

1 T
= | 2 > (hrn(y = hs)

1<s<n (sfl)k+1§j§sk:Dﬂ_T,h(j):l

1 1.7
Tkn Z Z Py = hs]

1<s<n (s—1)k+1<j<sk:D

IN

w5y =1

1 7T
=D ) ]

1<s<n (s—1)k+1<j<sk

A

IN

1 7712 P
> Yo lherngy — R =0, (67)

1<s<n (s—1)k+1<j<sk

where the first inequality holds by Assumption B.1(b), the second holds by using Assumption B.1(c), the third holds by
inspection, the last holds by the Cauchy-Schwarz inequality, and the equality holds by inspection. Combining (65), (66),

and (67), we have
sp P B[Var[Yi(1)|h(X5)]]
e
kn T

>0, (68)

where the inequality holds by Assumption B.1(a).

We now argue that the Lindeberg condition holds in probability conditional on 4™ and D™, i.e., for any ¢ > 0,

]' n n n n n n P
Epn=—5— > E[Yi(1)Di — E[Y;(1)Dilh™, D™ P I{[Y: (1) D; — E[Y:(1)Ds|n™, D™]| > ers, }[h™, D™] 5 0.

" 1<i<kn

To this end, first note that for any M > 0,
Plersp, > M} — 1 (69)
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because of (68). Next, note that
E[i(1)D;|h™, D™] = E[Yi(1)|h(X:)]D;

because of (2). As a result, for any M > 0

E, = # S B - BV, DWPI{]Yi(1) — E[Yi(1[h™, D™]| > ers, }h™, D™
n'1<i<kn:D;=1
< # E[Yi(1) - E[Yi(1)[a"™, DWIPI{Yi(1) - E[Yi(1)[h™, D™]| > ers,}h™, D]
" 1<i<kn
= 52172 = E[|Yi(1) - E[Yi(1)|h(X0)]PI{|Yi(1) — BE[Yi(1)|A(X:)] > M}™, D™] + 0,(1)
- 3222 kl; :;;k E[[Yi(1) = EYi(1)[h(X)]PI{|Y(1) = E[Yi(1)|a(X)]] > M}Aa™, D™] 4 0,(1)  (70)
5 (BVar[Yi(1)[R(X)]) " BIYi(1) = BV (D)[RX)]PH{Yi(1) = BYi()IA(X0)]] > MY, (71)

where the first inequality holds by inspection, the second holds because of (69) and the equality follows because (2) and
Qn = Q*", and the convergence in probability follows from (68) and the fact that Assumption B.1(a) implies

E(|Yi(1) = EY;(D)h(X)IPI{|Yi(1) = EYi(1)|M(X3)]| > M}]
< B[|Yi(1) = E[Y;(1)|h(X0)]*]) = E[Var[Yi(1)|(X:)]] < E[Y?(1)] < oo

In addition, by the dominated convergence theorem,

Jim E[JYi(1) - BY;()|(X:)]*H{|Yi(1) - E[Yi()|h(X:)]] > M}] = 0.
To show that E,, 5 0, fix any subsequence, which we still call {n} with some abuse of notation, and we argue that there
is a further subsequence along which E,, converges to 0 almost surely. Indeed, for the subsequence {n}, for any fixed M,
the preceding display is bounded by (70), which we define as U,, (M). We know from above that U,, (M) Lu (M), where
U (M) is defined as (71). Hence, there exists a further subsequence {n} along which U, (M) — U (M) almost surely. We
then choose a sequence { M, },,>1 such that M,, — co. By the dominated convergence theorem, lim, ., U(M,) = 0. By a
diagonalizing argument, we could construct a further subsequence {n} along which U,, (M,,) — 0. Along this subsequence,

since E,, < U, (M,,) for each n, the almost sure limit of £,, must be zero because it is non-negative.

We now argue that

sup | P{A, < th™, D™} — @ (t/ENarly:(DR(X)]/7) | 5 0.
teER

Fix any subsequence. Since F,, £ 0, there exists a further subsequence along which E,, — 0 with probability one
for (™, D™, Because of the Lindeberg condition and (68), it follows that with probability one for (™, D™ A, 4
N (0, E[Var[Yi(1)|h(X:)]]/7) conditional on 2(™) D™, But then the left-hand side of the preceding display must converge
almost surely to 0 by Pélya’s theorem. Since for any subsequence there exists a further subsequence along which it con-

verges to 0 almost surely, it must converge to 0 in probability.

A similar argument establishes that

sup [P{B, < t|h™, D™} = @ (t/ENar Vi ORX]/1-17))| 5 0.
teER
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Since A, and B,, are independent conditional on 4™ and D™, it follows by a similar subsequencing argument as above
that

sup |P{A, — B, <t|h™, D™} — @ (t/\/E[Var[Yi(l)|h(Xi)]/T ¥ E[Var[Y; (0)[A(X)]] /(1 — 7)) ) Zo0. (12

teR

To study Cy, note that by (2),

So we have
E[Ca|h™] = —

Furthermore, by Assumptions B.1(b)-(c),

(n) 1 _7s\2 R
Var[Cn ] o< D> (hgrny — b3 50,

1<s<n

where the first relation could be established by repeating the arguments used in the last step of establishing Theorem B.1.
It therefore follows by Markov’s inequality that for any € > 0,

P{|Cy — E[Ca|n™]| > el™} B0,
and since probabilities are bounded and hence uniformly integrable,

P{|C,, — E[Ca|nh™]| > ¢} 50,

and hence
1
Cn = T 1§Zz§:kn(E[E(1)lh(Xz‘)} — BElYi(1)]) + 0p(1) .
A similar proof shows that
1
D= = g;kn(E[Y%(O)Ih(Xi)} — E[Yi(0)]) + 0p(1).
and therefore
Cp — f Z Yi(DIR(X0)] — EYi(1)] - (BIY:(0)|A(X.)] — EIY:(0)])) + 0,(1)
5 N (0, E [(B[Y;(1)|a(X:)] — E[Y:(1)] — (E[Y:(0)|h(X:)] — E[Yi(0)])]) -

