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Abstract

This paper obtains the exact distribution of the maximum likelihood esti-
mator of the structural break point in the Ornstein—Uhlenbeck process when a
continuous record is available. The exact distribution is asymmetric and tri-
modal, regardless of the location of the true break point. These two properties
are also found in the finite sample distribution of the least squares (LS) estimator
of structural break point in autoregression (AR). The paper then develops an
in-fill asymptotic theory for the LS estimator of the structural break point in AR.
The in-fill asymptotic distribution is asymmetric and tri-modal and depends on
the initial condition. It delivers good approximations to the finite sample distri-
bution. Unlike the long-span asymptotic theory where the limiting distribution
and sometimes even the rate of convergence depend on the underlying AR roots,
the in-fill asymptotic theory is continuous in the underlying roots and, hence,
offers a unified theory for making inference about the break point. Monte Carlo
studies show that the in-fill asymptotic theory performs better than the existing
tailor-made asymptotic theory in all cases considered.
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1 Introduction

Autoregressive (AR) models with a structural break have been used extensively to
describe economic time series; see for example Mankiw and Miron (1986), Mankiw,
Miron and Weil (1987), Phillips, Wu, and Yu (2011) and Phillips and Yu (2011). The
structural point is often linked to a significant economic event or an important economic
policy. Not surprisingly, making statistical inference of the structural break point in
the AR(1) model has received a great deal of attentions from both econometricians
and empirical economists when they are confronted with economic time series. The
asymptotic theory widely used in applications was developed by assuming that the
numbers of the discrete time observations before and after the structural break point
both go to infinite. The resulting long-span asymptotic distribution is discontinuous
in the underlying AR(1) parameters. In particular, the asymptotic distribution and,
sometimes even, the rate of convergence are different when the two underlying AR(1)
parameters before and after the break point are in the range of being less than one,
from that being equal to one, and further different from that being greater than one;
see Chong (2001), Pang, Zhang, and Chong (2014) and Liang, et al (2014) for the
development of these asymptotic distributions. Moreover, the long-span asymptotic
distribution does not depend on the initial condition.

However, the finite sample distribution of the structural break point estimator is
always continuous in the underlying AR parameters. That is, keeping one of the AR
parameters fixed, changing the value of the other AR parameter by a small amount
only leads to a small change in the finite sample distribution of the structural break
point estimator. Furthermore, we expect the finite sample distribution of the structural
break point estimator to depend on the initial condition. These two facts suggest that
the long-span asymptotic distributions cannot always perform well in finite sample.
Simulations that have been reported in the literature together with those that will be
reported in Section 5 in the present paper strongly suggest that in many empirically
relevant cases the long-span asymptotic distributions are inadequate.

The discontinuity in the long-span limiting distributions is also found in the AR(1)
model without a structural break. This feature motivated Sims (1988) and Sims and
Uhlig (1991) to use the Bayesian posterior distribution to make statistical inference
about the AR parameter although Phillips (1991) showed that ignorance priors lead
to the Bayesian posterior distributions which are much closer to the long-span limiting
distributions. In a recent attempt, Phillips and Magdalinos (2007) developed the long-

span limiting distributions for AR time series with a root which is moderately deviated



from unity. They show that the rate of convergence in the new asymptotic theory
provides a link between stationary and local-to-unit-root autoregressions. However, the
limiting distribution itself remains discontinuous as the root passes through the unity.

Interestingly, when a continuous record of observations is available, continuous time
models can provide the exact distribution of the “mean reversion” parameter, as shown
in Phillips (1987a, 1987b). The exact distribution is continuous in the “mean reversion”
parameter, regardless of its sign. This feature has motivated Phillips (1987a) and Perron
(1991) to establish the in-fill asymptotic distribution for the AR(1) parameter in the
discrete time model. It also motivates Yu (2014) and Zhou and Yu (2016) to establish
the in-fill asymptotic distribution for the “mean reversion” parameter in the continuous
time model. Not surprisingly, the in-fill asymptotic distribution inherits the property
of continuity. Moreover, the in-fill asymptotic distribution depends explicitly on the
initial condition.

In this paper, we develop an in-fill asymptotic distribution for the break point
estimator in the AR(1) model with a break in the AR coefficient. The in-fill asymptotic
distribution is continuous in the underlying AR parameters no matter what range of
the AR parameters are in. Hence, it offers a unified framework for making statistical
inference about the break point. It also depends explicitly on the initial condition. We
make several contributions to the literature on structural breaks.

First, we show that when there is a continuous record of observations for the
Ornstein—Uhlenbeck (OU) process with an unknown break point, we can derive the
exact distribution of the maximum likelihood (ML) estimator of the break point via
the Girsanov theorem. The exact distribution is continuous in the two “mean reversion”
parameters, regardless of their signs and rates.

Second, we show that the exact distribution is always asymmetric about the true
break point, regardless of the location of the true break point. Moreover, the distribu-
tion in general has three modes, one at the true value, two at the boundary points. The
asymmetry and the trimodality have also been reported in Jiang, Wang and Yu (2016,
JWY hereafter) in a model with a break in mean. However, our exact distribution
remains asymmetric even when the break is in the middle of the sample. This feature
is not shared by the exact distribution of JWY.

