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Abstract

This paper considers maximum likelihood (ML) based inferences for dynamic panel data models.
We focus on the analysis of the panel data with a large number (V) of cross-sectional units and a
small number (7) of repeated time-series observations for each cross-sectional unit. We examine
several different ML estimators and their asymptotic and finite-sample properties. Our major
finding is that when data follow unit-root processes without or with drifts, the ML estimators
have singular information matrices. This is a case of Sargan (1983) in which the first order
condition for identification fails, but parameters are identified. The ML estimators are
consistent, but they have nonstandard asymptotic distributions and their convergence rates are
lower than N'2. In addition, the sizes of usual Wald statistics based on the estimators are
distorted even asymptotically, and they reject the unit-root hypothesis too often. However,
following Rotnitzky, Cox, Bottai and Robins (2000), we show that likelihood ratio (LR) tests for
unit root follow mixtures of chi-square distributions. Our Monte Carlo experiments show that the
LR tests with the p-values from the mixed distributions are much better sized than the Wald tests,
although they tend to slightly over-reject the unit root hypothesis in small samples. It is also
shown that the LR tests for unit roots have good finite-sample power properties.
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1. Introduction

Panel data models assume that individual cross-section units have different intercept terms due to
unobservable heterogeneity. Two different models are used to control the unobservable
heterogeneity. One is the random effects (RE) model in which the individual-specific intercept
terms, or individual effects, are treated as random variables. The other is the fixed effects (FE)
model in which the effects are treated as parameters. The FE model is more general than the RE
model in that it requires weaker distributional assumptions about the effects. One difficulty in
estimating the fixed effects models however is that the number of parameters increases with N.
A traditional treatment for this so-called “incidental parameters problem” (Neyman and Scott,
1948) is the within estimator, i.e., least squares on data transformed into deviations from
individual means, which is also a ML estimator. For models with strictly exogenous regressors,
the within estimator is consistent. Unfortunately, however, when T is small, the within estimator
is inconsistent for the dynamic models that use lagged dependent variables as regressors (Nickell,
1981). One way to avoid this problem is to use the random effects ML estimator that treats the
effects as time invariant random variables (Hsiao, 1986). Instead, generalized method of
moments (GMM) estimators have been widely used to analyze the FE dynamic panel models
(e.g., Arellano and Bond, 1991; Arellano and Bover, 1995; Ahn and Schmidt, 1995, 1997; and
Blundell and Bond, 1998). An important reason for the popularity of GMM is that it provides
consistent estimators under quite general FE assumptions.

In the early 2000’s, research interests in the ML estimation of dynamic panel data
models have been revived. For example, Lancaster (2002), and Hsiao, Pesaran and Tahmiscioglu
(2002, HPT) have developed alternative ML estimators for FE dynamic models.! Kruiniger
(2002) provides the general conditions under which the ML estimators of Lancaster and HPT are
consistent. These studies consider the models in which white noise error terms are
homoskedastic over time. Extending these studies, Alvarez and Arellano (2004) examine the RE
and the two FE ML estimators when white-noise error terms are heteroskedastic over time.

One reason for the recent revival of the ML approach may be that the panel data GMM
estimators often have poor finite-sample properties (e.g., Bond and Windmeijer, 2002).

Dynamic panel data models imply a large number of moment conditions. The GMM estimators

"Hahn and Kuersteiner (2002) also consider the ML estimator for the FE dynamic model with large N and 7. They
find the ML estimator, which is the within estimator, is consistent, but it is asymptotically biased. Hahn and
Kuersteiner provide a biased-corrected ML estimator.

1



imposing all of the available moment conditions appear to generate biased statistical inferences,
especially when 7T is large. Thus, an important research agenda would be to develop the
alternative GMM estimators that use a smaller number of moment conditions, but without
substantial loss of asymptotic efficiency. Ahn and Schmidt (1995) show that when data are
normally distributed, an efficient GMM estimator is asymptotically identical to the ML estimator
constructed on the same first and second order moment conditions. Given that ML estimators are
the GMM estimators based on exact identifying moment conditions, the ML-based approach
may be a viable alternative to the popular GMM approach.

This paper considers the asymptotic and finite-sample properties of the RE ML estimator
and the two FE ML estimators of Lancaster (2002) and HPT when white noise error terms are
homoskedastic over time. In addition, we investigate the asymptotic properties of the estimators
when data contain unit roots. Our results of efficiency comparisons are not new. For the same
dynamic models as we consider, Kruiniger (2002) has studied the relative asymptotic efficiency
of the three estimators, but in a less intuitive manner. Alvarez and Arellano (2004) compare the
efficiency comparison of the three estimators for general models. Their results are more general
than those in Kruiniger (2002) and ours, because their models are the autoregressive models of
higher order with heteroskedastic noise errors. In particular, Alvarez and Arellano propose an
alternative parameterization for the RE ML estimator that leads to an easy comparison between
the RE and other estimators. In this paper, we use the same parameterization that we have
developed independently. More intuitive efficiency comparisons are made because we focus on
the autoregressive models of order one with homoskedastic errors. Both the approaches of
Kruiniger and Alvarez and Arellano are limited to the cases in which data are stationary.

A novel finding in this paper is that when cross-sectional data follow unit root processes,
the information matrices of the RE and the two FE ML estimators become singular. However,
these estimators still can identify the parameters to be estimated. This is a case similar to the case
of Sargan (1983) in which the first order condition for identification fails, but the parameters are
identified. Rotnitzky, Cox, Bottai and Robins (2000, RCBR) analyze the general asymptotic
properties of ML estimators for such cases. Following their approach, we derive the asymptotic
distribution and convergence rate of the RE and HPT ML estimators. Their asymptotic
distributions are not normal and their convergence rates are N, not N'2. In addition, usual

Wald-type tests for unit roots generate biased inferences. In contrast, likelihood ratio (LR) test
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statistics for unit root follow mixed y” distributions that can be easily simulated by Monte Carlo
experiments. We find that the LR tests with the p-values from the mixed distributions are much
better sized than other Wald-type tests.

We also consider a dynamic panel model with heterogeneous trends. For the model with
large N and 7, Moon and Phillips (2004) propose a GMM estimator that is obtained treating
individual trends as incidental parameters (Neyman and Scott, 1948). The convergence rate of
the estimator is N'/® when data follow unit roots with heterogeneous drifts. We consider the ML
estimation of the model under the alternative assumption that the individual trends are random.
For fixed T, we find that the convergence rate of the alternative ML estimator is N4,

This paper is organized as follows. In Section 2, we briefly compare the RE, HPT and
Lancaster estimators and examine their relative efficiency. Section 3 investigates the asymptotic
properties of these estimators when data follow unit-root processes. Section 4 reports our Monte

Carlo experiment results. Some concluding remarks follow in Section 5.

2. ML Estimation
The foundation of this paper is the simple dynamic model

Vi =0y, t(a; +&,). (1)
Here i = 1, 2, ..., N denotes cross-section unit (individual) and # = 1, 2, ..., T denotes time. Our

parameter of interest is 0 . We initially assume that ¢ is within a unit circle, i.e., |0 |< 1. We will
relax this assumption later. The composite error (¢, + ¢,) contains a time invariant individual
effect &, and random noise &, . The initial observed value of y for individual i is y,,. We assume
that the random error vector & =(&,,&,,....&;) is uncorrelated with y,; and ¢, , and that
the ¢, y,,, and ¢, are cross-sectionally independent. We assume that the error terms &, are

serially uncorrelated. For the maximum likelihood estimation of model (1), we need to make

distributional assumptions about the y, and ;. We assume that all of theg,, y,,, and &, are

normally distributed:

Yio 0 %, Oya Opr

2
a, |~N 0 |, O,.a Oa Opr | |5 (2)
& 07 Or Opa VIp



where v = var(¢, ) . Here, we assume that the y,, and «, have zero means. This assumption is just

for convenience. We can allow nonzero means without altering our main results. Since we make
an explicit normality assumption about the individual effects ¢;, we shall refer to (2) as the
random-effect (RE) assumption.

In this paper, we do not consider the more general models that contain exogenous
regressors. However, our results can be easily extended to such models. The ML estimation of
model (1) has been considered by Anderson and Hsiao (1981), Bhargava and Sargan (1983), and
Hsiao (1986). We can easily derive the log-likelihood function, viewing (1) as a recursive
simultaneous equations model (treating y,,, y,,, ... , ¥, as endogenous variables).

2

The log-likelihood function for model (1) depends on the five parameters, &, O, 0> 0, 5

o, and v. However, we find a convenient reparameterization by which the parameter 0}2, can be
orthogonalized to other parameters. Using this method, the parameter of our interest & can be
estimated independently from aﬁ . In addition, this reparameterization will facilitate our

comparisons of the RE ML estimator with the two alternative fixed-effects (FE) ML estimators
developed by Hsiao, Pesaran and Tahmiscioglu (2002, HPT), and Lancaster (2002).
We define

P=(6 =Dy +aE(p 1 yi) =Wy 4, =(p,—Wyi)+ &y

where y = (5 -1)+ 0, , /0o, > With this notation, model (1) can be written in the following

Ay. . 0 .
[ yllj:( yzO )[//—{—[ J5+[ul j’ (3)
Ay, O(T—l)xl Ayiﬁl Ag,

- &

it=12

alternative form:

where Ay, =y, =y, A, =¢ and

it it
A, = (Ao AVi)'5 AV = (A A1) s Al = (A, Agy )

Under the RE assumption, the variance matrix of the error vector (u,,Ag/)’ is given:

u, o+l —c;
Var =1Q (w)=v , 4)
Ag, -cry B
2If the exogenous regressors, say X;i, ... , X;r, were included in the model, we may construct the likelihood function

assuming E(¢, | y,4,X,;,---,X;7) 18 linear in the conditional variables (Wooldridge, 2000).
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where @ = var(p, —yy,)/v=(o, -0, ,/0,)/v,c, is a (T-1)x] vector whose first entry

equals one while other entries equal zero, and B, | =[B; ,]is a (7-1)%(7-1) matrix such that

B, ,;=2,B,,,,,=B;,,,;=-1,andall other entries equal zero. We can show that
0 0, T-1) T( 1
[ (@) = S T (UL (5)
! 0(T—])><1 BTil gr krfl ( ! l)

where k,_ =(T-1)/T,(T-2)/T,..,1/T) ,and &, = det[Q, (0)|=Tw+1.?
In the reparameterized model (3), the parameter vector to be estimated jointly is given by
6 = (0,v,m,y)". The initial observation y,, is uncorrelated with the error vector (u,,Ag))" . So,
we can construct a likelihood function treating y,, as predetermined. This is so because under our
normality assumption,
[1.9010,0,)= 111 9,0,0) f (3,0 07), (6)
where 7, =(Ay,,Ay,,,....Ay,;)" and “ f” denotes a normal probability density function. Under
the RE assumption, and using (4) and (5), we can easily derive the log-density function of 7,

conditional on y,, .**

L (@) =In f(1,]0)

T T 1 1 P
== 27~ S In0) =2 ()~ (Av =38, ) Brly (A =, )
T

2
_—((Ayil Wyt (A, _5Ayi,—l)) .
Ve,

Thus, maximizing the likelihood function X 7, .(6), we can obtain the conditional RE ML

RE,i
estimator of &, which is equivalent to the unconditional RE ML estimator based on the
unconditional density f(7,y,, |0, aio). We obtain the equality (6) from the assumption that the

initial values y,, are normally distributed. However, it may be worth noting that the normality

of y, is not required. The equality (6) holds as long as the & and &, are normal conditional

3See HPT for the derivation of det[Q, (w)]. The parameter @ in their paper is equivalent to (@+1) in this paper.
“For the cases in which the yjo and @; do have non-zero expectations, the term (Ay, —wy,,) will be replaced by
(Ay,, —yAy,, —a) , where a is a constant.

SWe can estimate &, instead of w. In simulations, we found that the ML algorithms converge faster when &, is

estimated. Accordingly, we have estimated &, for our simulations.
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on y,, and the conditional mean of ¢; is linear in y,,

There is an important case in which the equivalence of the unconditional and conditional

ML estimators of € breaks down. Suppose that the y, follow a stationary process that has
considered by Arellano and Bover (1995) and Ahn and Schmidt (1995, 1997):

Vo =M+ 40> Yu=m+4q; 4,=0q,,+&, t=1..T, (7)
where & ~ N(0,,,vI,;), n and g, are also normally distributed with zero means, and all
of ¢, 7, and g,, are mutually independent. This process implies that y, =0y, +(1-0), +¢,,
where (1-0)n, equals ¢; in our notation. Let E(7, |y,)=7y, . Then, the data generation
process (7) appears to be the same as the process given by (1) and (2), if we set:

a=(1-0)n; yv=01-90)r.
However, there exists an important difference between the two data generating processes. In the

model given by (1) and (2), we do not assume that the initial values y,, are distributed around the

effect @,. Thus, we do not impose any restriction on o, , = cov(y,,,¢,) . Without any restriction

a

ono

Yool ?

the parameter vector € is orthogonal to the variance (O'jo) of the initial values y,, .
Thus, the estimation of € based on the conditional log-density (6) is equivalent to the joint
estimation of & and O'jo based on the unconditional log-density of (y,,,Ay,,....Ay,;)".
However, this is not the case for (7). The process (7) implies that the y,, are distributed

around 77, =, /(1-6), and that o,

=(1=-0)o, =(- 5)0‘5 . But this restriction implies
thaty = (1-6)o, / o, , and

w=(1-6) (0,0, —o) (o, v)=(1-5-y)yo, /v. (8)
Thus, under (7), @ is no longer a free parameter: It depends on a new parameter vector

0 =(,v, O'ju ,)". Observe that the marginal density function of y,,, as well as the conditional

density of (Ay,,...,Ay,;)", depends on 0 . Thus, the estimator of @ based on the conditional

i
log-density (7) is not equivalent to the estimator of & based on the unconditional log-density
of (,9»AV,j»--»Ay,)". The ML estimator of @ based on the unconditional density will be more

efficient. Apparently, the unconditional density has more information on ¢ if data are generated



by (7). Furthermore, as we show below, when data follow unit root processes, the conditional
ML estimator of & has a non-standard asymptotic distribution, while the unconditional ML
estimator computed with the restriction (8) remains asymptotically normal. Of course, however,
the unconditional ML estimator becomes inconsistent if the restriction (8) does not hold. Thus,
in this paper, we focus on the ML estimation of the model (1).