We now show by contradiction that
SuglP{ﬁ(én —0(Q)) <t} — ®(t/n)| = 0.
te

Suppose not, then there must exist a subsequence along which the left-hand side of the above display converges to some
§ > 0. Along this subsequence, we could find a further subsequence along which the left-hand side of (72) converges to 0
with probability one for (™ and D™, i.e.,

A, — B, 4N (07 EVar[Yi()IA(X:)] E[Varm(o)lh(Xz‘)]])

T 1—7
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with probability one for k(™ and D™, Since C,, — D,, is constant for each 2" and D™, Lemma C.3 establishes that

Ay —Bn+Cn—D, 5N +

T 1—7

. (07 EVarlYi(DIh(X.)] | E[Var[Yi(0)[h(X))]

E[(BEY:(1)|MX:)] = B[Yi(1)] = (B[Y:(0)|h(X:)] = E[Yi(0)]))’] ) ;

which, by Pélya’s Theorem, implies a contradiction.

Finally, note that

PN (W] ENVaDONR | g [y, 1) n(x0)] ~ B¥i(0) ~ (B[R] - EY(0))’]

_ VarlYi()] |, Varl¥i(0)]  VarEYi(D)I(XD))]  VarB[¥(0)[A(X))]
1—7 T 1—7

_|_
B [(BY(DIA(X)] — BY(1)] — (BY: 0)A(X,)] — BY: (0)]))’]
= YL, VO 127 i mpyiayinx)] - BV 0)?) — 12 BIBIY(0)|h(X0)] ~ BY:O)]))

—2E[(EXi()|h(X3)] — EXi(DD(EYi(0)|h(X:)] — E[Yi(0))]

2
_ Varlyin) | Varlvi0) o[ ([, YO, )] - (EMW] | ER©NY]
T 1—7 T 1-—71 T 1-—71
and the result follows. B
Assumption C.1. £ satisfies
1 »
o Z e 45—y — hogn(aj—p|” = 0
1<5<| 3]
fork € {2,3}and! € {0,1}.
Lemma C.5. Define
. 2
pn == Z (Yanaj—sy + Yon(aj—o) Yanaj—1) + Yonr(a)))
1<5< (2]
and
. N N 1. 1, N
(S2)? = 62(1) + 62(0) = 5 pn + 5 (in(1) + n(0))°

Suppose the treatment assignment scheme satisfies Assumption 2.1, Q satisfies Assumption 5.1, and h satisfies Assumptions
B.1and C.1. Then, under \2°" defined in (59),

A P
CORERS I

PROOF OF LEMMA C.5. To begin with, note that ji,(d) 2 E[Y;(d)] and 62 (d) 5 Var[Y;(d)] for d € {0,1}, by Lemma
6.5 in Bai et al. (2019). Next, we show that
Elpn|n™] 5 9% (73)

For notational simplicity, we define pq(h:) = E[Yi(d)|h(X;) = h;] for d € {0,1}. To see this, note that

E[(Y«h(4j—3) + Yﬂh’(4j—2))(yﬂ'h(4j—1) + Yﬂh(4j))‘h(n)}

1
= Z(#l(hwh(4j73)) + Ho(hnh(4j72)))(ﬂl (h'rrh(4j71)) + /-‘Lo(hwh(4j)))
+ = (1 (hﬂ'h(4j73)) + Mo(hﬂ-h(éljfZ)))(Ml(hﬂ-h(zlj)) + uo(hﬂ-h(zlj—l)))

+ = (1 (hai (aj—2)) + 10 (Pahaj—3))) (1 (Mhaj—1y) + 10 (Prhaz)))

NN
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_l’_

N N e )

(1 (P —2y) + po (P aj—3))) (1 (R ay) + o (P a—1)))

(gn(hrnaj—3)) + Gn(hanaj—2))) (Gr (P ai-1)) + gGn(Rrn(aj)))

2 2 2
E gh(hwh(zlj—k)) + gh(hwh(4j—l)) - (gh(hwh(4j—k)) - gh(hwh(4j—l))) .
ke{2,3},le{0,1}

As aresult,

E[pn|h'™] = E[(Yon(a5_3) + Yan(aj—2)) Yanaj 1) + Yengag) 2]
1<5<| 5]
1 1
=3, gi(h(X3)) — n Z Z (gn (P (aj—ky) — gh(hﬂh(4j7l)))2 .
1<i<2n 1<5<[ 2] ke{2,3},1€{0,1}

(73) then follows from Assumption B.1(b), C.1, the fact that

Elgr(h(X:))] £ BIEY:(1)|M(X:)]*] + E[E[Y:(0)|h(X:))’]

< BIE[Y?()|h(X0)]] + E[B[Y? (0)|M(X:)]] = E[Yi*(1) + Yi*(0)] < o0

because of Assumption 5.1, and an application of the WLLN.

It remains to show p, — E[p,|h™] 5 0. We will prove
2

P
n Z (Yfrh(4j—2)y7rh(4j) - E[th(4j—2)Y7rh(4j)|h(n>]) =0,
1<;<[ %]

and the others follow similarly. We will repeatedly use the following elementary inequalities for any a,b € R and A > 0:

la+ b|I{ja+ b > A} < 2|a|T{|a] > A/2} + 2|b|I{|b] > A/2}
lab|I{|ab] > A} < |a|*I{|a| > VA} + [b]2I{|b] > VA}.