Third, motivated by the exact distributional theory, we derive the in-fill asymptotic
distribution for the AR(1) model with a break, when the break point is the only un-
known parameter. This AR(1) model with a break corresponds to the OU process with
a break as the sampling interval shrinks. While our AR(1) model has the same model

structure as those considered in the literature, we do not need to restrict the range of



the AR coefficients to be less than one, or equal to one, or greater than one. That is,
we allow the AR(1) model to switch from a stationary/unit root/explosive model to an-
other stationary/unit root/explosive model. Hence, our in-fill asymptotic theory covers
all the possible combinations of switches. Furthermore, our AR(1) model enables us to
compare the break size and the magnitude of the initial condition with those assumed
in the literature. The break size in our model has a smaller order of magnitude than
those in the literature while the initial condition has a larger order than those in the
literature. It is this smaller break size that allows us to develop a new and unified
asymptotic theory. It is this larger initial condition that brings the prominence of the
initial condition into the asymptotic distribution.

Fourth, we carry out extensive simulation studies, checking the performance of the
in-fill asymptotic distribution against the long-span asymptotic distributions developed
in the literature under different combinations of AR(1) coefficients. Our results show
that the unified in-fill asymptotic distribution always performs better than the long-
span asymptotic distributions although the later were developed to handle different
kinds of regime shifts and hence were tailor-made.

The rest of the paper is organized as follows. Section 2 reviews the literature on AR
models with a break. Special focus is paid on the assumptions about the AR coefficients
before and after the break as well as the assumptions about the break size. Section
3 develops the exact distribution of the ML estimator of structural break point in the
OU process model with a break. Section 4 develops the in-fill asymptotic theory for
the LS estimator of the break point in the AR(1) model with a break. In Section 5,
we provide simulation results and compare the finite sample performance of the in-fill
theory with that of the long-span theory. Section 6 concludes. All proofs are contained
in the Appendix.

2 A Literature Review and Motivations

The literature on estimating structural break point is too extensive to review. Among
the contributions in the literature, Chong (2001), Pang, Zhang and Chong (2014) and
Liang et al (2014) focused on the AR(1) model with a break. Under various assumptions
on the AR(1) coefficients, the long-span asymptotic theory has been developed in these
papers for the least squares (LS) estimator of the structural break point.

The model considered in these papers is

{51%1 + €& ift < ko
Yt =

) , t=1,2,...,T, (1)
BoYi—1 + € if t > kg
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where T' denotes the sample size, ¢, is a sequence of independent and identically (i.i.d.)
random variables. Let k£ denote the break point parameter with true value ky. The
condition 1 < ky < T is assumed to ensure that one and only one break happens. The
fractional break point parameter is defined as 7 = k/T with true value 79 = ko/T. The
break size is captured by 5, — 3;. The order of the initial condition y, will be assumed
later.

The LS estimator of k takes the form of

busr =arg, i {5t} @)

where

Sk = i (yt - 31(@%—1)2 + i (yt - Bz(k)yt—l)z ;

t=k+1
with 3, (k) = Zle Yeyr-1/ Zf:1 vy and fBy(k) = Zfzk-ﬁ-l Yeyr—1/ Zf:k+1 Yi_1 being the
LS estimators of parameters 3, and (3, for any given k. The corresponding estimator
of Tis Trsr = l%LS’T/T.

Let the break size depend on 7T (so either 3, = By, or 85 = [op or both). Under
various settings on (3, and (3, (e.g. (3, B, are smaller than 1, equal to 1 or greater than 1),
Chong (2001), Pang, Zhang and Chong (2014) and Liang, et al (2014,) established the
consistency of 7r¢r and derived its long-span asymptotic distributions under different
shrinking rate of 3, — 3, as T" — oo. In the following, we review the main results on

the asymptotic distributions of the break point estimator in the literature.

2.1 The long-span asymptotics when |3,| < 1 and |3,| < 1

Chong (2001) studied the model in (1) with |3,] < 1 and |8, < 1. In this case, the
AR(1) model switches from a stationary root to another stationary root. Under the
regularity conditions that ¢ "% (0,02), E(e}) < oo, E(y) = 0, and E(2) < oo,
assuming By — 3, — 0 with /T |3y — B,| — 00 as T — 00, he derived an asymptotic
distribution of 7rg7 as
2
et s = mo) o ang e (W)= 51 |

where W (u) is a two-sided Brownian motion, defined as W(u) = Wi(—u) if u < 0 and
W(u) = Wa(u) if uw > 0, with W; and W5 being two independent Brownian motions.
The probability density function (pdf) and the cumulative distribution function for this
limiting distribution were obtained in Yao (1987).
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2.2 The long-span asymptotics when |3,| <1 and 3, =1

Chong (2001) studied the model in (1) with |5,] < 1 and S, = 1. In this case, the
AR(1) model switches from a stationary root to a unit root. Under the same regularity
conditions as in Section 2.1, assuming 1 — 7 — 0 with 7' (1 — 8,7) — oo as T' — oo,
he derived an asymptotic distribution of 757 as

. Wi(u 1
T - Big)(Fusy — 7o) <o arg max {2al L1
u€ (—00,00) Rl 2

where W (u) = Wi(—u) if u <0 and

W*(u) = —Wa(u) — Ou W;%(ls)dwg(s) - /Ou (Mgf) + 1) Wa(s)ds,

if uw > 0 with Wy(-) and Ws(-) being two independent Brownian motions and R; =
fooo eXp<_S>dW1 (S>7

2.3 The long-span asymptotics when §;, =1 and |3,] < 1

Chong (2001) studied the model in (1) with ; = 1 and |G, < 1. In this case the
AR(1) model switches from a unit root to a stationary root. Under the same regularity
conditions as in Section 2.1, assuming v/T (1 — Byy) — 0 with T%* (1 — B,7) — oo as

T — oo , he derived an asymptotic distribution of 7,57 as

W) 1
T2 1 2/ A . d 4t
(Byr —1)*(TLsr — 7o) — arg Lemax {W3 (7] 2 IUI} :

where W (u) is a two-sided Brownian motion and Wj is an independent standard Brown-

l1an motion.

