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Abstract

This paper develops estimation methods for network formation models using ob-
served data from a single large network. We characterize network formation as a
simultaneous-move game with incomplete information, where we allow for utility ex-
ternalities from indirect friends such as friends-of-friends and friends-in-common. As
a consequence the expected utility can be nonlinear in the link choices of an agent. In
a network with n members each individual faces a discrete choice problem with 271
overlapping alternatives, which is difficult to solve without simplification. We propose
a novel method that uses the Legendre transform to express the expected utility as a
linear function of the individual link choices. This allows us to derive a closed-form
expression for the conditional choice probability (CCP). The closed-form CCP is that
for an agent who myopically chooses to establish links or not to the other members of
the network. The dependence between the agent’s choices is captured by a ’sufficient
statistic’ for this dependence. Using this CCP we propose a two-step estimation proce-
dure that requires few assumptions on equilibrium selection, is simple to compute, and
provides asymptotically valid estimators for the parameters. The main issue is to show

that the asymptotic distribution of the estimator is not dominated by the dependence
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between the link choices of the agent. Monte Carlo results show that the estimation
procedure performs well, even in moderately large networks.
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1 Introduction

This paper contributes to the growing literature on the estimation of game-theoretic models
of network formationE] The purpose of the empirical analysis is to recover the preferences
of the members of the network, in particular the preferences that determine whether a
member of the network forms links (friendship, business relation or some other type of link)
with other members of the network. The preference for a link depends in general on the
exogenous characteristics of the two members, and on their endogenous positions in the
network, e.g., their number of links and their number of common links. It is the dependence
of the link preference of an agent on the endogenous position of a potential partner in the
network that complicates the analysis. Besides on observable variables, the link preference
of an agent also depends on unobservable features of the link. Assumptions on the nature of
these unobservables play a key role in the empirical analysis.

Link formation models are discrete choice models where the choice is between alternatives
that consist of the links to the other members. In a network with n members an agent
chooses between 2"~ ! overlapping sets of links. Because our analysis assumes that n is large
and grows without bounds, this seems an intractable discrete choice problem. In addition
the link choices of the members of the network have to be consistent. This is achieved by
assuming that the realized network is a Bayesian Nash equilibrium in which agents maximize
the expected utility of their link choices. The first simplification of the link choice model is
due to the assumption of incomplete information under which agents base their link choices
on the unobserved characteristics of the their potential links, but agents do not know the
unobserved link characteristics of the potential links of the other agents and these unobserved
link characteristics are independent across agents. The alternative assumption is that of
complete information under which agents know not just the unobserved link characteristics
of their own potential links, but also those of the links by all other agents in the network.
The complete information models are the hardest to estimate and they achieve set and not
point identification of the parameters of the utility function (Miyauchi (2013) and Sheng
(2017)).

! Jackson (2008) surveys game-theoretic models of network formation.



A further simplification is obtained if the utility function for links depends on the position
of a potential partner in a restrictive way. Leung (2015) shows that if the utility function
depends on the choice of potential partners in a separable way, e.g. through the (weighted)
number of links of the potential partner, then the link choice that maximizes the expected
utility is myopic, because it is equivalent to a sequence of myopic choices in which an agent
chooses to form a link with another member if the utility of that link is greater than the utility
of not forming that link. This equivalence to a sequence of myopic choices does not hold, if
the utility function depends on the choice of potential partners in a non-separable way. An
important example is that the utility function depends on the number of links in common
which means that the agent considers linking to two members simultaneously. Allowing for
the utility to depend on links-in-common is important if networks exhibit clustering.

The main contribution of this paper is that we show that even if the utility function de-
pends on the product of link choice indicators, the expected utility maximizing links choice
is still equivalent to a sequence of myopic link choices. Using the Legendre transform we
linearize the expected utility function. This linearization introduces an auxiliary variable
in the expected utility function that depends on the unobserved link characteristics of the
agent’s links. This auxiliary variable is itself the solution to a (non-differentiable) optimiza-
tion problem. Thanks to the linearization the parameters of the utility function can be
estimated by a two-step procedure where in the first-step reduced-form link probabilities are
estimated, and in the second step we estimate the utility function parameters.

The asymptotic analysis of the two-step estimator has some complications. We assume
that we have data on a single large network. A number of papers as Menzel (2017), Leung
(2015), and De Paula, Richards-Shubik and Tamer (2017) consider estimation using such
data. In our model the link choices are dependent for each agent but not across agents. The
dependence is due to the auxiliary variable introduced by the Legendre transform. If the
number of network members n grows the auxiliary variable converges to a constant that does
not depend on the unobserved link characteristics. It turns out that the dependence vanishes
at the rate % which means that the dependence cannot be ignored in the calculation of the
asymptotic variance of the two-step estimator that is based on n? observations on links.
However the dependence can be accounted for in an obvious way.

The plan of the paper is as follows. In Section [2] we introduce the model and the specific
utility function that we will use. We also discuss the Bayesian Nash equilibrium for the
network. In Section [3| we obtain a closed-form expression for the link-formation probability
that is computationally tractable. Section {4| discusses the two-step estimator. Section
considers a number of extensions of the model and estimator that will be addressed in future

research. Section [0] reports the results of a simulation study.



2 Model

Suppose that n individuals can play to form links. The links form a network, which we
denote by G € G. This is an n x n binary matrix. The (¢, j) element G;; = 1 if 7,j are linked
and 0 otherwise. The diagonal elements G;; are set to be 0. We consider directed links, i.e.,
Gi; and Gj; may be different. The case of undirected links is discussed later in Section [5.1}

Each individual 7 has a vector of observed characteristics X; € X and a vector of unob-
served preference shocks €; = (&1, -, Eii—1,Eiit1s- - -+ Ein) € R" ! where €i; is 1’s preference
for link ij. We assume that the characteristic profile X = (Xi,...,X,) € A" is public in-
formation of all the individuals, but the shock vector ¢; is the private information of 7. We

also assume that the private shocks are i.i.d. and are independent of the observables.

Assumption 1 (i) ¢;;,Vi # j, are i.i.d. with CDF F_ (0.) supported over R that is absolutely
continuous with respect to the Lebesgue measure. F_ (6.) is known up to parameter 0. € O, C

R%. (i) ¢ = (e1,...,e,) and X are independent.

Utility Given the network G, characteristic profile X, and private shocks ¢;, individual ¢
has the utility

Uy(G, X, ei;0,) = ; Gy <u (G4, X; ) + ﬁ k;j Gavi (G4, G, X;7) — g@-j) (2.1)
where G; = (Gij)j# denotes the ith row of G, i.e., the links formed by i. We assume that
the utility function is known up to parameter , = (3,~) in a compact set ©, C R,

In the specification in , u;(Gj, X; B) represents the incremental utility from a link
that is separable in i’s links G;. A typical example of u;(G;, X; 3) is

/ / 1
u; (G, X;8) = Po+ X; 01 +|Xi — Xj| B+ GiBs + 1 E GrBs (X, X;, Xi)  (2.2)
k#i,j

The first four terms in capture the direct utility from the link with j, which consists
of the homophily effect (52) and the reciprocal effect (83). The last term in captures
the indirect utility from j’s friends, which may vary in the characteristics of the individuals
involved. This specification is similar to that in Leung (2015).

The main difference between our setting and Leung (2015) is that in addition to the
utility that is separable in one’s own links, we also allow for the utility from indirect friends

that are nonseparable in one’s own links, represented by v; (G;, Gy, X;7v). For example, if



we want to capture the utility from friends in common, we may specify

1
v; (G, Gr, X;7) = GjGrim (Xi, X5, Xi) + p— Z GuGrye (Xs, X;, Xk) (2.3)
I .k

where the first term captures the effect of friends in common that are directly connected
and the second term captures the effect of friends in common that are indirectly connected.
Allowing for such nonseparable externalities is crucial if we want to model networks with
a feature of clustering, that is, two individuals with friends in common are more likely to
become friends (Jackson, 2008).

We normalize the sum terms in — by n — 2 or n — 3 to ensure that these terms
remain bounded when n increases to infinity, the data scenario we consider in the asymptotic

analysis.

Equilibrium Let G; (X, ¢;) denote individual ¢’s link decisions, which is a mapping from
i’s information (X, &;) to a vector of links G; € G; = {0,1}""". Write G = (G;, G_;), where
G_; = (Gj),; denotes the submatrix of G with the ith row deleted, i.e., the links formed by
individuals other than s.

Each individual 7 makes her optimal link decisions by maximizing her expected utility
E[Ui(g:;,G_i, X, ;)| X, ;] over ¢g; € G;, where the expectation is taken with respect to the
link decisions of other individuals G_;. Since G_; is a function of X and e_; = (¢;),;, and the
private shocks ¢; are assumed to be independent across i (Assumption , individual 7’s belief
about G_; depends on her information (X, ¢;) only through the public information X. Let
0i (9| X) = Pr(G; (X,e;) = g;| X) be the conditional probability that individual ¢ chooses
g; given X. The independence of the private shocks also implies that the link decisions G,
are independent across ¢ given X, so individual ¢’s belief about the link decisions of others
can be represented as o_; (g X) = [[,; 05 (9;1 X). Let o (X) = {o; (g:| X),Vg: € G;.Vi}
denote the belief profile. For a given belief profile o, the expected utility of individual ¢ is
given by

E [Ui(Gia G_i, X, 51)\ X, 51,0]

= ZGU (E[Ul (GJ,X)| X, O'] + 5 Z leE [Ui (Gj,Gk,X)|X, O'] — 5ij> (24)

k#i,j



For the specification in (2.2)) and (2.3)), we have

E[UZ (Gj,X)’X,O'] :ﬂo"—XZIﬁl -+ ’Xl —Xj|,52 +E[GJ,L’X,O'] Bg

1
* n—2 k;E (G| X, 0] B4 (X5, X, Xi)
1,]

and
E [Ui (G]” Gk>X)‘ Xv U] =B [ij’ Xa U] E [GkJ’ X7 0] ij71 (XhXj’Xk)

+o—3 > EB[Gul X, 0] B [Gul X, 0]7 (Xi, X;, X)) (2.5)

Given X and o, the probability that individual ¢ chooses g; is

Pr(G; = ¢;| X,0)

=Pr (E [Ui(9i: G—i, X, &)| X, &5, 0] > maxE[Us(gi, G—i, X, &)| X, &, 0]

3:€G;

X, 0) . (2.6)

A Bayesian Nash equilibrium o* (X) = {0} (¢;| X),Vg; € G;.Vi} is a belief profile that satis-
fies
i (9i] X) = Pr (G = gi| X, 0" (X)) (2.7)

for all link decisions g; € G; and all i = 1,... n.

In this paper, we focus on equilibria that are symmetric in individuals’ observed charac-
teristics. We say that an equilibrium o (X) is symmetric if for ¢ and j with X; = X, we
have o; (X) = 0, (X), where 0; (X) = {0; (9| X),Vg; € G;} denotes the conditional choice
probability profile of individual 7. In social networks, individuals typically have no identities
and are labelled arbitrarily. It is thus reasonable to assume that a realized equilibrium is
symmetric because otherwise the conditional choice probability profile of an individual may
depend on how we label the individuals. It can be shown that there exists a symmetric

equilibrium. We assume that the equilibrium realized in data is symmetric.
Proposition 2.1 For any X € X", there exists a symmetric equilibrium o (X).

Proof. See the appendix. =



3 Representation of the Optimal Link Decisions

The difficulty in estimating the formation model in the previous section results from the
fact that the expected utility in is nonlinear in the link decisions of an individual, so
it is not clear how to represent the optimal link decisions and quantify their correlation.
In this section, we propose a novel approach to overcome this difficulty. The main idea
is to linearize the expected utility through certain auxiliary variables so that the optimal
link decisions can be derived in closed form. In the next section, we show how to use this
closed-form representation to characterize the dependence among the links of an individual
and derive asymptotic properties for estimators as the network size n goes to infinity.

To facilitate the presentation, we assume that X; has a finite support so that the optimal

link decisions can be derived in matrix notation.

Assumption 2 (Discrete X) The support of X; has a finite number of distinct values,
X = {CL’l,...,I‘T}.

To proceed, observe that the expected utility of friends in common E [v; (G, G, X)| X, o]
in is symmetric in subscripts j and k. Moreover, in a symmetric equilibrium o (X) if two
individuals j and %k have the same characteristics (i.e., X; = X}) we have 0; (X) = o, (X).
This implies that E [v; (G}, Gk, X)| X, 0] depends on j and k only through the values of
X, and Xj. Therefore, given X_;;, = (Xl)l7éj7k, we can view E [v; (G, Gk, X)| X, 0] as a
symmetric function of X; and Xj. For any s,t =1,...,T, let V, ;4 (X, o) denote the value
of E [v; (G}, Gk, X)| X, 0] when X; =z, and X, = x4,

‘/;,St (Xa 0’) =E [Ui (Gj7 Gk? X)| XJ = s, Xk = Ty, X—jk7 o (:L‘Sa T, X—jk‘)]
Arrange all such values in a T x T matrix

Vz’,n (X,U) WJT(X,U)
Vi(X,0) = : :
W,Tl(X,U) Vz’,TT(XuU)

We take two steps to linearize the expected utility. First, since V; (X, o) is a real sym-

metric matrix, it has a real spectral decomposition
Vi(X,0) =®;(X,0) A (X,0)®; (X,0) (3.1)

where A; (X, 0) = diag (A1 (X,0),..., \ir (X, 0)) is the T' x T' diagonal matrix of the eigen-
values Ay (X,0) e Rt =1,...,T,and ®; (X,0) = (¢ps1 (X,0),...,0;7 (X,0)) isthe T x T

7



orthogonal matrix of the eigenvectors ¢y (X,0) € RT, t = 1,...,T. Using this spectral
decomposition, we can transform the double summation in the expected utility in (2.4)) to a
canonical form that involves only squares of linear functions of G;.

Second, once we obtain the canonical form of the double summation, we can represent
the squares of linear functions of G; using a special case of Legendre transform (Rockafellar,
1970), namely,

Y?= max {2Yw — w?} (3.2)

Note that the maximand on the right hand side of (3.2)) is linear in Y. Replacing each square
function by the right hand side of (3.2)) with an auxiliary variable w, we can represent the
expected utility in a form that is linear in G;. The details are given in Proposition

Proposition 3.1 Under Assumptions the expected utility in 15 equal to

E[Ui(Gi, G-, X, e:)| X, €4, 0]

= ZGU (UZ] (X, 0') - 5ij) + %;Azt (X, 0) (ﬁZG”D;Qﬁn (X, 0))

i i
= Gy (U (X,0) — i)
J#i
(n— 1) x ) 1 Do (X L, i s
+—n—2 ; it( 70){0!325{5 n—l% ij j¢it( ,U) Wy — W, ()
where 1
Usj (X, 0) = B[ui (G}, X)| X, 0] = — Djdiag (V; (X, )) D; (3.4)
n_
and

D= ({X; =a1},...,1{X; = ar})

Proof. See the appendix. m

The optimal link decisions are solved by maximizing the expected utility over GG;. Observe
that under the transformation in the expected utility becomes linear in G;. If we
can move the maximization over @ = (Qy,...,&7) € R in to the beginning of the
expected utility function and interchange this maximization with the maximization over Gj,
the optimal link decisions can be solved easily. Moving the maximization over w to the
beginning of the expected function is valid if the eigenvalues \; (X, o) are assumed to be
nonnegative (Assumption . Moreover, it is guaranteed by Lemma below that the swap
of the two maximizations does not change the optimal solution. Therefore, we can obtain

the optimal link decisions from the linearized expected utility in closed form.

8



To get around the eigenvalues and eigenvectors when representing the optimal link deci-
sions, we further transform the maximization over & to a maximization over another vector
w, defined by w = (wy, . .. ,wT)/ =V,®,0 € RT. Let Vf denote the Moore-Penrose general-
ized inverse of V;. By the spectral decomposition in and the orthogonality of ®;, we
have w = ®;A;& and W'V;"w = &'A;@. Tt can be shown that the maximization over & can be
represented equivalently as a maximization over w. Formal results about the optimal link

decisions are established in Theorem [3.3]

Assumption 3 (Positive semi-definite V;) For any X and o the eigenvalues of V; (X, o)

are nonnegative, i.e., \yy (X,0) >0 for all i and all t.
Lemma 3.2 For any function f(z,y): X x Y — R with sup, , f (v,y) < 0o, we have
max max f (z,y) = maxmax f(z,y) (3.5)
y @ oy

Therefore, if there is a unique (z*,y*) such that f (z*,y*) = max, max, f (x,y), then (z*,y*)

is also the unique solution to max, max, f(z,y).

Theorem 3.3 Under Assumptions the optimal link decisions G; (X, &;,0) = (Gij (X, &4, 0))

are given by

Gij (X,c‘:i,O') =1 {UU (X,U) + i

1
22D;wl (€i7X>U)_5ij 20}, VJ#Z (36)
n_

where w; (g;, X, o) 1s a mazximizer of the problem

(n—1)°
n—2

WV (X, 0)w (3.7)

maXHi(w,gi,X,U):Z[Uij (X,U)+ 9
w n —

n—1
2D3w - 5ij:| -
i#i +
with [x], = max {xz,0}. Moreover, the optimal Gy; (X, ;,0) is unique almost surely.

Proof. See the appendix. =

4 Estimation

In this section, we discuss how to estimate the model parameter #. We propose a two-step
estimation procedure, where in the first step we estimate link formation probabilities di-
rectly from data and in the second step we estimate the parameter 6 using the first-step

estimates. Unlike most econometric literature on games of incomplete information which

JFi



typically assumes a large number of independent games, we use links from a single network
and consider the asymptotic properties when the network size n increases to inﬁnityE] The
model in Section [2] implies that conditional on an equilibrium links are independent across
individuals due to the independence of private information, while links within an individual
are correlated, as indicated by . The main challenge in deriving the asymptotic prop-
erties of our estimator is then to deal with the correlation among the links of an individual
using the representation of the links in and show how such correlation affects the rate
of convergence and asymptotic distribution of the proposed estimator.

To facilitate the asymptotic analysis, we add subscript n to G, X, and ¢ and denote
them as G,, X,, and ¢,, where G,, = (ij)wﬁ and ¢, = (Enﬂ;j)Vi#j. We also use G,; =
(Gn,ij)j i and ¢,; = (5n7ij)j i to denote the ith row of G, and ¢,. For convenience, we write
Xn = (Xnij)ys 2 where X, ;; = (X,, X,,;) represents the characteristics of pair ¢ and j. Let
on (X,,) denote the equilibrium observed in data.

We start with the first step. Given the utility specification in and , the ex-
pected utility in depends on the equilibrium o, (X,,) only through the link formation
probabilities py, ;; (X,), Vi # j, where

DPnij (Xn) =Pr (Gn,ij = ]-| Xn> On (Xn))

is the probability that individuals 7 and j form a link. It thus suffices to consider such link
formation probabilities in the first step.

Let pn (Xn) = (Pn,ij (Xn))y;; be the link probability profile observed in data. Define the
conditional link probability as a function of the link probability profile p

Pn,ij (Xnap> =Pr (Gnyij (Xn75niap) = 1| Xnvp) (41)

where G,ij (X, €ni,p) is given by (3.6). The equilibrium condition implies that p, (X,,)
satisfies
Pnij (Xn) = Pn,ij (Xnapn (Xn)) (42)

for all i # j.
Since the observed equilibrium o, (X,,) is assumed to be symmetric, the value of p,, ;; (X,,)

depends on 7 and j only through X, ;;. For any s,t = 1,...,7T, with abuse of notation let

2If we observe more than one network, we can implement the first-step estimation network by network,
i.e., we estimate the link formation probabilities in each network separately. In the second step, we pool the
likelihoods or moments from each network to estimate the parameter 6.