To begin with,

1 1
E[Ywh(4j—2)Yﬂh(4j)‘h(n)} = 5#1(hﬁh(4j—2))N0(hwh(4j)) + 5:“’1(hwh(4j))lu’0(hﬂ'h(4j—2))

Next, note that

2 n n n
. Z E[|Y7rh(4j72)y7rh(4j) - E[Yﬂh(4j72)y7rh(4j)|h( )}|I{|Yﬂh(4j72)yﬂ'h‘(4j) - E[Ywh'(4j72)y7rh(4j)|h( )]| > /\}|h< )]

1<5<|5]

2 n
o Z ElY o a5-2)Yar ai) H{IY xn (45 -2) Yer azy| > VA/2} R

1<< 5]
+ E[|E[YW’L(4j—2)Y7r’L(4j)|h(n)]|I{‘E[Y7r"(4j72)y7rh(4j)|h(n)“ > /A/2} ™)

Z E[Yﬂ?h(4j—2)1{|y7rh(4j—2)‘ >V )‘/2}|h<n)] + E[Y:’L(4j)‘[{|y7rh(4j)| > )‘/2}|h(n>]

1<5< (2]

IN

IN

+ |pa (hwh(4j—2))ﬂo(h7rh(4j))|I{N1 (hwh(4,7'—2))#0(h7rh(4j)) > \/2}
+ | (hwh(4j))l$0(h«h(4j72))|1{ﬂl (hﬂh'(4j)):u0(h7rh(4j72)) > \/2}

Z E[Y‘fh(zljfz)(1)I{|Y7rh(4j72)(1)| >V /\/2}|h(n)] + E[Yﬂ?h(éljfz)(O)I{|Y7rh(4j72)(0)| >V /\/2}|h(n)]

1<5<1 %]

IN
RS
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+ BV 4y (DI Yn 4y (D] > VA/2HR™] + B[V 45y (O T{[ Yo (7 (0)] > V/A/2} R
+ i (hanaj—2) Il (Prna—2))| > VA/2} + Mg(hﬂ-h(4j))I{lﬂo(h‘nh(élj))‘ > \/A/2}
+ M?(hwh(z;j))[ﬂﬂl(hwh(4j))| > A2} + u’g(h‘rrh(élj—Q))I{‘:u’o(h‘/rh(élj—Z))‘ > \/A/2}

S QL Em (WI{IYi(1) > VA2[HR(X)] + BIYZ(O)I{]Yi(1) > /A/2[}h(X
+ BV (DIMX)IH{ B (D)|R(X0)] > /A/2} + E[Y(0 ( DB (0) > VA/2}
5 B2 () HIYi(1) > VA2])] +EY2 I{IY ) > VA2 + BIE[Y (D)|h(X )]I{E[ )] > VA2
+ B[E[Y? (0)[h(X){E[Y > VA2, (74)

where the last line follows from WLLN and the law of iterated expectation. Since by Assumption 5.1 we have E[Y;*(d)] <
oo and hence E[E[Y;(d)|h(X;)]?] < E[Y;?(d)] by Jensen’s inequality, the limit as A — oo of the last line is 0, by the

dominated convergence theorem. We finish the proof by arguing by contradiction. Suppose
pn — Elpn|n™]

does not converge in probability to 0. There must then exist ¢ > 0 and § > 0 and a subsequence, which for simplicity we
again denote by {n}, such that
P{|pn — Elpa|h™)| > e} — 6 (75)

along this subsequence. But because of (74), there exists a further subsequence along which the condition in Lemma 6.3
of Bai et al. (2019) holds with probability one for ~"™), but then along this subsequence p, — E[p|h(™] £ 0 conditional
on h'™ with probability one for 1™, i.e., for any e > 0, with probability one for 1™,

P{|pn — Elpnlh™]] > e|n™} = 0.
Since probabilities are bounded and hence uniformly integrable,
P{|pn — Elpalh™]| > ¢} =0
along the chosen subsequence, which implies a contradiction to (75). B

Lemma C.6. SupposeU;, 1 < i < narei.i.d. random variables where E|U;|" < oo. Then

n~Y" max |Uj Lo.
1<i<n

PROOF OF LEMMA c.6. Note that forall ¢ > 0,

P{nil/r max |U;| > e} = P{ max |U;|" > ner}
1<i<n 1<i<n
T I T r T 1 T r T
<nP{|U" > ne"} < S BU UL > ne'}) = S BIUT{TL" > ne'}] » 0,

where the convergence follows because of the dominated convergence theorem and that E|U;|" < co. R

Lemma C.7. Suppose E[h*(X;)] < co. Then Assumptions B.1(c) and C.1 hold.
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PROOF OF LEMMA C.7. We prove the case where 7 = 1 and the results follow similarly for any 7 € (0, 1). Note that

Z |hr(2s—1) = hanas) | < [Pgn(any — honyl? <4 max B*(X3),

1<i<2n
1<s<n -

where the first inequality follows from the definition of 7" and the second inequality follows by inspection, and therefore

it follows from Lemma C.6 that

1 2 4 2 P
o > Nhanas—1) = Banag)? < - lggnh (Xi) = 0.
1<s<n
Assumption B.1(c) thus holds. To see Assumption C.1 holds, note that
1 5 1 )
E Z |h1rh(4j—k) - h7rh(4j—l)| 5 E‘hwh(Zn) - hﬂ’h‘(l)l ’
1<5<(2)

and the result follows similarly as above. B

Lemma C.8. Suppose g satisfies Assumption 5.2(c) and §., satisfies Assumption 5.3. Then, as m,n — oo,

n Z |g7r§m(2371) — Grim (2s)| —0,
1<s<n

and

1 -
n Z |G rdm (4j—k) = Grm (aj—p)]” =0
1<i<[ %]

fork € {2,3}andl € {0,1}.

PROOF OF LEMMA c.8. We only prove the first conclusion as the second could be shown by similar arguments. We first
show that Assumption 5.3 implies

1 . P

E Z |gi—gi|2—>0. (76)

1<i<2n

Suppose Assumption 5.3 holds. For any € > 0, § > 0, there exists M > 0 such that for m > M,

PL[ o) - o) @x(an) > T} < 2. )

By Markov’s inequality again, if
/ |G () —g(SL‘)|2 Qx (dxr) < 5
RP

then by the independence of W™ and W ™),

1 R 5 = (m) 1<i<2n Jrw 19m(2) = g(2)|* Qx (dx) _ 6
= . < - < Z
Plom D la—al® > W™t < - - <5 (1
1<i<2n
Then,

1 o 2 o 2 77(m) o 2 €d
— i — i < — i — i m - < =

Pqs. Y lgi—gl*>ep <P - > g —gil* > W P - |9m (z) — g(2)|” Qx(dz) < 5

1<i<2n 1<i<2n
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~ 2 65
) = 900 Qx(ar) > § |

+p]
é é
< 2 _ -
<3(1-3)+

where the first inequality follows by definition, and the second inequality follows from (77) and (78).