The function (6) provides a foundation by which the RE ML estimator of § can be

compared to the HPT and Lancaster estimators. HPT propose to estimate 6 based on the

Ay, _ 0 5+ Uppr i ,
Ay, Ay, Ag,

U, W, +1  C)
HPT,i | _ _ HPT -1
Var = VQHPT’T (@ypr) =V .
Ag, Cra B,

following differenced model:®

where,

If we assume the normality of the error vector (u,,,,,Ag!)", the HPT model leads to the

following log-density function:

T T 1 1 .
KHPT,i(eHPT) = _Eln(zﬂ) - Eln(v) - Eln(QCHPT,T) - E(Ayi - Ayi;lé‘) BTil (Ay, — Ay, ,0)
)
1 2
———(Ay, + k. (Ay. — Ay, ,
2t ( Vi + ke (Ay, y:,71))

where 6, =(3,v,@pp;) and &, = det(Qypr ) = Ty, +1 . Observe that this log-density

function and the corresponding log-likelihood function depend on only three parameters, while
the RE log-density function (6) depends upon four parameters.
While the function (9) is almost identical to (6), a critical difference between the two

functions is that the former does not depend on the initial value y,,. That is, (9) is the

unconditional log-density of Ay, , ..., Ay,,. Note that under the RE assumption,

il’
Uppr; =W Vi Uy, Oppr =Var(p,)/v = (t//zaio)/era). (10)
The HPT ML method treats the y,, as unobservables. This treatment does not lead to

inconsistent estimators. But it will lead to inefficiency under the RE assumption. The HPT

® HPT in fact include an intercept term a for the Ayi; equation. But the interceptor term equals zero under our
zero-mean assumptions.
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estimation does not exploit the information about ¢ that is contained in the level data y,,. It only
exploits the information contained in differenced data. In contrast, the RE estimator utilizes the
information about 6 contained in level data (through the non-zero correlation with Ay, and
V50 )- Of course, both the estimators become asymptotically equivalent ify = 0.

The RE and HPT estimators are motivated from the RE assumption (2). However, the
consistency of the RE and HPT ML estimator does not require that all variables should be normal.
So long as E(g,|y,,2)=0,, and E(gé&!|y,,a,)=0.1,, both the estimators are consistent.
This can be shown easily because the score vectors of the RE and HPT log-likelihood functions
have zero expectations under the two conditions.

We now turn to the Lancaster estimator which has a Bayesian flavor. We derived model

(3) by first-differencing model (1). Instead, if we difference out y,, from y, , model (1) reduces

it >
to

Ay, =0y, 0+1p +¢&, (11)
where p, = (6 -1)y,, + &, 11 is a Tx1 vector of ones, A, ¥, = (¥,, = Vig> Via = Vigs--»Vir — Vio) and
Aoy =(0,¥1 = Yios Vs = Vig»-s Yir — Vio)' - Lancaster treats the p, as the unobservable effects
instead of the ;. This treatment is similar to that of HPT in that both do not exploit the
information contained in the level of y,, .

The density of Ay, conditional on o, v and p, equals

1 1 ,
f(AOyi |0, V,p;) = Wexp _;(Aoyi _Aoyi,—l5_pi1T) (A _Aoyi,—l5_pi1T)j
1 _%(Ayl. _Ayi,flé’)lBgil(Ayi _Ayl-,qé‘) (12)
1%
=————exp 5
272_ T/ZVT/Z T ,
(27) _Z_V(Ayil +h,, (A, _Ayi,—lé‘)_pi)z

where the second equality is shown in the appendix. Observe that y, — y,, = Z._ Ay, . Thus, the
second equality of (12) implies that the density f(A,y, | J,v, p,) can be also viewed as a density
of r=(Ay,,...,Ay,) conditional on &, v and p,.

Using the method of Cox and Reid (1987), Lancaster reparameterizes the effects p,



defining p, = p, exp(—b(5)) , where
b(S)=T 'S (T -1)/t]5". (13)
This reparameterization is chosen so that the new fixed effects p, are information orthogonal to

(0,v)’, in the sense that

SO A 18y p))_,
o3,v)'op,

With this reparameterization and assuming uninformative uniform priors to the p,, we can
integrate them out from f(A,y, | 0,v, p,). If we do so, we can show that the conditional density

of the differenced yi’s, (Ay,,,Ay,,,...,Ay;;)", conditional on (J,v)’, is given

1 1 o
Sy, [6,v) wexp(b(é)) eXp(‘;(Ayi _Ayi,-1§) BTil (Ay, - Ayi,—]é‘)j )

which leads to the log-density function

T-1 1 e
gLan,i(é" V) =b(0) _%ln(v) _E(Ayi - Ayi,—lé‘) BTil(Ayi - Ayi,qé‘) . (14)

Observe that Lancaster’s ML depends on only two parameters. It does not depend on the
variance v of the composite error term #, in model (3). Notice that the error term u, contains
the projection error component of the effect ¢, (the error in the population regression of

a, on y,, ). Thus, the fact that (14) does not depend on @ seems to imply that the Lancaster

estimator is indeed a fixed-effect treatment. However, it is not without costs. That is, while the

Lancaster estimator does not require any distributional assumption about the effect ¢, it loses

the usual ML properties as we see below.”

7 An intriguing question would be whether the Lancaster and/or HPT estimators are consistent under broader
circumstances than the RE estimator is. Consider the two conditions: (i) plim,_ NS p’ <o is finite; and (ii)

plim,  N7'Z.(y,,a)(y,,@) is finite. Obviously, condition (ii) is stronger than (i). Kruiniger (2002) finds
that a necessary condition for consistency of the Lancaster estimator is (i). It can be shown that the same condition
is required for the consistency of the HPT estimator. As long as the condition holds and the errors &, are i.i.d. and

uncorrelated with p, , both the Lancaster and HPT estimators are consistent, even if data are not normal. In contrast,

it can be shown that the consistency of the RE estimator requires the stronger restriction (ii). Thus, it is true that
that the Lancaster and/or the HPT estimator are consistent under more general conditions. However, there are few
realistic cases in which condition (i) holds while (ii) is violated. Condition (ii) would be an acceptable assumption
for most of the panel studies (at least the studies with short panels). If (ii) holds, all of the three estimators are
consistent, and thus the distinction between RE and FE becomes unimportant.
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Lan

An interesting property of the Lancaster estimator, (SLa,7,0 , 1s that the asymptotic

covariance matrix of the Lancaster estimator is not of the inverted Hessian form. Define

82KLan i Gfmn i 86 Lan.i '
H iy (8:V) = 5l By, (81) = | S L
| oG vyos vy o@.vy \a@.v)

Then, it can be shown®:

A

N (‘5 ) 5”} i N[00 (~ECH 0, (8,0,)) BB (8, v ) (<E(H o (6,0,)) ).

VLan - Vo
where “—4” means “converges in distribution,” and (J,,v,)" denotes the true value of
(0,v)". The reason why the asymptotic covariance matrix of the Lancaster estimator is not of

the inverted Hessian form is that _[ Jra Doy, 10,v)d(Ay,,...Ay,;) #1. Thatis, £, (A,y,|0,v) is

not a proper density. Thus, the Lancaster estimator is not really a ML estimator.’
Kruiniger (2002) shows that the Lancaster estimator of ¢ is inefficient compared to the

HPT estimator of & when 7'> 2, while the asymptotic variance matrices of the two estimators are

the same when 7= 2.!° We can obtain the same result in a more intuitive way.

Proposition 1: Suppose that the prior density of p,, f(p, | ®,p;,V), is given N(0,v®,,, ).

Then,

Ijof(Aoyi | 5’v5pi)f(pi ‘ a)HPT’V)dpi =f(V,« ‘ 5awHPT’V)'

All of the proofs are in the appendix. While a rigorous proof of Proposition 1 is given in the
appendix, the result of the proposition is intuitive given the law of iterative expectations. The
proposition implies that if f(A,y, | 0,v, p,) were integrated with the normal prior f(p, | @,p;,V),
the Lancaster estimator becomes equivalent to the HPT estimator. This explains why the HPT
estimator should be more efficient than the Lancaster estimator under our RE assumption or the

assumptions justifying the HPT ML method. Under the RE assumption, the prior f(p, | @,p;,V)

1s informative.

8 See Kruiniger (2002).
° Lancaster also acknowledges this point.
10 However, even when =2, f,. (A,y, | J,v) is not a proper density function.
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3. Maximum Likelihood When Data Are Random Walks

In this section, we investigate the asymptotic distribution of the three estimators discussed above
when data contain unit roots with and without drifts. A number of studies have proposed different
test methods for unit roots. Examples are, among many, Levin, Lin and Chu (2004), Im, Pesaran
and Shin (2003), and, Moon and Phillips (2004), and Moon, Perron and Phillips (2005). These
studies consider the cases of large N and 7. Alternative unit-root tests for the data with fixed T
have been studied by Breitung and Meyer (1994), and Harris and Tzavalis (1999). By
investigating the asymptotic distributions of the ML estimators, we derive the distributions of the

Likelihood-Ratio (LR) statistics for testing unit roots in data with fixed 7.

3.1. Random Walks without Drifts
In this subsection, we consider the asymptotic distribution of the random effects ML estimator
when data follow unit root processes. We begin by considering the cases in which the yir are

+ &

it 2

random walks without drifts: y, =y fort=1, 2, ..., T. We can easily see that this unit

it-1
root process is equivalent to the following three parametric restrictions on model (3):

H .0, =(5,.v,.0,.1,) =(1,v.,0,0) =0, (15)
where the superscripted “UND” refers to “unit-root with no drift”, the subscripted “o0” indicates
the true value of the corresponding parameter, and v, is unrestricted.

For notational convenience, we use £, ., and £, . ,, to denote the score vector and the

Hessian matrix of the log-density 7, ., respectively. We will use the same rule to denote the

derivatives of the log-density function with respect to individual parameters: for example,

Capss =0l ue, 108 and £y, 5 = 00 4, 1857

RE i
In usual maximum likelihood theory, the information matrices of log-density (in our case,

(E(—Lp,;00(0,))) are assumed to be nonsingular. However, when data are generated with the

restrictions (15), this is no longer the case. We state this finding formally.
Proposition 2:  Under H,"”, both of E(=( ., ,,(6.)) and E({ ., ,(6.)C ., ,(6.)") are singular.
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The proposition implies that the information matrix of the RE log-density function (6) is
singular. This proposition also applies to the HPT and Lancaster estimation. It means that the
usual asymptotic theory of ML estimation does not apply to the RE, HPT and Lancaster ML
estimation when data follow random walks without drift. Singular information matrices often
imply model non-identification. However, as Sargan (1983) finds from the analysis of the models
linear in variables and nonlinear in parameters, a singular information matrix (first-order
condition for lack of identification) is not a necessary condition of non-identification. Similarly

to his cases, Proposition 2 does not imply that the RE model (3) is not identifiable when 8, = 6. .
If the RE model were not identifiable, it should be the case that 6, is not a unique maximizer of
E(l;;(8)) when 6, = 6.. But this is not the case. To see why, consider a simple case of 7' = 2

at ¢, =0.. If we concentrate E(/,; (¢)) by maximizing it with respect to the nuisance

parameter vector (v, w,)" given d , we can obtain:

c 1. (1 &) 1, (5 1,
E(ﬁRE,i(g)):—Eln(5+7j—51n(5—25+55 j+g(V*,T),

where the superscript “c” means “concentrated”, and g(v.,T) is some function of the variance
parameter v+ and 7. Then, it can be show thatato =1,

E(lrs;5(0)) = E(Lyp;55(8)) = E(Lpp 555(0)) = 0, E(Lpp 5355 (8)) = =3.
Thus, although the expected value of the second derivative of £, ;(5) equals zero, 5 =11s still a

local maximum point. Moreover, it can be shown that

~ 2(5 -1y
[(6-27 +1](8" +1)

E (K%E,i,§ (5)) =

Thus, E (zc

RE,i(5)) is always increasing when 6 < [ and decreasing when ¢ > /. This indicates

that 6 =1 is the global maximum point of £ (ﬁ;E,l.(é)) when @ = 6.. This shows that @, is the

global maximum point of E(/,,.(€)) when 6, = 6.. We can generalize this result to the cases

with general 7. Stated formally:

Proposition 3: Under H,™, 6. is a unique global maximizer of E({,,,(#)). Thus, the RE
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ML estimator, G, = (S s Vap> @pp>Wre)' » 18 @ consistent estimator under H, " .

This proposition applies to the HPT estimator. However, somewhat surprisingly, it does

not apply to the Lancaster ML estimation. When data are random walks, the point 6 =1 is an
inflexion point of the expectation of Lancaster log-likelihood function.

Proposition 4:  Under H*”, 6, does not maximize E(K (0, v)). In fact, 6. is an inflexion

Lan,i

point.

This proposition is shown by investigating the concentrated expected log-likelihood

function £ (ﬁ °

Lan,i

(0 )) constructed similarly to £ (ﬁ;EJ(5 )) . For example, when 7'= 2, we obtain:

E{@ézmxé‘)j _G-D
05 2(0° +1)

Thus, E (f" (0 )) is always increasing except when o =1.