2.4 The long-span asymptotics when |5,| <1 and B9 =1—¢/T

Pang, et al (2014) studied the model in (1) with |5,] < 1 and By = 1 — ¢/T where ¢
being a fixed constant. In this case an AR(1) model switches from a stationary root
to a local-to-unit-root. Under the regularity conditions that y, = op(\/T ), assuming
|Bog — Bip| — 0 with T'(Byr — B17) — 00, they derived an asymptotic distribution of

%LS,T as

. W*(u 1
T(Br — B1)Grse — 7o) < arg max {0l L1
U€E (—00,00) R1 2

where W (u) = Wi(—u) if u <0 and



W () =~ 1V, — [ 0702

- / (w + 1) I(Wa, ¢, 70, 5)ds,
0 2R,

d[(W27 ¢, To, S)

if uw > 0 with

To+s
I(W27 ¢, To, 5) = W2(To + 5) - WQ(TO) - C/ ec(rots=r) (W2(7”) - W2<TO)) ds,

70

and W and W being two independent Brownian motions and Ry = [;° exp(—s)dWy(s).

2.5 The long-span asymptotics when 5, =1—¢/T and |3,] < 1

Pang, et al (2014) also studied the model in (1) with 5, =1 — ¢/T and [, = 1 where
¢ being a fixed constant. In this case an AR(1) model switches from a local-to-unit-
root to a stationary root. Under the regularity conditions as in Section 2.4, assuming
VT (Bop — Brp) — 0 with T%4(Byp — B17) — 00, they derived 7,67 an asymptotic

distribution as

W (u) 1 } |

20n 20 _ 4, )
T*(By = Bir)*(Trsr — To) I e {exp (c(1=79)) G(Wy,c,70) 2 i

wE(—00,00)

where W (u) is a two-sided Brownian motion defined in Section 2.1, and

G(Wy,e,m9) = exp (—c(1 —719)) Wi(70) — C/OTO exp (—c(1 — s)) Wi(s)ds.

2.6 The long-span asymptotics when 5,7, =1 —c¢/ky and 5, =1
with kp/T — 0

Liang, et al (2014) studied the model in (1) with 8, = 1 — ¢/kr and 5, = 1 with ¢
being a fixed positive constant. In this case an AR(1) model switches from a mildly
stationary one to a unit root. Under the regularity conditions that yo = o0,(vkr),
assuming kr — oo and kr/T — 0 as T — oo,! they derived an asymptotic distribution

of Trsr as
cl .

( ) d Wr(u) 1 ”
—(7 —Tp) — arg max < ——— — —|u|p,
kr L5T 0 & u€(—00,00) R. 2

where W (u) = Wi(—u) if u <0 and

Tt may be easier to understand k7 = T, with o € (0,1).
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Table 1: The table shows the long-span asymptotic distributions of 71s r under different
model settings on the AR(1) coefficients before and after the break point.

1 L—c/kr | (T7075,7705) | 0,(T%/?) T arg max

3

B4 B |85 — 54| Yo rate . long-span asymptotic

Bul <1 | Bl <1 | (10T | 0p(1) | HEph farg max {W(w) - 3 lul}
- — WX (u

Bil<1| 1 @1 [ o) [ Ta-8y)  fars max [T - flul)

L[ ml<n @m0 [0 | T8 -1 [ max {3l
_ _ Wy (u

gl <t [ 1—er | @1 | (VD) | T(r— ) | arg_max [T~ fjul]

_ _ e—c(I=70) u
L—e/T [ (Bl <1 [ (1707 170%) | o, (VT) | T2(8, — Byp)? | ang max {“grons — 3 Jul}

_ _ a c Wi(u

1—c/kr 1 (T=L,T7°) 0,(T/?) o argue(rilgg(oo){ Ri) %|u|}
{ W (u)

u€ (—00,00)

W*(u) = —Walu) — /Ou W;(j)dWQ(s) - /Ou (M;jés) + 1) Wa(s)ds,

if u > 0 with W and W5 being two independent Brownian motions and R. = /¢ [} exp(—cs)dW(s).

2.7 The long-span asymptotics when 5, =1 and [y =1 — ¢/ky
with kp/T — 0

Liang, et al (2014) also studied the model in (1) with 5, = 1 and B4y = 1 — ¢/kp, with
¢ being a fixed positive constant. In this case an AR(1) model switches from a unit root
to a mildly stationary root. Under the regularity conditions as in section 2.7, assuming
kp — oo and VT /kp — 0 with T%/*/kp — oo as T — oo, they derived an asymptotic
distribution of 71g7 as

Csz(A PRI N W) 1 "
T — To) —— ar max — —|u
g T T T T e W)~ 21

where W (u) is a two-sided Brownian motion.