T

D

NS,

<5

)

Next, note that since |a + b|*> < 2(a® 4 V) forany a,b € R,

1 2
E Z |g71-§m(2s—1)_g71'§mr(23)‘

1<s<n
1 . . 2, 1 . 2
/S g Z ‘gwflm (2s—1) — 9rim (25)| + g Z ‘gl - g’b| . (79)
1<s<n 1<i<2n
Next, note that
1 R A 2
E Z |g7r§'m(25—1) 7g7r§m(25)‘
1<s<n
< 1 |A.|2
= 1gisen
S L max g+ = max |5 — gl
~ n1<i<2n n 1<i<2n
1 5 1 . 2
< - i = i — gil - 80
S 5, max g +n1<_2<2 19: — i (80)

The conclusion then follows from (76), (79), (80), Assumption 5.2(c) and an application of Lemma C.6. R

C.1 Sufficient conditions for Lipschitz continuity

Let f denote the density function of X. Recall that C(") is the class of functions which are rth continuously differentiable.

We impose the following assumption on /4 in Assumption B.1 and f.

Assumption C.2. The function h and density function f satisfy the following conditions.

(@) heCc®.

(b) 8;;:) # 0 Lebesgue a.e.
(c) feC®,
Lemma C.9 (Theorem 24.4 of Munkres (1997)). Let O be open in R? and f : O — R be of class C") for r > 1. Let M be

the set of points x for which f(x) = 0 and N be the set of points = for which f(x) > 0. Suppose M is non-empty and D f(x)
has rank 1 at each point of M. Then N is a p-manifold in R? and ON = M.

Lemma C.10. Suppose Assumption C.2(a)-(b) hold. Then M = {z : h(x) = z} isa (p — 1)-manifold in R”.

PROOF OF LEMMA c.10. For each x € M, we aim at providing a coordinate patch on M about x. Indeed, by Assumption
C.2(a)-(b) and Theorem 9.2 (implicit function theorem) of Munkres (1997), there exists an open set U containing u =
(z1,...,Tp—1), an open ball B(z) containing z and an open set O in R containing x,, and a function ¥ : U x B(z) — R?
of class C® such that h(u, k(u,2')) = 2/ forallu € U, 2’ € B(z) and z € O. Moreover, k(U x B(z)) = O. Define the
coordinate patch a(u; z) = (u, k(u, z)). The conclusion follows by Theorem 5-2 of Spivak (1965). B
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Note that M = {z : h(z) = z}is a (p — 1)-manifold by Lemmas C.9 and C.10. In what follows, we will need the
definition of the integral of a function g over the manifold M. In order to do so, note that there exists a coordinate patch
as{a; : U; C RP™' - V; C M,j € J}, where a;(u) = «;(u,z), and each o;j(u) = (u, k;(u)) for some function
k; : U — R which is of class C?, as shown in the proof of Lemma C.10, and o; (U;) = V;. Next, there exists a partition of
unity {¢; : ¢ € Z} dominated by the {V; : j € J}. Moreover, both Z and .7 could be chosen to be countable, according to

Section 25 of Munkres (1997). The integral of a scalar function g over the manifold is written as

/ijng = Z Z/U[(gdh) o a;]V(Daj),

JET €T

where V(A) = y/det(A’A) is the volume. We have

DCZj = |:Ip_1 Lk](u’Z)] 5

ou
so that
O0k;(u, z) Ok;(u,z)  [[Vh(u, kj(u, 2))||
Do) = 1 J ) J ’ — » Vg )
V(Day) \/ T 0w ou \Dyh(u, by (u, 2))]
where D, = % , by the implicit function theorem and matrix determinant lemma. Note that on one hand, for each j € 7,

only a finite number of ¢; is positive, and on the other hand, {¢; : ¢ € Z} is dominated by the coordinate patch, which
means that each ¢; is supported on a compact set inside a single V. As a result, the order of the above double sum could

be interchanged.

By p.345 of Bogachev (2007), the conditional expectation of a function g on the manifold M is defined as

o Elg(X)I{z < W(X) < 2 + )]
Elg(X)|M] = lim P{z<h(X)<z+t}

Lemma C.11. Suppose Assumption C.2(a)-(c) hold. Then

fg
L7 gy
/M VAl .

f
2 dV
/M VA

For a continuously differentiable function » : R — R, x € RP” is a critical point of & if Vh(z) = 0, where Vh(z) is

Elg(X)|M] = (81)

the gradient of & at x; otherwise x is a regular point of h. A value z is a critical value of h if the set {z : h(x) = z} contains

at least one critical point; otherwise z is a regular value of h.

PROOF OF LEMMA c.11. By L’Hospital’s rule,

Elg(X)I{z < h(X) < 2 +1}]

lim

_ t=0 t
lim
t—0 t

and the lemma follows from Lemma A.1 of Chernozhukov et al. (2018). In particular, the denominator equals the one in
(81) directly by that lemma, while for the numerator we merely need to redefine the ‘density’ function as f¢ and the same

proof goes through. B

Lemma C.12. Suppose Assumption C.2(a)-(b) hold. Let M = {z : h(z) = z}, where z is a regular value of h on R”. Then
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forany g € C?,