10



Pnst (X)) denote the value of p, ;; (X,) when X, ;; = 24 = (x5, 24) € X2,
DPn,st (Xn) =Pr (Gn,ij == 1| Xn,ij = Tst, Xn,fija Un)

where X, _;; = (kal)V(k D£(ij)’ and let p, (X,) = (Pn,st (Xn))y,,- For simplicity, we abbre-
viate p, (X)) as pp.
The symmetry assumption reduces the dimensionality of p, from n(n —1) to T%. We

estimate each p, . by the empirical frequency that all the pairs with characteristics 5 form

n,st —
Doi i H{Xnij = Tt}

Let P, = (Pn,st)y, , denote the estimator of py,.

a link
(4.3)

With the estimates p,,, we obtain an estimator 0, of the parameter 6 in the second step

by solving the system of equations
where W, (6, p) is a sample moment function defined by

Uy (0.9) = gy 30 D Wy (00) (G = Py (00) (45)
i gt

with P, ;; (0,p) = P,.i;(Xn,p, 0) being the conditional link probability in (4.1)) and W), ;; (6, p)
a dim (f) x 1 vector representing certain weights. Depending on whether we estimate 6 by
Quasi-MLE (QMLE) or GMM, the weights could be different.

Example 1 (QMLE) We can estimate 0 by QMLE. Construct the (quasi) log likelihood

function

[’n (97p) = Z Z Gn,ij In Pn,ij (evp) + (1 - Gn,ij) In (1 - Pn,ij (eap))
i gt

Let 0,, be the mazimizer of the log likelihood with p replaced by p,
max L, (0,p,)

It satisfies the first-order condition

VoP,j(6,Dn) .
~ ; ~ Gn,i'_Pn,i' eapn =0
; ; Pn,ij (eapn) (1 - Pn,ij (Hapn)) ( ! ! ( ))

11



where Vo P, ;; (0,p) is the gradient of P, ;; (6, p) with respect to 9E| It is clear that by choosing

the weight
VoPnij (0,p)

P"ﬂ'j (97])) (1 - Pn,ij (07p))

Wiij (0,p) = (4.6)

we get the moment function in .

Example 2 (GMM) An alternative way is to estimate @ by GMM. The equilibrium condi-
tion in implies the moment restrictions

B[Ghij — Pagj (0, )| X, pa] =0
Since X,,; is discrete, these moment restrictions are equivalent to

fors,t =1,...,T. Define m, s (0,p) to be the sample analogue of the above moment restric-
tion )
M, st (eap) = m Z Z (Gn,ij - Pn,ij (9,]7)) 1 {Xn,ij = l'st}
T
and let my, (0,p) = (Mus (0,p)),,, be the T? x 1 vector of sample moments. A GMM

estimator 0,, is the optimal solution to the problem
win 1y, (6, ) W (0, )’ W (6, ) 110 (6, )

where W, (0, p) is a dim (0) x T? weighting matriz. By choosing the weighting matriz W, (0, p)
to be
Wi (0,p) = (Waij (0,p) 1{Xnij = 211}, ..o, Wai; (0,p) 1{ X0 = z77})

with W, ;; (0,p) being the weight given in , we obtain the moment function in . In
particular, if we choose the weight W, ;; (8,p) as in (@), the GMM estimator is equivalent
to the QMLE estimator.

Now we examine the asymptotic properties of the estimator 0,, defined by 1' . Through-
out the section, we treat X,, and p, as fixed and derive the asymptotic theory conditional
on X,, and p,. The main issue in the asymptotic analysis is that links made by the same

individual are correlated. The representation in (3.6)) indicates that such correlation results

$We show in Lemma [8.3| that P, ;; (6, p) is differentiable in (6, p).

12



from the presence of wy; (€45, Xy, pn). Recall that wy; (€4:, Xy, pn) is a solution to the problem

Wi <€nia Xnapn) = argmax Hm (w, Eniy men) (47)
where
IL,; (w, Eni, X p):ZU..(X p)_,_n__lQD/w_g,, —Mw’V+(X Po) w
ni s Sniy “Ansy Un n,1J ny n n—9 j n,1J . n—9 i ny n

J#1

(4.8)

It is clear that wy; (€4, Xi, pn) depends on the entire £,;, so is a random vector. Hence
two links G,,;; and G, ;; are correlated either through the randomness in wy; (€ni, Xn, Pn)
or through the correlation between wy; (€ni, Xpn,pn) and €, or €,x. Nevertheless, by law
of large numbers we expect that I1,,; (w, €., Xy, pn) converges to its conditional expectation
E [11,; (w, €nis X, Pn)| X, Pn] (under the normalization of n— 1), s0 wy; (€ni, Xn, Pr) tends to

converge to the maximizer of the conditional expectation
W;'k (men) = arg max [ [Hm (w7 Eni, Xn7pn)| men] (49)

Since w (X, p,) is a deterministic vector, we expect that the correlation between two links of
an individual vanishes as n approaches infinity and in the limit the links become independent.
Proposition provides a formal proof that the link correlation indeed vanishes to 0 as n
increases at the rate of n=!. Obtaining the rate of link correlation is crucial in deriving the
asymptotic distribution of the estimator. We show later that link correlation vanishing at
such a rate will not slow down the rate of convergence of the estimator, but will increase the

asymptotic variance.

Proposition 4.1 (Rate of link correlation) Suppose that Assumptions[{3 are satisfied.

Given X,, and p,, for any distinct i, j and k, we have

1
B ((Goss — Poss (90, pn)) (Grost — Pt (60, )| Xospn) = O (—) |

n

Proof. See the appendix. =
To establish the consistency and asymptotic distribution of the estimator én, define

U, (0,p) to be the conditional expectation of U, (0,p) given X,, and p,

V,(0,p) =E [{[]n (971))‘ Xnapn}
1

T (-1 >N Wi (0.p) (B[Grisl X pal — Prij (0,p)) (4.10)
i j#i
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Let 0y denote the true value of 6. It is clear that U,, (6o, p,,) = 0 because E [G,, ;| Xy, pn] =
P, i (6o, pyn). Theorem establishes that (én, Pn) 18 consistent.

Theorem 4.2 (Consistency) Suppose that Assumptions -@ are satisfied. Given X, and
DPn;s
(enaﬁn) - (607])71) ﬂ’ 0

as n — Q.

Proof. See the appendix. =
Next we derive the asymptotic distribution of 0,. To account for the impact of the

first-stage estimate p,, recall that p, — p, can be represented as
Pn = o ZZQ”U nij — Pnij (0o, n)) (4.11)
i g

where Qn;; = ( fltvij)Vs,t is a T? x 1 vector with the components

“ L{ X0 = Tt}
Y (n(n— 1)>_1 > ijéi H{Xpij = st}

Define an augmented sample moment at (6, p,,)

\Ijn (Qo,pn) - A (QOJPTL) + V \I[ (907])71) (ﬁ _pn)

= n — 1 Z Z Wn K% 907Pn Gn,ij - Pn,ij (90,pn)) (412)
i j#

where V,U,, (6p, pn) is the gradient of ¥,, (6, p) with respect to p at (6o, p,), and Wn,ij (6o, pn)

represents the augmented weight

Wn,ij (60, pn) = Wi (0, n) + V¥, (60, Pr) Qnij (4.13)

Define Q,, (X,,, pn) to be the conditional variance of \/n (n — 1)U, (6y, p,)

(X, pn) = Var (\/n (n—1)%, (6, p»)

X, pn) (4.14)

Theorem [4.3| shows that 0, — 6, converges at the rate of n to a normal distribution.

Theorem 4.3 (Asymptotic Distribution) Suppose that Assumptions -@ are satisfied

vV Q 1/2 n;pn VG\IJ (‘907pn> (én - 00) i) N<07 I)
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as n — oo. Moreover, Q, (X, pn) = O (1), 50 6, — 0y = O, (n™1).

Proof. See the appendix. =

5 Extensions

5.1 Undirected Networks

In this section we consider the case of undirected networks. We show that the methodology
in the previous sections also works for undirected networks under mild modifications. To
proceed, let (;; denote an undirected link between ¢ and j. Clearly G;; = Gj;. It is useful
to denote by S;; a directed link from 7 to j. Under the link announcement framework, S;;
represents whether ¢ proposes to form a link with j. The link is formed if both ¢ and j
propose to form it, so G;; = 5;;5;;. We may write G (S) to indicate that G is the network
induced by proposals S.

We consider the same utility specification as in , with G;; representing an undirected
link. With abuse of notation we use G_; to denote the submatrix of G_; with the ith row and
column deleted. We maintain the same information assumption. The strategy of individual 7,
denoted by S; (X, &;) = (S5 (X, &;));; is a mapping from her information (X, &;) to a vector
of link proposals in §; = {0, 1}”_1. The optimal strategy maximizes her expected utility
E[U;(G (S;,S-),X,€)| X,ei,0] over s; € S;, where the expectation is taken with respect
to others’ proposals S_; = (5;), ;- The choice probability o; (s;| X) and belief profile o (X)
are defined similarly as before, with links G; replaced by proposals .S;.

Given belief profile o, individual ¢’s expected utility is now given by

E[Ui(G(Si,S-i), X, &) X, &, 0]

1
(n—2)

= ZSU (E[nguz (GJ>X)| X, 0] +

j#i ki,

For the specifications in (2.2)) and (2.3)) we have

E[S;iui (G5, X)| X, 0] = E[S;] X, 0] (B0 + X[b1 + | Xi — X;|' 52)

1
Ea— ];E[SﬁSmX, ol E[Ski| X, 0] B3 (X;, Xj, Xi)

15
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and

E [S;iSkivi (G, Gi, X)| X, 0] = E[S;:Sk] X, 0] E [SkiSkj| X, o] v (X;, X, Xi)

1
T n—3 Z E[Si| X, 0] E[Su| X, o] E [S;;S] X, o] 72 (X3, Xj, Xi)

14,k

Let Pr(S; = s;] X, o) be the probability that i proposes s; given X and 0. A Bayesian Nash
equilibrium o* (X)) is a fixed point that solves o} (s;| X) = Pr(S; = s;| X, 0" (X)).

Remark 1 A potential concern with Nash is that in undirected networks players may co-
ordinate. This is reasonable under complete information, where pairwise stability (Jackson
and Wolinsky (1996)) and Nash equilibrium are nonnested and neither of them implies the
other. Howewver, under incomplete information players won’t be able to coordinate even in
undirected networks; because i does not observe €j;, he cannot predict what j proposes and
coordinate on that (unless in a trivial equilibrium where o (X) = 0). In fact, if we define a

Bayesian version of the pairwise stability, that is, a network G is Bayesian pairwise stable if
Gij =1 {A”E [UZ(G (Sz, S—z) ,X, 81)| X, Ei, O'] Z 0& AﬂE [U]<G (Sj, S_j) ,X, €j)| X, Ej, 0'] 2 0}

for any i # j, where AyE [Ui(G (S;,5-;),X,e;)| X, &, 0] is the expected marginal utility if i
proposes the link with j, i.e.,

E [Ul(G (SZ . Sij = 1,S,i> ,X,&Ti)|X,€i,O'] —E [UZ<G (SZ . Sij = O,S,i) ,X,€¢)|X, Ei,O']

and similar for AE[U;(G(S;,5-;),X,¢;)| X,¢;,0], then any undirected network that is
Bayesian Nash must also be Bayesian pairwise stable. This is because for a Bayesian Nash
G, Gij = 1 if and only if S;; = Sj; = 1 are optimal, so the expected marginal utility from
the link must be nonnegative for both i and j. It is thus enough to consider Bayesian Nash

equilibrium.
Like in the directed case, define
Vist (X,0) =E[SiSkivi (G, G, X)| Xj = x5, Xy = 24, X_ji, 0 (25, 2, X_ji)]
and the matrix
Vi,ll (X, U) Tt Vz‘,lT (X7 0)

Vi(X,0) = : :
Vi,Tl (XJ) V;,TT (XaU)
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Following the same idea in the previous sections, we can derive the optimal proposals in

closed form.

Corollary 1 Under Assumptions@ the optimal link proposals S; (X, e;,0) = (Si; (X, &4, 0))

are given by

J#i

n —

1
Sij (X, 61-70') =1 {UU (X, 0') —+ n 22D;(,L)Z (€i,X, O') — O'jz'éfij Z O} s VJ 7é 1

where w; (g;, X, o) is a mazximizer of the problem

n—1__, (n—1)°
22D]~UJ — 04i€ij N — W(JJ ‘/7, (X, O')w

mjxxz {Uij (X,0)+ —
J#i

with .

Uij (X, O') = E[Sﬂul (G],X)‘ X, O'} — mD;dZCLg (V; (X, O')) Dj

and 0j; = E[S;;| X, 0]. Moreover, the optimal S;; (X, ¢e;,0) is unique almost surely.

In a n-player network, given X,, and o,,, the probability that individual ¢ proposes to link

to 7 and the probability that ¢ proposes to link to both j and k are given by

Pn,ij (Xna Un) = Pr (Sn,ij (Xna Enisy Un) = HXna an)

1
— PI‘ (Un,ij (Xm Un) + n—22D;wm (5m7 Xn; Un) - O'n,jign,ij 2 O|Xn; Un)

n JE—
and
Qn,z’jk (Xm Un) =Pr (Sn,ij (Xm Enis Un) - 17 Sn,ik: (Xm Eniy Un) - 1|Xn7 Un)

n—1
n—2

=Pr <Un,7jj (X’m Un) + 2D;wnz (Snia X’m Un) — On,ji€nij > 07

—1
- 22D;gwm, (gnia Xna Un) — On,ki€n,ik Z 0' Xn; Un)

Un,ik (Xna Un) +

The latter is relevant because the expected utility depends on the beliefs about two proposals
Sn,jiSn,jk-
5.2 Limiting Game Approach

In this section, we explore the asymptotic behavior of the n-player game when n approaches
infinity. Applying the representation in (3.6)-(3.7), we can show that the optimal link deci-

sions of an individual and the probability she forms a link converge to some limiting strategy
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and link formation probability as n goes to infinity. The optimal link decisions in the limit
has a simple form that conditional on some sufficient statistics that control for the spillover
effects between one’s own links, the links of an individual are formed independently. These
asymptotic features are crucial for deriving simple enough while asymptotically valid esti-
mators of the model parameters.

From the probability that individual ¢ forms a link to j conditional on characteristic
profile X and belief profile o is

Pn,ij (Xn,ij; Xn; Un) =Pr (Gn,ij (Xna Eniy Un) = 1| Xna Un)

1

/”L —
= Pr <Un,ij (Xn7 Un) + —22D;wm (5ni7Xn7 Jn) — En,ij 2 O‘ X’ru Un)

n —

(5.1)

If the utility specification ensures that U, ;; (X,,, o) converges to some limit U;; (o) as n — o0,
as stated in Assumption {4, we expect that the link formation probability P, ;; (Xi;; X, o)

converges to a limit given by
P (Xij;0) = Pr (Uy (o) + 2D/w; (0) — €i; > 0] Xy5,0) (5.2)
as n — 0o, where w; (0) is a maximizer of the problem

max I1 (w, Xi, O') =E ( |:UU (O’) + QD;U) - 5ij:|+‘ XZ) — W,V;_'_ (O’) w (53)

w
The expectation in ([5.3)) is taken with respect to X, and ¢;;. The equilibrium belief profile

o* is a fixed point solved from

o (Xw) = P(XZ]70*)

ij
where 0,5 (X;;) = Pr(G;; = 1| Xy5).

Assumption 4 For U, ;; (X, 0) defined in (3.4), there is U;; (o) such that
(a) Given any Xij sup, |Un.i; (Xn,0) — Uy (o) 20, and
(b) Given any X;, sup, —= > izi | Unjij (X, 0) — Ui ()] 2.

Example 3 Consider the separable utility specification in . For any X,, and o, we have

Unij (Xn,0) = o +X{51 + X — X‘|152 + 05 (X) B3
1 .
X) Ba (X3, X, X)) — mD}dmg (Vi (X,0)) D;

k;éz j
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We verify in the appendiz that U;; (o) is given by

Usj (o) = o+ X1 + | X; — Xj|' B2 4 0ji (X) b5

Xij]

We refer to P (X;;; 0) defined in ((5.2)) the limiting choice probability. It can be understood

as the choice probability derived from a "limiting game" with infinite number of players,

+E D o (X) Ba (X5, X5, Xy,)
k#i,j

satisfies Assumption [4)

where each individual ¢ forms a link with j following a limiting strategy given by
z] =1 {UZJ + 2D/WZ( ) €ij > 0}

In this limiting game, conditional on sufficient statistic w; (o) which summarizes the spillover
effects from one’s other links due to nonseparable utility, each individual makes link deci-
sions myopically and considers each link as a binary choice independent of her other links.
Moreover, while statistic wy; (€pi, Xy, 0) in the n-player game may be dependent of ,, ;;, the
dependence vanishes as n — oo and in the limit statistic w; (o) is independent of ¢;.

Under Assumption [5| that ensures the maximizer of 1T (w, X;, o) is identified, we can show
that the statistic w,,; and choice proba,bility P, i (Xyj; Xn,0,) in the finite game converge
to the proposed limits given in and (5.2] - as n — oo.

Assumption 5 For any X; and symmetric o, Il (w, X;,0) defined in has a unique

mazximizer w! (o).
Proposition 5.1 Under Assumptions gien any X;,
SUD |wWni (Enis Xn, 0) — wi (0)] 20, as n — oo. (5.4)
Moreover, gwen any X, ;; = X;;, we have
sup | Prij (Xn.ij; Xy 0n) — P (Xij50)] 20, as n — o0o. (5.5)

ij

Proof. See the appendix. m
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6 Simulation

In this section, we implement the proposed methods in a simulation study. We focus on

directed networks and assume the following utility specification

Ul(Ga X7 €is 9)

1 1
= i2Gij (50 + Xifh + [ Xi — Xj| B2 + mZk#LJ‘G]’kﬁE} + mzk;ﬁmGiijkaj’Y - 5ij>

where X; is a binary random variable taking values in {0, 1} with equal probability and
gi; is standard normal N (0,1). The true values of the parameters are (5, 51, B2, 33,7) =
(—1,1,—2,1,1). The networks are generated according to the n-player incomplete informa-
tion game described in Section [2, with n taking different values of 10, 25,50, 100, 250, and
500. For each value of n, we generate a single network and use it to estimate the parameters
by two-step MLE or GMM. Each experiment is repeated 100 times. We report the means
and standard errors of the estimated parameters.

Since the limiting game approximates the finite game asymptotically, we first use the
limiting game to estimate the parameters and check how well such estimates could perform.
In particular, we construct the likelihood as in (??), with P, (X;;; X, p,) replaced by the
limiting choice probability P (X,;;p,) given in . Such approximation has a substantial
advantage in computation because P (X;;;p,) has a probit-type closed form. The estimates
are reported in Table [1] It is not surprising that the estimates in small networks perform
poorly, as the limiting game is only an asymptotic approximation of the finite game. Nev-
ertheless, when the network size gets large (e.g. n > 100), the estimates become close to
the truth. This indicates that the limiting game is a valid approximation of the finite game
asymptotically and estimation based on this approximation may yield good estimates for the
parameters if networks are sufficiently large.