Lan,i
Proposition 4 implies that the estimator of & which directly maximizes the log-likelihood

function ¥ ¢, (5,v) may not be consistent when data contain a unit root. In fact, in

i=1" Lan,i
unreported simulations with data containing unit roots, we often failed to locate the maximizing

values of (J,v)’, although, when located, they were close to one. In contrast, Given that & =1 is

the unique root of £ (8("

Lan,.i

(5)/85)= 0 when 8 =6,, the GMM estimator using the score

vector of = ¢, (8,v) as moment functions would be consistent. However, the GMM estimator

i=1" Lan,i
would not be normal even asymptotically. It can be shown that the expectation of the Hessian

matrix of £ ¢, (5,v)is singular under H"”. In this paper we will not further explore the

=1" Lan,i

asymptotic distribution of the Lancaster estimator, although it would be an interesting research
agenda. We focus on the asymptotic distributions of the RE and HPT estimators. Given that the
Lancaster estimator does not use a proper density, it could be viewed as a GMM estimator or a
pseudo ML estimator in the sense of Gouriéroux, Monfort and Trognon (1984). The approach of
Rotnitzky, Cox, Bottai and Robins (2000), which we use below to derive the asymptotic
distributions of the RE and HPT ML estimator, is for the ML estimators. It would be a valuable

13



research agenda to investigate how their approach can be generalized to GMM or pseudo ML
estimators.
Proposition 4 is a somewhat counterintuitive result in that the expected value of the HPT

log-likelihood function has a global maximum at o =1 when €, = 6,. Recall that when J, <1

and 7 = 2, the Lancaster and HPT estimators are asymptotically equivalent. Proposition 4 implies

that this equality breaks down when data are random walks (8 = 6,).

Sargan (1983) shows, for the models linear in variables but nonlinear in parameters, that
when information matrices are singular, ML estimators are not asymptotically normal, although
they may be consistent. Similar to his case, Proposition 3 warrants that the RE and HPT

estimators are consistent, but their asymptotic distributions are not normal when 8, = 6, as we

show below. While the asymptotic distributions of the two RE and HPT estimators are similar to
those of the ML estimators Sargan considered, his results do not directly apply to the dynamic
panel data model (3). The model Sargan (1983) has analyzed subsumes linear simultaneous
equation models without variance-covariance restrictions on error terms. The dynamic panel

model (3) can be viewed as a linear simultaneous equations model if we treat Ay, , ... , Ay,, as

endogenous regressors. However, the model (3) is not a special case of Sargan’s model because it
imposes variance-covariance restrictions on the error terms.

Fortunately, Rotnitzky, Cox, Bottai and Robins (2000, RCBR) derive the asymptotic
distributions of the ML estimators of more general models when their information matrices are
singular. We can derive the asymptotic distributions of the RE and HPT estimators using their
method. Here, we will focus on the RE estimator only. All of the results we obtain below also
apply to the HPT estimator.

RCBR study the cases in which the derivatives of log-density functions are linearly
dependent (so that Hessian matrices become singular). For such cases, they derive the asymptotic
distributions of ML estimators and likelihood-ratio (LR) test statistics. To use their method, we

need to show that the derivatives of /. ; are linearly dependent at & = 6,. Stated formally:

Proposition 5: /... (6.) =Ly, ,(0) + Vil gy (0.)=0.

To get tractable asymptotic results, we now need to reparameterize the model.

14



Following RCBR, we define the following new parameter vector:

s\ (o
o =" 1=|"+ ° 5 -1)
r = = ' -1 -

O, | |0 \[E(Crpsp (0 (0)) | E(Caps ()4, 5(60))

v,) \y¥
5 0 5
v —V, v—v.(0-1)

=[] 6= :

10} 1 w+(0-1)
7 0 7

where ¢ = (v, m,y)', and E(e) is computed assuming H."” . This parameterization is chosen to
secure that when @ = 6,, 60 = 0,. The reparameterization requires the knowledge of the true
variance of ¢, , v. . However, this problem can be resolved by replacing v, by v, .

The above reparameterization means that we retain § and y in £, ,(6), but treat @ and
v as the functions of & and the new parameters @, and v, :

=0 —-(0-1);v=v.+v(6-1)=v7. (16)
Let . =(0,¢9)) , ¢.=(v,,o.,y) and ERE,i(er) =L pp;(0,v(0,v,),0(6,w,),y). Under this
reparameterization, 6, | = 6, whenever 6, = 6.. In addition, the reparameterization is designed to
have
Urei5(0.) = Lpp i 5(0) = Loy (0 + Vil (0.) = 0.

This reparameterization is necessary because the RCBR approach is basically for the cases where
a first derivative of a log-likelihood function equals (not asymptotically, but exactly) zero. The
asymptotic distributions of the ML estimators of @ and v are different from those of the ML
estimators of @, and v, although the former can be derived from the latter (see RCBR).
However, the distribution of the ML estimator of & can be directly obtained from that of the ML

estimator from the reparameterized model.

Define:

!

R (s,,,1 siz) ;S = EREJ.’M(@*)Q; S, = ZRE,i,(p,.(H*);

1
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Y=E(ss)=[Y,], i,j=12; Y"'=[Y"].
To use the RCBR approach, we need to check (i) whether or not 7 rei0s (0.) equals zero or is
linearly related to / reis(0.) ands;,, and (ii) whether or not / reisss(Ox) 18 a linear combination
of s,. We find that only /zz,.s(6.) equals zero, not ?REJ.’M(@*), and that ZREJ.M (6.) 1s not a linear
combination of ZREJ.,&(G*) and s,,. We also find that ZRE,i,M&(e*) is not a linear combination

of s5,(6.). Based on this finding, we obtain the following result:

Proposition 6: Let Z =(Z,,Z,)" denote a mean-zero normal vector with Var(Z)=Y"', where

Z, is a scalar and Z, is a 3x1 vector. Let @ =(5,4') be the ML estimator that maximizes
ZﬁlzRE’i(H).Assume that " holds; that is, (J,,@,,,) = (1,1,0)". Then,

(ZIV/I;(Aa—l) }% {(—I)Bzfzjl(21>0)+( 21o N Jl(zl<0), -
N (¢, —p.) zZ Z, =Y (Y") Z

2
where . = (v.,1,0)', “—4” means “converges in distribution,” and B is a Bernoulli random

variable with success probability equal to half and independent of Z. The Likelihood Ratio (LR)

statistic for H."” is a mixture of »*(2) and y*(3) with the mixing probability equal to one half.

The LR test for the hypothesis that 5, =11is a mixture of y’(1) and zero with the mixing

probability equal to one half.!!

Several comments follow from Proposition 6. First, the ML estimator ér is not normal
even asymptotically. Since SRE =&, the above theorem indicates that the convergence rate of
SRE is NV, The result also implies that the ML-based #test for the hypothesis of 5, = 1 would not

be properly sized.!? Second, the probability that the ML estimator SRE is equal to the true value

! If the means of the y,, and ¢, are non-zero, we need to include an intercept term, say a, in the log-likelihood
function replacing (Ay,, —wy,,) by (Ay,, —wy,, —a) . Then, the unit-root hypothesis (15) implies ¢ = 0 in addition
to the restrictions in 6«  For this case, the LR statistic for testing all of the restrictions implied by (15) is a mixture
of y*(3) and 7°(4).

12 We may consider an alternative Wald-type test statistic, N (SRE —1)*/Y"". Proposition 6 implies that under H”,
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of & converges to half as N — oo. This implies that the asymptotic distribution of the ML
estimator SRE will be spiked at 6 =1when 6 = 6,. Third, the two LR test statistics from the
reparameterized log-likelihood 7 e (0.) are the same as the LR test statistics directly obtained

from the original log-likelihood £, (@) . Thus, using the LR statistics for testing H."”, we do

not need the parameterization (16). Fourth, we can think of the LR statistic for testing the joint
hypothesis that §, =1 and @, = 0. It can be shown that when 6 = 6., this test statistic follows a

mixture of y*(1) and y°(2) !>
Finally, we can obtain the similar results for the HPT estimator. The unit-root hypothesis
(15) implies that , =1 and @, , = 0. The HPT-based LR test for this joint hypothesis follows a

mixture of y°(2) and y°(1).

3.2.  Random Walks with Homogenous Drifts

We now consider the ML estimation of the dynamic panel data model with homogeneous trends,
and the LR test for the hypothesis of random walk with homogeneous drifts. Specifically, we

consider the following model:

Vi =0yt Pt+(a +¢g,). (18)
We assume that (y,,,a,, &) satisfies the RE assumption (2), but we now allow the initial
values y,, and the effect ¢, to have nonzero means. Assume that E(¢; | y,,) =, +7,,,- Then,

similarly to what we have done from (1) to (3), we can transform (18) into

this statistic follows a mixture of »”(1) and zero.

13 These LR tests are two-tail tests. When T'is fixed, the RE likelihood function is well defined in the neighborhood
of 6 =1. Thus the RE ML estimator is not subject to the boundary problem raised by Andrews (1999), and the

hypothesis of 6, =1 can be tested against the two-tail alternative hypothesis of 6, # 1. This justifies use of the LR
tests. However, some one-tail alternatives of the LR tests would be more powerful since ¢, is unlikely to be

greater than one, although we do not investigate them here.
4 Arellano and Bover propose to use for GMM the moment conditions, E[Ay,(y, -6y, )]=0, t < s. These

moment conditions are valid under (7), but not under (1) and (2). Observe that these moment conditions can identify
the true value of o even if data follow unit root processes without drifts. In contrast, the moment conditions by
Arellano and Bond (1991), E(y,(Ay,—dAy,,,))=0, t <s, are motivated by the model given by (1) and (2). As

Blundell and Bond (1998) find, these moment conditions are unable to identify ¢ if data follow random walk
processes because the level instruments y; are uncorrelated with differenced regressors Ay;.;.
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Ay. , 1 0 0 o) )
11 I PN v PRt 4
Ay, O(T—])xl O(T—l)x] a Ay, L, )\ B Ag,

wherea=y, + .,y =(0-1D+y, and u, =(a, — E(e, | y,,)) +¢&,. The individual log-density

function for this model (conditional on y, ) is given:

° ()= —§1n<2n)—§1n<v>—%1n<é>

1 ro_
_E(Ayi —OAy, , — lT—llB) BTil (Ayi —OAy, | - lellB) (20)
2
- 5 ((Ayil —Wy,,—a)+tk, (Ay, - §Ayi¢1 - lelﬂ)) 5
vE;

where ¢” = (5,v,w,y,a, B) , and & =Tw+1, as before.
Suppose that data are generated by the following trend-stationary process:
y,=n+gt+q,; q,= 5q,.,H +¢,, t=0,..,T, (21)
where ¢, ~ N(0,,,,vI,), n, and g,, are also normally distributed, and all of ¢, 7, and g,, are
mutually independent. Assume that E(7, | y,,) =7, +7,»,, - This data generation process is the
same as the process (18), if we set:
a,=1-0); y=(1-8)7,; a=(1-8)r,+g; p=(1-9)g.
However, there exists an important difference between (18) and (21). In the former, we do not

assume that the initial values y,, are distributed around the effect ¢,. Thus, we do not impose any

restriction on o, , =cov(y,,, ;). Without any restriction ono, ,, the parameter vector PP is
orthogonal to the variance (0}2,0) of the initial values y,,. Thus, the estimation of ¢” based on
the conditional log-density (20) is equivalent to the joint estimation of ¢” and O'iu based on the

unconditional log-density of (y,,,Ay,,...,Ay,;)’. However, this is not the case for (21). The

i02
process (21) implies that the y, are distributed around 7, =¢,/(1-6) , and that

2 . . . . . 2 2
o, ,=1-06)o, =(1-0)o,.Butthis restriction implies thaty = (1-6)o, /o, , and

011
w=(1-96)(o,0, —o) (o, v)=(1-5-y)yo, /v. (22)
Observe that @ does not contain any free parameter giveny , 6, v and 0}2,0 . This means that any

knowledge of 0'}2,0 would help to obtain a more efficient estimator of ¢” . This implies that the
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estimation of ¢” based on the conditional log-density (20) is not equivalent to the joint
estimation of ¢” and O'jo based on the unconditional log-density of (y,,,Ay,,...,Ay,;)". The ML

estimators based on the unconditional density will be more efficient. Of course, these
unconditional ML estimators will be inconsistent if condition (22) is violated.
We now turn to the cases where data are random walks with homogeneous drifts; that is,

o0 =1in (21). We can show that the unconditional ML estimators computed with the restriction

(22) are consistent and asymptotically normal.!> Thus, the usual ML theory applies. However,
the conditional ML estimators without the restriction have a different story. The hypothesis of

random walk with a homogeneous drift implies the following restrictions on (20):
H? : ¢ = 4" =(1,1.,0,0,a.,0), (23)
where “D” refers to “(homogeneous) drifts”, and v, and a. are unrestricted. When this hypothesis

holds, we obtain essentially the same results as Proposition 5. Stated formally:
Proposition 7: (2, s(#”)—alhy, ;(#°)— Loy, ,(B7) + vl iy, (87)=0.

Proposition 7 implies that the Hessian matrix (not just the information matrix) of the RE
ML estimator of ¢ is singular under H”. In order to derive the asymptotic distribution of the
ML estimator, we can use the following reparameterization: Define ¢° = (5,v,,w,,v,a,.),
where

v=v({v,,0)=v0; o(w,0)=0.-(0-1); B=pL(B.,0,a)=L —a(d-1). (24)
Then, ¢, = ¢” whenever ¢ = 4. Let
Do (7)) = 13, (0, (v,,0), (@, 8),p,0, (B, 8,)
so that
Ui (B0 = Lop s (B7) = @l y(87) = Lip o (B) + Vel (47) = 0.

With this parameterization, we redefine:

¢r = (Vr’a)r’WBa’ﬂr)’;

15 The restricted ML estimators are also consistent and asymptotically normal for the models without drifts.
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5, = (5,0802) s 800 = Lapuas(B0)/ 25 5,0 = Vg, (87)5 X =Var(s, |47, = 47).
Similarly to Proposition 6, let Z =(Z,,Z,)" denote a 6x1 mean-zero random vector with
Var(Z) = (Y)"', where Z, is a scalar. Then, the ML estimator of ¢”, ¢° = (5,$.)', has the same
asymptotic distribution as (17). Accordingly, the LR statistic for testing H” is a mixture of
(3 and y°(4),By*(4)+(1-B)x*(3), where B is a Bernoulli random variable with success
probability equal to one half. In addition, under H.”, the LR statistic for testing &, =1
is By*(1). Similar to the cases of unit-roots without drifts, these LR statistics can be computed

using the original log-likelihood = 1525,1- . The reparameterization (24) is not required.