1 DihDiyh )
gd Pgd / S SR gy - pelt g 82
W= / M R TIPSR R S (82)

PROOF OF LEMMA c.12. To begin with, note that

17}
e ‘[(9@)00@]‘/(170@')
Ok, (u, 2) [[VA]|
/ D g(bl 0z Dyh|
1
/ ¢z lw“ g; ' 2) B (Dgh > DihDiph — DyhDyyh > D?h) , (83)
P 1<i<p 1<i<p

where D;;h = 8;0;h for any function h € C®. we have suppressed the arguments of &, being (u, k;(u, z)). Note that
it is legitimate to pass diffentiation inside the integral by the dominated convergence theorem. By the Implicit Function
Theorem again,
Okj(u,z) 1
0z Dph(u,kj(u,2))’
By Theorem 7.17 of Rudin (1976), we know that ‘9 ~ [,y 9(z)dV is the sum over i € Z,j € J of the two terms in (83).
Using (84), the sum of the first term is

(84)

ZZ/ (¢:D pg+gDp¢1) [ VA

jeJ ieT h |Dph
Dypg
= Z/ Dih V )

Dyyg
m Dph

dv, (85)

because ), . ¢; = 1 and hence ), ., Dp¢i = Dy, - # = 0. Again, the interchange of differentiation and sum is
allowed because the sum is actually over a finite number of terms, by definition of a partition of unity. The sum of the

second term is

2 Z/ ot HVhH D4h

JET €T

Z/ IIVhHZD‘*h > (DihDyhDiph — DihDyph)V (Da)

JET 1<i<p

2
/ ||Vh\|2D2h Z (D;hDphDiph — D hDyyh) dV
1<i<p

> (DihDphDiph — DihDyph)

1<i<p

1 DihDiph Dyph
Y av - [ g=2mtay. 86
Lot 2 T w? Dih ©

(82) now follows from (85) and (86). B

Theorem C.1. Suppose Assumption C.2 holds. If z is a regular value of h, then

Dy(fg/Dph) Dp(f/Dyh) fg
—=—dV dVv ———dV
9 _Ju VA M IIVhH VAl a VAl

2 Blg(x)|M]
’ [/ uvfhn dv}
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PROOF OF THEOREM C.1. To begin with, replace g in Lemma C.12 with We then have

HVhII
o[ I
9z Jar IIVA]|
_DihD;ph
Vb D, — L Z1ser DD
-/ VR 4
M I\VhIIQD h
/ Z Dthh fDpph av
2 IVRIF 2 vt [IVA]| D2h
DpfDph — fDyph
= dv
/ VA DR
Dy(f/Dph)
dV. 88)
VA (
By the same arguments,
9 fg Dy(fg/Dph)
— ———dV = e\ (89)
0z Jor [IVA]l M V]

(87) now follows from (88) and (89) together with the quotient rule. B

In general, by the Law of Iterated Expectation
EY7 ()h(X) = 2] = BIEY] (d)|X][h(X) = 2].
Suppose h and the density function of X, f(X) satisfy the smoothness conditions in Assumption C.2, the derivative
9 Blo(X)|A(X) = 2

is given in Theorem C.1, where g(z) = E[Y;"(d)|X = z]for r = 1,2 and d = 0, 1. In particular, it is equal to

Dyg , 9Dpf _ gDpph _ Dy f Dyph _ _
: [ "D,k D3h ‘h(X) - Z} -F [poh " Dzh ’h(X) a Z} g Mh(X) = Z]
—E [ r9

Dpf _ Dpph
Dyh fDyh — D2Zh’

g|h(X) = z} . (90)

h(X) = z] + Cov {

Lemma C.13. Each of the following conditions imply the boundedness of (90).

1. hislinear, | Dpgllco < 00, ||glloc < 0o and ||Dp(In f)||eo < o0.
2. hislinear, sup,cg |E[Dpg|h(X) = z]| < o0, sup,cg |E[¢*|h(X) = 2]| < coand sup, g |E[D:(In f)|h(X) = 2]| <
0.

Dpg
Dph

< Q.

_ <% lgllee < ocand HMH

3. hincludes linear and interaction terms,

PROOF OF LEMMA c.13. Follows from inspection.

D Details of penalized matching

In this section, we consider the solution to the Bayesian problem in (31) a particular example that motivates the penalized

matching procedure defined by (29). For simplicity, we focus on the special case under which and Y;(d) ~ N(X/3(d),o?)
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for d € {0, 1}. Note that the potential outcomes are homoskedastic conditional on the covariates. Define 8 = 3(1) 4 5(0),
and we have g(z) = 2’ 3. As before, we suppose W™ = ((Y;, X}, D;)’ : 1 < j < m) is available from a pilot experiment.
Suppose the prior on 5(d) is G4 iN (n(d),X(d)) ford € {0, 1}, being independent across d € {0, 1}. The prior distribution
of B is then G(dp) iN (n(1) + n(0), X(1) 4+ £(0)). We could show that the posterior distribution of 3(d) conditional on
wm is

where for d € {0, 1},

Define 7j = 7j(1) + 7(0) and £ = (1) + 3(0). The posterior distribution for /3 is
G(dpIW'™) = (1, 3),
since G4(df)’s are independent across d € {0, 1}.

The next lemma provides the solution to the Bayesian problem in (31), where the choice set is over all measurable

functions u : (@™, (™) = X € A,,.

Lemma D.1. The solution to (31) maps each (™, (™) to A = {{r (25 — 1), 7(25)} : 1 < s < n/2}, where 7 solves

Wrrelil'II}L J(ww(23—1)7x7r(23)) )
1<s<n
where
d(x1,@2) = (¢17] — 257)” + (21 — 22)' E(21 — 22) . (91)

PROOF. First note that by (9) and (12), (31) is equivalent to
min [ [ [ L@ ™,2)15.2) Q% (de™) @ (4 ™) G(d5) (92)
Next, note that we could solve the problem pointwise for @™ and z(™ since (92) is equivalent to
min R(u|w™) | (93)

where
RO ™) = [ L™ 2)3,2)Gas V™)

To solve (93), first note that since R(u|W ™) is linear in u, by Lemma C.1, it is solved by a matched-pair design. Next,

R(U|W(m)) = Z ((m;‘(Qs—l)ﬁ - x;-r(Zs)ﬁ)z + (ITF(2871) - m71'(25))li(:L'-/r(stl) - :I:TF(QS))) .