Next we estimate the parameters by the finite game, and compare the estimates with
those from the limiting game. Note that the finite-game choice probability P, (X;; X, pn)
does not have a closed form because w,; (X,¢;) depends on ¢;. It needs to be computed
by simulation. In practice, we simulate P, (X;;; X,,p,) by a frequency simulator, where in
each simulation we generate a vector ¢; and for this ¢; we solve for the optimal G, ;; (X, ¢;)
numerically. We obtain G, ;; (X,¢;) by solving the integer programming problem directly
when n < 100 or applying the equivalent binary representation as in and solving for
Wh,i (X, €;) when n > 100. Table 2| reports the MLE estimates and Tables (3| and [4) report the
GMM estimates. By correctly specifying the choice probability, we improve the estimates in

small networks. The estimation precision is also improved. For example, the 95% quantiles
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of v from the finite game are closer to the truth, especially in small networks. These results
indicate that we should use the finite game rather than the limiting game for estimation
for n relatively small. We want to point out that the small network performance of the
finite-game estimates is still unsatisfactory. To deliver satisfactory estimates, we need to

have large networks or conduct some bias correction for the estimates.

Table 1: MLE Estimates Using the Limiting Game
n Bo B B2 33 v
10 —-1.152 2.806 —6.469 —2.626 —0.194
(2.284) (3.004) (3.649) (8.890)  (6.438)
25 —=0.719 2639 —-3.899 -—-1.835 —0.887
(0.447) (2.029) (2.152) (3.710)  (3.948)
50 —0.986 1.058 —2.064 0.858 0.909
(0.126) (0.499) (0.499) (0.921)  (0.551)
100 —0.995 1.008 —2.007 0.985 0.959
(0.034) (0.084) (0.084) (0.165)  (0.208)
250 —1.001 1.004 —2.003 1.009 0.969
(0.014) (0.039) (0.037) (0.075)  (0.173)
500 —1.001 1.001 —2.000 1.006 0.986
(0.010) (0.022) (0.022) (0.047)  (0.103)
DGP -1 1 -2 1 1

Note: Mean estimates and standard errors from 100 re-
peated samples using the limiting game.

7 Conclusion

In this paper, we provide estimation methods for network formation using observed data
from a single large network. We model network formation as a simultaneous-move game with
private information and extend Leung (2015) by allowing for nonseparable utility such as
the effect of friends in common. The main innovation is to provide an approach to explicitly
represent the pure strategy of an individual in the game. This closed form representation
enables us to analyze the asymptotic features of the game as the number of players approaches
infinity and thus construct asymptotically valid estimators for the parameters. We propose

a two-step estimation procedure which makes little assumption about equilibrium selection
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Table 2: MLE Estimates Using the Finite Game

n Bo B B2 Bs g
10 —1.042 1.143 -2.312 0.901 0.891
(0.674) (0.563) (0.920) (0.656) (1.297)
25 —1.005 1.059 —2.123 0.906 0.969
(0.122) (0.269) (0.324) (0.379) (0.290)
50 —1.009 0.995 —1.997 1.024 1.011
(0.063) (0.154) (0.148) (0.186) (0.221)
100 —0.990 0.992 —2.013 1.006 0.990
(0.028) (0.064) (0.060) (0.105) (0.095)
250 —-0.995 1.002 —2.004 1.017 0.985
(0.010) (0.024) (0.023) (0.046) (0.035)
500  —0.999 1.014 —2.004 0.994 0.982
(0.006) (0.014) (0.014) (0.027) (0.022)
DGP —1 1 —2 1 1
Note: Mean estimates and standard errors from 100 re-

peated samples using the finite game, where the CCPs are
computed from 500 simulations by either solving integer
programming (for n < 100) or applying Legendre trans-
form (for n > 100).
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Table 3: GMM Estimates Using the Finite Game (Weights from the Finite Game)
n Bo B B2 B3 Y
10 —0.995 0.958 —1.937 0.981 0.979

(0.206) (0.191) (0.402) (0.185)  (0.182)
25 —1.010 1.060 —2.038 1.003 0.996
(0.066) (0.109) (0.194) (0.092)  (0.098)
50 —1.003 0.999 —2.001 1.020 0.988
(0.042) (0.065) (0.097) (0.083)  (0.072)
100 —0.996 0993 —2.010 1.031 0.981
(0.023) (0.036) (0.052) (0.064)  (0.055)
250 —0.998 0.999 —2.000 1.027 0.987
(0.008) (0.017) (0.020) (0.035)  (0.033)
500 —1.001 1.007 —1.997  0.998 0.995
(0.006) (0.011) (0.011) (0.028)  (0.019)

DGP —1 1 —2 1 1

Note: Mean estimates and standard errors from 100 re-
peated samples using the finite game, with the GMM
weights simulated independently from the finite game. The
CCPs are computed from 500 simulations by either solving
integer programming (for n < 100) or applying Legendre
transform (for n > 100).
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Table 4: GMM Estimates Using the Finite Game (Weights from the Limiting Game)
n Bo B B2 B3 Y
10 —-1.008 1.273 —2.940 0.834 0.943

(0.438) (1.010) (3.338) (1.900)  (1.004)
25 —1.017 1.012 —2.065 1.016 0.986
(0.097) (0.185) (0.268) (0.232)  (0.146)
50  —1.010 0.995 —1.995 1.050 0.984
(0.052) (0.070) (0.101) (0.110)  (0.094)
100 —0.995 0.991 —-2.010 1.034 0.979
(0.023) (0.040) (0.050) (0.073)  (0.062)
250 —-0.998 1.000 —2.001 1.031 0.983
(0.008) (0.018) (0.021) (0.038)  (0.036)
500 —1.001 1.010 —=2.000 0.999 0.989
(0.005) (0.013) (0.012) (0.034)  (0.025)

DGP —1 1 —2 1 1

Note: Mean estimates and standard errors from 100 re-
peated samples using the finite game, with the GMM
weights simulated independently from the limiting game.
The CCPs are computed from 500 simulations by either
solving integer programming (for n < 100) or applying
Legendre transform (for n > 100).

24



and is computationally simple. Our approach can apply to both directed and undirected
networks. We focus on discrete observables in this paper, but expect our approach could be

extended to continuous observables.

8 Appendix

8.1 Proofs in Section 2

Proof of Proposition Define the set of symmetric o (X)
¥ (X) = {a (X) €[0,1]" " 0, (X) = 0 (X) if X; = Xj}

It is clear that 3° (X)) is a convex and compact subset of [0, 1]"2n_1. Equations in forms
a mapping from X° (X) to ¥°(X), because if ¢ € ¥°(X), then Pr(G; = ¢;| X,0 (X)) =
Pr(G; =g;| X,0 (X)) for X; = X, and ¢; = g; with (g, 9;;) swapped with (g;;,gj:), so
Pr(G; = ¢;| X,0 (X)) is also symmetric. The mapping is continuous in o because the ex-
pected utilities are continuous in o (X) and ¢; has a continuous distribution under Assump-

tion |1l By Brouwer’s fixed point theorem there is a fixed point. m

8.2 Proofs in Section [3

Proof of Proposition It suffices to show the first statement. Denote Dy = 1{X; = z;}.

Consider the quadratic term in the expected utility

Z Z GijGik:E [Ui (Gj, Gk7X)| X, 0]

i ki
= ZZGZ]GMZZDJSDMV; st (X, 0) ZGUZDﬂVZtt (X, 0)
j#i ki j#i t
= ZZVZ“ (X,o ZGlJDJSZGZkat ZGz]ZD]t‘/;tt (X,0)
jF#i k#£i Ve t
= (Z GijD}> Vi(X,0) (Z Giij> — Y  Gi;Djdiag (V; (X,0)) D; (8.1)
i J#i JFi
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By the real spectral decomposition of V; (X, o),

(Z GijD;-) Vi(X,0) (Z Giij>
j#i i
_ (Z Gijpg.) O, (X,0) A (X,0)®; (X, 0) (Z Giij)

i j#i
= (Z GijD;q)i (X, a)) A (X, 0) (Z Gi;j®; (X, o) Dj>
JF J#i
=> X (X,0) (Z Gy Djdin (X, a)> (8.2)
t J#i

The desired statement then follows from ({8.1)), (8.2)), and some simple algebra. =

Proof of Lemma [3.2. Note that

max f (z,y) > f(z,y), V(r,y) € X xY
= maxmax f (z,y) > max f (z,y), VreX
y o y

= maxmax f (z,y) > maxmax f (z,y)
y @ oy

Similarly,

maxmax f (z,y) > maxmax f (z,y)
x Yy Yy €z

Hence (3.5)) is proved. If (z*,y*) is the unique solution to the LHS of (3.5), then by

f(z*,y*) = max, max, f (z,y) = max, max, f (x,y) it is also the unique solution to the

RHS of (3.5). m

Proof of Theorem From Proposition [3.1] and Lemma

max[E [U1<Gl, G,Z’, X, 81)‘ X, Ei, U]

i

n—1 ~ n—l
@I%axmaXZG” (Uij (X,0)+ m?D}Xt:qﬁit (X,0) \it (X, 0) &, —62> Z)\ﬁ (X,0)

oy n—2
n—1__, . (n—1)°_,
o maxmaXZG” (Uij (X,0) + —2D[®; (X, 0) A (X, 0) @ — gij) - N (X 0@
JF#i
@maxmaXZG (U-~(X o)+ — 12D'w—5--) — Mcu’V-+ (X,0)w (8.3)
AN A n—2 7 “ n—2 ! ’

JF#i
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The optimal G; (X, &;,0) follows immediately from (8.3)), so does w; (g;, X, o).

As for the the uniqueness, under the assumption that ¢; has a continuous distribution,
the optimal G; (X, ¢;, o) solved from the original problem in is unique almost surely, so
by Lemma the optimal G; (X, ;,0) given in (3.6]) is unique almost surely. =

8.3 Proofs in Section [4

Before we prove Proposition we first prove two lemmas.

Lemma 8.1 Given X,, and p,, wn; (€ni) has an asymptotic linear form

1

Wi (Eni) — Wy = Th—1 Z ni Hw ni) Uniij (Wi €nig) + Tn (Eni) (8.4)
J#i
where Py, i; (W, €n.i5) 18 given by
Q/Jn,ij (w,gn,ij) =1 {Un ij + 2D/ — Enyj > 0} Dj — ‘/ier? (85)

H,; (w;) is the Jacobian matriz of —= > izi B [Unij (W, €nij)| Xny Pl at wyy,

* 1 aE [¢n,z (w;ia gn,i )’ Xn7pn]
Hni (wnz) = n—1 Z : aw, ! 9 (86)
J#i

and the remainder in rn (eni) satisfies

o (ens) = 0, <¢iﬁ> |

Lemma 8.2 Given X,, and p,, suppose that €. and €2, € R"™! differ in at most two com-

ponents, i.e., there are j and k such that €, i = =¢c2  foralll #1i,5,k. Then

n,il

1
Wi (gim) — Wn; (giz) - T 1H ( ) (¢n ij ( Whi» nzg) ¢Tl g ( Whis il_])

n

+ ¢n,ik ( ni’ nzk) ¢n ik ( Whiy nzk) ) + ( nz) —Tn (6311)

where Vi (W, enii), Hui (WE;), and 1, (€4:) are defined as in Lemma and r, (el,) —

T, (€2,) satisfies

(e = (220 =0, (3 67)
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and
E

<0 (%) | (8.8)

Proof of Lemma Since I1,,; (w, &,;) is sub-differentiable at all wﬁ by optimality of

Wi (€ni)y i (w, €p;) has subgradient 0 at wy; (€,;), that is, w,; (e,;) satisfies the first-order

En,ijCn ik

) = 1| X

condition

1
Z {Un ij —|— 2D/ — Engj > 0} Dj — Vfw

= — Z {Un ij —|— 2D/ 5n,ij = 0} dzag (T) Dj, (89)

J#
for some 7 = (14, ..., 77) € [0,1]". Define the right-hand side of as A, (w,ep;). For any
w’
Pr([[An (w, ni) || > 0] Xon, pn)

-1
< Pr (Elj, Unij —|— 22D’ = Enij

-1
S Z Pr (Un,ij + %QD;U) = En,ij
J#i

Xn,pn)

Xn:pn) = 07

because ¢, ;; has a continuous distribution. Hence the first-order condition holds with
A, (w, &) replaced by 0 with probability 1.
Define the left-hand side of 1@} as [y (W, eni)

. 1
L (w,en) = n_1 Z Ynij (w, 5n,ij> ; (8.10)
J#i

with 1, ;5 (w, €,,4;) defined in (8.5])
—1 / +
¢n,ij (w,€n7ij) =1<U,.; Jij + 22D — En,ij > 0 Dj — ‘/; Ww.
Let T';;; (w) be the conditional expectation of L (w,eni) given X, and p,

1
Xuopa] = =7 D Blthusg (@,e0) Xupad . (811)

Los (@) = B | Toi (@,200) -
J#i

*Notice that the function max {z,0} is differentiable for z # 0 and sub-differentiable for z = 0 with
subderivatives in [0, 1].
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where

E [wn,ij (w,€n7ij)| Xn7pn] = <Un ij + 2D/ ) Dj — ‘/Z-er.

As we have shown T, (Wni (ni) s €ni) = 0 with probability 1. Moreover, by the definition of
*.) = 0. Therefore,

*
w. we have I'y; (w;

vn—1 (Fm (Wni (5ni)) - Fm' (w:w))
n—1 <Fm (Wm‘ (Sm)) - IAwm (Wm' (gm') >5ni)>
—\/an@ (Wi eni) —Vn —1 (fnz (Wni (Eni) s €ni) — Tni (wni (€ns)) — (fnl (Whis€ni) — i (w:n))) :

(8.12)
The Jacobian matrix of I';; (w) is equal to H,; (w)
Il (w n—1
Hm (w) O = Zfe ( n,ij n_9 j(,U) DJD; — ‘/Z,+.
J#l
Clearly H,; (w) is continuous in w. By Assumption |5 H,; (w) is continously invertible at

w;. Hence there exists a constant ¢ > 0 such that ||H,; (w};) (w —wk,)|| > cljw — wi|| for

every w. Combining this with the differentiability of I',,; we obtain
1T (@) = Do (wpp) || = ¢flw = wpsll + o (flw = wrgll) - (8.13)

We show that wy; (€,;) is consistent for w},. Note that inequality (8.13]) provides an
identification condition for w?,: for any & > 0, if |jw — w¥,|| > &, then ||T'y; (w) — Ty (W3] >
(c+0(1))&. Let n > 0 satisty n < (¢c+0(1)) €. Thus

Pr (lwni (€ni) — wiill > €] Xn, pp)
< Pr ([T (wni (€ni)) = Do (gl > 1| Xy pn)
=Pr < ni (Wni (Eni)) - f‘nz (wni (577,1) aEni) > 77‘ Xn7pn>

< Pr <sup Xn,pn) , (8.14)

T (w,€ni) — Tpi (w)H >

w

where the equality follows because T',,; (w?;) = 0 and L, (Wni (Eni) » €ni) = 0 with probability
1. We can show the consistency of wy; (€,;) by applying a uniform law of large numbers to
fni (w, Eni) - Fnl ((U)
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Since

1
n—1

L (W, eni) — T (w) = Z (Ynjij (W, Enij) — B [¥n5 (W, €ni5)| X, Pal) 5

JF
and || ¢n.ij (w, €nij) — E[¥nij (W, nij)| Xn,alll < 2, to apply the uniform law of large num-
bers for triangular arrays in Theorem 8.3 of Pollard (1990), we need to show that the set
of arrays {(wn,ij (W, Enij))jp 1w € ]RT} is manageable, in the sense of Definition 7.9 in Pol-
lard (1990). Note that the set {V;*w :w € R} has a pseudodimension of at most 7" so is
manageable by Theorem 4.8 in Pollard (1990). It suffices to show that the set of arrays

n—1
{ (1 {Un,ij + mQD;w — Enyj > O}) » NS RT} (815)
jF#i

also has a pseudodimension of at most 7" and thus is manageable as well. To this end, by
the definition of pseudodimension (Definition 4.3 in Pollard (1990)), we need to determine,
for any index set I = {j1,...,jx} € {1,...,n}\ {i} with K > T +1, and any point ¢ € R¥|
whether it is possible to find for each subset J C I a w € R” for which

-1 >c; forjelJ
1 {Un,ij + n—QD;-w — Enyj > 0} K OI'j.
n—2 <c¢; forjelI\J

Since the indicator function lies between 0 and 1, choosing J to be the empty set requires
that ¢; > 0 for all j, and choosing J = I requires that ¢; < 1 for all j. The problem is

equivalent to determining whether for each subset J C I there is a w € R” satisfying

—1 >0 forjeJ
Un’ij + n—2D;W — Enij ' j
n—2 <0 forjel\J
Since D; € R” for all j, there exists a non-zero vector 7 = (71,...,7x) € R such that
Zle 7D, =0, so Zle kal—:;2D;kw =0 for all w € RT. If Zle Tk (Unije — €nije) < 0, it

is impossible to find aw € R7 satisfying these inequalities for the choice J = {j, € I : 7, > 0}

because this would lead to the contradiction Z,ﬁil Tk (Unsij — Enije) = Zszl Tk (Unjige — €niije )+
K n— K n— K

Zk:l Tkn_f;2D;kw = Zk:l Tk (Unﬂ'jk + n—fé2D%u) — gn,ijk) > 0. If Zk:l Tk (Un,ijk — gn,ijk) >

0, we would choose J = {j, € I : 7, < 0} to reach a similar contradiction. We conclude that
the set of arrays in (8.15|) has a pseudodimension of at most 7. Hence, by the uniform law
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of large numbers in Theorem 8.3 of Pollard (1990),

Pr (sup

w

Ti (W, €ni) — T (w)H > 77‘ Xn,pn) — 0,
as n — 00. Combining this with shows that wy,; (€,;) is consistent for w?,
Wi (Eni) — Wy = 0, (1).
For consistent wy; (,:), implies that
1T (wni (€ni)) = Tni (W) [| = Mleoni (€ni) = wpall (¢ + 05 (1)) (8.16)

by the continuous mapping theorem.
Next we derive the asymptotic linear representation of wy; (¢,,;) in (8.4). Consider the
last two terms in (8.12). By the Lindeberg-Feller Central Limit Theorem the second last

term in (8.12)) is
Vi = 1T (W, €ni) = O, (1) (8.17)

Define the stochastic process
G (w,em) =V — 1 (rn (@, Eni) — Dos (w)) (8.18)

indexed by w, so the the last term in (8.12)) is given by

- (E [¢mg (Wm' (€m') 75n,ij) - ¢mg (w:‘”-, €n,z‘j)| Xn;pn]) )
with ¢y,:; (w, €,,4;) defined by
—1
¢n,ij (w, gn,ij) =1 {Un,ij + h?Déw — Ean > O} Dj.