We summarize all the long-span asymptotic theory derived in the literature in Table
1 where we report the range of the two AR coefficients, the order of the break size, the
order of the initial condition, the rate of convergence of the LS break point estimator,
and the long-span asymptotic distribution. Both the break size and the initial condition
are expressed in the power order to facilitate the comparison and discussion, where € is
an arbitrarily small postive number.

Several observations can be made from Table 1. First, the long-span asymptotic

distribution is discontinuous in the underlying AR(1) parameters. The asymptotic dis-
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tributions and, sometimes even, the rates of convergence are different when the AR(1)
parameters are in different ranges. This feature causes a great deal of difficulties in
making statistical inference about the break point in practice because users typically
do not know ex ante whether the underlying AR(1) model has a root that is station-
ary/unity /explosive before and after the break point. Moreover, even if users know the
range of the underlying AR(1) parameters before and after the break point, it is not
easy to decide which long-span asymptotic distribution to use. For example, if we know
the AR(1) parameter changes from 0.9 to 1, should we use the model that switches
from a stationary root to a unit root, or from a mildly stationary root to a unit root?
For another example, if we know the underlying AR(1) parameter changes from 0.9 to
0.95, should we use the model that switches from a stationary root to another station-
ary root, or from a stationary root to a local-to-unit-root? This choice is important as
a different choice leads to a different long-span asymptotic distribution although the
finite sample distribution is the same.

Second, none of the long-span asymptotic distributions depends on the initial con-
dition. The initial condition is assumed to be either O,(1) or 0,(v/T) or 0,(T/?) for
a € (0,1). These initial conditions are imposed so that they disappeared asymptoti-
cally. It is always smaller than O,(v/T).

Third, while the order of the break size varies across different models, it is always
larger than O(T~!). The order of the break size shown in Table 1 is critical to deriving
the consistency and corresponding limiting distribution of 747 in each case.

Fourth, the interval to find the argmax in all cases is always (—oo, 00). It is compu-
tationally expensive to obtain the limiting distribution except for the AR model that
switches from a stationary root to another stationary root, for which the closed-form
expression for the pdf was given by Yao (1987). To obtain the long-run asymptotic
distributions in all other cases, we need to numerically obtain the argmax over an in-
terval that is sufficiently wide. Since the grid must be fine enough to well approximate
the true argmax, the number of grid points is inevitably very large, leading to a high
computational cost.

Despite that these long-span asymptotic distributions are tailor-developed, catering
for different persistency in AR, they do not perform well in many empirically relevant
cases. To see this problem, we plot the density of the limiting distribution of 7.g7
obtained from 200 observations with 7o = 0.3, when the AR coefficient switches from a
stationary root to another stationary root in Figure 1, when the AR coefficient switches
from a stationary root to the unit root in Figure 2, when the AR coefficient switches

from a local-unit-root to a stationary root in Figure 3. In the same graphs we plot the
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Figure 1: The pdf of the finite sample distribution of = - i (Trsr — To) when
T = 200, 5, = 05,8, = 038, 0 = 1 and 79 = 0.3 in Model (1) and the pdf of
arg ue?—l?o),(oo) {W(u) — % ul}.

corresponding finite sample distributions of 7,57.> The finite sample distributions are
obtained from simulated data with 100,000 replications. It is clear that the long-span
asymptotic distributions are distinctively different from the finite sample distributions
in all cases. First, the support of the finite sample distributions is bounded, whereas
the support of the long-span asymptotic distributions is infinite. Second, the finite
sample distributions are asymmetric in all cases, whereas the long-span asymptotic
distributions are symmetric in some cases. Third, the finite sample distributions display
trimodality while the long-span asymptotic distributions has a unique mode. The big
discrepancy between the two densities suggests that the long-span asymptotic theory is
inadequate in many practically relevant cases and that there is a need to develop the
exact distribution theory or an alternative asymptotic theory to better approximate the

finite sample distribution for the break point.

2The complete comparisions with different combination of 3, and 3,, covering all the cases in Table
1, are in Section 5.
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Figure 2: The pdf of the finite sample distribution of T'(8, — 8,)(Trsr — 7o) When
T = 200, g, = 0.73,8, = 1, 0 = 1 and 79 = 0.3 in Model (1) and the pdf of
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Figure 3: The pdf of the finite sample distribution of T'(8, — £,)(Trsr — 7o) when
T = 200, B, = 0.995,8, = 097, 0 = 1 and 79 = 0.3 in Model (1) and the pdf of
W (w)
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3 A Continuous Time Model and Exact Distribu-
tion

In this section we consider the following Ornstein-Uhlenbeck (OU) process over a finite

time interval [0, 1],
Ay(8) = — (5 + Dliorg) p(O)dE + 0AB), 3

where ¢ € [0,1], y(0) is the initial condition, 1., is an indicator function, x, § and
To are constants with 743 being the break point and § being the break size, ¢ is another
constant capturing the noise level, and B(t) denotes a standard Brownian motion.
Clearly /0 is the signal-to-noise ratio. We impose the assumption 79 € [«, 5] with
0 < a < 8 <1 so that a break indeed occurs.

We assume that a continuous record of observations, {y(¢)} for t € [0, 1], is available
and that all parameters are known except for 75. Once a continuous record is available,
one can make more complicated assumption about the diffusion function, such as o =
o(y(t)) without changing the analysis developed below. This is because the diffusion
function can be estimated by the quadratic variation [y], without estimation error for
all ¢.