1<s<n

As a result, minimizing it is equivalent to minimizing the sum of the distances defined in (91). B
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Finally, we want the prior to be irrelevant. For the purpose, suppose that X = ¢I where [ is an identity matrix. We let
the constant ¢ — co, so that the prior diverges to a diffuse (uninformative) one. Then, 7(d) converges to (3, (d) in (22) and
$(d) converges to 3., (d) defined in (23). Therefore, we define /3,, as in (24) and 3,,, as in (25). The metric (91) converges
to the metric defined in (30).

E Minimax matching

This section describes the minimax procedure in detail. First note that L (|, X ™)) depends on & only through (™, and

hence (47) is equivalent to

i L(AR™ 94
min max. (A[RT) (94)
where
LAR™Y) = L(A|h, X™)
and

G={h" :heg,h =0}.

The restriction h; = 0 is a location normalization, since L(A|A(™) only depends on h™ through pairwise differences and

is therefore shift-invariant. In order to solve (94) computationally, we impose the following requirement on G:

Assumption E.1. G is a bounded polyhedron in R".

We now provide examples of G that satisfy Assumption E.1.

Example E.1. Consider the class of Lipschitz functions:
G ={h'"™ : |h; — hj| < M||X; — X;| fori # j, hy = 0} . (95)
G satisfies Assumption E.1. B

Example E.2. When p > 2, i.e., X; is multivariate, consider the class of functions which are Lipschitz along each dimen-

sion:

G=Sh" b —hy| < > M| Xy — Xp|fori#j, hi =0

1<i<p

G satisfies Assumption E.1. B

Example E.3. Consider the class of functions Lipschitz in a known index. For a known function w, define
G= {h<”) R — hy| < Mv(X,) — v(X;)| fori # j, hi = o} . (96)
G satisfies Assumption E.1. B

Example E.4. Consider the class of linear functions with coefficients in a bounded polyhedron. For a bounded polyhedron
Bin R?, define
G={X"pg—-X|B1,:B¢€B}.

G satisfies Assumption E.1. B
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Example E.5. Consider the class of monotonically increasing functions. Without loss of generality assume that X; <
... < X,.For M > 0, define
G={h"™ :h; <h;fori<gj hn<Mhs =0}.

Since G is bounded and defined by linear inequalities, it satisfies Assumption E.1. B

Example E.6. Consider the class of convex functions. Without loss of generality assume that X; < ... < X,,. For M > 0,
define
Xip1 —Xi Xi— X

hici+ —————hi41,2 <i<2n— 17|hn| < M, hy :O} i

{ ~ Xit1 — Xia Xiv1 — Xi—1

Since G is bounded and defined by linear inequalities, it satisfies Assumption E.1. B
Consider the minimax problem (94) with G defined in (96). The following theorem shows that without any information
of how the covariate affects potential outcomes beyond the index, the best we could do is to match on the index itself.

Theorem E.1. The solution to (94) with G defined in (96) is \” = {{n"(2s —1),7"(25)} : 1 < s < n}wherev,vq) < ... <

Vgv (2n)-

PROOF OF THEOREM E.1. Without loss of generality, consider p = 1 and v(x) = z. The general case is proved in exactly

the same way. We use another expression of (46). Define A; = gr(;+1)—gr@) fori =1,...,2n—1. For A0 = {{1,...,2n}},

L(\°lg, x™)

1

<i<2n i

b= D DN EEDDIFI S DRC. RN

1<i<2n 1<j<i-1 i<j<2n—1
— 1 N A2
= Sn@n =) Z 2n(2n — 0)iA7 + 2 Z 2n(2n — DkARA,
1<i<2n-1 k<i<n_1
1 o
= 2n —i)iA7 + 2 2n — DkARA
om—1 Z (2n —i)iA; + Z (2n — DkARA,

1<i<2n-—1 k<i<2n-—1

As aresult, for a general stratification ), the loss function (46) equals

1

(n)y _ A2

Lg, x™)y= > " Z (ns —)iAZ +2 > (ns— DAk A (97)
1<s<S 1<i<ng—1 k<l<ng—1

Note that ¢™™(z) = Mz simultaneously maximizes (97) for every A. But we know the stratification that solves

in L mm X(n)
min L(A|]g™", X™)

is the “optimal non-bipartite matching” of X on R,i.e. A\*. ®

For a prespecified 6y € R, consider the problem of testing (33) at level a € (0, 1). We use the test in (36) by setting

Jm = V.
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Corollary E.1. Suppose the treatment assignment scheme satisfies Assumption 2.1 and Q satisfies Assumption 5.1 and h = v
satisfies Assumption B.1 with T = L. Then, for the problem of testing (33) at level o« € (0, 1), ¢}, satisfies

lim El¢,(W™)] =a,

n—oo

whenever Q additionally satisfies the null hypothesis, i.e., 0(Q) = 6o.

For other specifications of G in (94), there does not exist a clean result as Theorem E.1, as illustrated by the following

example.

Example E.7. Let n = 4and X; = (0,0)’, X2 = (1,0)’, X5 = (0,1)’, X4 = (1,1)". Let n = 4 and define

N ={{1,2,3,4}}

A= {{1,2},{3,4}}
A= {{1,3},{2,4}}
2= {{1,4},{2,3}}.

Let G be as defined in (95) with M = 1. Then \° solves (94). Indeed, for A\ = X', the worst case occurs at h(™ =
(0,v/2—1,v/2—1,+/2), with the loss equal to 2. For A = A? or A*, the worst case occurs at ™ = (0, 1, 1, 0), with the loss
equal to 2. In contrast, the worst case for A = \° occurs at (™ = (0,v/2—1,v/2—1,/2), and the loss is (10 —4v/2) /3 < 2.
|

The key reason why (94) is hard to solve when p > 1 is that the choice set A is not convex. In principle, we could
convexify the problem by considering the co(A), the convex hull of A. That amounts to allowing for mixing over (potentially
a large number of ) matched-pair designs, which is hard to interpret and is almost never used in practice. Although A is not
convex, we can still provide computational strategies to solve (94). Note that L(A|A(™)) is convex in 4™, which combined
with Assumption E.1 implies that the inner maximum in (94) is attained on the vertices of G, which we denote by V. Then,
the minimax problem is equivalent to

i LA™Y . 98
Rip, mp, BOIRT) o

We now apply results from graph theory to reformulate (98) into Mixed Integer Linear Programs (MILPs). We first recall
some definitions from the graph theory and connect them to the optimal stratification problem. For more details, see
Bertsimas and Tsitsiklis (1997).