3.3. Random Walks with Heterogeneous Drifts

In this section, we examine the ML estimation of a dynamic panel data model with
heterogeneous trends, and the corresponding LR test for the hypothesis of random walk with

heterogeneous drifts. Under this model the data follow the following process:
Vu=0y,,,tpt+(a +¢,), (25)
As before, the error terms ¢, are assumed to be normal and i.i.d. over both time and individuals.
The error terms are not correlated with any of ¢, £, and y,,. The identification of the model
requires that 7 > 3. Assume that (¢, + ;) and B, are normal conditional on the initial value y,,
with conditional means linear in y,, and the conditional variance matrix, v/, where
W = [a)jh] (, h=1,2)1s a 2X2 matrix.
Moon and Phillips (2004) have proposed a GMM estimator for model (25). In their study,
T'1s large and the unobservables ¢, and S, are nuisance parameters. An interesting property of the

GMM estimator is that its convergence rate is N'°. In this subsection, we consider an alternative

random-trends treatment.
Define Azyit = Ay, _Ayi,H > Azyi = (Azynv"AzyiT), , and Azyi;l = (AzinV"Azyi,Tfl)’ .
We also defineu, =(o, + B, —E(a, + B, | y,,) + &, andu,, = (B, —E(B; | y,,)) + Ag,,. Using this

notation, we can transform the model (25) into:
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Ay, a, +y, U

Ay, |=| ay + WY+ AV, |+] Uy |- (26)
Azyl. 5A2yi,_1 Azgi
Define:

1 0 0 O 0
-1 1 0 0 0

7 _ -2 1 0 0 - I,

g 0 1 =21 o 7" (O
O 0 0 0 .. 1

TxT
such that L”'(Ay,,,...,Ay;) = (Ay,,A,,,A’y!) . Then, the variance matrix of the error vector in

(26), (u,,u,,A’¢!), is of the form:
QP (W) = V(L’;D’L’;D " JTWJ;) .

With this variance matrix, the log-density of (Ay.,Ay.,,A’y’) conditional on y,, is given:
i2 i ylo g

il
EHD

wy_ 1 oL 10
wes(977) = =7 In(@7) == In(v) = Z In{det Q7 (7)1}

!

| Ayil —a =¥v\), Ayil =4 =YY (27)
_; Ayiz —a, =¥, ¥ _5Ay11 [QIT{D(W')T1 Ayiz —a, =¥,V _§Ayi1 >
(A’y, =A%y, ) (A’y, =Ny, )

where ¢"° = (8,v,®,,,0,,,,¥,,¥,,a,,a,)’ . An alternative representation of the log likelihood

function, which is computationally more convenient, is given in the appendix.

Suppose now that the data follow the unit-root process with heterogeneous drifts:

Ay, = 3, + ¢, . This process implies the following five restrictions on ¢ :

H” 4™ = (Lv.,0,..0,0.p,..0.a,.,0) = 4 (28)
where “HD” refers to “heterogeneous drifts,”, and v, , @,,., ¥, ., and a,,. are unrestricted (0, =1,
,,=0,,=0,and v, =a,, =0). Similar to the cases of unit-roots without drifts and with

homogeneous drifts, we can show that under '™, the information matrix of the log-density (24)

is singular. Stated formally:
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Proposition 8: At ¢™ = ¢,

HD HD HD HD HD HD _
fRE,i,b‘ - alfRE,i,az - ‘//1£RE,1',V/Z + VgRE,i,v - (0)11 + l)fRE,i,a)“ - a)llgRE,i,wlz =0.

Proposition 8 implies that similarly to Proposition 6, we can derive the asymptotic

distribution of the ML estimator of ¢’ . The LR statistic for testing H#'™ is a mixture of »°(5)

and y*(4),By°(5)+(1—B) y*(4). The ML estimator of & is N'-consistent. This convergence

rate is contrasted to N® of the GMM estimator of Moon and Phillips (2004). We are unable to
identify the source of their different convergence rates. Indeed, their convergence rates are
obtained under different settings: large N and fixed 7 for the ML estimator; and both large N and
T for the GMM estimator. The two estimators could be better compared by investigating the
asymptotic distribution of the ML estimator as 7 tends to infinity. We will leave this comparison

to a future study.

4, Monte Carlo Experiments
In this section we consider the finite-sample properties of the RE and HPT ML estimators. We
here consider the RE and HPT ML estimators only.'® Alvarez and Arellano (2004) compare the
efficiency gains of the RE estimator over the HPT and Lancaster estimators through calculations
of population asymptotic variances. Thus, our results partly supplement theirs.

We also investigate the size and power properties of the #-test and the Likelihood Ratio
(LR) test based on the RE and HPT estimators. Harris and Tzavalis (1999) proposed one-tailed z-
tests for the hypothesis of unit root. The ¢-statistics for their tests, which are obtained by
correcting the biases in within-type estimators, are asymptotically standard normal under the null
hypothesis of unit root. For comparison, we also report the test results from their method. For
our experiments, we consider three cases: the ML estimation without trend, with homogeneous

trends, and with heterogeneous trends.

4.1. ML Estimation without Trend

6The Lancaster estimator seems to be quite sensitive to the choice of the starting parameter values used for
algorithms. Some limited simulation results on the Lancaster estimator are available upon request from the authors.
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In this subsection, we consider the finite-sample properties of the RE and HPT estimators

computed with the assumption of no trend. The foundation of our Monte Carlo experiments here

is the stationary data generating process (11), where 7, ~ N(O, 0';) , 4,0~ N(O, O'qzo) and
g ~N(0,v). Weseto, =2,0,, =2,v=1,and T'=>5. We try four different values, 0.5, 0.8, 0.9
and 1, for 6,. Observe that when o, =1, the y, are random walks without drifts. For each trial,

we use 10,000 iterations. We consider two cases, N = 500 and 100, to examine both the large-
sample and small-sample properties of the estimators.

Table 1 reports the bias and MSE (mean square error) of the RE ML estimator of 6 . We
also report the finite-sample size and power properties of the #-tests based on the RE ML
estimation. For all true values of 0 (9, ), the biases of the ML estimator are small, even when N =
100. MSE generally increases with o, when &, <0.9, but it slightly decreases as J, increases
from 0.9 to one. When J, is small, the #-test is properly sized. However, as §, increases, the test

tends to over-reject correct hypotheses.

The power of the #-test to correctly reject the unit-root hypothesis increases with N.
When N = 100, the power of the t-test is generally low especially when 0.8 <o <1. When
o, =1, the t-test rejects the correct unit-root hypothesis too much. This trend is not dependent on

the sample size. This result is consistent with Proposition 6. The HPT estimator has similar
properties as the RE estimator.

Figures 1-2 show the finite-sample distributions of the sampling errors of the RE
estimator (that is, (3‘RE —0,)). Figure 1 is for the case with N = 500 and Figure 2 is for the case
with N = 100. In either figure, the distribution of the RE estimator becomes wider as & increases.
Up to o, = 0.9, the estimator is roughly normally distributed. Then, when 6, =1, the estimator is
no longer normally distributed. Its distribution has a hump near 6 =1 as Proposition 6 suggests.

Figures 3 compares the sampling error distributions of the RE and HPT ML estimators
when N = 100. Somewhat surprisingly, the two estimators are similarly distributed. At our choice
of parameter values, the efficiency gains of the RE estimator over the HPT estimator are not

substantial. However, we find from unreported experiments that the efficiency gain of the RE

estimator increases with the conditional variance of y,, given the individual effects 7, (o, in
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our set-up).

We now examine the finite-sample size and power properties of the LR tests for all of the
parametric restrictions implied by the hypothesis of unit root. In Table 2, LR-RE denotes the RE-
based LR test for three parametric restrictions (3, ,,,y,) =(1,0,0)'. LR-HPT represents the

HPT-based LR test for two restrictions (J,,®;,,)=(1,0)", while the #-test of Harris and

Tzavalis for the hypothesis of unit root without drifts is represented by T-HT. The asymptotic

distribution of the LR-RE statistic is asymptotically a mixture of »°(3) and y*(2), while that
of the LR-HPT statistic is a mixture of z°(2) and y’(1). For sensitivity analysis, we report

test results obtained with five different combinations of the values of 0'; ,o° ,andv.

qo

The LR-HPT test is generally better sized than the LR-RE and T-HT test, but by a small
margin. For example, for our base choice of 0; =2, O'q20 =2,andv =1, when N = 500 and the
normal size is 5%, the rejection rates of LR-RE, LR-HPT and T-HT are 5.40%, 5.03%, and
5.38%, respectively. Even when N = 100, both the LR-HPT and LR-HPT tests perform well.
LR-RE tends to over-reject the unit root hypothesis, but the size of this distortion is not
substantial, clearly smaller than that of the #-test reported in Table 1.

Table 2 also reports the finite-sample power property of the LR tests to reject the unit-
root hypothesis. Not surprisingly, the power of each test increases with N. Overall, LR-RE has
the highest power, with a few exceptions in the cases with N = 100 and the 1% significance level.

The powers of LR-HPT and T-HT are generally compatible. The power of the LR-RE test

depends on the sample size (N), the true value of 6 (5, ), and the relative sizes of the conditional
variance of the initial values of y (0';0) and the variance of the random noises (v ). Their powers

are positively related to the sample size and the conditional variance of the initial values

of y (conditional on the unobservable effects 77,), while it is negatively related to the variance of
random noises and the true value of 6. To be more specific, consider the case of N = 500.
When 6, = 0.9, the power of the LR-RE test is 100% or very close to it for all of the cases
reported in Table 2. Even the true value of 6 is closer to one (o, =0.95), the power remains

reasonably high, when the conditional variance is relatively larger than the variance of the

random noises. If we compare our base case of (0';,0'50,1/) = (2,2,1) with the cases

24



of(oﬁ, o’ ,v)=(2,1,1) and (oﬁ, o’ ,v) =(2,2,4), we can see that the power of the LR-RE test is

qo? qo?
negatively related to the ratio of v and 0'50 . The power is somewhat low when the ratio is large,

especially when 1% of significance level is used for the test. But, the power of the LR test using
10% of significance level is greater than 89% for all of the cases reported in Table 2.
We now consider the power of the LR-RE test when N = 100. Clearly, the power is lower

when N = 100 than when N = 500, especially when the ratio of v and ajﬂ is large and the true of
o is close to one. But, when the ratio of v and 050 is small, the power of the test is reasonably

high, even if the true value of § is very close to one (see the case of (o7, 0,,,v) = (2,4,1)). For

qo?
dynamic models, we can expect that the ratio of v and o, should be low because the initial

values of y is the weighted sum of the past random noises. The ratio would be even lower when
the true value of 0 is close to one. Thus, we can guess that for quite general cases, the LR test
would have high power even in small samples.

Table 3 reports the finite-sample performances of the LR tests for the single parametric

restriction &, =1 based on the RE and HPT estimators. Comparing Tables 2 and 3, we can see

that the LR tests for the multiple restrictions implied by the hypothesis of unit root (e.g.,

(0,,m,,,)=(1,0,0) for the cases of the RE estimation) are generally better sized than the LR
tests for the single restriction of §, = 1. The former tests also have much higher power.

The general findings from our first Monte Carlo experiments can be summarized as

follows. First, when the true value of ¢ is near one, the RE and HPT estimators do not follow

usual normal distributions even if the sample size is large. This finding is consistent with our
result in Proposition 6. Second, when the data follow the random walks without drifts, the #-tests
based on the ML estimators reject correct unit-root hypothesis too often. In contrast, the LR tests
based on the RE or HPT estimators perform well. Even when N is small, they are sized properly
and have good power to reject the unit root hypothesis. Third, we find that in terms of the power
of the LR test, use of the RE estimator instead of the HPT estimator is desirable especially when

the initial values have a large variance. Finally, the LR test for the single restriction of 6, =1 has

low power. Use of the LR test for the multiple restrictions implied by the unit-root hypothesis is

recommended.
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4.2. ML Estimation with Homogenous Trends
We now consider the LR test for unit root based on the RE estimation with homogeneous trends.
For simulations, data are generated following (21). The parametric restrictions we test are

given H,:(J,,w,,v,,p,) =(1,0,0,0)" . Table 4 reports the rejection rates of the LR test
determined by using the mixed distribution of »°(3) and y*(4). Again as with Tables 2 and 3,

we report the results we obtain with different combinations of the values of O'; , oo ,and V.

qo?
For all simulations, the trend parameter g in (21) is fixed at 0.5. The choice of different values of
g alters simulation outcomes only immaterially. Six different combinations of N and T are used.
For each of N = 100 and 200, we try three different values for the number of time series
observations: 7= 5, 10, and 25. We do so because the size of 7 would be an important factor
determining the finite-sample properties of the estimators for the models with time trends.

For the cases with 7= 5, the results reported in Table 4 are very comparable to those in
Table 2. The introduction of homogeneous drift does not lead to a large change in the size or

power of the LR test. The power of the LR tests becomes higher as either N or T increases. For
our base choice of O'j =2, ang =2, v=1,and T=15, when N = 500 and the normal size is 5%,
the rejection rate of the LR test based on the RE estimator is 4.77%. Thus, the LR test is again
reasonably well sized. In addition, the test has a power to reject unit root even when o, is close to

one. As with the no-drift simulations when N = 100, the LR test performs well. It tends to
slightly over-reject the unit root hypothesis but retains a good power property even when N is

small, especially when the variance of the initial values y,, or the number of time series

observations are large.

4.3. Random Walks with Heterogeneous Drifts
In this subsection, we examine the finite-sample properties of the RE ML estimator computed
under the assumption of heterogeneous trends. The data generating process we use is given:

Yy =n+181+q,; q,= 5%,:4 +¢,, t=0,..,T,
where & ~ N(0,,,,vI,),n and g,, are also normally distributed with zero means, and all of

&, 1., q,and g, are mutually independent. The mean of the normally distributed trends gi is
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fixed at 0.5 while their variance is set at three different values, 0, 0.5, and 1. The data are

generated with o;? = 2,0'50 =2, v=1, our default case from the previous two experiments.
Note that when §, =1and o, > 0, the data are random walks with heterogeneous drifts.