3.1 :];7577(7“) process

The y(t) process defined by Model (3) is closely related to the following Gaussian

process,

7 {fo (r=)rdB(s) ifr<r

J“"S’T(r) fo e~ (r=s)(k+0)+(r— sédB _|_f e~ (r=s)(k+9) dB( ) it r > 7_” (4)

which plays a central role in our theory.

The following lemma gives the distributional properties of J. s, (r).

Lemma 3.1 Let J,5.(r) be a process generated by (4), then
(a) for fized r > 0, J,.5.(r) has the distribution

Josr(r) £ N(0,0%(r)),

with ,
l—e—“"F .
o’ (r) = Yoy et9) 2k—2(r—7)8 yrsT
J - de—2(r—=7)(r e~ 2k—2(r—7 1 .
2k(Kk+0) - 2K + 2(Kk+90) ’Lf?" >T.

3A different length of time interval, such as [0, N], may be assumed without qualitatively changing
the results derived in the present paper.
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d . e
where = denotes equivalence in distribution.

(b) J.s-(r) is a process generated by the stochastic differential equation (SDE)
dJ 5, (r) = —(5 + 0psg)) Jus.o (r)dr + dB(r), (5)
with, initial condition J,.5.(0) = 0.

Remark 3.1 j,.@gﬁ(r) 18 related to the following OU process widely used in the literature
(for example, see Phillips, 1987b):

dJ.(r) = cJ.dr + dB(r),

with the initial condition J.(0) = 0. When r < T, (7,.67577: J_w(r). When r > T,
Jeso= exp(—(r — 7)(k + 0))J - (T)+J—(k16) (1) = J_(et5)(T), which follows from the
proof of Lemma 3.1 and the fact J.(r) = [ er=9)edB(s).

Remark 3.2 [t is clear that an alternative representation for j{7577(r) in (4) is

~ {fo —(r=s)rd B( ) ifr <t (6)

Jli T r r ] .
sr(r) = e (r=)(w+0) T s )+IT e (=N qB(s) ifr > T

The following lemma establishes the connection between y(t) in Model (3) with
j:{,é,To (t)

Lemma 3.2 If y(t) is a process generated by (3), we have
y(t) = UJN,@(;,TO(t) + exp (—t/@' — (t = 70)01p>rg)) 4(0),
where Jys.,(t) is defined in (4) over the finite time interval [0, 1].

The following lemma gives us a useful relationship for the development of our

distribution theory.

Lemma 3.3 If y(t) is a process generated by (3), we have

20 /Ury(s)dB(s) =132(r) — 2(0) + Q/OT(FL + 51[5>TO})y2(s)ds —ro’.

Remark 3.3 By directly applying the result in Lemma 3.2, we can write Lemma 3.3

in terms of ‘7&6770 (t).
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3.2 The exact distribution

For any 7 € (0, 1), we can obtain the exact log-likelihood of Model (3) via the Girsanov

Theorem as

3]]; 012 {/0 (—(f<~‘+51[t>ﬂ))y(t)d@/(t)—%/0 (li+51[t>ﬂ)2y2(t)dt},

where P, is the probability measure corresponding to Model (3) with 74 replaced by 7

log L(7) = log

for any 7 € (0,1) and Pg is the probability measure corresponding to B(t). This leads

to the ML estimator of 7 as
Ty = arg max log L(7). (7)
7€(0,1)

and Theorem 3.1 reports the exact distribution of 7.

Theorem 3.1 Consider Model (3) with a continuous record being available. For the
ML estimator 7y defined in (7), we have the exact distribution as

%MLiarnggg){(g) | s -3 [ (§)2y2<t>dt } )

where y(t) is the process defined in (3) and we use the notation f -)dB(s) to denote

Lo ()dB(s) = [7°(-)dB(s)] -

Remark 3.4 Since y(t) is continuous in k, the exact distribution given in (8) is con-

tinuous in k. Moreover, it is continuous in 9.

Remark 3.5 One may write the exact distribution as the argmaz of two pieces as
follow:

] —f:oy LdB (r )—3f] ( ) dr forT <
7ML = arg max

T€(0.1) nyT)dB 2f ( )> dr forT>T1g

T0 00

Since neither y (r) nor y* (r) is symmetric about 7o over the interval (0,1) even when

7o = 50%, the distribution of Ty, s asymmetric for all 1o, including 7o = 50%.

Theorem 3.1 gives the exact distribution of 7,,;, when a continuous record over a
finite time span is available. The following Lemma 3.2 gives an alternative expression

for the exact distribution using J, s, (t) defined in (4).
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Corollary 3.1 Consider Model (3) with a continuous record being available. For the

ML estimator 7y, defined in (7), we have the exact distribution as

T 1 —
ML 4 arg max {/ 5 (Jn,é,m (s) + 6_5“_(5_70)51[»70]@) dB(s) 9)
TO

7€(0,1)

T~ y(0))”
/ (Jn,é,‘ro (5) + e—sn—(s—70)61[5>70] —) ds
To

g

1

2

where B(s) is the standard Brownian motion corresponding to jm;,m(s) and we use the
notation f:o()dB(s) to denote [ [ (-)dB(s) — [;°(-)dB(s)] -

Remark 3.6 An advantage of using this alternative expression is that it depends on the
Gaussian process jm;,m. explicitly. Another advantage is that the distribution depends

explicitly on the initial condition y(0), or more precisely on y(0)/o.

The exact distribution in (8) and (9) corresponds to the extreme value of stochastic
integrals over a finite interval. Unfortunately, we cannot obtain the pdf or cdf in closed-
form. As a result, we obtain the pdf by simulated data with 100,000 replications as in
JWY (2016).