An undirected graph I = (N, E) consists of a set of nodes N and a set of edges E. Each element of E is an unordered
pair {i,j} where i € N and j € N. Define g. = 1if e € F and define q = (gc)ccr. Define ¢;; = ¢;, ;. The degree of ¢
is defined as d; = }; ¢i;. The graph I' is complete if g;; = 1for all i # j. A subset U of N is a clique in I'if {4, j} € £
for alli,j € U. The set of induced edges by U is E(U) = {{i,5} € E : i,j € U,i # j}. A clique partition of I is
'’ = (N,E(Us,...,Us)) for E(Ui,...,Us) = US_, E(Us) where each Uj is a clique in I'° (and I), and {U,}5_, is a
partition of N, i.e., N = US_ U, and U, N U; = @ for s # t.

In terms of stratification, a unit is a node and an edge {7, j} € E if units i and j are in the same stratum. A stratum is a
clique. A stratification A = {\;}5_, of N = {1,...,n} induces a clique partition I'* = (N, E(\1,...,\s)) of I' = (N, E)
for E = {{i,j} :4,5 € N,i # j} where the size of each clique ); is even, or equivalently the degree of each node in I'* is
odd.
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Define c. = (h; — h;)? as the cost of edge e = {4, j} € E,c = (ce)ecr and C = {c : k(™ € V}. By (46),

LAR™) = LA, X™) = Y L > (hi—hy)?.

n,
1<s<8 ° 1,5E€Xs,i<]

If ns = 2, then it equals

Z Ce(e -

ecE
If ns > 2 for some s, then we need to introduce other binary variables to indicate n,. The minimax problem (94) is
equivalent to the following MILP which solves the cost minimization problem over size-bounded stratifications within A,
i.e., \with ns < 2K for all s.
min 2z (99)

qa

subject to Zce Z 2::’“1 I{ice} <z forallce C,

e€E 1<k<K

dai= Y (2k—1)u, forallie N,

leEN 1<k<K

uix € {0,1}, forallie N, 1 <k < K,

Gey + Qey — Qez < 1, foraller,es,e3 € (100)
ge € {0,1}, foralle € E .

We impose an upper bound on the size of each stratum, 2k. w;,k = 1,..., K — 1 are binary indicators of whether the
stratum of unit i has size 2k. The first set of constraints express the loss function (46). The second set of constraints say
the degree of each node is 2k — 1, the stratum size minus one. The third set of constraints restrict u;. to be binary. The
fourth and the most important set of constraints, (100), are called triangle inequalities in the clique partition literature. See
Grotschel and Wakabayashi (1990). They ensure that the solution to (99) is indeed a clique partition, i.e., a stratification.
However, our problem differs from the standard clique partition problem in two ways: we only allow an even number of
units within each clique; and the final weights on each edge in the total cost depends on the degrees of either of its nodes,

rather than being a constant.

The program (99) is computationally intensive even when £ = 2 and becomes prohibitive quickly as n increases.
Therefore, we consider two relaxations of it. The first relaxation is to optimize over A? instead of A. For a matched-pair
design A = {{n(2s — 1),7m(2s)} : 1 < s < n},

L(A[h, X™) = > (hr@s-1) = ha2e)” -

1<s<n

As aresult, we introduce the program as
min z (101)
q

subject to Z ceqe < z, forallc € C,

ecE

Zqij =1, foralli e N,

JEN

ge €{0,1}, foralle € E.
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The solution to (101) is A™ = {e € E : g. = 1}. We define the permutation 7™ such that A™" = {{m™"(2s —
1),7™"(2s)} : 1 < s < n}. (101) is feasible even when n is large and requires substantially less computational budget
than (99). Moreover, as simulation evidence in Section in Table 4 shows, the solution to (101) is frequently the same with
(99) for a small K and (102).

The second relaxation is the following hierarchical procedure.

Algorithm E.1.
1. Solve (101). Denote the solution by g° and denote A° = {e € E : ¢. = 1}.
2. For k > 0, repeat steps (a) and (b) below.

(a) For q" = ((LIZB)A,BeAk,A;eB, solve

min =z
qF

subject to Z qAaBCAB + Z ca <z forallec e C,

A,BeEAF AeAk (102)
Z ¢hp <1, forallAe A*,
BeAF

¢p € {0,1}, forall A, B € A,

where ca = L(\|g, Xa),for Xa = {X;:i€ A}and cap = cayp — ca — cB.
(b) Update
AR = {AUB i = 1}U{A: Z g =0}

BeAk

until A¥" = A*"t1, Collect A*" as the solution.

Algorithm E.1 iteratively decides whether to merge pairs of strata or not. The algorithm stops when no paiswise merging

of existing strata reduces the worst-case loss.

We now study the properties of minimax matching in a small simulation study. We compare both the actual and worst-
case losses under different stratifications. In the following model, we construct a bounded polyhedron G around ¢(™. We

then calculate both the actual losses L(\|g\™) and worst-case losses max L(AR{™) across different stratifications. We
r(mWea
set g(x) = 2’ and

G={x"g:B8eB},

where B is a polyhedron such that 5 € B.

Model MM 2n = 24;p = 2; X;1 = 0for1 < i < 8, X;2 = 1for9 < i < 24; X; o ~ N(0,1)? i.i.d. across i; g(z) = 2’8,
5 = (1a 1),a B =B x 627 By = ﬂl + 7 X [Oa 1]’ By = 52 + 72 X [_17 1]a v e {(05705),7 (272)/’ (072),7 (270)l}

We randomly generate X ) in 100 replications and summarize

(a) ratios of the values of the actual loss against those under infeasible optimal stratifications.