Note that G, (w,e,;) — G, (W}, £,;) is an empirical process defined over the triangular array

ni’

(Pnij (W, Enij) — Pij (Wi Ensij)) jz = 2,3, ... We want to show that

Gy (@ (20i)  nt) = G (s eni) = Op (lon (ne) — will”2) (5.19)
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so the last term in (8.12]) is negligible. The asymptotic linear representation in (8.4) can
then be obtained from (8.12)) and ({8.16]).
To show (8.19)), for M > 0,

Gn n \Sni ni) — Gn , s Sng
pr (Bt e ) = G iz |yl
lwn (€ni) — will
Gn ni) Gn y Cne
<Pr sup (, &mi) 1(/0;)7” i) > M| X, pn
[Jw — wrill

1 Gn (W, 8,“') - Gn ( aenz)
< —E sup ni Xns Dn

M o — i)

by Markov’s inequality. It suffices to show
Gn yCeni) T Gn y Ene
E sup (0, £ni) 1(/0;}"’ Ens) ‘ X, pn| < 0. (8.20)
| [lw = wrsll

Consider the process

Gn (wv gni) — Gn ( Wi 57”)

1/2

||w whil

Z (bn 7 w yEn l_] ¢n K% ( nza 5n,ij) _ E [¢n,ij (W, gn,ij) - ¢n,ij (w:”-, 5n,z’j)| Xn7pn]

1/2 1/2
Vi =14 —w )M llow —wz )|

The function 2% (W’ET’”) i i/(Q ) can be bounded by

| P, (W, Enij) — Priij (Wihis Ensig) |
o — w2

‘1{Um]+ 2D’w>5m]} l{Um]+ 2D§wm>5n,z‘j}|
o — |72

*
< i (W5 Whs Ensig) »
where the bound function 7, ;; (w, w};, €n.;) 18

1

. |—1/2 if €, lies between U, ;; + "= 12D’w and U, ;; + %= 121); *
Nn,ij (w) Wi 5n,ij) = ni

0 otherwise,

(8.21)
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Hence, we can combine the proof for Theorem 2.14.1 of Van der Vaart and Wellner (1996)
(setting p = 1 and taking expectation conditional on X,, and pn) with the random entropy
in the definition of manageability (Definition 7.9) in Pollard (1990) for triangular arrays,

and derive the maximal inequality

Gn w gni - Gn nzagnl
E Sup ( ) 1(/2 ) ‘ Xnypn
low = wrsl
S KE | J(1, Fo(wpgeni))  sup [0 (w, wig, €ni) [l | Xns Pn | (8.22)

where K > 0 is a universal constant, ||7,; (w,w?;, €m)||

array T (w wma 5ni) = (nn,ij (w’ w;km" 5n7ij))j¢i

is the Lo (P,,) norm of the bound

n

1/2
Z Mg (@0, @ En,ij)) ; (8.23)

J#i

Hnm' (wawzwgm)’ln = (

n—1

F (wr;, €ni) denotes the set of arrays

J#i

" lw — w2

and J (1, F, (wk;, en:)) represents the uniform entropy integral of F,, (w?;, €ni)

1
T F ) = [ s\ flog D€ 0 ® (il o0 © Fy (i) ], )

v (8.25)
In the expression in (8.25), a € R" ! is a (n—1) x 1 vector of nonnegative constants,
Tni (Wiy Eni) = (W, Wk Eni), @ © T (W, €n:) 1s the pointwise product of «
and 7,; (w m,sm) a® Fp(w i Eni) is the set {a ® f: f € F, (whi €ni)}, |||, is the Lo ()
norm defined in (8.23), and D (& || ® s (Wi, €ni) ],y » 0 © Fou (Wi €ni) 5 ||-]l,,) is the packing
number of the set a ® F, (w};, ;) at distance & || © 7 (W), €ni)||,, under the norm |||, .

The supremum in (8.25)) is taken over all vectors o € R"~! with nonnegative constants. Note

that the set {||w — w7 w e RT |lw — wry|| > 0} has a pseudodimension of at most 1

mill

5In the proof for Theorem 2.14.1 of Van der Vaart and Wellner, we need to reprove the symmetrization
lemma in Lemma 2.3.1 and reapply the Hoeffding’s inequality in Lemma 2.2.7 and the maximal inequality
in Corollary 2.2.5 (all in Van der Vaart and Wellner) for the stochastic process in (8.18) and the envelope

functions in (8.21]).
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because ||w — w;"n“*l/ ? € R. Hence, by the manageability of the set in 1} Corollary 4.10,
Definition 7.9, and the stability results of packing numbers under addition and multiplication
in Section 5 of Pollard (1990) we show that the set F,, (w¥;, €,;) is manageable and thus

J (1, F (wris €ni)) < 00 (8.26)

uniformly in €,,; and n. Next we consider the conditional expectation of SUD)[ - (W, Wk €ni) .-

By Jensen’s inequality

E sup ||7]m (w7w:;i’€ni)||n men

1/2

w wnmgnlj) Xnapn

J#z

1/2

w wnz? E:’n Z]) X’I’Hpn

J#%

7LL

Following the argument for (8.15)) it is similar to show that the set of arrays

1 -1
1< &p,j lies between Uy, ;; + —— n- 2D’w and U, ;; + ——2D'w?, cweRY
’ ’ n—2 -2 7 i
is manageable and so is the set of arrays

{(7]721@']' (w7w;i7€n,ij))j¢i twe RT7 Hw - w:L’L” > O} '

Thus by the uniform law of large numbers in Theorem 8.3 of Pollard (1990)

(w,wr;,Enij) —  Sup
Hﬁz |

> B [0 (@, 2nig)| Xos a]
j#i

n—1

AN
wn
=

Zﬁi,@-j (w, wy;, 5n,ij> —E [77721,1']' (w, wnis gn,ij)‘ men} — 0, a.s.

J#

n—1
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as n — oo. Moreover, by the definition of n,;; (w,w};, €,;) and mean-value theorem

B [77121,1']' <w’w:'i’€n’ij)| Xnvpn]
IR e 030 . )

ki Whi
||w — whill
2(n—1
1. (U + 252D g+ (1 - tn,mw;)) 2=l (8.27)
for some t,; € [0, 1]. Hence,
E | sup |19 (w,wps€ni)ll, | Xy Pn
1/2

< sup n_1 ZE [ni,z‘j (w, wrys 5n,ij)} men} +o(1)

J#i

1/2

= e Z fe ( nij + 205 (tagjw + (1 = tn,z‘j)wm)> —— | T

J#i
< oo (8.28)

by the dominated convergence theorem. Combining (8.22)), (8.26)), (8.28) proves (8.20) and
thus (8.19). Therefore, the last term in (8.12]) is

V=T (P (s (€0a) n8) = Do (st (200)) = (P (5, 200) = i () ) = Op (Jleoms (1) = w3l 2)
(8.29)

Applying (8.16)), (8.17) and (8.29) to (8.12) we obtain

V=Tl (ni) = will (¢ + 05 (1) < Oy (1) + O (eomi (e0) — il ?)

By consistency wh; (€n;) — wi; = 0, (1), the second term on the right-hand side is negligible

compared with the first term, so the right-hand side is O, (1). This implies that

Wi (€ni) = wpi = Op (%)

For wy; (€,;) converging at this rate, (8.29) becomes
. A . 1
n =1 (Lo (wni (2) &) = Lo (ni (€)= (Dos @his ) = Toi (@31))) = Oy (=7
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Applying this and the differentiability of I',; to (8.12)) again yields

* * * - 1
Hapi (wr;) (wni (Eni) — wng) + 0p (loni (Eni) — wigll) = =i (whis €0i) + Op (n3/4)

By the invertibility of H,; (w},;), we have

A 1
Wni (5ni) —wp; = _H_’l (W* )F 1( *'7€ni)+0p <_
ni n ni TL'L \/ﬁ
The proof is complete. =

Proof of Lemma First we prove (8.7). From the definition of w?;, wy; (cL;), and
Wni (€2,), we have Fm( ) =0 and Ty (wni (€1,),€L) = Do (wni (€2,),€2,) = 0 with proba-

ni/) o’ <ni ni
2

bility 1. Hence, with probability 1 we can decompose I',,; (wy; (€1)) — Tpi (wni (€2,)) as

(Gn (Wm' (57211) ’ffu‘) -Gy (W;mgii) - (Gn (Wm‘ (57211) ’57111') - Gn (WZi’ 5rlu)))
(8.30)

where fni, I',;, and G,, are defined in 1) li and 1} By the definition of I,; and
Gy, the first and last terms on the right-hand side of (8.30)) are
fm' (w* 52 ) — fm (W*- 51-)

ni) “ng ny) ~“nu

(wn”( Whis nzg) wnl]( m?grlz,ij) +¢n,zk( Whiy nzk) wnlk< Whi 1111k))
o <%> (8.31)
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and

1 ) 2 2\ * 2\ ) 2 1y * 1
\/m (Gn (wnl (gnz) 76111') Gn (wm’7 gm') (Gn (wm (Enz) 7€ni) Gn (wnw Eni)))

Lo (oni () 22.) = T (i 2) = (P (wni (2) s 2h) = Do (w3 28) )
1
= 1 (wﬂ,ij(wm (67211) ’ nz]) wn 2]( Wi nzy) (¢n,ij(wni (Efn) ) nm) wn l]( Whis nzy))

n

+ wn,ik (wm (63”) ) nzk) ¢n ik ( Whis n'Lk) (1/Jn,2k (wni (‘gfn) ) nzk) wn ik ( Wiy 717,zk)) )

o (1), 8.32
(3 (832

Next, we want to show

G (wni (=) »5ha) = G (wni (2) b)) = Op ([lwms (ehe) =i (2)[*)  (833)

so the rate of the second last term on the right-hand side of (8.30) can be controlled by
02 [|wn (€2.) — wpi (£2,)]]"%. Similar to the argument for (8.20) in Lemma it suffices

to show

Gn (w7 5ml) - Gn ((:}7 Eni)

i 1/2

sup
[[w—&||>0

lw — @]

Xn,pn] < 0. (8.34)

Note that ( is slightly different from the result in (8.20) in Lemma because (8.20))

holds for a ﬁxed wrss
the proof for Theorem 2.14.1 in Van der Vaart and Wellner (1996) and the argument for
(8.22)) in Lemma we can derive a version of (8.22)) that is uniform over both w and @,

while here we need the supremum to be over both w and @. Modifying

Gn W,Eni) — Gn djagni
E| sup ( ) - 1/2( ) X, Pn
lw—a]>0 lw — @
S KE J(Lfn <5nz)) sup ||77n7, (wvajagni) n Xnapn] 9 (835)

[Jw—&||>0

where K > 0 is a universal constant, 7,; (w,®,&,;) is the bound array defined in (8.21)) with
wy; replaced by @, F, (eni) is the set of arrays

:/-E-n (57”) _ <¢n,z] (w7€n,ij) - ¢TL,’LJ ((.U, €n,ij)> . CL),C:) c RT, ||w _ (DH > 0 ’ (836)
J#

o — &2
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and J (1, F, (€,;)) is the uniform entropy integral as defined in (8.25)) for the set F, (£,:)

a® Sup 7 (w> (:)7 gni)
[[w—&||>0

J (1, F, (en)) = /01 sup , | log D ({

«

’a®fn (5n2)7||||n>d§

(8.37)
where all the ingredients are the same as in (8.25)) except that 7,; (wf;, €,:) is replaced with
SUD||yy—(|>0 Thni (W, @, €ni). We have shown in Lemma that the set of arrays in is
manageable, so by the stability of packing numbers under addition and multiplication in Sec-
tion 5 of Pollard (1990) the set F,, (¢,;) is also manageable. The definition of manageability
then yields

n

T (1, Fp (2n)) < 00 (8.38)

uniformly in €,; and n. Furthermore, by Jensen’s inequality

E sup H77m (wawagni> n erpn
[w—&]>0
1/2
=E sup an] W, @, Enij) X,y D
lw—a|>0 T — j;ﬁz

1/2
Xn,pn])

Following the argument in Lemma [8.1] it is similar to show that the set of array

S E sup an] W, w En’U)
Hw Q>0 M — 1 i

{(77,”](cucu67”]))7é w,o e RT ||w—(11||>0}

is manageable, so by the uniform law of large numbers in Theorem 8.3 of Pollard (1990)

Sb 12777”3 wCUEnZ]) Sup 1ZE nnz](wwgnlj |Xn7pn
lw—@|>0 T — i lw—a|>0 T — o
< sup . E 17,”] W, 0, Enuj) — B [7772”‘]‘ (w,@,6n7ij)}Xn,pn] — 0, a.s.
Jo—al>0 |7 — 1 <= |
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as n — 0o. Hence, we obtain

E| sup |9 (w,@,en)l,

[|lw—&||>0

n)pn]

1/2
< sup ZE 777”] (w, @, €nij |Xn,pn] +o0(1)
Jo-al>0 ™ — 1 <=

1/2
:(” - 1ZfE<UmJ+ 12D'(mjw+(1—tn,,-j)w)>2("_1)> +o(1)
w—o||>0 -

-2
J#i "

< o0 (8.39)

by the dominated convergence theorem and (8.27). Combining (8.35)), (8.38), (8.39) proves
(8.34) and ({8.33]). Thus the second last term on the right-hand side of (8.30]) satisfies

1

n—1

(@ (s () ) = B (s (22 1220 = Op (o () = (<2 )
(8:40)

Now we go back to the left-hand side of (8.30). By the differentiability of I',; and
Whi (€1;) — wni (€2;) = 0, (1) derived from Lemma [8.1] the left-hand side of (8.30) is

nt

i (wni (£0:)) = i (wni (1))
= H,; (wm‘ (522)) (Wm‘ (521) — Wns (5727,1)) + Op me (gm) Wni ( )H)
= Hyi (W) (wni (21;) — wi (£25)) + 0p (||wni (5h:) — wni (£2:)]]) (8.41)

—
3

where the last equality comes from the fact that H,; (wni (€2,)) — Hyi (WF;) = 0, (1) as a

ni

). Since H,; (w

*;) is invertible,

result of the continuity of H,; and the consistency of w,,; (€2,
there is a constant ¢ > 0 such that ||H,; (w};) (w' — w?)|| > ¢||w' — w?]| for every w! and w?

Applying this to (8.41]) yields

HFW (w”i (57111)> — T (wm ( m)) ” > me (grlm) — Wni ( m) ” ¢+ 0p (1)) (8'42)

Combining (8.30]), (8.31)), (8.32)), (8.40)), and (8.42)) we obtain

me' (ens) — wni (fiz)H (c+0,(1) <O, (%) +0, (% me (e5) — wns (572”) H1/2)
(8.43)
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From Lemma 8.1} [|wni (5,;) — wni (€7l < llwni (€33) — will + llwni (£3;) — wiill is at most

O, (n™Y?). If wm( 1) — wni (€2,) converges slower than O, (n™'), the second term on the

right-hand side of (8.43) would dominate the first term, implying [|wn; (€1;) — wni (€2)]| <
1 2

0, (n V2 ||wpi (L) — wni (e m)||1/ ) This can be true only if wy; (&,;) — wni (€2;) converges

faster than O, (n™1), leading to a contradiction. Therefore, we must have

wni (£h;) — wni (€75) = Oy (3> '

n
1 2 . .
For wy; (€},;) — wni (€2;) converging at this rate, (8.40) becomes

n1_ (G (s (24) 128 — G (s (2) . €1)) = Oy <—) (5.44)

Combining (8.41)) with - 8.30)) yields

Hy; (wy;) (Wm' (57111) — Wni (522))
=Dy (w*'agii) — D (w*' gl )

nr ~“ni

(G (wni (£ni)  €ni) = G (wni () +20i))
1

(G (0ni (222) 1€2:) = G (i 222) — (G (s (€25) 1) — G (s €1)) + 0 (—)

By the invertiability of H,; (w?,) and

nz

fm' (w* 52 ) — fm (W*- 51-)

ni) “ni ny) ~“nu

(wn”( Whis nzg) wnl]( m?grlz,ij) +¢n,zk( Whis nzk) wnlk< Whi 1111k))

n

2

we can derive wy; (€1.) — wpi (€2,) as

Whi (57111) — Wni (57211)

1
= mH;zl( ) <¢nlj ( Whis nzg) djnlj ( m?gi,ij) + wn,lk( Wiy nzk) wnlk< Wiy izk))

+ 7, (511%») — T, (6%2-)
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where 7, (¢}.) — r,, (¢2;) should be equal to

o (Ens) = a (€2:)

:\/—IHJ (wni) (Gn (Wm‘ (5311) 757212') -Gy (w,’;, 53”) - (Gn (Wm' (572“) 75711i) -Gy, (W;w@lu)))
7 —

_ \/%Hm-l (@) (G (i (1) 1 21) — G (s (21) 1 21)) + 0, (%) (8.45)

The rates in (8.32)) and (8.44) imply that

This proves (8.7)).
We now turn to the proof for (8.8)). Consider r, (¢},) —r, (¢2,) given in (8.45)). In the last
expression in (8.32)), 1 ;; and ¢, 4 are bounded for all &), ;; and &,

n,tJ n,ik?
first term on the right-hand side of (8.45) over 57117” and 671171-,9 has a conditional expectation

that is O (n™1). Tt suffices to consider the empirical process in the last line of (8.45). In

particular, it suffices to show

so the supremium of the

Bl sup |Gy (0 (1) .2h) — G (i (ggi),g;i)u|xn,pn] go(%) (5.46)

1
€n,ijCn,ik

By the definition of G,, in (8.18)), for any w and @

1

Vn—1

Gn (w, Eni) - Gn (@7 5”’5) =

Z én,’il ((.U, (-Z}a gn,il)

I#i

where

én,il (w; L:}; €n,il) = ¢n,il (w; €n,il) - ¢n,il (0:)7 5n,il) - (E [¢n,il ((JJ, €n,il) - ¢n,il ((11, gn,il)‘ Xnaan
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We separate the jth and kth components in G,, (wy; (};),€L:) — G, (wni (€2,) ,€L,) from the

nt/ o’ -ne nu

rest and obtain

sup ”Gn (wni (E;z) va}n) -Gy (Wm‘ (57211) a571n‘) H

n,ij€n,ik
S SUP ,— Z ¢n il wnz m) Wni (efw) 78711,il) ‘
n 2857 n ik l;ﬁl 7,k

+ sup

nzj nz

¢n K% Wm, nz) Wi (giz) 752,@"7') + én,ik (wm (571”) y Wns (521) 782,119) H

\/nT
(8.47)

Since ngn ij and gbn i are bounded uniformly in ! .. and 5n > the last term in 1} has a

n,ij

conditional expectation that is at most O ( —Y 2). As for the first term on the right-hand

side of (8.47)), by the property of supremium we have

) Sull) \/— l; an il Wm m) Wni (5m) 1 En zl)

€ 1,7,k

n,ij’en,ik
< sup 1 ¢n,il (Wni (57111) y Wni (57211) ) 5711,il)

b |[VP =T 5T llwni (k) — wai (217

n,ij’ n,ik nt

s (o) — o ()]

n,ij’ n,ik

¢nzl w wagnll) 1 2 1/2
< s Z . ) —w, .
e P PR e T o Rl
\/ -3 Gn,—jk (W7 5m ]k) Gn —jk ( 757112 ch) 1 21]11/2
/n — ||w813;1ﬁ>0 HUJ . (.U”l/2 ’ E}Z,il,lgl,ik Hwnz (gnz) — Wnj; (6n’L) H
where in the second last sup term ¢, ;. = (aﬂml)l ik and
Gn,—jk (w7 8'}zi,—jk) - Gn,—jk (@7 5711i,—]k = Z ¢n il w wu €n zl)

l;ﬁz]k

el.) by deleting the jth

and kth components and normalizing by n — 3. Taking the conditional expectation then

represents the empirical process obtained from G, (w,el;) — G,, (@

» “ng 7TL’L
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1 T (1 (2 1 ]