Figures 4-8 plot the densities of 7y, — 7o given in Equation (8) with different values
of k and §, when 79 = 0.3,0.5,0.7 (the left, middle and right panel respectively) and o
is 1. These cover several interesting cases of switches, from a stationary OU process to
another stationary OU process, from a stationary OU process to a nearly nonstationary
OU process, from a nearly nonstationary OU process to a stationary OU process, from
a stationary OU process to a nonstationary OU process, and from a nonstationary OU
process to a stationary OU process.

There are several interesting observations from these plots. First, the density is
always asymmetric, even when 7o = 50%. This feature is different from that in the
estimation of break point in the mean derived in JWY (2016), where the density of
TurL — To is symmetric about zero when 7o = 50%. Second, there are trimodality in
the finite sample distribution. The true value is one of the three modes while the two
boundary points are the other two modes. The highest mode may not even be the true
value 7g. This feature is shared by the density derived in JWY. Third, when 7o = 0.3,
the distribution of 7, — 79 is not a mirror image of that when 7o = 0.7. This feature
is different from that of JWY.

15



3.5 3.5 3.5
3 3r 3
2.5 257 2.5
> 27 > 27 > 27
< c o
@ @ @
O 15f 0 15f 0 15¢
1 1r 1
0.5 0.5 0.5
0 0 : 0 :
1 0 1 -1 0 1 1 0 1

Figure 4: The density of Ty, — 7o given in Equation (8) when 7o = 0.3,0.5,0.7 (the
left, middle and right panel respectively) and x = 138,06 = —20, 0 = 1.
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Figure 5: The density of Ty, — 7¢ given in Equation (8) when 79 = 0.3,0.5,0.7 (the
left, middle and right panel respectively) and k = 10,5 = =9, 0 = 1.
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Figure 6: The density of Tp;;, — 7¢ given in Equation (8) when 79 = 0.3,0.5,0.7 (the
left, middle and right panel respectively) and k = 1,0 =5,0 =1 .
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Figure 7: The density of Ty, — 7¢ given in Equation (8) when 79 = 0.3,0.5,0.7 (the
left, middle and right panel respectively) and x = 10,0 = —10, 0 = 1.
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Figure 8: The density of T);;, — 7¢ given in Equation (8) when 79 = 0.3,0.5,0.7 (the
left, middle and right panel respectively) and k = 0,0 =1, 0 = 1,y(0) = 0.

4 A Discrete Time Model and In-fill Asymptotic
Distribution

Applying the Euler discretization scheme to Model (3) at the equi-spaced intervals over

the time span [0, 1], we get the following discrete time model:
Yin — Y—1yh = — (K + 0Lsie)) Yo—1ynh + oVhem, em ~ N(0,1), yo = O,(1),  (10)

where h is the sampling interval, ¢t = 1,..., T, with T'= 1/h. For simplicity, we assume
To/h to be an integer, denoted by ko. As h — 0, Model (10) converges to Model (3)
and 7" — oo. However, due to the difference in the order of the error term, Model (10)
is not directly comparable to the models in Chong (2001), Pang, et al (2014) and Jiang,
et al (2014). To facilitate such a comparison, we divide both sides of Model (10) by vA

and denote Y; = yth/\/ﬁ, e; = &4, Then, we have, fort =1,...,T,

Y, = (1= (K + 0lpage))h) Yiy + 0€s, €, ~ N(0,1), Yo = yo/vVh = O, (1/@) . (1)

To obtain the invariance principle, we remove the assumption of Gaussian errors in

the development of the in-fill asymptotic theory and get
Vo= (1= (5 + lpap)h) Yir +0e, e 2 (0,1), Yo =0, (VT).  (12)

Comparing Model (12) to the models in Chong (2001), Pang, Zhang and Chong (2014)

and Jiang, et al (2014), we see two main differences. First, the break size is 0h in our

18



discrete time model, which is of the order O(T~!). This break size is smaller than those
considered in the literature; see Table 1 in Section 2. It is also smaller than that in
Elliott and Miiller (2007) where the break size is assumed to be O(T~%/2). Second, the
initial condition in Model (12) is O,(T~%2) in our discrete time model. This initial
condition is larger than all the initial conditions assumed in the literature; also see
Table 1 in Section 2.

Following Phillips (1987b), we construct

|T'r)

Xr(r) = T 20~ Zaet T 26" Zaet, J-1/T<r<j/T (j=1,...,1),

where |-| is the integer-valued function. We start from the asymptotic theory for the
sample moments generated by (12). As given in the following lemma, J, x.6.-(1) plays a

central role in the asymptotic theory.

Lemma 4.1 If {Y;} is a time series generated by (12), then, as T — oo:
(@) T_%YLTT | = Ty (1) Ty
) T3S Yoo 7 [0 (8) om0y ] s

~ 2
(&) TSN YE = [ [0 Tsimals) + 7Oy ds
(@) TS Yiser = fy [0 Tusma(s) + e 070 Mg | dB(s);

with = denoting the weak convergence of probability measures.