When 6, =1 and aj, = 0, the data are random walks with homogeneous drifts. As with the

pervious experiments we use 10,000 iterations and six different combinations of N and T are
tried.
To save space, we only consider the finite-sample properties of the LR test based on the

RE estimation (LR-RE). For each simulation, the five parametric restrictions imposed on

27),(6,,m,,,0,,,¥,,.a,,) =(1,0,0,0,0)", all of which are implied by the hypothesis of unit

root with heterogeneous drifts, are jointly tested. Thus, under the null hypothesis of unit roots

with heterogeneous trends, the LR statistic has the asymptotic distribution mixing z*(5) and

7> (4). For comparison, we also consider another one-tailed t-test developed by Harris and
Tzavalis (T-HT). The #-test is designed for testing the hypothesis of unit root allowing for
heterogeneous drifts. The simulation results are reported in Table 5.

Since we use (aj , a:o, v) =(2,2,1) to generate the results in Table 4, the data generating

processes are the same for the case of ag =0 in Table 5 and the case of(a;, o’ ,v) =(2,2,1)in

qo”>
Table 4. Comparing these two cases, we can see that when 7 is small, the power property of the
LR test based on the RE ML estimation with heterogeneous trends is quite different from that of
the LR test based on the estimation with homogeneous trends. For example, for the cases with T’
=5and 6, =0.9, the rejection rates of the LR test from the estimation with homogeneous time
trends are all 100% at the 1%, 5%, 10% of normal sizes (Table 4). In contrast, the same rates of
the LR test from the estimation allowing heterogeneous trends are merely 2.35%, 9.98% and
17.28, respectively (Table 5). For the estimation allowing heterogeneous trends, the power of the
LR test improves only mildly when A increases from 100 to 500. However, the power increases

in a large scale as 7 increases. We observe the similar results from the cases in which

heterogeneous trends exist in data (oﬁ >0).

Tables 5 also report the finite-sample performances of the #-test by Harris and Tzavalis

(T-HT). Similarly to the LR test, the -test has low power to reject the hypothesis of unit roots.
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Overall, the t-test show the performances compatible to those of the LR tests.

5. Concluding Remark

This paper has considered the asymptotic and finite-sample properties of a random effects ML
estimator and the two fixed-effects ML estimators of Lancaster (2002) and Hsiao, Pesaran and
Tahmiscioglu (2002, HPT). When data are stationary, the random effects ML estimator is
asymptotically more efficient than the other two fixed effects ML estimators when both the
individual effects and the initial observations are normal. We also consider the asymptotic
distributions of the random effects and HPT ML estimators when data contain unit roots. The
two estimators, as well as the Lancaster estimator, are non-normal. This distortion results
because the information matrices of the estimators are singular when data contain unit root.
Thus, the #-tests for unit root are inappropriate. Consistent with the prediction of Rotnitzky, Cox,
Bottai and Robins (2000), the Likelihood-Ratio tests for unit root with the p-values from the
mixed chi-square distributions perform much better than the #-tests. They also have good power
properties even if the number of observations is small.

Our results depend on the assumption of homoskedastic random errors (¢, ). Alvarez and

Arellano (2004) have shown that when the errors are heteroskedastic or autocorrelated over time,
the ML estimator computed incorporating such heteroskedasticity and autocorrelations is
generally consistent and asymptotically normal even if data may follow random walks.
However, Thomas (2005) found that the finite-sample distribution of the ML estimator
considerably deviates from the normal distribution, if data follow unit root processes and the
error variances change only slowly over time. In addition, there are some special cases in which
the information matrix of the ML estimator becomes singular. An example is the case in which
only the variance of the random error at the last time period is different from the variances at
other time periods. Another example is the case in which the random errors follow a MA(1)
process with the MA coefficient equal to one (Thomas, 2005). We are currently working on such
special cases.

Our results also convey a message to the studies of Monte Carlo experiments on dynamic
panel data models. The homoskedasticity assumption is not an innocuous simplifying assumption
for the models. The asymptotic and finite-sample properties of the estimators developed for the

models could crucially depend on whether or not the homoskedasticity assumption holds.
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Appendix

Proof of Equation (12): Define P, =T'1,1,,0Q, =1, — P,; and

-11 0 .. 0 0

0 -1 1 .. 00
D, =l = Do ,

0O 0 0 .. 1 0

0 0 0 .. -1 1), .,

where It is a (Tx1) vector of ones. Observe that D; ,(¥,,,...,y,;) =Ay,. Notice that D; |1, =

T-1°T

Or_ipq » Thus, by Rao (1973, p. 77), we have O, =D, B;.D; . Also, observe that

Ay, =TT (v, — o) =Av, +k,_Ay,. Similary, Ay, =k, Ay, . Using these results, we
obtain
(Ao, =Dy 0 =P 1) (DY, —Agy, 6 — p1y)
=Dy, =AYy, 0= P 1) O (Agy, — Ay, 16— p1})
+HAY =AY, 16 = P 1) P (Agy, = Ayy, 10 = p1p)
= (3= 3,40)0: (¥, = ¥, )+ T(Ayy, = Ay, .5 = p,)’
= (A, — Ay, ,6) B (Ay, = Ay, (6)+T(Ay, +k; ((Ay, = Ay, ,6)—p,)".

Proof of Proposition 1: A straight algebra shows

S Ay 10,v, p) f(p; | @ypr s V)

1 1 4 -1 T 2
= T exp {—E(A)ﬁ- - Ayi,—lé) B, (Ay,- - Ay[,715) - E(pi -g) }

1 1 zj
eXp| — P;
(272')1/2 2 (a)HPT )1/2 ( 2V0)HPT

1

1 '
= W exp {—E(Ay,- —-Ay, 0 ) B, (Ayl. - Ayi,_l§):|

N I BN
(2”)1/2 1/2( HPT)l/z P 2Vpi W, b; Vpigi 2Vgi .

where g, = Ay, +k;_(Ay, = Ay, ,6). We can also show:
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1 T, 1 , T T,
EXp| ———P: — P; +_pigi__gi

(27)"2"2 (wHPT)1/2 2v V@, 4 2v
2
e - (‘);‘H[__,TJT)I/2 exp| - Shpr » Ty, g
HPT,T (2”)1/2"1/2(&)1#7 )1/2 AV I Suprr I

xexp{— L gz}
2V§HPT,T l

Thus,

[ £, 18.v,0)f (D, | @y V)elp,

1 1 T
= exp| ——(Ay. — Ay, 8B, (Ay, — Ay, ,6)— 2
(27[)7'/2‘/7/2 (é:HPT’T)l/z p|: 2V ( yz yz,—l ) T—l( yz yl,t—l ) 2V§HPT’T gl :I
» (éHPT,T)l/z é:HPT,T T, - 2
XJ._OO (27) " 72 OXP| 5 b~ & g
) VI @ypr) V®Oypr fHPT,T

1
= (27[)T/2 B

=f(;10,0yp, V).

1 T
exp| —— (Ay. —Ay. 0)B.' (Ay. —Ay. .O0)— 2
) p{ 2V( v, —Ay, ,6)' B (Ay, —Ay,, 0) W g,}

The following lemmas are useful to prove the propositions in Section 3. The first two

lemmas provide alternative forms of Q.. (@) and [Q, ()] .

LemmaA.l: LetQ (w)be the sxs (s = 2, ..., T) matrix of the form of Q (w) in Section 2.

Let:
1 O 0 1
-1 1 0 0
0 -1 1 0 0
Lg = ; ¢ =

’ : ’ 0

0O O 1 O
0O O -1 1 0

SX§ SXS§

Then, Q (w)=L/L + wcc..
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LemmaA2: [Q. (o) =(L.L,)" - o
Tw+1

k k., wherek, = (Lk_ ) .

Lemma A3: B =(D, .D,,)' =Tm, m., where m, ,=T"(1,2,..,T—1) and D, , is the
square matrix of the first (7-1) columns of D; ,. In addition, trace(B;il):(T -1)(T+1)/6;

and trace(k,_k;_)=(T -1)2T —1)/(6T).

LemmaA.4: The first-order and second-order derivatives of £, () are given:

| T ,
Lrgis = ; Ayi,—lBTil (Ay, - Ayi,—lé‘) + g Ayi,—lkT—ldi (v,90);
T
T T?
ERE,i,w =——" 2
28, 2§,

(d,(.,0))’;

T 1 ro T 2
KRE,I',V = _;+2_‘/2(Ayi - Ayi,—l5) Brh (Ayi - Ayi,—l5) + 2V2§T (di(lr//: 5)) ;
T
ERE,:’,:// =Zyi0di(§”55);

1 ’ - T 1A 1A
fRE,;,&& = _;Ayi,—lBTilAyi,—l _V_Ayi,—lkT—lkT—lAyi,—l 5

T

1 .o T )
Crpisy = _7Ayi,—1BTll(Ayi - Ayi,—la) - sz Ayi,—lkT—ldi(l//’é‘);

T
., . r ., _
fRE,i,&o = _FTQAyi,—lkT—ldi (v,0); fRE,i,z)‘y/ = _V_é_,TAyi,—lkT—lyiO >
T 1 o T 2
REjwv — W - 7(Ay1‘ - Ayi,—lé‘) BTll (Ay, - Ayi,—1§) - W(di (v, 5)) )
T
T’ 2 T
ERE,i,vw = _W(di (l//’ 5)) : gRE,i,vy/ = _Vz—ézrdi (l//’ 5))/1():
T 2 T’ T
fRE,i,a)a) :E_E(di(‘ﬂ’é‘)) ; fRE,i,AV/ = _?Tzdi(‘//9 )i fRE,[,.,/.,/ = _Z(yio)z >

where d,(y,6) = Ay, =y, +ky (Ay, = 8Dy, ).
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LemmaA.5: Under the RE assumption,
E (Ayi’,—lBJ_"ilAyi,—l) = ‘//ZaiocrrlepKé‘o VBl \H, (8, ¢r

+V x trace(B;ilHT_l(@) )’QT—I,OHT—1(5U)) ’

E (Ayi,,—lkT—lk}—lAyi,—l) = l//ZO-I\Z;OC;llHT—l(é‘o Yer kp Hp(6,) ¢

vy, xtrace ky_ Hy (6, Dy, Hy (6, )
E(Ay,_B;LAg,)=-v,b(3,);
E(Av k. (Ay. — K (A — Ay ) =Yoo sy
( Vi1 T—l( Vi — Wi ki (A, i1 0)))_ T ,);

E[(Ay, =y, ,8,)' B, (Ay, = Ay, ,8,) | = (T =), ;

§T 0 Vu

E[(Ay, =W,y +kr (Ay, — Ayi,—lé‘o))z] = T

3

where &\ =Tw, +1,Q, , =Q, (@,),b(5)is defined in (13), b(5) =db/do5 , and

10 0 .0
s 1 0 .0
H,,5) =] : : : :
573 s ST L0
5T—2 5T—3 51"—4

—

(T-D)x(T-1)
Proof. Define h, ;| = (u;,Ag,,,...,A¢; ), so thatVar(h, ) =v,Q,_,  ,and
Ay, ,=H; (6, cr W,y +H (6,)h ;.
Then,

E 8y B, A,

= l//zo-)zzoc'T—lHT—l (50)B;i1HT—] (50 )'CT—I +E (hi',T—]HT—] (50 )B;LHT—I (50 ),hi,T—] )
=00, ¢, (6)Br Hy (8, ery +tr(E(Hy (8,)B,  Hy (8, hy g

Y07 H o (8 By Hy (8, e v, e (B H o (8, @, H (),

(A.2)-(A.6) can be obtained by the similar method.

LemmaA.6: Under the RE assumption,
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(A.3)
(A.4)
(A.5)

(A.6)
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' Ty o’
B+ 4 o IO Ve sy
é:T,a VogT,o
0 2T -5 ZK 0
Vo 4 T,0
E(~,. . ..(0))= ’ : A7
( RE,z,HH( o)) Tb(é\g), T T2 0 ( )
§T,o 2Vo §T,o 257%,0
Tyo’ To?
Pupsy o 0 z
VogT,o VoéT,o

where,

- ’ T , ’
A=tr (BTilHT—l (,) QTfl,OHT—l (o, )) +——1trace (kT—lHT—l ,) QT—I,OHT—I (s, )kT—l) 5

T.,0

1 ' _ ' T ’ ! ' '
B = V_WZO-J%OCT—]HT—I(é‘o )BrllHT—l (50) Cra Tt v WZU(?CT—IHT—I (50) kT—lkT—lHT—l (50) Cr_y-
0 7,070
Proof of Proposition 2:  When 8, =6, =(1,v,,0,0)", Lemma A.l and the definition of H, ,(J)
in Lemma 5 imply that 4, (1)’Q, (0)H, ,(1)=1,,. This is so because Q, (0)=L; L,
and H,_(1)=(L,_)”". In addition, in (A.7), B = 0 because y, = 0. Using Lemma A.3 and the
fact that &, , =1when 6, = 6., we can show A = T(T-1)/2 = Tb(1)". Substituting these results,

w,=0,and &, =1, into (A.7), we have:

h(1)’ 0  Tb(1) O
o T
2v. o 2v,
2
E(_KRE,I‘,%(Q*)): Th(1y ZL T? R (A.8)
VO
T 2
o o o 2»
v

which has a zero determinant. The likelihood theory indicates £ (H re (Oa) + BRE’,.(&‘)) =0, at

6 =6.. Thus, E (BREJ.(G*)) must be also singular.

Proof of Proposition 3:  We first derive E({, (6)) under H,"”. We can show that
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((d(%é‘))) % 21@%54_ )o‘/’ +v %52;

E(A&,(5) B, Ag,(5)) = %((T —IY(T +1) = 2T =1)(T =2)5 + (T = 1)(T +1)5%),
where d,(v,0) = Ay, —wy, + ki (Ay, — Ay, ,0) and Ag,(0) = Ay, — Ay, 6. Thus, we have

T T 1
E (ERE,i(é‘J V,Q, l//)) = __ln(ﬂ') —Eln(v) _Eln fT

—%E((T ~I)(T +1) = 2T ~1)T ~2)8 +(T - 1)(T +1)5%)

1 v, ((T+DQT+)=4T =1)(T +1)5
120 +olyt (T - 12T - 1) ’

where &, =Tw+1. We now concentrate outy , @, and v from E({,; ,(0,v,0,y)). It is

obvious that y = 0 maximizes E({,;,(0,v,®,y)). Thus we have the concentrated value of
E(lyp,(6,v,0,y)):

E(l, (5, v, a))) = —le’l(ﬂ') —%ln(v) —%ln &

1 v 2
e E((T +D@T +1) = 4T = 1T + )5 +(T -1Q2T - 1)5°).