. 5711?]1:1‘5”1@ \/m l;k ¢nﬂl (wm (gm) o (gm) 76"’il) ‘ men_
1/2
< V1 — 3 B sup Gn,fjk (W,Efylw7_jk) - Gn,fjk ((:), 6717,i,—jk) ? X »
= Vn—1 w50 lw — || m
1/2
. (E 1 su;z me (671n) — Wni (6%1) H' Xn,pn]) (8.48)
En,ijCn ik

by Cauchy-Schwarz inequality. Consider the second moment in the second line of .
Similar to the argument for , we modify the proof for Theorem 2.14.1 in Van der Vaart
and Wellner (1996) in line with except that we apply the theorem with the Ly, norm
(setting p = 2) instead of the L; norm (setting p = 1). We then derive a second-moment
version of for the empirical process in the second line of

2

Gn,fjk (W, 5m’,fjk) - Gn,fjk (@, gni,fjk)

E sup /2

[|[w—&||>0

X, Pn

lw =&

< KE J(l,fn,—jk(&?m,—jk))Q sup ||77m',—jk(W,@,Sm,—jk)ﬂi,g

[Jw—&||>0

Xn,pn] , (8.49)
where K > 0 is a universal constant, ||1,:,—jx (W, @, €ni,—ji)||,,_o is the Ly (P,_2) norm for the

deleting-two bound array i, —jk (W, ©, Eni—jk) = (it (W, @, Ensit)) 1z 1

1/2
N 1 -
Hnm,—jk (CL),CL), gni,*jk)Hn—Q = (n _ 3 Z 77721,il (W, w, 6n,il)) 9

I#i,5,k

Frn—ik (Eni—jk) is the set of deleting-two arrays

1/2

Fooeat (i) = (‘bml( Enit) = dng “"’5"”)) 0,0 € B =3 >0}
I#1,5,k

lo — ]

and J (1, F,, _jk (ni,—jx)) is the uniform entropy integral as in (8.37)) for the set F;, _jk (€ni,—jk)-
We have shown that the uniform entropy integral J (1, F,, (¢,;)) is bounded uniformly in &,;

and n. This implies trivially
J (1, Fo—jk (Eni—jk)) < 00 (8.50)
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uniformly in €,; _j; and n. Moreover, following the proof for (8.39) we obtain

E sup ||nn’b,—jk‘ (w7d}7€ni,—jk)||i,2 Xn7pn

[lw—&|>0
=K sup Z nnzl W, w gnzl) Xn7pn

||w w||>0 n— l;ﬁ’t] k

< sup Z E 777”1 (W w, En,il |Xn7pn:| (1)

[|w— wH>On_ 1£i.j.k

1 2(n—1

= sup Yk (UM + 2D,( naw + (1 — tn,ﬂ)a))> 2n=1) o(1)

lo—@lI>0 T = 9 = n—2
< 00 (8.51)

by the uniform law of large numbers, dominated convergence theorem and (8.27). Combining
B-49), (850, and (B51) yields

2
Gon,—jk (W, €ni—jk) — G —jk (@, Eni—jk)
1/2

E sup XnyPn| <00

[lw—&]>0

lw — &

This together with - and (8.48)) implies

E sup ||Gn (wm (5:”) ,57117;) - Gn (wnz (572”) 75'}”;) H ' Xn?])n]
5711,1‘3‘7531,1‘
, ' 1/2
<0 (ﬁ) +O|E el [ wni (€0s) — wni (3 H| n,pn] (8.52)

Combining (8.30), (8.31)), (8.32)), (8.42), and (8.52)), taking supremium over ¢}, ;; and ¢,

n,ij n,ik’

and taking conditional expectation with respect to the rest of ¢!, and 2., we obtain
E| sup ||wm- (5,{01) — Whi (ail) ||‘ Xn,pn| (c+0(1))
€mig Cm ik
J 1 1 2
<0 ( ) + 0 %E 51 Suﬁ | ||wm (5,111) — Wi (521) ||‘ Xn,pn] (8.53)
n,ij°" n,ik

The O (n™!) term in (8.53) reflects the fact that (8.31)), (8.32) and the last term in (8.47)) (mul-
tiplied by the additional (n — 1)"/? scaling in front of G,, (wy; (€1,),€L,) — Gy (wns (€2,) ,€L))

nt/ ) -ne niy/ - ne

in (8.30)) all have the common feature of being equal to n~! times some bound functions,
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so the rate n~! could pass to the outside of their expectations. Complete the square to see
that (8.53|) implies

2

1/2
(c+o(1)) | vnE sup l|wni (€mi) — wai (€2;) H| Xn,pn] -0 <0(1)

€n,ij Cn,ik

This can be true only if

E

<0 (%) (8.54)

) su[f me (6%”-) — Wps (53”) H ' Xn, Pn

En,ij’en,ik

Applying (8.54) to (8.52) we derive the desired rate in (8.46))

E

DG s (<L) 1) — G (s (22) ) ||‘ Xopn

1
n,iJ 78n,ik

e

€

and (8.8 follows. The proof is complete. m

Now we go back to the proof of Proposition [4.1]
Proof of Proposition Write the conditional covariance of Gy, ;; and G, ;, as

E((Gn,ij - Prm‘j (907pn)) (Gn,ik - Pn,ik (HOapn)N Xnapn)
=E (Gn,ijGn,ik| Xnapn) - E (Gn,ij| Xnapn) E (Gn,ik| Xnvpn) (855)

Recall that
n—1__,
Grij = 13 Unij (0o, pn) + mQDsz‘ (0o, Pn) Wni (Eni; 00; Pn) — €nyij = 0
)
n—1
E (GriGnik| Xn,pn) =Pr (gmij < Unij (60, pn) + EQD}wm' (€ni; 00, n) ,

n—1
Enik < Unir (60, pn) + mQchwm‘ (€ni; 00, Dn)

Xnapn)

(8.56)

Xnvpn>

and

n—1
E (Gyijl Xn,pn) = Pr <5n,ij < Un,ij (00, pn) + mQD}wm‘ (€ni3 0o; )
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From (8.56) we see that G, ;; and G, are correlated for two reasons: (1) both G, ;; and
Glp,ix contain wy; (€,;) which is random, and (2) wy; (€,;) depends on e,;, S0 wy; (€n;) In G
can be correlated with ¢, in G, . Such correlation can be complicated because wy,; (€,:)
and €, ;; enter G, ;; through an indicator function. We deal with the correlation by dividing
the space of (,,j, €n,ix) into subsets within which the indicator functions are fixed. We will

show that both types of correlation vanish at the rate of n~!, so the conditional covariance

in (8.55)) has the rate of n~1.

To proceed, suppress (6y, p,) hereafter for notational simplicity. Define the sets

7/LJ

n—1 N
(C/'n = {gn,ij ceR: Enij < Un,'ij + n— 22D;wnl}

n— ]- !k
gn,ik = E:n’ik - R . gn,ik S Un,ik + m2Dkwnl

We divide the space of (€5, €nik) € R? into four subsets depending on whether Enyij € Enjij
and whether ¢, ;;, € &, ;. The cross-product expectation and individual expectation product

in (8.55)) can thus be expressed as a sum of four parts, corresponding to the four subsets,

GniiGnikl{eni; € Enijs ensi € Enik}| X, Pn)
GrijGnirl {En,zj € Enijr Enjik ¢ Enikt Xn,Dn)
GrijGnirl {€n,z‘j ¢ EnijrEnik € gnzk}| Xy Dn)
Gn,ijGnirl {€n,z’j ¢ Enigy Enyik ¢ Enik}| Xy Pn)

E ( Gn,ij Gn,ik

Xnapn) =

~—~~ o~

(8.57)

and

Grirl {enik € Enir}| XnyDn)
Gl {enin & Enintl Xn, Pn)
Gl {enir € Enir}| Xn,Dn)
G )

n,ikl {En,ik g—f En,zk}| Xnapn
(8.58)

Ghjijl{enij € Enis}l Xnspn) B(
Ghijl {€nij € Enij}l Xn, pn) B (
Ghijl{enis & Enij}l X, o) B (
Ghjijl {€nis & Enij} X, o) B (

B (Gnijl X pn) B (Grik| X, pn) = E(
E(
E(
E(

+ o+

We will show that each term in (8.57)) subtracting its corresponding term in (8.58)) will yield
a difference that is O (n™1), so summing up the four differences the conditional covariance

in (8.55)) is also O (n™1).
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To this end, we first introduce some notation. Recall that by Lemma 8.1 w,,; (¢,;) has an
asymptotic linear representation

1

ni \Eni) = iy
e (£0) = i+

Z H;il (Wni) Vit (Wnis Ensit) + T (Eni)

I£i

where

* _ / +, ok
Vit (Wi Enit) = 1 {Un,il i — Enjil > 0} Dj — V7w,

Since e, enters vy, (wr;, €,4) through an indicator function defined by set &, once
we restrict (€,,5,En,k) to either one of the four subsets, the functions v, ;; (w};,€,.i;) and
Uik (W, €nix) o longer depend on (£,:5, x4k ). Depending on which subset (e, 5, €n.) lies
in, we denote the value of wy; (¢,;) as

wk (e if €45 € Enii
wnl (gn» _ 7(’)” ( ’T'LZ, j) ) ' n,) 7,179 + ’[”n (5,”7/)
Whi (Em,, j) ) if 5n,ij ¢ Sn,ija
_ w% (Em, k) ) 1f Enik € 8n,’ik7 T, (€m>
Whi (E’m7 k) ) if Enik g—f gnjka
wrlli (gnz jk) y if 8n,ij S g’n,ij7 gn,ik € gn,ik;
wrlz(z) (ETLZ, ]k) ) if En,ij S gn,ijv En,ik g—f gn,ika
= 01 . + Tn (En'b)
Wi (gm, jk) ) if 8n,ij ¢ gn,ijy 5n,ik € gn,ika
Wg (5m _]k) 3 if 6n,ij ¢ 5n,ij7 Enik ¢ gn,ika
where
_ 1 _ 1 D;— Viws, ifs=1
whi (Eni,—j) = wp; + n—1 Z Hyt (wpg) Yt (Wi enit) + —1Hn (wWhs) - { _Vtw . o
11,5 i Wnis
wii (‘gm,*k) = w _'_ 1 Z H Wh; wn il ( m7€n,il) + —1an ( nz) ) { Vtw *Z i
1752 k i Wnis

and

wztz (877,@,7_]]6‘) - w + - 7 Z H TL’L wn il ( nz? En,il)
l#m
D—O—Dk—2V+ Wi ifs=1,t=1
1 D—2V+* ifs=1¢t=0
+——H (W) S
n—1 Dy, — 2Vt Wz, ifs=0,t=1
—2VJr W ifs=0,t=0
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Note that w;, w
and ek = (En,), Lig k) respectively, for s,t € {0, 1}. For such variants of w,;, we further
define

and w depend on ¢,,; only through £,; _; = (5n,il>l¢¢,ja Eni—k = (5n,il)17éi,k

nz’

n_
*
; :Un,il+n_

n,il

1
2D2w1’LZ
2

n

—1
Chit (eni) = Unt + szfwm (€ni)

. n—
Cfm‘z (5m',fj) =Unu + .

1
22Dl(,um (€ni—j), s€{0,1}

n —
C ni,— :Unz
nzl(g k) l+77,

1

n E—
st
Crit (€ni—ji) = Unu + —

1
22D;w;§ (Enijr), s,t€{0,1}

The last three terms only cover the leading term in w,;. To deal with the remainder r, (sm)

in wy;, we choose (&}, &y ) and (&2 ;.2 ) to be independent copies of (er,ij,€nit), 1
these three pairs are independent of each other and (&} EnijrEn Zk,) and (&2 Ernij> mk) follow the

~1 ~2
same distribution as (&,,ij, €nik). Replacing (€55, €n,ik) i €55 by ( Enijs el Z,g) and ( S Zk)

we construct two vectors £}, and &2,
1 (A A 2 _ (x2 =2
Eni = (‘gn g9 gn ik Eni, ]k> Eni — (gn,ij7 gn,ilw gni,—jk)

By construction, &,;, €L, and £2, are independent conditional on &,; ;. We then define

1
An,il (5ni) = Z 22Dlrn <6m>
Rl () = "= 5200 (2))
A% (8) = 2Dl (£2)

An,ih An il
Now we examine the difference between (8.57) and (8.58). We divide the task into four
parts, depending on which of the four subsets (&5, £n,ix) lies in.

Part I: En,ij S 5n,ij>5n,ik € Sn,ik-

and An ;1 are also independent conditional on €, _jj.
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We start with the first terms in (8.57)) and (8.58). By definition

E(GniiGninl {enij € Enijyrenik € Enin} Xn, Pn)
=Pr (eny <min {Cph 4+ Anij, Ch i b oenan < min {Cphy + Apik, Cp i H X pn)
=Pr (5n,z‘j < min {CTILlZ] + A%L,ij? T*LZ]} ) Enyik < 1IN {Crllek + Aizka T*sz}‘ men>
+ E (1 {5n,ij < min {C’}Llw + Aim-j, ;m}}
(1 e < min {Ch + Auar, Cr} } = 1 {zna < min { Ol + A2, Cru } )| Xoopa)
+E (1 {gn,ik < min {Crll,llk: + Ai,ik? ;zk}}
. (1 {En,ij < min {C’;l” + Anij) C’;U}} -1 {En,ij < min {C’Tlllm + A}mj, Zw}}) ‘ Xn,pn>
+ B ((1{ens < min {C2L; + Aniy, G}y = 1 {ens <min{ChY + AL, Cr b))
: (1 {enir < min {CLh + Anir, Crintt—1 {5n,ik: < min {Crlzlzk + A?L,ik? Lk}}) ‘ men>
(8.59)

Moreover,

E(Gnijl{enij € Enij}l Xn,Pn)
=Pr <5n,ij < min {C}”j + Ay, C’;UH Xn,pn)
=Pr <€n,ij < min {CH + Aim-, C;,ij} Xn,pn>

n,tj

+ E (1 {5,”]» < min {C}HJ + Ayij, C’,*”j}} -1 {5,“]- < min {C’,ﬂj + A}mj? :”’J}H Xn,pn)
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and similar derivation holds for E (G, ;1 {€n it € Enik | Xn,Pn), with j replaced by k and
Cl,; and Al ;. replaced by C;l, and A2

nzk:?
E(Ghnijl{eni € Enijtl Xnon) B(Grixl {enix € Enint| Xn, pn)

=Pr (gn,ij < min {C,lllw + Al i Cn ”} n,pn> Pr (5n,z’k < min {Cillk + An ik mk}‘ Xn,pn>
+ PI‘ <5n,z’j S IIliIl {Crlzlz] + Avlz KYR C* }‘ mpn)

n,ij

(1 {5n,ik S min {Cnlﬂk + An,ika C;,zk}} -1 {5n,ik S min {Cllk + An ik nzk}}‘ Xnapn>

+ Pr <€n,ik S min {C%lzk + An ik nzk} XTHpTL)
(1 {5n i < mm{ AT C’Z”}} -1 {87%1-]- < min {C’%lw + ATIL i cr ”}H Xn,pn)
+E (1 {en4j <min{C, S AT C’:HJ}} -1 {5n,ij < min {C’,lllw + A}HJ, O;w}}‘ Xn,pn)

<]- {gn,ik S min {Cnlﬂk + An,ika O;—I;,zk}} -1 {En,ik S min {C}Lllk + An ik nzk}}‘ Xnapn>

(8.60)
We then compare the terms in (8.59) with those in (8.60). We do this in four steps.
Step 1.1: Compare the first terms in (8.59) and (8.60). Because C,%;

i 1s a function
of eni—jk, Al ij and Ai ij are independent conditional on e, _j;, and g, ;; are i.i.d. by

Assumption I, the first term in (8.59)) is given by

Pr <5n7ij < min {C’ilw +AL . Cr Z]} , Enik < Min {C’,lllzk + A%, ’”kH Xn,pn>

= (PI‘ (En,ij < min {Cilw + A711 ZJ’C:; z]} s Enjik < min {Cllk + An ik nzk:}

=E (F (mln{C’%lU +A71”37O;”}> <m1n{C’mk+Amk, mk}) Xn,pn)

where F. is the CDF of ¢, ;;. Moreover,

Eni,—jk> Xnapn>

Xn7pn>

Pr (gn,z'j < min {Cﬁfw + A Cr w}‘ mpn>

=E <Pr <5n7ij < min {C’}llw +AL . Cr }

n,i57 ~'n,ij

Eni,—jk> XmPn)
=Pr <F <m1n {C’ilm + A} i) ;U}> ’ Xn;Pn)

Xn,pn>
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Therefore, if we subtract the first term in (8.60) from the first term in (8.59), the difference

is given by

n;pn) PI‘ (gn,ik < min {Cillk + An zk7 C:L zk}‘ n>pn)

: 11 1
Pr <5n7ij < min {Cn it Al i Cnig

—Pr (Sn,ij S min {C’I:’I-Ll’bj + A711 ,170 C:; 2]}
D (et s 320.02)) )

=) <F (mln {C}Llw + Ai 0 Cnij
O }) ‘ Xn,pn> E <F <min {C’llzk + An iks Lk}) ‘ me")

11 1
_E(F (mln{C’mJ—kAmJ, gy
=Cov ( <mln {C(?}le] + A}L 40 nz]}) <m1n{ n,ik + An ik nzk}) Xn’pn>

- ()| %)

_ 11 1 . 11 .
=Cov (F€ (mm {Cn it An i nzy}) mj , F (mm {C’n e T An ik Cn ik
(8.61)
We will show this conditional covariance is O (n~1). By Taylor expansion,
11 1 * *
F. (mln{Cm] —i—Anw,C’mJ}) (C'mj)
= J- (Cpy)min { Ol + AL, = Co 0} 4o (|min{ €l + AL~ €10} |) - (3.62)
where f; is the density of F.. From the definition of C’Tlllw, A}Z i and CF .,
11 1 x
Cn K2 + An i Cn ,iJ
-2 o, ST H () Yt @ Ent) + ——H @) (D + Dy — 20, ws,) + 7 (2L)
n_2 J n_ll;ézjk nt n ) n? b n_l n ’I'LZ

In the parentheses above, the second term is O (n™!) and by Lemma the remainder
1/ 2) so they are dominated by the first term, which is O (nil/ 2) by CLT.

T'n (érln) = 0p (ni

Thus
cy Al _or o —op H!(wr - ! 8.63
n,ij + n,ij n,ij 7 n—2 Z ni (wnz) wn,il (Ldm;, 5n7il) + Op % ( . )
1#4,5,k
Similarly, we can derive
Crlzlzk + An ik nzk = 2Dk Z H Why wn il ( Whir En Zl) +0p <7> (864)
l;éz 7.k
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Hence,

‘CO/U (mln {Cill] + A;, % C;; V20 } ’min {Cilzk + An ik CT*L ik }‘ Xﬂapn>

1 1
< Var <m1n{07ilu +A71wj C;zp }‘Xnapn>2 Var (min{cllk+Anzk ;,ik70}‘Xnvpn)2
1

2 % 2
n,yij n,ij n,ij ”’pn) Var (ank + An ik — Ynjik Xnapn>

_0 (%) (8.65)

where the second inequality holds because for any random variable Z we can write Z =
[Z]_ +[Z],, where [Z]_ =min{Z,0} and [Z], = max{Z,0}, and note that

< Var <C’11 + A O ?