(b) ratios of the values of the worst-case loss against those under size-bounded minimax stratifications with k£ = 2.

We consider the following stratifications:
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Oracle infeasible optimal stratification in (18).
byl : Ay ={i:1<i<8A={i:9<i<24}.
by2 two strata separated by the sample median of X ».
2by2 four strata as the cross product of byl and by2.
MP2 matching on X , only, i.e., stratification in (21) with g, (z) = z1.
MPcell within each value of X; 1, optimal matched-pair design using X ».
MMpair the minimax matched-pair design in (101).
MMbdd the size-bounded minimax stratification in (99) with k£ = 2.
MMhier results from the hierarchical procedure in Algorithm E.1.
In Model MM, MMpair and MMhier have the same solution with MMbdd (which we know weakly dominates MMpair)

most of the time, while other stratifications which do not incorporate minimax consideration sometimes generate much

larger worst-case losses.

Oracle byl by2 2by2 MP2 MPcell MMpair MMbdd MMhier
~ = (0.5,0.5) 25% 1.0000 4.0109 2.3318 1.8158 1.0619 1.0256 1.0000 1.0000 1.0000
Actual 50% 1.0000 7.2394 3.8858 29807 1.2631 1.5291 1.0000 1.0000  1.0000

75% 1.0000 13.7890 7.7959 6.5012 1.8567 4.4629  1.0001 1.0001 1.0001
Mean 1.0000 13.6242 7.0691 7.6378 1.7480 5.5226 1.0346 1.0346 1.0346

Worst-case 25% 1.0000 4.0109 2.3381 1.7832 1.0481 1.0243 1.0000 1.0000 1.0000
50% 1.0000 6.9420 3.6908 2.8469 1.1858 1.4011 1.0000 1.0000 1.0000
75% 1.0003 11.9445 6.7125 5.9020 1.6146 3.9388 1.0000 1.0000 1.0000
Mean 1.0212 10.3183 5.4894 5.6169 1.4884 3.8240 1.0000 1.0000 1.0000

v =(2,2) 25% 1.0000 4.4595 2.7007 2.1185 1.0700 1.0994 1.0000 1.0000  1.0000
Actual 50% 1.0000 9.2109 4.1580 3.5446 1.3348 1.8127 1.0096 1.0096  1.0096
75%  1.0000 14.5268 6.8864 6.9304 1.8268 4.0986 1.3038 1.3038  1.3038

Mean 1.0000 13.5257 7.3036 6.3795 1.7873 3.8773 1.2997  1.2997  1.2997

Worst-case 25% 1.0000 3.8897 2.2736 1.8008 1.0408 1.0315 1.0000 1.0000 1.0000
50% 1.0126  6.2500  3.1816 2.6923 1.1604 1.4000 1.0000 1.0000 1.0000
75% 1.2516 10.1048 5.0563 4.3542 1.6279 2.8357 1.0000 1.0000 1.0000
Mean 1.2390 8.5778 4.9668 3.9661 1.4436 2.2735 1.0000 1.0000 1.0000

~v=(0,1) 25% 1.0000 4.1720 2.5479 1.8497 1.0397 1.1857 1.0000  1.0000  1.0000
Actual 50% 1.0000 7.4458 3.8469 3.3647 1.2599 1.7892 1.0135 1.0135 1.0135
75% 1.0000 14.1891 7.6734 6.3794 1.7666 3.1199 1.1199 1.1199  1.1199

Mean 1.0000 12.4138 6.8864 5.5793 1.8987 2.8784 1.1301 1.1301 1.1301

Worst-case 25% 1.0000 4.3021 2.3348 1.8989 1.0012 1.2292 1.0000 1.0000 1.0000
50% 1.0077  7.2928  3.4658 3.6051 1.0450 1.5861 1.0000 1.0000 1.0000

75% 1.1138 16.6540 6.7290 6.8655 1.2165 3.7622 1.0000 1.0000 1.0000

Mean 1.1128 12.0228 5.8405 5.4142 1.2350 2.8276 1.0000 1.0000 1.0000

v =(1,0) 25% 1.0000 3.5310 2.1679 2.0152 1.0654 1.0985 1.0000 1.0000  1.0000
Actual 50% 1.0000 8.5908 4.1682 3.8322 1.2567 1.9700 1.0481 1.0481 1.0481
75%  1.0000 17.9252 8.6984 8.2448 1.8296 3.6598 1.5850 1.5850  1.5850

Mean 1.0000 14.7115 8.3951 6.6366 1.6191 3.8705 1.7197 1.7197 1.7197

Worst-case 25% 1.0000 2.9528 24142 1.5418 1.1470 1.0000 1.0000 1.0000 1.0000
50% 1.0435 4.6975 3.3215 2.1056 1.5634 1.0211 1.0000 1.0000 1.0000
75% 1.6225 9.0650 5.4879 3.9089 2.6225 1.6384 1.0000 1.0000 1.0000
Mean 1.6231 7.8535 6.4319 3.6442 2.3219 1.8804 1.0000 1.0000 1.0000

Table 4: Ratios of values of the actual loss under all stratifications against those under the infeasible optimal
stratifications (Oracle) and ratios of values of the worst-case loss under all stratifications against those under
size-bounded minimax stratifications (MMbdd) in Model MM. Benchmarks are displayed in bold face.
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F AEA RCT Registry

The following experiments in the AEA RCT Registry use matched-pair designs: AEARCTR-0000086,0000171,0000293,
0000443,0000481,0000550,0000578,0000587,0000644,0000688,0000721, 0000983, 0000986, 0001034,0001097,
0001218,0001370,0001591,0001607,0001712,0001714,0001778,0001992,0001995,0002010,0002125,0002132,
0002282,0002585,0002622, 0002664, 0002750,0002776,0003056,0003076,0003524,0003581, 0003629, 0003648,
0003779, 0003814, 0003933, 0003994, 0004024, 0004042, 0004022.
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