Now, solve the first-order condition with respect to &, (instead of ):

OE (L', (5, v, a))) _ _L+ 1 (T+DRT+1)—4(T -1)(T+ 1)5
o, 28 12 v§T HT -D(2T -1)5?
Then we obtain:

lv*

((T + DT +1) = 4T = 1T +1)5 + (T - 1DQ2T - 1)5”).

e e

_lln((TH)(ZTH)_2(T—1)(T+1)5+(T—l)(2T—1) 52)

Sr =

Thus,

—%ﬁ((T — (T +1) = 2T = 1(T =2)8 +(T = 1)(T +1)5).
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Now, solving

OE (Lys; (9,v)) L LY (o @y - 2T - (T - 208+ (T - 1)(T +1)6%) =0,
ov 2v 12v

we have:

V=V

1 ((T—l)(T+1)_2(T—1)(T—2)5+(T—l)(T+1)52j
"T-1 6 '

Substituting this solution to E(/%, .(J9,v)) yields

RE,i

E(E;EJ (5)) = —%ln(ﬂ) — %ln(v*) — %ln (ﬁj - %ln (%)

_Tz—lln((T—l)6(T+l)_2(T—1)(T—2)5+(T—l)(T+1)52j
_lln((T+l)(2T+l)_2(T—1)(T+1)5+(T—l)(2T—1)52j'
2 6 3 6

Then, a little algebra shows:

OE (L5, (5)) (5-1)' T(T +1)(2T -1)

26 [(2T_1){§_2(T+1)} L3 }[(TH){(S_T—z} +3(T—1)}
2T -1 2T -1 T+1 T+2

Since the denominator of OE ({5, ;(5))/ 05 is positive for any T'> 2, it is positive for 6 <1 and

negative for o =1. The derivative equals zero only ato =1. This indicates that o =11is the

global maximum point.

Proof of Proposition 4: 1t can be shown that when 8, = 6.,

T-1

E(,,,(5,v))=b()—- In(v)
_ﬁ((T—l)(T+1)_(T—l)(T—2)5+(T—l)(T+1)§2)
2v 6 3 6 '

Without loss of generality we setv, =1. Then, the first-order maximization condition with

respect to v yields

1 ((T—l)(T+1)_(T—1)(T—2)5+(T—1)(T+1)52j
T-1 6 3 6 '

Substituting this into the expected value of E(¢, .(0,v)), we can get

Lan,i
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E(5,,,(5))=b(5) - Tz_lln[Tl_J_ T2—1

_T—lln((T—l)(T+1)_(T—l)(T—2)5+(T—l)(T+1)52J.
2 6 3 6

If we differentiate the concentrated likelihood function, we yield

OF (£5,,,(5)) (T-1)((T+1)6-T(T-2))

o5 Ty e —ar(r=2)s (T +1)’
azE(zgm(é))zb(&)”_ 2(T-1)(T(6-1)+5+2)
05° (T(5-2)+4+58)6+(T+1))
(T-1)(T+1)
((T(5—2)+4+5)5+(T+1)).
83E(€2“"’i(5)):b(5)’”+ 8(T-1)(T(5-1)+5+2)
05° ((T(5—2)+4+5)5+(T+1))3
6(T—1)(T+1)(T(5—-1)+5+2)
(T+1)8* —2(T=2)5+(T+1))
It can be shown that when 5 =1,
T-1 (T —1)(T -2) (T —1)(T —2)(T -3)

;b(l)(” —

b(1)' = T;b(l)” = 12

Using these results, we can easily show thatato =1,

OE (¢4, (D) &°E(f5,,,(1)
05 - 05>

b

but,

OE(f1s D) _(T-1)(T=2)(T=3) (T-1)(T+1)
o5 12 2

Thus, 6 =1 is an inflexion point of £ (ﬁi(m’i(é)) .

Proof of Proposition 5: At = 0., using the alternative representation of [Q,.(@)]"'

given in Lemma A.2, we can have
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!

T 1 A i A i
ERE,[,V(H*) =—o-t73 H (L}LT ) yl
v 2V Ay, - Ay, Ay, = Ay,

T 1 . T 1
=——+—7L.(LLL)"'Lr=——+—3rF,
2V 2V2 i T( T T) T"i 2V 2 i'i

where r, = (Ay,,,...,Ay,;) andv =v,  Also, we have:

T T° , 2 T T (=, , \?
Ui s.0(0:) = _E+Z(Ayn + k., (A, _Ayi,—l)) = _E—FE(](T LT’?)
2
= _g + %KZTET;T,L}E = _g +$’;"1T1;’/}'
Thus,
1 !, ' 1 T s—1
ERE,i,a)(H*) - ngE,i,v(e*) =——r(; -1 1) ==X _ XAy, Ay,.
2v Y
Now,
0 ’ Ay,
(oY ., Ay, " Ay, Ay, | 1 ~
Copis(0)=— L'L.)" ’ == : Pl==3" Ay Ay
rei(0:) V[Ayi,lj( rLr) (Ayi_Ayi,l y : : [ S Vi A i
LAY, ) Ay,

Thus, £y, 5(0.) =gy 0(0) + Vil g, (6.) = 0.

Proof of Proposition 6:  We first check whether (i) whether ¢ x5 (0.) €quals zero or is

linearly related to 7 reis(6) ands;, . Note that

ZRE,i,vr (6.) = gRE,i,v (6.); zRE,i,a), 6.)= ERE,i,w 6.); zRE,z‘,V/(H*) = gRE,i,u/(e*) .

Since ZREJ(& V@, W) =L (8,v(v,,0),(w,,0),y), we have:
ERE»"»‘S = gRE,i,b‘ - gRE,i,(u + VrgRE,i,v 5

v/e

Creios =L g ss = Crpico TVilreise —Creiws T Creioo — Vil reior

+V, (s =1 +v /

RE iy RE,ivv )

_ 2
- (ERE,i,éé - 2€RE,i,6w + gRE,i,(u(u ) + 2Vr (KRE,i,év - gRE,i,a)v ) +v, ERE,;‘,W'

Then, with a little algebra and Lemma A.3, we can show thatat 6. =6, ,
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ZRE,i,&s(g*) = (ERE,I',&S(H*) - ZKRE,I‘,&U(Q*) + gRE,i,ww(g*))
+2v, (ERE,i,tSV(e*) o fRE,wv(e*)) + V*ZEREJ,VV(Q*)

1., T, , ,
_V_Ayi,—lBTilAyi,—l - V_Ayi,—lkT—lkT—lAyi,—l

2T, , T’ , 2
+ Ay, ik (Ayy + ko (Ay; = Ay, ) — V_(Ayn +hkr (Ay, — Ayi,—l))
N T(T+1)
2
1 ., (== \" 2T ., T T(T+1
= (__Ayi,l (DT DT) Ay, _TAyi,—lmT—l(AyiT) _V_(AyiT)zj +%’

which is neither zero, nor a linear combination of /,, . ;(6.) and s, , .
We now check (ii) whether or not /., ;;;(6.) is a linear function of s,. We can show

-/

RE,i,ruwa))

2 3
+3Vr (ERE,.i,é'é'v - 2£RE,i,b‘a)a)v + ERE,i,wwv ) + 3Vr (ERE,i,b‘vv - ﬁRE,i,wvv ) + Vr (ERE,i,vvv )

Cre .05 = (ﬁ RE.i,665 MRE,,&SW +3( RE.i 000

But,at ¢ =6,,

2

T [ [
Crpicss(0) =05 Lopisso= V_Ayi,—lkT—lkT—lAyi,—l )

*

27 .
fRE,i,wwé)‘(g*) = V_Ayi,—lkr—l (Ayil +kr(Ay, - Ayi,—l)) )

*

4

gRE,i,www(e*) = _T3 + 3T

*

(Ay, + k],"—l(Ayi - Ayi,—l))z ;

1 1
gRE,i,é&v (6.)= _7 gRE,i,éé 6.); ¢ RE,i,S0v (6.)= _V_KRE,i,é'a) 0.);
1 T’ 2
fRE,i,wwv (‘9*) = _V_ l RE.i,on (0*) + 2_ 5 fRE,i,&w (9*) =- V_ fRE,i,év (0*) >

2 3 T
ERE,i,vva)(H*) = __ERE,i,va)(e*) 5 ERE,i,vvv(H*) = __ERE,i,vv(e*) + 3
V. V. 2v

*

Using these results, we can show:
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I +37°+T 3717

~ 2
fRE,i,ﬁéé(e*) = ) y

!’ !
Ayi,—lmT—lmT—lAyi,—l

6T

, 377 ~
(mTflAyi,fl)AyiT - V_(Ayir)z - 3£RE,i,66(0*)9

*

which is neither zero, nor a linear combination of s,. For example, when 7'= 2:

~ 3 2 12 12 ~
ERE,I‘,(S&)‘(Q*) =15 _V_(Ayil) _V_AyilAyiz _V_(Ayz'z)z - 3£RE,I‘,(>‘5(‘9*);
~ 1 2 2 2
KRE,:‘,()})‘(Q*) = (__(Ayil) -—Ay, Ay, __(Ayiz)Z} +3;
Vi Vi Vi
y 1 1 2 2
Cus, (0) = Ly (0) = =+ —=((40))" + (A)°)

~ 1
ﬁRE,i,a), 0.)= ERE,i,w @)=-1+ ? (Ayn +Ay, )2 5

Capiy, (0= Ly, (0) = Vi*yio (Ay, +4y,).
All of these derivatives are linearly independent.
We now consider the asymptotic distribution of the ML estimator of 8 . Let
L,(6) :ZZ]ZRE’I.(Q), where 6, =(J,¢!). For convenience, redefine ¢, as ¢ =(w,,y,v,)’
instead of (v,,®,,y)" . Correspondingly, we also reorder s,, and Z, . Partition Z, into

Z,=(Z,,Z,,) , where Z, is a 2x1 vector and Z,, is a scalar. We also partition Y and Y™',

accordingly:
’ Yll Yzl,ll Yzz,l, ) i YH Y21,1’ Y22,1!
Y = (in §21 } =Y, Y, Y22’21' Y= {iﬂ (YYZZ) ] =y oy (y22y
2 2 Y22,1 Y22,21 Y22,22 Y22,1 Y22,21 Y

Given the conditions (i)-(ii) are satisfied, Theorem 3 of RCBR implies that in the bounded

neighborhood of &, , the log-likelihood function can be approximated by:
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LN<0,.)=LN(0*)+W[(5_DfJ Y(?j—%zv(w_”jj Y((a_l)f]w,,(l)

P -9 L ¢ -9 (A.9)

=LN(9*)+JN((5_”,TJ (Y1>1(le—lzv((5_”j] (ry” ((5_1)jj+o,,(1)

P, =9 Z,) 2 \¢g.-9 P, =9
Suppose that Z, > 0. Then, it is straightforward to show that the ML estimator of . equals
JN(S 1) (zl J
.| = +o0, (1).
L\/N @, -¢)) L) 7
That is,
N2 éﬁ -1 _1\B
( *) — (( 1) \/Z} +0p (1) (Al())
IN (@, ~¢) Z,
This is so because the solution for v N2 (5 — 1) has two solutions and both solutions have equal

chances. = Now, suppose Z, <0 . Then, we do not have an interior solution for

JN (5 —1)>>0. The corner solution for JN (5 —1)* equals zero. For this case, we have:

N1 | 0 +o (1) (A.11)
N, —g)) B0tz )0 |

Thus, we obtain (17).
We now derive the asymptotic distributions of LR test statistics. Substituting (A.10) and
(A.11) into (A.9), we have:

2[Ly(0) =Ly, (8)]=1(Z, >0)x Z'(Y™ ) ' Z+1(Z, <0)x Z,) Y, Z5, (A.12)
where 1(e) is the index function, Y,, =[Y* - Y*'(Y'")"'Y?]" and Z, = Z, - Y*' (X'") ' Z,.
A tedious algebra shows:

ZONY'z=2'(X"Y"'z2, +Z]Y,,Z, (A.13)

Hkf

= ZI,((I)II )_l Zl + ZZI (CDZI,ZI )_1 Z;‘ + Z;Z '((I)22,22 )_1 Z;; 4

*

Where, (D” — Yll , q)zl’zl — Y21,21 _ YZI,I(Yll)fl YZl,l’ Z ’1*‘ — 221 _ YZl,l (Yll)fl Z1 ,

s 4y
1 TAN Y2
2.2 21 na\| ¥ ™ ’
®,,,, =12 -(y?> 1> ;
22,22 21,1 21,21 2221/ ’
Y Y Y
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21,1 2121
Y Y

-1
" 11 21,17 7
222 _ 222 _ (Yzz,l Y22,21)[ Y T J (Zl ]
21

Notice that Z,, Z,; and Z,, are uncorrelated, and
Z,~N(0,D,); Z: ~ N(0, Y21,21) > Z; ~ N(0, Yzz,zz)- (A.14)

Using (A.13), we can rewrite (A.12) as:

sk f ok f

2Ly(0,) = Ly (0] = U(Z, > 0)x(Z) (D) Z, + Z3 (©y,) 2 + 23 (9 100) ' Z3)

((DZI,ZI)_IZ;‘ + Z22 (CDZZ,ZZ)_IZ;;)'

(A.15)

sl

+1(Z, < 0)x(Z,,
Let 0: =(1,1,0,v)" be the restricted ML estimator of #. which maximizes (A.9) with the
restrictions, 0 =land w =y =0. It can be shown that:
IN@-v.)=2Z5 +0 (1).