Cou (7)., 17),) =B (1Z]_ - [2),) ~ B (7)) B(2),) = ~B(17)) B (1Z],) 2 0
Var (Z) =Var ([Z]_) + Var ([Z],) +2Cov ([Z]_,[Z],) > Var ([Z]_) (8.66)

The third equality in (8.65]) follows because from ({8.63]) we obtain

n,pn)
1
Xn>pn> Dj +o0 (_>
n

Var <C’11 + A O

n,ij n,ij n,ij

Z H Wi ¢nzl( magn,il)

< 4D§-Va7“ (
l;éz 7,k

o)
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and similarly Var (C}lek +A2, - C Zk} " pn> = O (n™'). Therefore applying the Taylor

expansion in (8.62)) we derive the conditional covariance in (8.61)) as

Cou (F. (min { Ol + AL, Cry b = B (Chy) ) B (min { Ol + A2, G b = B (Cra) )| X
1. (Crig) - (Cha) Cov (min { Oty + AL = Gy 0} min { B+ A2, = €, 0} X, )

+ 1. (Chyy) Cov (min { OB, + AL, = Gy, 0} o (|min {Clly + A2, = € 0}]) | X )

1 (Cra) Cov (min {Clly + A2 4 = €y 0} o (|min { €2 + AL, = Ci iy 0}])| Xapa)

+ Cou (o (|min {1l + AL, = Ciy0}|) o (min { Oty + A2, = i 0} X

n,ij n,ijo
1
<1 (Cop) £ (o) Cov (min {C2L, + AL, — 50} min {2, (gm,_jk)_o;,ik,o}(xn,pn)+o<ﬁ)

0 <%) (8.67)

Combining (8.61]) and (8.67]) proves

Pr <€n,ij < min {Cilzj + A711 XY C; Z]} En,ik < min {Cllk + An Jiko nzk}) men)
—Pr (gn,l-j < min {CH + AL O n,pn> Pr (emk < min {C}Lllk + An 5 O lk}‘ n,pn)

n,ij n,i5° nz]}
n

While the events &, ;; < min {C’}fw +Al,Cx ”} and &, ;x < min {Célzk +A2,.C Zk} are
correlated due to the correlation of C1L; + AL . and CIL, + A2, through e, _j;, because

CiL; and C)Y, converge to Cy U and C ;, respectively at the rate of n™/2, such correlation
vanishes to 0 at the rate of n~

Step 1.2: Consider the second terms in and (| - Since

‘min {Cﬁl,ik + A ik, C;,ik} — min {Crlzlzk + An ik O zk}‘
= |min {C + A = i 0} — min { Oy + A2 4 = € .0
< Cnl,lk + An,ik - Yn, 'Lk <Cn ik T An ik~ “n zk) ‘

n,ik
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where the inequality follows because |min {z,0} — min{y,0}| < |z — y|, and by definition
and Lemma [8.2]

Cilin — CMl 4+ Dty — Ai’k

n—1 1 _ . . . -
T 22D;c (n — 1Hni1 (wni) (wnw (Wni» Enyij) — (Dj - Vﬁwm)) + 7 (Eni) — T (521))

we define d,,

M sup Hrn (5711) —Tn (éil) H

2
dn: n—2 }D;H;‘ ( ) (wnz]( magnz]) (Dj_‘/l+w;z))|+
En,ik
(8.68)

Then d,, provides an upper bound

‘mln{ nzk+An,ik7 nzk} mln{onzk+Anzk7 nzk}‘<d

that is independent of ¢, ;;. Hence a rate-determining part in both second terms in (8.59)
and (8.60) can be bounded as

‘E (1 {enie <min{C;ly + Apin. Cr i} — 1 {gnﬂ-k < min {C’Tllllk + A2 i Cn Zk}}‘ Xn,pn)
(‘1 {5n i < min {C’n i+ Dok, C,*”k}} -1 {5n,ik < min {C}Lllk + An ik mk}} Xn,pn)
< {6n i lies between mln{ ik T Ayiks C;ﬂ-k} and min {Célzk + An ik mk}}‘ Xn,pn>

{mln{ nlzk + An ik nzk} - dn S Enik S min {C%lzk + An ik nzk} + d }‘ Xn?pn)

(F6 (mm{ka mk, mk} +d ) E, (min{C’mk mk, ,’;Zk} — dn)

where the second inequality is from the fact that if events ¢, ;; < min {C’;Ll’i,f + Ak, C,’;’ik}

<E
<E
<E
=FE

Xn,pn> ;

and €, < min {C’Hk + A2 ik Cn Zk} do not occur at the same time, ¢, ;, must lie between
min {C;L; + Ay, C 4y, b and min {C%llk +A2,. Cx Zk}. The last equality follows because

£n.4% is independent of C*L 4+ A2 . and d,,. By Taylor expansion
, n,ik

n,ik

E (FE (min{C’}fﬂc + Amk, mk} +d, ) F. (min{C’ﬁk + Amk, mk} — dn)
=E <2f5 <min{C’Tlllzk —I—Amk, mk}) d, +o(dy,) Xn,pn>

o(2)

men>
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where the last equality follows because E (d,| X, p,) = O (n™!) by (8.8) in Lemma [8.2}
Therefore, the second terms in (8.59) and (8.60|) satisfy

‘E (1 {5,17,7 < min {C’}llw + A,ll i cr w}}

. (1 {gn,z’k < min {Cllk + Ay ik, T*Hk}} -1 {gn,ik < min {C’Hk + An ik cr Zk}}) ) Xn,pn>
<E (‘1 {Enie <min {CL + Ay, Cr Y} — 1 {gnk < min {C}flk + A2, nk}}( Xn,pn)

cof})

and

‘PI‘ (67171] S mln {071111‘7 —I— A}l ’Lj’ C’r); ’L]}‘ TL’pTL)
E (1 {5n i < min {C’ﬁlik + Ay ik, C;"”k}} -1 {5n,ik < min {Crllllk + An ik mk}}‘ Xn,pn>

<‘1 {8n e < mln{ ik T Dk, CZ@k}} -1 {gn,ik < min {an + An ik mk}}‘ Xn,pn)
of2)
n

We conclude that both second terms in - and (8.60) - are O (n

Step 1.3: Consider the third terms in (8.59) and (8.60). Followmg the same proof as in
Step 1.2, with j and k swapped and C; An . and é?n replaced by C;, AL, 4 and £, wi
can show that both terms are O (n™!).

Step 1.4: Consider the last terms in (8.59)) and (8.60|). From Steps 1.2-1.3, the last term

in (8.60)) is clearly O (n™2). As for the last term in (8.59)), we follow the idea in Steps 1.2-1.3.
Observe that

‘min {C’,lllm + A, C;ij} — min {Cill] +A! ij> COni H
< ‘An,m Al

n,ij

n—1

LoD, (1 (60— (g,gi))'
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and

‘min {Cillk + Apik, CZ@I@} — min {C}lek + Ai,ika C:sz}‘
S ‘An,zk - AZ

n,ik

Define d. and d? by

1 2 (n B 1) ) — =1
dn n — 2 En,zsjlvl‘sl::hik Hrn (gnl) Tn (87’11) H
2(n—1 -
I = % s en) = ()]

Then d! and d? provide upper bounds

: 1 i L+ Al ,
‘mm {CML 4+ ANnij, Cr i} — min {Cn,ij + A O;w}‘ <d,
min (O3 + A, G} — min { O + A2, Cra | < 2
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that are independent of (£,,;;,€,.) and are independent of each other conditional on &,; _ .

Hence, the last term in (8.59) satisfies

)]E <<1 {Enﬂ'j < min {C’,lllw + Ay, C;,U}} -1 {En,ij < min {C’ilw + A}L i nw}})
(1 e < min {Clh + Anar, Crg} } = 1 {2na < min { Ol + A2, Cru } )| Xoopa)
<B (|1 {ens < min {C2; + Au, Oy} = 1 {ensy < min { Ol + AL 0
‘1 {5n i < mm{ 1zk + Ay ik, mk}} {smk < min {C’sz + An ik mk}}Hmen>
<B (1{min {C3%; + AL ;. Criy } — db < eny <min{ClL + AL Cr L+ d
-1 {mm { nllk + A2 i Cn Zk} — d? < g4 < min {C}Lllk + A2 i Cn Zk} + di}‘ Xn,pn)
=E (F (mln {C’T}Llw + Ai i Chn ”} + d;) — I, (mln {C’}Ll” + A}L i Ch ”} — d;) Xn,pn>
-E (F8 (min {C’,lllzk + An ik mk} + d2> F. (min {C’}lek + An ik mk} — di) n,pn)
= (2/. (min { €2, + AL, Ciy }) d + 0 ()] X, pa)
B (2f. (min { Ol + A2, Ch }) 2 + 0 (d2)] X, pa)

o2

where the first equality results from the assumptions that (i) €, ; and &, ;; are independent,
and (d},d?), (iii) Al;; and A2, are inde-

ny 'n n,1J

(i) (enijrEnak) is independent of (A A2

n,ij’ —n,ik

pendent conditional on &,; _;i, and (iv) d: and d? are independent conditional on Eni,—jk-
The last equality follows because E (d}| X,,,p,) < O (n™!) and E(d?| X,,,p,) < O (n™1) by

(8.8) in Lemma We conclude that the last terms in (8.59)) and (8.60) are O (n~2) and
thus negligible.

Combining Steps 1.1-1.4, we have proved that

E (GnijGnikl{enij € Enijyrenik € Enyik}| Xy Pn)
—E(Gnijl{enij € EnijH Xn,0n) B(Grikl {enin € Enirt| Xn, pn)

o)

Part II: ¢,,;; € &5, Enik & Enik-
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We turn to the second terms in (8.57) and (8.58)). They can be represented as

n,ik

+E

E (GhijGuitl {nsij € Enijs Eniite & Ensin} X, Pn)
=Pr (e <min {0 + Anij, Crii b Cie < €nn < Coop + Ay ik] X, Pn)
—Pr (5%2‘]’ < min {C%OZ] + A}% i Ch Z]} , Crike < Enjik < ka + A2 napn>
+E (1 {sn,ij < min {Oé% + A G ]}}

L{C} i < enar < Cplp + Apar} — 1 {C;;ik < Enan < CM0 + A2 k}) ) men)

{C’;’ik < e < CM + A2 m}
1 {eny < min{O1, + Aniy €}y = 1 {zns < min {1, + 81, €} )| Xoon)
+E (1 {eni; <min {C%; + Anij, Cr i} — 1 {Enﬂ'ﬂ' < min {Crllow + A G “}}>
L{C}: i < enit < Cpop+ Dy — 1 {CZ,ik < Engn < CM0 + A2 k}) ) men)
(8.70)

and

E (Gn ijl {éTn ij € & zg}’ men) K (Gn,ikl {5n,ik éé 5mk}| men)
=Pr (5n i S mln{ n,ij + An KR ;,ij}‘ men) Pr (C;@k < 5n,ik S Cnolk + An zk| Xnapn)

=Pr (z—:m-j < min {C}low + Al i Ch Z]} n,pn> Pr (C’ZZ,€ < ik < C’lozk + An ik n,pn>
+ Pr <€n7ij < min {Cio,u +A! i Ch ”}‘ n,pn)
B (1{Chax < e < O+ Buin} = 1{Crie < i < Ol + A2 1} X0
%on)
<1 {e,i; <min{C, nii T Bnij, ;‘W}} —1 {en,ij < min {07110” + A}”],CZU}H Xn,pn>

+E<1{€n” min {Cy' + Ay ij, :ﬂ-j}}—l{emj§min{Crllow+A711”,C;”}HX,L,pn)

E (1 (CF o < Enie < C0 + Apir} — 1 {c;;ﬂ.k < e < C + A2 k}‘ X, pn>
(8.71)

4 Pr ((J;ﬂ.k < g < C0 4 A2

n,ik

The representations in and are similar to those in and . The main
difference is that e, < min {Crty 4+ Ay, Cp i } is replaced by C’;‘;ik <éenir < C’,}L et An k-
Following the proof in Part I, we show in four steps that the difference between (| and
(8.71) is also O (n™1).
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Step 2.1: Compare the first terms in ) and ( . Since

Pr (gn,ij < min {Clo + AL O } , Chik < Enik < C,llolk + An ik

n,ij n,ij7 ~'n,ij

Xnapn>

:E <PI‘ (5n,ij S min {C:LOU + A;L KR C;: z]} 70;);7;]; < 5n,ik S CylLolk + An Jik 5m —jk» men) Xnapn)

=K (F (mln {C’}LOU + A}Z i Ch za}) <FE <max {C’,llozk + Amk, mk}) — F. ( ik ))Xn,pn>

and

n,

10
Pr (C* ik < 5n,ik S Cn ik + An ik

napn)
=B (Pr (G < 2nin < % + A2 i eni ks X P ) | X )

= (F€ (ma’X{ank 7211167 ;,lk}) - FE ( Z,lk)‘ Xnypn)

subtracting the first term in (8.71]) from the first term in (8.70)) yields

. 10 1 1
Pr (5n,ij S min {Cn i + An 70 C;: z]} ) C:L,zk < En,ik S Cnolk + An Jik

men>
—Pr (5n,ij < min {C}LOU + Al ij» Cn. w}’ n,pn> Pr (CZ ik < Enk < Cpp + An i

Xour)

=E (F (mln {C’,lloijA?l”],C’;”}) <F <max{0;01k+Amk, mk}) —FE( ik >)Xn,pn>
—]E(F (mm{C’iOU—i—A}HJ, m]}) n,pn> <F <max{010k—|—Amk,szk}> F Ch ik )Xn,pn)
—COU( <m1n{C’,1L%—|—A}1U, mj}) (max{ mk—l—Amk, mk})—FE( ;"L,ik)‘Xn,pn)
Ciuf) = F

=Cov (F8 (mln {C’}low + A}l i mk P (maX {C’n T+ An ko> mk}) — F, ( ;Zk) ‘ Xn,pn>
(8.72)

Similar to the proof in Step 1.1, we have

‘C’ov (min {C’}ZO” + AL, i — Criis } , Max {C’lozk + An & — ok O}‘ Xn,pn>

1 1
< Var <m1n {Ciow + A}l ij — Cnij> H men> 2 Var (max {C’n o+ An ik — Ch ik OH men> 2

1
2
napn>

1
napn) ’ Var (C%Ozk + An ik C*

n,ik

< Var (010 LAl o

n,ij n,ij n,iJ

(3
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where the second inequality follows because (8.66)) implies that Var (max {Z,0}) < Var (Z2).
Therefore, applying the Taylor expansion

F. <max{010k + Amk, mk}) — F: ( ;,k)
= fE ( nlk) max {Crllolk + An ik C:L ik> }0 (‘maX {CrlLozk + An ik C;; ik> }D

we bound the covariance in as
Cou (F. (min {C15; + Al . Cry b = B (Chy) ) S B (max {0 4+ A2 0, G }) = P (Cia)| X
<f. ( mJ) fe ( mk) Cov <m1n {C’,llow + Ai ii — Criio } max{C’lOk + An ik ;,ik,O}‘ Xn,pn) +o <%)
_0 (l)
n

This proves that the first terms in (8.70) and (8.71) have a difference that is O (n™!).

n?pn>

: 10 1 10
—Pr (En,ij < min {Cn ij + An RAR C;Lk 2]}‘ ’fl?pn) Pr (C;,zk < En,ik < Cn ik + An ik

cof})

Step 2.2: Consider the second terms in (8.70]) and (8.71]). Observe that

Pr <€n,7ﬁj S min {010 + A}L g Ccr. } ’C:,ik < En,ik < Clok + A

n,tJ n,1j

n,ik

Xnapn)

’1 {C:L,’Lk < En,ik S ank + Anzk} { n,ik < En,ik < C71LOzlc + Anzk}’

<1 {5n,ik lies between C’ﬁik + A, i and C’Tllozk + An Zk}
Moreover, by definition and Lemma [8.2]

Cﬁo,ik + Anik — (Crlzozk +A2 zk)

n—1 1 B . . " .
= 22ch (n — 1Hni1 (wii) (¥mij (@Whisenig) = (D = Vitwp)) + 1 (Eni) = 7a (57211))

so the d,, defined in (§8.68]) provides an upper bound
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that is independent of €,, ;5. Then

{5n i lies between Cpy + A, and C1Y) + A? Zk}‘ n;pn)

< (1
<B (1{Ci% + A2 4 — du < i < O+ A2+ du | X2
B (. ( ,fik + A2+ dy) = B (O 4+ A2 — do)| X0
=B (2/. (€% + A2 ) du + 0 (dy)| Xu, 0
o)
n
Therefore, both second terms in (| and (| are O (n~ ') since

‘E <1 {67171']' S min {C}LOU + A711 KR C:; z]}}

B ([1{Cru < nin < Cl% + A} = 1{Cras < enin < Ol + k}H X0 )

and

Pr (gn,z‘j < min {Ciow + A, Cr ”H napn>
E<1{C;ﬂk < En,ik §0n1k+AnZk} { n,ik < Enyik <C7lzozk+Anzk}‘ nvpn>

<B ([1{Cr0 < enie < O+ Bua} = 1{Cras < 2nin < Ol + A2, || X0

o)

Step 2.3: Observe that the third terms in and are obtained from the second
terms with j and k£ swapped. Using the same proof in Step 2.2 we can show that the third
terms in (8.70) and are also O (n™1).

Step 2.4: Consider the last terms in (8.70)) and (8.71)). From Steps 1.2 and 2.2, it is clear
that the last term in is O (n™2). Moreover, since

n,ij

‘min{ClO + D Crs ) —mm{c,i‘;j +A}HJ,C;”H < ‘AW Al
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and

CL, 4+ A — (C;f;k + A2 ) ( < ‘Am-k _ A2

n,ik n,ik

the d} and d? defined in (8.69)) provide upper bounds

] 10 * . 10 A1l * 1
’mln {Cn,ij T An,ij, Cnaij} — min {Cn,ij + Anﬂ’j? Cn,ij}‘ < dn
Coiie + Dik — (C}f@-k + A?”k> ‘ <d?

that are independent of (&5, €,.ix) and are independent of each other conditional on €,; _p.
Then the last term in (8.59)) satisfies

B (1 {enss < min {C% + Auij, i} } = 1 {ens < min {15, + AL, i 1)
(1{Crae < 2mie < Ol + A} = 1{Ch < 2nin < Cl% + A2, 1) X
<E (1 {min {o;g.j } —d' < ¢, < min {o;gj + AL, o;;,z.j} + d;}
{00+ B2 — B < eni SO0+ A2+ B} X0
=B (£ (min { €1, + AL, Coy } +db) = B ({00, + AL Cry b - )
B (F (O + A2+ @) = B (Ol + A2 — &2)| Xm0

B (2 (min {3, + A3 . Cr iy }) dh+ 0 (41)| Xaupn ) B (26 (Ol + A2 d2 40 (d2)
()
n

Like in Part I, the last terms in (8.70)) and (8.71)) are also O (n2?) and thus negligible.
Combining Steps 2.1-2.4, we have proved that

+ Al O

n,ij0 ' n,ig

Xn7pn>

Xn,pn)

IN

E(Gh,ijGnikl{enij € Enijrnik & Enik | XnsDn)
—-E (Gn,ijl {5n,z'j € Sn,ij}’ X, pn) E (Gn,ikl {5n,ik: ¢ 5mk}| Xo, Pn)

cof})

Part III: En,ij §é En7ij7€n,ik S En,ik-
The third terms in (8.57)) and (8.58) are given by

E (Gn,ijGn,ikl {Sn,z'j ¢ EnijrEnik € gn,ik}’ Xy, Pn)
=Pr (C* < Enyij < COl + An,ija En,ik < min {02711]9 + An,’ikv C:;,zk}‘ Xnapn)

n,ij n,ij
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and

E (Gn,ijl {€n,ij ¢ gn,ij}‘ X, n) E (Gn,ikl {En,z‘k € 5nzk}| Xy Pn)
=Pr (C* < 5n,ij S CO' + An,ij| Xn,pn) Pr (5n,ik S min {Cnlﬂk + An,ik; C;,zk}‘ Xn,pn)

n,iJ n,tJ

They are obtained from the terms for {e,;; € &,ij,€nik & Enix} in Part II with j and k

swapped, so from the proof in Part IT the difference between them is also O (n™1).