We now develop the asymptotic theorem of the LS estimator of 7o = ko/7T" in Model
(12) under the in-fill asymptotic scheme where h — 0 with a fixed time span Th = 1.
When « and § are known, the LS estimator of k£ in Model (12) is defined as

/fLST —arg, lmll% S(k) (13)
with
k
Sk = > (Yi—(1—kh)Yi1)*+ Z — (1= (k+8)h) Vi)
t=1 t=k+1

(Y, — (L= rh) Vi) + > (Vi — (1= kh) Yiey + 6hY; 1)

1 t=k+1

E

t

(Y, — (1 — kh) Y1) +QZ 1—/<;h)Ytl)5hYtl+Z (6hY;_1)?

1 t=k+1 t=k+1

Mq

t
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Since 3, (Y; — (1 — kh) Y;_1)* does not depend on k, we have

T T
krsr = arg min {2 Z (Vi — (1 —kh)Y,_1)0hY, 1 + Z (5}1}/;_1)2}

=1,...T—1
t=k+1 t=k+1

k k
=arg _min {—2 > (Vi— (1= kh) Y1) 0hY, = > (5m@_1)2}

=1 =1
1 1o /6 2
—arg max o {Z 52 (Y; — (1 = Kh) Y1) 0RY; 1 + 5 tzl (;hYtl) } - (14)

77777

Theorem 4.1 Consider Model (12) with known k and §. Denote the LS estimator
Trsr = I%L&T/T with lAfLS,T defined in (14). Then, when h — 0, we have the in-fill
asymptotic distribution as

T 1 - 0
P arg mas { I {Jﬁ,a,T()(s) +exp(—sk — (5 — To>51[s>m]>ﬁ] 4B(5)
T , 7o

g
1 [~ L
/ |:JH’67TO (S) * eXp(_SH o (S - 7_0)51[8>TO]) y(J ):| ds

1 }

where B(s) is the standard Brownian motion corresponding to j,i’(gj(s) and we use the

notation [ (-)dB(s) to denote [ [;(-)dB(s) — [7°(-)dB(s)] .

2

Remark 4.1 The in-fill asymptotic distribution is the same as the exact distribution
derived in the continuous time model when a continuous record is available. This s
expected as the in-fill limit of our discrete time AR model with a break converges to the
continuous time model with a break. Not surprisingly, the in-fill asymptotic distribution

has trimodality and asymmetric for all values of Tqy, even when 7o = 50%.

5 Monte Carlo Results

In this section, we design seven Monte Carlo experiments to compare the performance
of our in-fill asymptotic distributions with their corresponding long-span asymptotic
distributions developed in the literature. In each experiment, we draw densities of the
long-span asymptotic distribution and our in-fill asymptotic distribution together and
compare them with their corresponding finite sample distribution. The seven experi-
ments are selected to ensure that all the available long-span asymptotic distributions

are covered.
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In each experiment, data are generated from Model (12) with 79 = 0.3,0.5,0.7,
c=1, ¢~ N(0,1), T"'= 200 (ie h = 1/200) and different combination of £ and ¢. In
the cases where the first regime is unit root, we set yy = 0. Otherwise, we randomly
draw yo from N(0,02%/2k). All the pdfs are obtained by simulated data with 100,000
replications. When we calculate the in-fill asymptotic distribution and the long-span
asymptotic distribution, the stochastic integrals are approximated over very small grid
size (0.0001). Let 8, and (3, be the corresponding AR(1) coefficients before and after
the break.

In the first experiment, we first set x = 138 and § = 55, which implies 3, = 0.5 and
B4 = 0.38. Then we set x = 138 and § = —20, which implies 3, = 0.5 and 3, = 0.55
and leads to a small break size. For both cases in this experiment, we assume the AR(1)
model switches from a stationary root to another stationary root. In this experiment
the long-span asymptotic distribution is given in Section 2.1. The three densities are
plotted in Figures 9-10.

In the second experiment, we first set x = 138 and § = —138, implying 5, = 0.5 and
Bs = 1.Then we set Kk = 61 and § = —61, implying 3, = 0.73 and 3, = 1. Finally, we set
k=10 and § = —10, implying 5, = 0.95 and 3, = 1. For all cases in this experiment,
we assume the AR(1) model switches from a stationary root to a unit root, but the
break size gets smaller. In this experiment the long-span asymptotic distribution is
given in Section 2.2. The three densities are plotted in Figures 11-13.

In the third experiment, we set x = 0 and § = 1, implying 5, = 1 and 3, = 0.995.
We assume the AR(1) model switches from a unit root to a stationary root, and hence,
the long-span asymptotic distribution is given in Section 2.3. The three densities are
plotted in Figures 14.

In the fourth experiment, we first set x = 138 and 0 = —137, implying 5, = 0.5
and 3, = 0.995. Then we set x = 10 and § = —9, implying 3; = 0.95 and S, = 0.995.
The second case has a smaller break size than the first case. For both cases in this
experiment, we assume the AR(1) model switches from a stationary root to a local-
to-unit-root, and hence, the long-span asymptotic distribution is given in Section 2.4
where we set ¢ = 1 in the long-span asymptotic distribution. The three densities are
plotted in Figures 15-16.

In the fifth experiment, we set k = 1 and 6 = 5, implying 5, = 0.995 and 3, = 0.97.
In this experiment, we assume the AR(1) model switches from a local-to-unit-root to
a stationary root, and hence, the long-span asymptotic distribution is given in Section
2.5 where we set ¢ = 1 in the long-span asymptotic distribution. The three densities

are plotted in Figure 17.
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In the sixth experiment, we set x = 10 and 6 = —10, implying #; = 0.95 and 3, =
1.In this experiment, we assume the AR(1) model switches from a mildly stationary
root to a unit root, and hence, the long-span asymptotic distribution is given in Section
2.6 where we set ¢ = 1 and k7 = 20 in the long-span asymptotic distribution. The three
densities are plotted in Figure 18.