Substituting this solution into (A.9), we can have

! ’

0 Z, 0 0
2L, (0)-Ly(0)]1=2dN| 0,, | Y|Z, |-N| 0,, |Y| 0,, [|+o,(1) AL6)
V-, Z, v—y* v-y* '

wxf

=7, (q)zz,zz )_l Z; +o, )
Using (A.14)-(A.16), we can show that when 6, = 0., the LR test statistic for testing the joint

hypotheses of 6, =1, @,, =0, and i, = 0 follows a mixed Chi-square distribution:

0

wkf

2[L,(0.) - Ly (O)]1=1Z, > 0)x(Z (@) Z, + Z3) (D,,,)) " Z3})
+1(Z, < 0) x (z;";’(cDZL21 Y'Z)+ 0,(1)
>, Bx 2*(3)+(1-B)x 2*(2).

Finally, consider the LR statistic for testing the hypothesis thato, =1. Let 0, = (1,(?)r,)’

be restricted ML estimator that maximize (A.9) with the restriction 5, =1. We can show that

JN(p, —p) =27, +0,(1).

Substituting this solution into (A.9) yields:
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ALy (8) - L, (6] zm( 0 jly[zlj N( 0 jy[ 0 } M
r) Lyl = ~ - ~ ~ +o0
" 0, -9.) \Z o -0.) o -0 "7 (A17)

sk kit

= Z;’Yzzzz +o, 0= Z, ((1)21,21)_12;1k +Zy, ((Dzz,zz)_l Z; to, 1).
Then, using (A.14), (A.15) and (A.17), we have:
2[Ly(8)~ L, (0)]1=1(Z, > 0)x Z/(® )" Z, +0,(1) >, Bx*(1).

This completes our proof.

Proof of Proposition 7: It is easy to see that (£, ;(¢”) —a.lpy, 5 (87)), Ly, (47), and
Crpio(@’) are the same as (. (6.) , (., (6.), and £, (6.) with the Ay, replaced by

Ay, —a. Thus, we can obtain the result by the same method used for Propositions 5.

Proof of Proposition 8: Define

1 0 0 0 0 R
-1 1 0 0 0 Lo
L1 =2 0 0 I
P = ;JTz[ ? j; G.=|1 2 |,
0 1 -2 1 0 072702 -
- 1 T-1
0 0 0 0 .. 1

T<T
We can easily show that G = (L)' J, and Q¥° (W) = LI”' L + J,WJ.. Let

(T -1)

T
& & |_ v 2
= TGT = .
8o 8» T(T-1) T(T-1)Q2T-1)
2 6

Then, we have:
@yt =l |
= (L) LY WL LY T+ LY T LY
= (L) (LY~ (LY GGGV + LT G (1)

Thus, the log-likelihood function can be written:
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JHD —%11’1(27[) - gln(v) - %ln[det(L?D’LITJD +J,WI)]

RE =
| Ay, —a, =¥,y Ay, —a, =y, Y,
_; Ay, —a, =¥,y — Ay, 0 (LI;(D!LITJD + JTWJ})_l Ay, —a, =Y,y — Ay, 0
Ay, =Ny, |6 Ny, =Ny, 6

Define d, = Ay

¢HD — ¢*HD:

W~ @ — WV - By a tedious but straightforward algebra, we can show at

a)ll

e lZIT:ZQZIAy d. _—
v(g, o, +1)

REi,6 — isYirl T
| %4

LT -0Ay, )T d,;

it?

w,  T(T-1)

1
o ==3 (t-1)d, - 2 d,s
RE i,a, v 1—2( ) it V(glla)ll +1) 2 =171t
1 w, (T-1)
o =—3l (t-Dd,y, - L 2 d Vi
RE iy, v t72( ) ttle V(g_lla)11 +1) 2 t=1 l[ylo

where v =v, and @, = @,,.. Thus, we have:

@

glzg?,i,s —da KHD - l//lgHD - 1 th=_11zi=1d d, —1(ZtT=_11(T - t)dit)(zz;ldit) .

1Y RE i a, RE iy, ; isPirl T V(glla)ll +1)
We also can show:
T 1 o,
e - gt — (3T d);
REi,v 2V 21/2 t=1""it 2V2(g116011 + 1)( t=1 lt)

1 g 2,0 1
HD 11 _ 1% ¥ d )+ > d )
RELon 2g,0,+1 2v(g,o, +1)2 ( o ]t) 2v(g, +1)( ! lt)

1
e s e D e U A O A B

RE i,0,

(gno, +1) v(g,o, + 1)2 v(g,@, +1)

But,
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HD HD HD
Crpis ¥ VUpiy = (8@ + I)ERE’I-,Q,“

1| Zhdy +22 2 0d,d _wn(Zf_;l(T—r)di,)(z,T_ldi,)+<gu—1>w11(2f_1dﬁ)2

is it

v ~(2d,) V(g @y, +1) 2v(g, @, +1)
_ 2
_ % (Ztrzll (T - t)dit)(ztrzldit) N (g —Day, (ZtT:ldit)
V(g @y, +1) 2v(g, @, +1)
2
Y ((T - l)th:Idit - Z:zT:1 (t- l)dit)(th:ldit) N (g —Day, (ZtT:Idit)
V(g @y, +1) 2v(g, @, +1)
2 2
_ (T - Day, (Zthldit) N @y, (ZzT:1 (1— l)dit)(th:Idit) N (g, —Day, (ZtT:ldit)
v(g, @, +1) v(guay, +1) 2v(g, @, +1)

- 2v(Tw, ill) (Z;dﬁ) * V(Tw1111+1) (Zil(t l)dit)(z;d,—;)a

where the last equality results from gi1 = 7. Now observe that:

T-1) 2 1
T -1 i __T=h d) —— (2 d )=t -1Dd,).
( ) RE i, RE i,m;, 2‘/(]-.a)11 + 1) ( t=1 lt) V(Ta)ll + 1) ( t=1 lt)( t—l( ) z[)

Thus, we have:

HD HD HD HD HD
Crpis TV e, —(Toy, + I)EREJ’Q)ll +o,[(T - IMRE,I',% - KREJ,,WIZ ]
__ JHD HD HD HD _

= U s VU, — (@, + DO~ =0,

An alternative representation of the log likelihood function (27) is given:

RE.i

pHD % In(27) - %ln[det(Bf_g )] - gln(v) - %ln[det(E)]

1 , _
_2_V(A2yi - Azyi,—lé‘) (B;[—Dz) I(Azyi - Azyi,—la)

Ay, —a, — ‘ ,
+L ( yll 1 l//lylo j+KZI:ID2 (AZy[ _ A2yi’715)
2v Ay, —a, =¥,y — AV,

Ay, —a, — , ,
=1 ( Vi — 4 — Vi J"’Kﬁg (A2, — A2y 5) |,
Ay, —a, =¥,y — AV, ’

!

where,
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-1 3
4 6 -4 1 0
c’ =10 0 »BL= K =BG
(T-2)x2 0 0 0 . 6 (T-2)x(1-2)

[1]

E(ﬁn,r flz,rJ:(a)u"'l wlz_lj_(CYIjDz)r(lesz)—l(Cylsz).

Sor Sur o, -1 o,+2
Our unreported simulations show that it is much easer to minimize the above log likelihood

function with respect to (6,v,&; 1,815,867 20,¥1>¥2,4,,a,)  than to minimize the equivalent log

likelihood function (27) with respect to ¢ = (5, v, @,,, @, @5, ¥,, V5, a,,a,)" .
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RE and HPT ML Estimation without Time Trends:

Table 1

Biases in the Estimators and Size and Power Properties of the 7T-Tests

Rejections of Ho: 0= &

Rejections of Ho: 6= 1

Mean Bias MSE 1% 5% 10% 1% 5% 10%
RE N=500
80=0.5 0.500 0.000 0.001 1.06 5.01 9.58 100.0 100.0 100.0
80=0.8 0.809 0.009 0.005 6.33 11.45 15.88 66.15 79.34 85.03
80=0.9 0.901 0.001 0.006 9.60 17.24 23.26 20.53  29.68 35.90
So=1 0.998 -0.002 0.005 9.49 16.38 21.22 949 16.38 21.22
N=100
80=0.5 0.503 0.003 0.006 1.31 4.34 8.49 99.30  99.58 99.62
80=0.8 0.810 0.010 0.015 9.03 15.51 20.81 26.89  38.89 46.18
80=0.9 0.891 -0.009 0.015 9.63 16.67 22.24 13.27 21.64 26.79
8o = 0.996 -0.004 0.011 9.20 15.96 21.41 9.20 15.96 21.41
HPT N =500
80=0.5 0.501 0.001 0.001 1.04 4.85 9.47 100.0  100.0 100.0
80=0.8 0.8183 0.018 0.007 9.04 14.67 18.78 5498 64.99 69.25
80=10.9 0.897 -0.003 0.006 7.26 14.66 20.43 20.78  29.57 34.68
So=1 0.998 -0.002 0.004 8.80 15.05 19.76 8.80 15.05 19.76
N=100
80=0.5 0.510 0.010 0.011 2.81 5.42 8.92 97.57 9798 98.23
80=0.8 0.811 0.011 0.016 6.87 13.57 18.39 2633 37.23 43.11
80 =09 0.882 -0.018 0.013 6.89 13.36 18.27 13.38  20.96 26.06
So=1 0.997 -0.003 0.010 8.02 14.33 19.08 8.02 1433 19.08

Notes: Table 1 reports the means, biases and mean square errors of the RE and HPT estimators from 10,000 simulations with the number of cross-
section observations equal to N and the true value of d equal to J, along with the rejection rates of the #-test with significance levels of 1%, 5%

and 10%. The variables, #;, g, and ¢;, are generated from the normal distributions with zero means and the variances, variances, 0'”2 =2,

UZO =0, and v=1, respectively. The number of time series observation is fixed at 7= 5. The data are generated without trends and with

zero means. The ML estimators are estimated without trends and intercept terms.



Figure 1
The Sample Error Distributions of the RE ML Estimator without Trend When N = 500:
The true values of d, vary from 0.5 to 1.
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Notes: Figure 1 shows the finite-sample distribution of the sampling errors of the RE estimator for values of 50 varying from 0.5 to 1. The variables, #;, g, and &;, are generated from the normal

distributions with zero means and the variances, variances, qu =2, U:O =0,and v =1, respectively. N =500and 7=5 are used. The data are generated without trends and with zero means. The

ML estimators are estimated without trends and intercept terms



Figure 2
The Sampling Error Distribution of the RE estimator without Trend When N = 100:
The true values of d, vary from 0.5 to 1.
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Notes: Figure 2 shows the finite-sample distribution of the sampling errors of the RE estimator for values of J, varying from 0.5 to 1. The variables, #; g0, and &;, are generated from the normal
distributions with zero means and the variances, qu =2, 650 =0, and v=1, respectively. N = 100 and 7= 5 are used. The data are generated without trends and with zero means. The ML

estimators are estimated without trends and intercept terms.



Figure 3
The Sampling Error Distributions of the RE and HPT estimators when N = 100
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Notes: Figure 3 shows the finite-sample distributions of the sampling errors of the RE and HPT estimator for various values of §,. The variables, #;, i, and &, are generated from the normal distributions
with zero means and the variances, variances, G,f =2, 0';0 =0,and v=1,respectively. N=100and 7=5 are used. The data are generated without trends and with zero means. The ML estimators

are estimated without trends and intercept terms.



Table 2
LR Tests Based on RE and HML ML Estimation with Trends:
Testing All of the Parametric Restrictions Implied by the Hypothesis of Unit Root

5(7: 1 5a=095 602 0.9

N Test 1% 5% 10% 1% 5% 10% 1% 5% 10%

63 = 2,0':0 =2,v=1

N=500 LR-RE 1.06 5.40 10.48 84.54 94.75 97.41 100.0 100.0 100.0
LR-HPT 0.95 5.03 10.07 61.75 82.57 89.79 99.55 99.94 99.98
T-HT (1.13) (5.38)  (10.33)  (57.13) (80.34) (88.88) (97.61) (99.64) (99.93)

N=100 LR-RE 1.24 6.09 11.44 12.69 32.25 44.59 60.92 82.42 94.48
LR-HPT 1.02 5.21 10.53 8.80 24.05 35.31 34.03 59.25 71.49
T-HT (1.31) (5.46) (10.77)  (12.20) (30.53) (44.38) (35.17) (61.89) (75.09)

o, =20, =4v=1

N=500 LR-RE 1.11 5.34 10.67 97.62 99.66 99.85 100.0 100.0 100.0
LR-HPT 0.95 5.03 10.07 48.86 73.04 82.25 91.50 97.86 99.08
T-HT (1.13) (5.38)  (10.33)  (46.60) (72.67) (83.09) (86.54) (96.24) (98.58)

N=100 LR-RE 1.36 6.05 11.35 23.21 47.22 59.76 85.05 95.65 98.11
LR-HPT 1.02 5.21 10.53 6.96 20.23 30.58 18.15 39.73 52.78
T-HT (1.31) (5.46) (10.77)  (10.03) (26.44) (39.67) (22.41) (46.39) (60.75)

o, =20,,=1Lv=1

N=500 LR-RE 1.12 5.49 10.55 72.17 88.77 93.57 99.98 100.0 100.0
LR-HPT 0.95 5.03 10.07 68.24 86.54 92.45 99.94 100.0 100.0
T-HT (1.13) (5.38)  (10.33)  (62.29) (84.09) 91.12) (99.40) (99.95) (99.98)

N=100 LR-RE 1.20 5.87 11.47 9.52 26.53 38.23 48.78 73.23 82.84
LR-HPT 1.02 5.21 10.53 9.88 26.36 37.72 44.76 69.23 80.26
T-HT (1.31) (5.46) (10.77)  (13.31) (32.67) (46.59) (43.12) (69.65) (81.20)

0, =20, =2,v=2

N=500 LR-RE 1.06 5.40 10.48 76.89 91.07 95.22 100.0 100.0 100.0
LR-HPT 0.95 5.03 10.07 68.24 86.54 92.45 99.94 100.0 100.0
T-HT (1.13) (5.38) (10.33) (62.29) (84.09) 91.12) (99.40) (99.95) (99.98)

N=100 LR-RE 1.24 6.09 11.44 10.35 28.58 40.43 54.35 77.59 86.28
LR-HPT 1.02 5.21 10.53 9.88 26.36 37.72 44.76 69.23 80.26
T-HT (1.31) (546) (10.77) (13.31) (32.67) (46.59) (43.12) (69.65) (81.20)

O'j = 2,0':0 =2,v=4

N=500 LR-RE 1.06 5.40 10.48 72.35 88.65 93.72 99.99 100.0 100.0
LR-HPT 0.95 5.03 10.07 71.65 88.25 93.75 99.97 100.0 100.0
T-HT (1.13) (5.38) (10.33)  (64.67) (85.47) (92.25) (99.72) (99.97) (99.99)

N=100 LR-RE 1.24 6.09 11.44 9.45 26.39 38.22 51.09 74.69 84.29
LR-HPT 1.02 5.21 10.53 10.68 27.53 39.20 50.58 74.31 84.17
T-HT (1.31) (5.46) (10.77)  (13.88) (33.66) (47.73) (47.38) (73.50) (84.04)

Notes: Table 2 reports the empirical sizes and power (%) of the LR tests for all of the parametric restrictions implied by the hypothesis of unit
root. LR-RE denotes the LR test based on the RE ML estimator with the p-values from a mixture of % (3) and %2 (2) over 10,000 simulations,
while LR-HPT represents the LR test based on and a mixture of %*(1) and %*(0). For comparison, the size and power of a one-tailed and bias-
corrected t-test (BT-HT) of Harris and Tzavalis (1999) are reported in parentheses. The z-statistic, which is obtained by correcting the bias in
the usual within estimator, is asymptotically standard normal under the null hypothesis of unit root without drifts, The variables, #;, ¢:0, and &;,

s . . ) 2
are generated from the normal distributions with zero means and, the variances, o Cus

s and v, respectively. The data are generated

without trends and with zero means. The ML estimators are estimated without trends and intercept terms.