E (Gn,ijGn,ikl {Sn,ij ¢ EnijrEnik € Enik | Xn, Pn)
—-E (Gn,ijl {5n,'ij ¢ Sn,ij}’ X, n) E (Gn,ikl {En,ik € 5nzk}| Xy Dn)

ol
n
Part IV: ¢, ;; ¢ E,ij, €nik € Enik-

By definition,

E (Gn,ijGn,ikl {En,ij ¢ 5n,ij7 5n,ik ¢ Sn,zk}’ XnaPn)
=Pr (C* < enij < O+ D, Crik < éEnjik < CS?-k + An,ik‘ men)

n,iJ n,tJ %
and

E (Gn,ijl {gn,ij ¢ gn,ij}| men) E (Gn,ikl {5n,ik §Z 5mk}| men)
- PI‘ (C* < 8mij S CO. + An,ij| men) PI‘ (O*,zk < 5n,ik S Cno,zk + An,ik} Xn7pn)

n,ij ", n
With a slight modification to the proof in Part II, we can show

E(GniijGnixl{eni; & Enijrenik € Enir} Xn, Pn)
—E(Ghil{enij & Enijtl Xn,on) B(Grixl {enix & Enint| Xn, pn)

cof})

Combining Parts I-IV, we conclude that the conditional covariance of G, ;; and G, i

given (X,,,p,) is O (n™1)
1
E (Gn,ijGn,ik’ men) - ]E’ (Gn,ij’ Xnvpn) E (Gn,zk’ Xnypn) = O (_>

n

The proof is complete. m
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To prove Theorem [£.2] and Theorem 4.3, we first prove in the following lemma that the

population objective function is differentiable.

Lemma 8.3 (Differentiability) Suppose that Assumptions -@ are satisfied. Given X,

and p,, V,, (0, p) defined in is differentiable at (0o, pn) with a derivative V 9\ ¥, (0o, pp) =
VoW, (6o, n) s Vo¥n (80, pn)] that satisfies

[0 (0.9) = U (B0, 20) = V6.0 Tn (B0, Pn) ((8,2) = (6o, pa))|| = 0 (116, p) — (60, p)l)

Proof. By the definition of ¥,

1
v, (0,p) = m Z Z Wiij (0, p) (B [Grijl X, pu] — Paij (0,p)) -
i i
Since W,,;; (6,p) is a function of P,;; (#,p), we start by proving the differentiability of
Pn,ij (9,}9)
By definition

-1
Poj (0,p) = / 1 {Un,z‘j (0,p) + ZTQD;WM (€n,i 0,p) = 5n,z’j} Jeni (Eni) densi

1
where f. . represents the density of €, ;. From the definition of U, ;; in (3.4), Up.; (0,p) is
differentiable in (6, p). To establish the differentiability of P, ;; (#, p), we need to investigate
how wy; (€n4, 6, p) would change in (6, p).
From the first-order condition for w in in the proof for Lemma , Wi (Eniy 0,D)

satisfies

1 n—1

n—1 Z 1 {Un,z'j (va) + mQD;wm (gn,h 07]9) - 6n,ij > O} Dj = ‘/i+ (va) Whi (6n,ia 9,]9)
i

(8.73)

almost surely. The left-hand side of (8.73)) as a function of (0, p) has a derivative at (g, p,)

that equals 0, except for the set

n—1
n—2

{&m 2 37, Unij (0o, pn) + 2D wni (enyis 0o, Pn) = 5n,ij} :
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which occurs with probability 0 since

n—1
22D;'wm' (gn,iv 0o, pn) = En,ij

Pr (ij Un,z] (007pTZ) +

Xnapn)
n—1

S Z Pr (Un,ij (‘90»]771) + N 22D;wm (571,1'7 HOapn) = En,ij Xnapn) =0.

The last equality follows because the right-hand side of is a linear function of w, and
the left-hand side is a step function, so when ¢, ;; changes the optimal w,; changes at most
finite number of times which occurs with probability 0. Therefore, with probability 1 the
right-hand side of as a function of (0, p) also has a derivative at (6, p,) that is equal

to 0, i.e.,

’V;_l— (0,]?) Wni (571,1'7 97}7) - V;+ (Hﬂ’pn) Wni (571,1'7 907pn)| =0 (“(9717) - (eﬂvpn)H)

almost surely. Moreover, from the definition of w in Section [3, we have w = V;®;&, where ®;
is the matrix of eigenvectors and @ is given in (3.3)), so w = V;V,;"V;®,0 = V;V,"w. Hence,

Wni (€, 0,0) = Vi (0,p) V™ (0,p) wni (en,i, 0, D)
= Vi (0,p) Vi™ (60, pn) wni (€nsi, B0, pn) + 0 (118, 2) — (B0, pu)I)
= Wni (Enir 00, 2n) + (Vi (0,0) — Vi (00,10)) Vi" (B0; Pn) Wi (€ni» 00, )
+ o ([[(8,p) = (6o, ) l) (8.74)

almost surely.

Now we construct the derivative of P, ;; (6, p) at (6o, p,). Observe that V; (0, p) is differ-
entiable in (0, p). Define the augmented parameter § = (0, p) and 6y = (6y,p,). Note that
the dimension of § is dim () +T2. For k = 1,...,dim (9) 4+ T2, let 6 be the kth component
of 0 and define

8‘/i,11€907pn) - aVi,lTSQOJ?n)
80k aak

OVir1(00.pn) - OVirr(Bo,pn)
00y, 00,

Furthermore, define

V0. Unii (00, pn) = ( i (00,p1) OU,j; (00, p )>.

00’ ’ op'
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We define the vector Vg, P, i; (6o, pr) by

V(G:P)anij (607]7”) ((97p) - (907pn))

-/ <v(9,,,)un,ij (9. pn) (6, ) — (B0, p1))

n—1 - -
250, D195, Vi (00, ) Vi (B0, ) i (e 0, ) (0 = m))
n—1__,
- Je Enyij * Enyij = Un,z‘j (Qo,pn) + n— 12Djwm‘ (571,2" 907]%) fan,_ij <5n,—ij) dﬁn,—ij,

(8.75)

where f. .. represents the density of &, _;; = (En.ik) hotij and the f. term in the last line is the
density of ¢, ;; evaluated at the value such that e, ;; = U, ;; (6o, pn) + Z—jQD;wm- (€nsis 00, Dn)
for a given €, _;;. We show that the Vg, P, i; (6o, p,) defined in gives the derivative
of P,;; (0,p) at (6, p,) in the sense that

|Poij (0,p) — Paij (80,0n) = Vo) Prij (B0, pn) (6, 0) — (60, 10))| = 0 (||(6,p) — (60, pa)]]) -

To see this, consider the difference between P, ;; (6,p) and P, ;; (6o, pn)

Pn,ij (evp) - Pn,ij (907pn)

n—1

= / <1 {Un,ij ((9,]9) + %12D;Wm (571,1'7 eap) Z 5”#7}

n

n—1

12D;Wni (€nis o, Pn) > 5n,ij}> fEn,i (€n,i) den,s

-1 {Un,ij (6o, pn) +

= / An,ij (gn,h 97p7 907 pn) AUn,ij (En,ia 97 p) fEn,i (En,i) deﬂ,i
where we define

- n—1
Unij (€ni,0,p) = Uy ij (0,p) +

QD;‘wni (5n,i7 07 p)

n—1
AUvn,ij (5n,i7 ‘9729) = ﬁnﬂ'j (gn,iy 9,29) - Un,ij (gn,ia 90apn)
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and

An,ij (gn,ia 67 b, 907pn)

1 n—1
= — 1 Unz 0, + 2D/(,Unz €ni767 2 €ni'}
AUy, (€nyi, 0, ) < { i (0:7) n—1""" (€nis 0, p) i

—1
—1 {Un,ij (00, pn) + n—12D;wm' (€nsis 00, Pn) > 5n,z’j}) :
n —_—

By (8.74) and the differentiability of U, ; (6,p) and V; (6, p), Un.ij (en., 0, p) has a derivative
V(G,p)[]vn,ij (5n,i> 907pn) at (907pn) giVen by

V(G,p)Un,ij (gn,ia 007pn) ((97]?) - (007pn))
=V (0.0)Un,ij (00, pn) ((6,p) — (60, pn))

n—1 , ~ ~
+ — 122ijV§kV} (00, pn) Vi (00, Pn) Wi (€nis B0, D) <9k - 90k>

in the sense that

AUvn,z’j (gn,ia 9,]?) - v(@,p)ﬁn,zj (577,,2'7 90,pn) ((8,])) - (907]971))‘ =0 (”(97]9) - (Qo,pn)H) (876)

almost surely. Hence, for the V(g )P, ; (0o, pn) defined in (8.75)) we have

Prij (0,0) = Poij (00, 0n) — Vio.p)Prij (00, 0n) ((6,0) — (60, n))

= / A i (€n,is 0, p, 00, pn) AUn,z‘j (€n,is 0, p) fs,w' (€ni) den
- /V(G,p)ﬁn,ij (€n,z‘, 007pn) ((97]0) - (907pn>) e <5n,ij ‘e = Umg (5n,ia ‘907Pn)> fan,_ij (5n,—z‘j) dﬁn,i
= / An,ij (57171'7 97p7 90apn) (AUn,ij (571,2'7 97p) - V(G,p)ﬁn,i]’ (571,,2'7 907pn) ((eap) - (907pn))> fan,i (En,i) dgn,i

+ / (An,ij <€n,i> 0, p, ‘907Pn) fe (En,ij) - fe (gn,ij P Enij = 0n,ij (5n,i7 907Pn)>)

: v(9,1))(771,1']' (gn,ia 907pn) ((97p) - (907pn)) fsn,ﬂ'j <5n,fij) dgn,i (877)

where the last equality follows by adding and subtracting the same term. The first term on
the last right-hand side of (8.77) is o (||(0,p) — (6o, pn)||) by (8.76) and dominated conver-
gence. It suffices to consider the last term in (8.77). For a given ¢, _;;,

/An,ij (671,2" 0,p, 907pn) Je (&m’) dgn,z‘j — fe <€n,z‘j “Enjij = Unzg (5n,i7 007pn)) — 0 (8-78)
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as (0,p) — (Ao, pn) and thus AU, ;; (44,0, p) — 0 by the Lebesgue Differentiation Theorem
and the fact that w,; (€,,0,p) does not change in ¢, ;; except for a finite number of points.
Moreover, the derivative Vg ) Unyij (€n4, 00, prn) is Lipschitz continuous in (6, p), i.e., there is

a constant C' > 0,

’V(G,p)Un,ij (En,ia 00, n) ((0,p) — (0o, 20))| < C[(0,p) — (00, pn)| - (8.79)

Hence by (8.78)), (8.79) and dominated convergence we derive that the last term in (8.77)) is

also o (||(8,p) — (6o, pn)|l)-
We have proved that

| Poij (8,9) = Prij (00,0n) — V(0.5 Prij (60, 91) ((6,9) — (60, p))| = 0 ([(6,p) — (60, pn)]l)

so the V(g Pnij (0o, pr) defined in (8.75)) is the desired derivative for P, ;; (0, p) at (6o, ).
[

Proof of Theorem 4.2 By Lemma [8.3] and Assumption, ¥,, has a continuously invertible

derivative at (6, pn), so there exists a constant ¢ > 0 such that

W, (0, p) — W (0o, pn) || > ¢ [(0,p) — (B0, pu) | + 0 ([1(0, p) — (6o, Pn)l]) (8.80)

for every (6,p). Similar to the consistency proof for w,; in Lemma [8.1] inequality (8.80)
provides an identification condition for (6y, p,,): for any & > 0, if ||(0,p) — (0o, pn)|| > &, then
19, (6, 5) — B (B, )| > (c+ 0 (1) €. Let 5> 0 satisfy n < (¢ +0(1)) €. Then,

Pr (|| (. 5n) = (B0, 20)|| > €] X0
<Pr(H o (0nsB0) = W (00,20 >?7‘men>
(o)t e

(Z’ug) -V, (Q,p)H > 7 Xn,pn> (8.81)

68



where the equality follows because VU, (6y, p,,) = 0 and 0, (én, ﬁn> = 0. By the definition of
\iln and ¥,

\i]n(eap>_\ll (ep ZZWTLZ] 9]7 nzg_E(Gn,z]‘Xnupn>)
i JF

where 1
Yoi (0,p) = — > Wi (0,) G
J#i

By assumption the weight W), ;; (0, p) is bounded by an envelope ||W,,;; (6, p)| < M,, < oo for
all i and j and all (6, p), so ||Y,: (0, p)|| < M,. Moreover, by the contruction of W, ;; (6, p) and
Lemma Whij (0,p) is differentiable with an derivative V)W, ;; (6, p) which is bounded
by C,, = max; ; sup g, |1V 0.0)Whsij (6, p)]| < o0, so Yy (6, p) is Lipschitz continuous in (6, p)
with a Lipschitz constant C,,

|

Define the array Y, (0,p) = (Y, (0, p))1<l<n and the set F = { w(0,p):(0,p) € Rd9+T2}.

Let o € R™ be an arbitrary n x 1 vector of nonnegative constants. Consider the set of arrays

Vo (0.9) = Vo (0.5) | < €.

(6.p)— (6.5)

’ (8.82)

a®F = {oz@Yn 0,p): (0,p) € Rd9+T2}

where a ® Y,,; is the pointwise product of o and Y,,. The arrays in o ® F have the envelope
||| M,,. Further, the Lipschitz condition in (8.82) implies that for any (6, p) and <§, ]5)

. o\ 12
lo© Y. (0.0 - a0, (6.5)] = (Za? Yo (6,9) = Yo (0.5) )
L\ 12
< (oetetjen - @)[)

= Culal |[©.0) - (4.5)

Therefore, the packing numbers of the sets a ©® F and © x P = {(9, p) € ]Rd"Hﬁ} satisfy
the relationship

n

M,
D(¢lall Mua® £ < D (g0 x P
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for ¢ > 0. It is clear that the set © x P has a pseudodimension of at most dy + T2, so by
Corollary 4.10 and Definition 7.9 in Pollard (1990) the set F is manageable. Applying the
uniform law of large number in Theorem 8.3 of Pollard (1990) yields

Pr | sup Xon;pn ] — 0
(0,p)

as n — 00. Combining this with (8.81]) proves
<én7ﬁn) - (007pn) = 0p (]-)

The proof is complete. =
To prove Theorem [1.3] we also need the following lemma.

Lemma 8.4 (CLT for Sample Moments) Suppose that Assumptions are satisfied.
For the augmented sample moment function ¥, (6o, pn) defined in and the conditional

variance Qy, (X, pn) defined in . we have

Vi (n = D02 (X, pa) U (60, pa) = N (0,1) (8.83)

as n — oo. Moreover, Q, (X,,pn) = O (1), so ¥, (6y, pn) converges at the order of n™'.

Proof. Define

Z Ym vV Q 1/2 mpn n (e(bpn)

where Y,,; is given by

1
Ym': 1/2 TL7 n (97 n an_Pnz 97 n

with the augmented weights Wn,ij (0, prn) defined in 1) Note that conditional on (X, p,,),
Y1, .., Y, form an independent triangular array because each Y,,; involves €, ; only (though
Gn.i), and €, is i.i.d. by Assumption . We derive the asymptotic distribution of ) .Y, by
applying the Lindeberg-Feller Central Limit Theorem (CLT'). The rest of the the proof is to
check whether the conditions in the Lindeberg-Feller CLT hold.

Since Y,,; is a dy x 1 vector, where dy is the dimension of #, we use the Cramer-Wold
method. Take any vector a € R%. We verify the conditions in the Lindeberg-Feller CLT for
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a'Y,;. First, given X,, and p,, the conditional mean of a’Y,,; is 0
E (aIYni’ Xn,pn) =0

Second, the conditional variance of ) . a'Y,; given X,, and p, is

Var (Z a'Yy Xn,pn>

= a0 (X, p) Var ( v/ (n = D)W, (60, p0)

Xospn ) 2,2 (X, pa) @

=adla= HaH2

Next we verify the Lindeberg condition. It requires that for every & > 0

lim
n—o |||

7 B (@) L%l 2 € Jal}] Xou) =0 (3.5

Since

HGHQ 52B (@) LYol 2 €lall} Xop)
HGH (Za/YniYéial {la'Yol > ¢ ||a\|}‘ Xnapn)
1 i<n /Ym'
a : a

it suffices to show

maxj<i<n |G'Ym'| P

i 20 (8.85)
lal

Xn7pn> =1

so the Lindeberg condition in (8.84) follows by the dominated convergence theorem.
To show ({8.85]), by Chebyshev’s inequality

i<n ,Ym 1
Pr (maXl< = |a ’ > g‘ Xnvpn> < WE ( max a,YnZY/
a

as n — 00, because

1 maxi<i<n |CLIYnZ| 1
||a||2E (Z a'YmYTfLial{ al >0 Xp,pn | < ||CL||2E Za’Yqu{ia

i

||a|| 1<i<n

n pn) (8.86)
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Define the function ¢ (z) = €* — 1, and [|Z]|,, to be the Orlicz norm of random variable
Z conditional on (Xy,pn), i.e., [|Z]|, = inf{C >0:E (LD ('—?)‘Xn,pn> < 1}. Since z <
e* — 1, it is easy to show E (|Z]| X,,, p,) < [|Z],, so

n,pn) <

The right-hand side of (8.87)) can be further bounded using the maximal inequality in Lemma
2.2.2 of Van der Vaart and Wellner (1996),

max a'Y,;Y,.a (8.87)

1<i<n

E ( max a'Y,;Y,.a

1<i<n

(U

max a'Y,;Y,..a
1<i<n

< Klog (1 +n) max ||a'Y,;Y,al, (8.88)
¥ 1<i<n

where K is a constant depending only on . We will show that maxi<;<, [|a'Y,:YV,,all,, =

O (n™1). By the definition of Y,
a,Ym‘Yéia

1 2
:ma Q 1/2 (00, Pn) (g 907pn nz] (6o, Pn) (Gn,ij — Prj (00, Pn))

+ 3> Wi (00,02) Wit (00, 90) (Ggj = Pasis (90, 9n)) (Gt = P (90,Pn))> Q1% (X, ) a
j#i ki

We will show later in this proof that HWMJ (Qo,pn)H < 0o and Q, (X,,,pn) = O (1), so for

any 4, a'¥y;Y,;a is bounded. For any bounded random variable Z, we can show that || Z]|,, <
E(|Z]| Xn,pn) Moreover E (a'Y,,;Y,.a] X,,,p,) = O (n~') because HW"” (6o, pn)

Qn (Xn7pn) = O (]‘) and |E((Gn,l] - Pn,ij (90>pn)) (Gn,zk - Pn,ik (00apn))| Xnapn)| - O (nil)
for j # k due to Proposition 4.1} Therefore,

< 00,

1
[0Yoi¥all, S B (dYar¥a] Xoupy) = O (—)
n

6Suppose random variable |Z| < M for constant M < co. Since 9 (z) = e* — 1 is convex in z, by Jensen’s
inequality elZl —1 < % (eM — 1). Therefore

M
zi/0 _ (e = 1) E(|Z]|| Xp,pn)
B (20— 1] Xo,pn) < :

M __
Choose C = ( ) E (|Z[| Xpn,pn) so the right-hand side is 1. By the definition of the Orlicz norm, [|Z]|,, <
e]u
0= 408 12 X,

72



for all 7. This implies that
1
Y. Y! =0\ — 8.89
max ||CL nza||1/) <n) ( )

1<i<n
Combining (8.86))-(8.89) we obtain

PI‘ (max1<i<n |G/Yni‘
[all

Klog (1
Z g‘ Xnapn) S L—gn) max ”a,YniYéia“d;
&lal” 1=

_ Klog(1+n)0 <1)
& ||l

—0

as n — 0o. Condition (8.85)) and thus the Lindeberg condition (8.84)) are proved.
We have verified that the conditions for the Lindeberg-Feller CLT are satisfied, so apply-
ing the theorem we obtain 1”2 Yo a'Yy, 4N (0, 1), or equivalently,

[la

a’ZYm < N(0,d'Ia)

as n — 0o. This implies that
> v SN (0,1

as n — 0o, thereby proving (8.83)).

Finally, we show HW"” (B0, pn)|| < oo and Q, (X,,p,) = O(1). Recall that the aug-

mented weights VVMJ (0o, pn) are defined as

Wn,ij (eap) = Wn,ij (907pn) + Vp\IJn (90apn) Qn,ij
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We choose weights W, ;; (6o, p,) in the second step to be bounded, i.e., ||[W,.i; (6o, pn)|| < 0.

Moreover, the estimation of p, in the first step lead to extra weights given by

qujn (907 pn) Qn,ij

1 Z Z Wi (0,p) (B [Grpa| Xo, Pu] — P (0,0)) O,
n(n—1) 5 & o' Op=Gopn)

_ 1 OP, (907pn>

= n (n — 1) g l;ézk Wn,kl (907 pn) ap/ Qn,m

1 8Pn 9 s Pn 1 XTL = xSt
T 1) Z Z Wn,kl (907pn) Z okl <st0 p ) — { ,4J } t
n(n—1) % Ik st dp (n(n—1)"" 2 0 >y H{ X = 25}

0 n

it (00, Pn,kl(io,p )
_ Z Zk Zl;ﬁk W, (9 ) Op
ot >k 2o LK = 2%}

1{X,;; ="}

Under the assumption, for any s,t < T

ﬁ Z Z 1 {Xn,kl = ISt} — ¢

k 1#k

for ¢** > 0 as n — oo. Hence

0Py, 11(00,pn
H Zk Zl;&k Wn,kl (QOa pn) %

< X0
>k Zl;ﬁk X = ot}
and thus
vaan (907pn> Qn,ij” < 0
This proves
HWnﬂ'j (9>p) (907pn) < o0 (890)

Note that both the first-step and second-step weights have the same order O (1), so both of

them will contribute to the conditional variance €, (X0, Pn)-
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To show the rate of Qn (X, pn), recall that

=Var < n (n - 1>\ijn (Qo,pn) Xnapn>
n — 1 <Z Z Wn Jig 00 pn nlj (60719”) E ((G”vij B P”7ij (Qo’pn))2 |Xn’pn)
e
33 Waij (B0, pa) Wi i (60, 9n) B ((Ganij — Prij (60, 2n)) (G — Prsik (60, pn))] men))
i jF kFij

(8.91)
The double summation in (8.91)) consists of the conditional variances of each link. It satisfies

n — 1 ZZW”ZJ 907pn nzj (60 pn) ((anj

i = Puij (60,p0))* | X0 pn)
Ut

WZZWn” HO,pn)W (‘90 pn) Pn%] (go’p”)(

n,ij
1 jFi

< max Whij (00, 00) W, 45 (60, pn) = O (1)

- Pn,ij (00apn))

(8.92)

where the last inequality follows because Wn ij (6o, Dn) ‘ < o0. Next we look at the triple
summation in (8.91)). Since |E ((Gy.ij — Pnij (60, Pn)) (Grix — Puir (60, pn))| Xns )| < O (n7h)
for j # k by Proposition [4.1], the triple summation satisfies

n — 1 Z Z Z Wn K% HOapn nzk (607pn) E ( (Gn,ij - Pn,z'j) (Gn,ik - Pn,ik:)| Xn7pn)
i gFi k#L
< n(n—1)(n—2)

(8.93)
Combining (8.92))-(8.93) yields
Q (X, pn) = O(1) (8.94)

The proof is complete. =
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Proof of Theorem By the definition of én and ¥, (0y,p,) =0

n (TL - 1) (an(én7ﬁn) - \I[nwo;pn))
=+/n(n—1) (\Ijn@naﬁn) - ‘i'n(énaﬁn)>

=—y/n(n— 1)@71(6071771) —vn(n—1) <(\iln - an)@mﬁﬂ) - (\i]n - ‘I/n)(ﬁo,pn)> (8.95)

Since V(9. ¥, (0o, pp) is continuously invertible by Lemma and Assumption, there exists
a constant ¢ > 0 such that HV(@p)\Pn(Go,pn) ((0,p) — (Ho,pn))H > c||(6,p) — (6o, pn)|| for
every (6, p). Combining this with the differentiability of ¥, yields

19 (0,p) = Wn(bo, pu) || = ¢ [(6, ) = (60, pu) | + 0 ([[(6, ) = (60, pn)]) (8.96)

Next we consider the last two terms in (8.95)). Using the same proof in Lemma with
I/T/m-j (6o, pn) replaced by W, .; (6o, ps) and Q, (Xn, pn) replaced by

Q, (X, pn) = Var < n(n—1)%, (6, py)

Xnvpn)

we can show that
\/ Q 1/2 mpn n(elbpn) i N (071)

as n — oo and €, (X, p,) = O (1), so the second last term in satisfies

0 (7= 1) (6, pa) = Oy (1) (.97)
As for the last term in , let G, (0, p) be the empirical process

G (6,p) = v/n(n —1)(¥, = ¥,) (6, )
By the definition of \i!n and ¥,
G, (évﬁ> ~ G, (0,p) = \/ﬁz <W ( ;D ) — W5 (0 p)) (Ghnyij — Prij (00, 1n))
J#i
=D aW”“; PGy = Pu (000 ((6.5) — (0.1))

1 jFi

gy 2 2 G = Pus o ([(20) - 0.

(8.98)
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where the second equality follows from the differentiability of W, ;; (6, p) due to the definition
of Wy,.i; (0, p) and Lemma Using the proof in Lemma again twice, once for

(‘3Wm 9
PP " ) (G — Pass (60.p2) (8.99)

1
\/n(n—l)zjﬁéz

with Wm] (00, pr) replaced by m‘g&g—ﬂ)@m and Q, (X,,, p,) replaced by the conditional variance
of (8.99) given X,, and p,
XTL? pn)

\/ﬁ Z Z nyij n Jig Ho,pn)) (8100)

1 jF£i

awm 6
(mZZ j 2 Gy~ oy (o)

JF#i

and once for

with me (0o, pn) replaced by 1 and Q, (Xn,pn) replaced by the conditional variance of

(8.100) given X,, and p,

<ng ngy nlj 90 pn))‘men)
i JFi

we can show that both (8.99) and (8.100) are O, (1). Applying this to (8.98) yields

6. (09) o101 -0, (|(2) - 0.

for every <€~, ]3) and (0, p). Therefore, the last term in (8.95)) satisfies

n (0= 1) (= ) B ) = (B = ) (00,21) ) = 0, (V0 (1= 1) (B, ) = (B0 )

)

Combining (8.96)-(8.98) and the consistency of (6,,p,) by Theorem to (8.95) we
obtain

\YaL n_l H mpn 907pn)

This implies that

(c+0, (1)) £ 0, (1) + 0, (V0 (= 1) || (B, ) = (60, p2)

<0, (1)

\/ 7’L—1 H napn 90apn)

ie., (9n,]§n) is n-consistent for (6o, py,).
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To show the asymptotic distribution of (én, Pn), by the differentiability of U, the first
line of (8.95) can be replaced by

n (= 1) (Vo (60.pa) (0 — 00) + Vs (6. pa) (5 = ) +0 (V0 (0= D) || (B ) = (6. p2)

)

where the last term is o, (1) as also is the right-hand side of (8.98)). Combining this with

yields
\/ N n —1 V@ Qo,pn 9 — 90) = —\/Nn (n - 1) (\i/n(eo,pn) + Vp‘ljn (607pn) (ﬁn - pn)> +0p (1)
= —V/n(n— 1), (6o, pn) + 0, (1)

Lemma [8.4] shows that

v n Q 1/2 n?pn n (907pn) i) N (07])

as n — oo. This implies that

Vi n = D02 (X, pa) Vo, (60, ) (0, — 65) 5 N (0, 1)

as n — 0o. The proof is complete. =

8.4 Proofs in Section 5

Proof of Example |3l We verify that U, ;; (X,0) and U;; (0) given in Example [3| satisfy
Assumption . Note that sup, | 5D’ diag (V; (¢)) D; ‘ = 0, (1) (because V; (¢) is uniformly
bounded) and that sup, — > i ‘ﬁD}dmg (V ) D; ‘ = —Losup, = > i !D}dz’ag (Vi (o)) Dj} =
0, (1) by applying uniform law of large numbers to the second sup term, which is appropri-
ate because the space of symmetric o is compact, V; (0) is continuous in ¢ and is uniformly

bounded. It suffices to show that for any @,

sup | — Z ik (X w (Xi, Xi) Ba — Bloji (X, Xi) w (Xi, Xp)| Xy, Xj] Ba| = 0, (1)
o | k;éz]
and
1
SUP ; — k;”%k w (X, Xp) Bs = B loje (X5, Xi) w (X, Xp)| X, X] Ba| = 0p (1)

78



The former is satisfied by applying uniform law of large numbers again. As for the lat-
ter, Write Al (Xj, Xk; O') = Ujk (Xj, Xk) w (XZ, Xk) 64 — E [O'jk (Xj, Xk) w (Xz, Xk)| Xi, XJ] 54,
which has zero conditional mean E[A; (X, Xj;0)| X;] = 0. By Cauchy-Schwarz inequality,

we have (% ZZ |yi|)2 < %ZZ %2’ SO
)2

((n—l) n—2) Z

J#Z

Z A le

k#i,j

1 2
A (X, X0
=D 2>§<; ‘ )
1
:(n—l(n 2ZZA 5 Xis

J#i k#i,g

+ ZZ Z A (X5, Xy o) A (X, Xi50)

J# k#i,j 14,5,k

The last two terms are U-processes. It remains to show that they are o, (1) uniformly in o.

(%)

so the first terms is O, (%) uniformly in . As for the second term, note that the product
A; (X, Xi;0) A; (X, Xj; 0) has zero mean conditional on X;, so by Corollary 7 in Sherman

(1994) again we obtain
1
-0 ()

(n—l)(n—Q ZZZ K 0) A ( j 150)
which proves that the second term is o, (1) uniformly in o. The proof is complete. m

For the first term, applying Corollary 7 in Sherman (1994) yields

sup
g

(n—l ZZA i Xs o _E[Ai(vaXkWﬂXi]

Jsﬁz k#i,j

sup

o

#Z k#i,j 17,5,k

Proof of Proposition Step 1: We first prove {) Because ZE[c—¢], = & [ (c—¢) f- (e)de =
F_ (c), the first order condition of the problem (5.3)) is

VoIl (w, X;,0) = 2V; (0) E (D, F. (Uy (0) + 2D}V; (0)w) | X;) = 2Vi(o)w =0 (8.101)

It is easy to see that any w; (o) that satisfies the first order condition must be bounded.
Hence without loss of generality we can assume that w; (o) is in a compact set €. Since

IT (w, X;,0) is continuous in o, the compactness of {2 implies that the unique maximizer
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Vi (o) w? (o) (by Assumption [5)) is also well separated. If we can further show that
sup |IL,, (w, X, &i,0) — I (w, X;, 0)] = 0,(1) (8.102)

then following a standard proof for uniform consistency we can prove ([5.4)). Specifically, from
(8.102) we have sup, I, (wyi, X, €;,0) > sup, I, (wf, X, ;,0) > sup, Il (w}, X;,0) — 0,(1),
whence,

SupH (W:J Xi? 0-) - SupH (wn,ia Xia U) S sup HTL (wn,i7 Xia €, U) - Sup]:[ (wn,’h Xi7 0) + Op (1)

o g

< sup |Hn (wa Xi7€ia U) —1II (W7Xiv J)' + Op (1) = 0p (1) .

Well-separateness of V; (o) w? (¢) implies that for any € > 0, there is > 0 such that, for any
symmetric o, Il (w, X;,0) < II (W}, X;,0) —n for every w with |V, (0)w — V; (o) w} (0)|| > €.
Therefore,

g

Pr (St;p Vi (o) wni (o) = Vi(o)wj (o) = 6) < Pr <SUP [ (wni; Xiy 0) = T (w7, X, 0)] < —77>

g o

<Pr <Sup II (wn,ia Xi7 U) — sup I (w*a X’i) J) < _77)

—0

in view of the preceding display (5.4 is proved.
Now we prove (8.102)). The left hand side of (8.102) equals

1 n—1
SWUE n—]_z |:Un,1] (X,O')+n_22D;V;(O')w—8”:| —E([Uw<0)+2D§‘/;(U)w—€z]]+’Xz>
’ j#i +
1 1
< LV
_Su},lfn—lg{n—22DjVZ(g)w}+
1
—|—Sup n—lZ[UmU (X,O')+2D;»V;(O’)w—€ij]+— [UZJ(U)+2D;V;(O')W—€”]+
7 j#i
1
—i—sup n—lZ[Uw (a)—|—2D3\/Z(0)w—5U]+—E([Uw (0)—1—2D§V,(0)w—5,]}+‘X,)
7 ji

(8.103)

For the third term in (8.103)), because [Uf (o) +2D%V; (o) w — eij] | are i.1.d. conditional on

X; with conditional mean [E ( [U,-j (o) + 2D§-VZ~ (0)w— 5”} +‘ Xi), are continuous in w and o,
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and are bounded by

I:Ul‘j (o) + 2D;-VZ' (o)w — 5ij] L < [sup (Uij (o) + ZD;V; (o) w) — 52-]}

w,o

which is absolute integrable because of the continuity of U;; (o) and V; (¢) and compactness

of the spaces of w and o, uniform law of large numbers holds, so

1
n—1

> Uy (0) +2D0Vi (0)w — 2], — B ( (U3 (0) + 2DV (0) w — &45] +‘ Xi>
J#i

sup

w,o

As for the second term, because |[z], — [y], | < |z — y|, we have

1
Sup | Y (Ui (0) +2DVi (0)w — ey] | = [Uj (0) + 2D}V (0) w — e35] ,
e #z‘
< sup — ZIUW Usj (0)| = 0, (1)
7 J#z

by Assumption (ii). Finally, the first term in (8.103)) is o, (1), again by uniform law of large
numbers. Hence (8.102) is proved.

Step 2: Next we prove (5.5). By the definition of P, and P,

P, (Xi, Xj5 X, 0) — P(Xi,Xj;U)\

/‘ { nii (X,0) + "= LaDli (o )wn,mx,si,a)zsij} 1{Uy (o) + 2D}Vi (o) w} (0) > 17}

)

dF;, (e;)

n—2

§PI‘<Un,ij (X,0)+ n- 2DIV( )wmi(X,Ei,O')ZEij>UZ‘j(O')+2D;V;(U)w:(O')
Pr(UnJ‘j (X,0) +2D3~V} (U)W,m‘ (X,ei,0) < €ij < Uij( )+2D Vi (o) ‘X)

Since the last two terms are similar, without loss of generality it suffices to show that the

second last term is o, (1) uniformly in o. Define

-1
Mn (X, 8i,0') = Un,ij (X, 0') + %ZD;‘/@ (0') Wni (X,éfi,O')

M (o) = Ui; (o) + 2D5V; (o) w] (o)

Fix n > 0. Because ¢;; € (M (o), M, (X,0)] implies that ¢;; € (M (o), M (o) +n| or
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M, (X,0) > M (o) +n, we can bound the second last term as follows

PI‘(Mn (X,@Z',O') > Eij > M(O’)’X)

<Pr(M(o)+n>¢ei;>M(0)|X)+Pr(M,(X,e,0) > M (o) +n|X)
-1

< Pr(M (o) +17> ey > M (o) X) + Pr (QD;.VZ- (o) (” wni (X, 85,0) — ! (a)> > ﬁ‘ X)

n—2 2
n
+1 {Un,ij (X,O') — Uij (O’) > 5}

where the last inequality follows because M, (X, ;,0)—M (o) > n implies that U, ;; (X, 0)—

Ui (0) > % or 2D}V; (0) (25wn,i (X, &i,0) —w} (0)) > 2. It suffices to show that the last

three terms in the display are o, (1) uniformly in o. For any § > 0, the last term satisfies
Pr (Supl {Un,ij (X, 0') — Uz‘j (0’) > g} > 5‘ XZ‘,X]‘>
< Pr (sup (Un,ij (X, O') — Uij (O’)) > g' XZ',X]') —0

as n — oo by Assumption [4](i), so it is o, (1) uniformly in o. For the second term, we have

-1
Pr (sup Pr (2D;-V,- (o) (n SWni (X,¢ei,0) — w; (0)) > g‘ X) > 5‘ Xi,Xj>
[oa n—

1 , n—1 . Ui
< SE szlp Pr( 2D}V (o) - 5 Wni (X,e5,0) —wi (o)) > B X || X, X

1 , n—1 . n
< EE Pr sup 2D3V; (o) o Wni (X,e4,0) —wi (o)) > B X)X, X

1 -1
— =P (sgp 2DV, (o) (Z —ni (X,2,0) — o (a)) > g‘ XZ-,XJ-> =0

as n — oo by Markov inequality, law of iterated expectation, and uniform consistency of

Vi (0) wn; (X,¢€;,0) proved earlier, so the second term is also o, (1) uniformly in o. As for
the first term,

sup Pr (M (o) +n > e > M (o) X)

= sup (FEij (M (U) + 77) - FEij (M (0)>)

= sup faij (M (U) + 77) n
for some 7 € [0, 7] where the last equality is from mean value theorem. Since 7 is arbitrary,
choosing 1 to be o(1), we can get sup, Pr (M (o) +n>¢;; > M (0)| X,0) = 0,(1). The
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proof is complete. m
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