Table 3
LR Tests Based on RE and HPT ML Estimation without Trend:
Testing the Single Parametric Restriction &, =1 Implied by the Hypothesis of Unit Root

50: 1 50: 0.95 é‘a: 0.9
N Test 1% 5% 10% 1% 5% 10% 1% 5% 10%
o, =20,,=2v=1
N=500 LR-RE 1.04 5.75 11.56 1.09 7.42 16.61 4.80 23.32 40.98
LR-HPT 0.95 5.04 10.26 0.88 5.34 11.85 1.28 9.61 23.12
N=100 LR-RE 1.46 6.15 12.76 1.36 6.76 14.68 1.68 10.09 21.62
LR-HPT 1.13 5.21 10.60 1.17 5.37 11.91 1.03 6.24 15.06
o, =20, =4v=1
N=500 LR-RE 1.04 5.74 11.57 1.50 9.84 20.65 10.69 33.53 50.76
LR _HPT 0.95 5.04 10.26 0.87 543 11.38 1.47 7.79 17.31
N=100 LR-RE 1.45 6.01 12.61 1.56 7.66 16.61 2.55 13.60 26.92
LR-HPT 1.13 5.21 10.60 1.12 5.42 11.83 1.12 6.41 13.89
o,=20,,=Lv=
N=500 LR-RE 1.05 5.66 11.58 1.02 6.28 14.41 2.67 17.96 36.45
LR _HPT 0.95 5.04 10.26 0.90 5.40 12.10 1.40 12.39 29.07
N=100 LR-RE 1.41 6.08 12.75 1.30 6.31 13.88 1.29 8.65 19.63
LR-HPT 1.13 5.21 10.60 1.14 5.40 12.09 1.09 6.67 16.10
0': = 2,0'5(, =2,v=2
N=500 LR-RE 1.04 5.74 11.55 1.02 6.72 15.05 3.35 20.47 39.11
LR-HPT 0.95 5.04 10.25 0.90 5.40 12.08 1.40 12.39 29.07
N=100 LR-RE 1.46 6.15 12.76 1.34 6.41 14.17 1.48 9.15 20.41
LR-HPT 1.13 5.21 10.60 1.14 5.40 12.09 1.09 6.67 16.10
0'; = 2,0';0 =2,v=4
N=500 LR-RE 1.04 5.74 11.55 1.00 6.28 14.34 2.73 18.98 37.98
LR-HPT 0.95 5.04 10.25 0.86 5.37 12.30 1.67 14.55 32.13
N=100 LR-RE 1.46 6.15 12.76 1.35 6.30 13.89 1.33 8.87 19.89
LR-HPT 1.13 5.21 10.60 1.17 5.46 12.12 1.13 7.06 16.16

Notes: Table 3 reports the size and power (%) of the LR tests based on the RE and HPT ML estimation with their p-values from a mixture of ¥*(1)

and %*(0) over 10,000 simulations. The variables, #, gi, and &, are generated from the normal distributions with zero means and the variances,
o-,f s o-(fn ,and v, respectively. The data are generated without trends and with zero means. The ML estimators are estimated without trends

and intercept terms.



Table 4
LR Test Based on the RE ML Estimation with Homogenous Trends:
Testing the Composite Hypothesis of Unit Root, Ho: 8, =1,and @, =y, =8,=0

5021 5():095 50:0.9
1% 5% 10% 1% 5% 10% 1% 5% 10%

O'j = 2,0';0 =2,v=1

N=500 T=5 1.23 4.77 9.57 79.89 92.57 96.04 100.0 100.0 100.0
T=10 1.13 4.78 9.31 100.0 100.0 100.0 100.0 100.0 100.0
T=25 0.86 4.57 9.18 100.0 100.0 100.0 100.0 100.0 100.0

N=100 T=5 1.15 5.62 11.78 11.48 29.20 41.79 56.80 79.64 87.78
T=10 1.32 6.12 11.78 53.40 77.35 86.56 99.50 99.94 99.97
7=25 1.32 6.55 12.62 99.97 100.0 100.0 100.0 100.0 100.0

O'j 2,6:0 =4v=1

N=500 T=5 1.05 5.49 10.19 96.49 99.16 99.73 100.0 100.0 100.0
T=10 0.93 4.94 9.67 100.0 100.0 100.0 100.0 100.0 100.0
T=25 1.03 4.73 9.43 100.0 100.0 100.0 100.0 100.0 100.0

N=100 =5 1.39 6.47 11.60 21.20 43.83 56.88 81.26 93.65 97.07
T=10 1.28 5.83 11.4 67.85 87.78 93.22 99.97 99.99 100.0
T=25 1.20 5.95 11.25 100.0 100.0 100.0 100.0 100.0 100.0

o, =20,,=Lv=1

N=500 T=5 1.14 5.14 9.54 66.17 85.09 91.33 99.96 100.0 100.0
T=10 0.94 4.49 8.54 99.90 100.0 100.0 100.0 100.0 100.0
T=25 1.07 4.80 9.42 100.0 100.0 100.0 100.0 100.0 100.0

N=100 =5 1.37 6.14 12.41 9.51 25.44 37.51 44.69 69.12 79.78
T=10 1.37 6.33 12.18 47.87 73.35 83.53 99.19 99.85 99.97
T=25 1.24 6.43 12.1 99.99 100.0 100.0 100.0 100.0 100.0

O'j = 2,0‘50 =2,v=2

N=500 T=5 1.19 5.39 10.25 70.82 88.08 93.65 100.0 100.0 100.0
T=10 1.08 5.06 10.01 100.0 100.0 100.0 100.0 100.0 100.0
T=25 0.93 4.69 9.55 100.0 100.0 100.0 100.0 100.0 100.0

N=100 T=5 1.34 5.99 11.66 10.14 25.98 37.52 49.39 74.41 84.23
T=10 1.32 6.05 11.83 51.24 76.04 85.17 99.49 99.93 99.98
T=25 1.25 6.08 11.90 100.0 100.0 100.0 100.0 100.0 100.0

O'j = 2,0':0 =2,v=4

N=500 T=5 1.02 5.07 10.01 66.18 84.89 91.43 100.0 100.0 100.0
T=10 1.19 5.77 11.16 99.96 99.99 99.99 100.0 100.0 100.0
T=25 0.94 5.02 9.97 100.0 100.0 100.0 100.0 100.0 100.0

N=100 =5 1.09 5.70 11.04 9.23 24.14 36.07 47.17 71.92 82.57
T=10 1.15 5.65 11.16 48.48 73.80 83.84 99.62 99.96 100.0
T=25 1.25 5.68 11.16 100.0 100.0 100.0 100.0 100.0 100.0

Notes: Table 4 reports the size and power of the LR test based on the RE ML estimation with homogeneous trends with the p-values from a
mixture of % (4) and ¥ (3) over 10,000 simulations. The variables, #;, gio, and &;, are generated from the normal distributions with zero means

. 2 2
and the variances, o O

n°

and v, respectively. The trend parameter g is fixed at 0.5. The ML estimators are computed allowing a

common time trend and a nonzero intercept.



Table 5
LR Test Based on RE ML with Heterogeneous Trends:
Testing the Composite Hypothesis of Unit Root, Ho: 6, -1=w,, =®,,, =vy,, =a,, =0

,0

So=1 30=10.95 30=0.9
Test 1% 5% 10% 1% 5% 10% 1% 5% 10%
U; =0
N=500
T=5  LR-HT 1.14 5.63 10.76 1.28 6.28 12.01 2.35 9.98 17.28
T-HT (1.06) (.13)  (10.74)  (1.35) (5.95)  (1L17)  (1.82) (8.34)  (15.52)
T=10 LR-HT 143 5.79 10.99 2.48 9.64 17.41 28.40 5292 6595
T-HT (1.11) (5.19)  (10.06)  (2.05) (874) (1579  (937)  (27.12)  (40.26)
T=25  LR-HT 1.10 5.46 10.72 64.84 84.46 90.91 100.0 100.0 100.0
T-HT (1.08) (5.26)  (1022)  (22.23)  (47.13)  (60.61)  (99.50)  (99.90)  (99.96)
N=100
T=5  LR-HT 141 6.38 11.74 1.30 6.26 1222 1.63 7.8 14.13
T-HT (1.01) (5300 (10.30)  (1.05) (526)  (10.65)  (1.47) (6.44)  (12.45)
T=10  LR-HT 1.42 6.54 12.59 1.73 7.38 13.39 4.00 1413 2349
T-HT (1.16) (533 (1L10)  (1.85) (7.58)  (13.95)  (3.64)  (1204) (21.16)
T=25 LR-HT 1.45 6.52 12.60 8.79 2421 36.33 82.85 94.68  97.41
T-HT (1.40) (5.69)  (10.90)  (6.04)  (17.76)  (2918)  (44.13)  (70.93)  (81.64)
0,=05
N=500
T=5 LR-HT 1.18 5.69 11.32 1.36 6.42 11.86 2.42 8.73 15.97
T-HT (1200  (542)  (1051)  (1.13)  (566)  (11.34)  (1.82)  (8.85) (1592
T=10  LR-HT 1.36 5.81 11.15 2.08 8.02 14.87 12.92 3170 44.60
T-HT (0.92) (5.07) (9.89) (2.25) (939)  (17.02)  (949)  (2642)  (4022)
T=25 LR-HT 138 6.07 11.43 25.25 48.37 60.87 100.0 100.0 100.0
T-HT (1.25) (5.51)  (10.59)  (22.64)  (47.65)  (61.75)  (99.49)  (99.98)  (99.99)
N=100
T=5  LR-HT 1.37 6.31 12.87 1.88 7.67 14.02 1.72 7.81 14.28
T-HT (1.01) (.01 (10.17)  (1.22) (5.61) (1089 (141 (6.85)  (13.13)
T=10  LR-HT 1.46 6.78 12.85 1.63 7.42 13.91 2.70 10.89 19.42
T-HT (1.52) 6.17)  (11.47)  (1.85) (7.58)  (13.95)  (3.64)  (1204)  (21.16)
T=25  LR-HT 1.44 6.79 12.62 4.24 14.06 2322 48.93 7359  83.67
T-HT (1.40) (5.69)  (10.90)  (6.04)  (17.81)  (29.04)  (4530)  (7048)  (81.75)
o, =
N=500
T=5  LR-HT 1.30 6.17 12.02 1.34 6.46 12.04 2.04 8.29 14.76
T-HT (1.07)  (5.11) (1045  (122)  (597)  (1143)  (1.80)  (8.01)  (15.28)
T=10  LR-HT 1.42 6.15 11.94 1.89 7.71 14.76 13.08 30.41 42.68
T-HT (1.28) (5.62)  (11.02)  (2.38) (9.32)  (1648)  (10.44)  (27.58)  (40.25)
T=25  LR-HT 1.23 5.62 11.78 23.64 4743 60.02 99.99 100.0 100.0
T-HT (1.02) (538)  (10.62)  (22.05)  (46.12)  (60.40)  (99.38)  (99.94)  (99.99)
N=100
T=5  LR-HT 1.53 6.97 13.48 1.40 6.67 12.99 1.46 7.39 14.32
T-HT (1.20) (5.17)  (1033)  (0.87) (5.54)  (10.74)  (1.33) (6.54)  (12.40)
T=10  LR-HT 1.45 6.90 12.97 1.63 7.40 13.96 2.98 11.38 19.84
T-HT (1.16) (533 (1L10)  (1.85) (7.58)  (13.95)  (338)  (1251)  (21.59)
T=25 LR-HT 1.45 6.82 12.67 4.19 13.99 23.09 48.49 7312 8342

T-HT (1.40) (5.69)  (10.90)  (6.04)  (17.81)  (29.04)  (4530)  (70.48)  (81.75)

Notes: Table 5 reports the size and power of the LR test based on the RE ML estimation with the p-values from a mixture of »*(4) and #*(5) over
10,000 simulations. The estimators are computed allowing heterogeneous time trends and nonzero intercepts. For comparison, the size and
power of a one-tailed and bias-corrected #-test (BT-HT) of Harris and Tzavalis (1999) are reported in parentheses. The #-statistic, which is
obtained by correcting the bias in a within-type estimator, is asymptotically standard normal under the null hypothesis of unit root with
heterogeneous drifts, For each simulation, the variables, 7;, ¢, and ¢, are generated from the normal distributions with zero means and the

variances, 0'”2 =2, 0':0 =0,and v=1,respectively. The trend parameters g; are drawn from the normal distribution N (0.5, 0'2) .