In the seventh experiment, we first set x = 0 and 0 = 7, implying 5; = 1 and
B5 = 0.96. Then we set k = 0 and § = 1, implying 5, = 1 and S, = 0.995. For both
cases in this experiment, we assume the AR(1) model switches a unit root to a mildly
stationary root. Hence, the long-span asymptotic distribution is given in Section 2.7
where we set kr = 30 in the long-span asymptotic distribution, so that ¢ = 1.2 in the
former case and ¢ = 0.15 in the latter case. The three densities are plotted in Figures
19-20.

Several features are apparent in these figures. First, the finite sample distribution
is asymmetric about 0 even when 7 = 50%. This feature is different from that in
the estimation of break point in the mean discussed in JWY (2016), where the finite
sample distribution is symmetric about zero when 7o = 50%. Second, the finite sample
distribution has trimodality. The origin is one of the three modes and the two boundary
points are the other two. Third and most importantly, the in-fill asymptotic distribution
given in Theorem 4.1 has trimodality and is asymmetric about zero, just like the finite
sample distribution. It always provides better approximations to the finite sample
distribution than the long-span limiting distribution, despite that the sample size is
reasonably large (7" = 200). When the signal-to-noise ratio is small, such as in case 3 in
Experiment 2 where 5, = 0.95 and (3, = 1, the long-span limiting distribution is so far
away from the finite sample distribution that any meaningful statistical inference should
not be based on the long-span limiting distribution. Arguably, the switch from 5, = 0.95
to B, = 1 is empirically interesting and relevant. When the signal-to-noise ratio gets
larger, the trimodality becomes less pronounced and the degree of asymmetry reduces.
However, the in-fill asymptotic distribution continues to provide better approximations

to the finite sample distribution than the long-span asymptotic distribution.

6 Conclusions

This paper is concerned about the large sample approximation to the exact distribution
in the estimation of structural break point in autoregressive models. Based on the
Girsanov theorem, we obtain the exact distribution of the ML estimator of structural

break point in the OU process when a continuous record is available. We find that the
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Figure 9: The pdf of T(ﬁz_——/jiﬂg(nsj — 70) when 7o = 0.3,0.5,0.7 (the left, middle and
1

right panel respectively) and 8, = 0.5, 5, = 0.38. The blue solid line is the finite sample

distribution when 7" = 200; the black broken line is the density given in Theorem 4.1;

and the red dotted line is the long-span limiting distribution in given Section 2.1.
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distribution when 7" = 200; the black broken line is the density given in Theorem 4.1;
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Figure 15: The pdf of T'(5, — 5,)(Trsr — 7o) when 79 = 0.3,0.5,0.7 (the left, middle
and right panel respectively) and 8, = 0.5, f, = 0.995. The blue solid line is the
finite sample distribution when 7" = 200; the black broken line is the density given in
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Section 2.4.
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Figure 16: The pdf of T'(5, — 5,)(TrsT — 7o) when 79 = 0.3,0.5,0.7 (the left, middle
and right panel respectively) and §; = 0.95, 8, = 0.995. The blue solid line is the
finite sample distribution when 7" = 200; the black broken line is the density given in
Theorem 4.1; and the red dotted line is the long-span limiting distribution in given
Section 2.4.
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Figure 17: The pdf of T%(8, — 31)*(F s — To) when 7o = 0.3,0.5,0.7 (the left, middle
and right panel respectively) and §; = 0.995, 5, = 0.97. The blue solid line is the
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Section 2.5.
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Figure 18: The pdf of %(%L&T — 7o) when 79 = 0.3,0.5,0.7 (the left, middle and right
panel respectively) and 3, = 0.95, 5, = 1,¢ = 1, kr = 20. The blue solid line is the
finite sample distribution when 7" = 200; the black broken line is the density given in
Theorem 4.1; and the red dotted line is the long-span limiting distribution in given
Section 2.6.
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Figure 19: The pdf of <2 (7157 — 7o) when 7o = 0.3,0.5,0.7 (the left, middle and
T

right panel respectively) and 3, = 1, 8, = 0.96, ¢ = 1.2, k7 = 30. The blue solid line is

the finite sample distribution when 7" = 200; the black broken line is the density given

in Theorem 4.1; and the red dotted line is the long-span limiting distribution in given
Section 2.7.
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Figure 20: The pdf of CzTTQ(%Ls,T — 7o) when 79 = 0.3,0.5,0.7 (the left, middle and right
T
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in Theorem 4.1; and the red dotted line is the long-span limiting distribution in given
Section 2.7.
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exact distribution is asymmetric and has trimodality. These two properties are also
found in the finite sample distribution of the LS estimator of structural break point in
the AR model.

Unfortunately, the literature on the estimation of structural break point in AR(1)
models has always focused on developing asymptotic theory with the time spans before
and after the break being assumed to go to infinity, which has been shown in this paper
to provide poor approximations to the finite sample distribution in many empirically
relevant cases. Moreover, the long-span asymptotics developed in the literature are
different whether the underlying AR(1) coefficient is less than, equal to or greater than
one. This discontinuity in the long-span asymptotic distributions makes the limiting
distributions developed in the literature difficult to use in practice.

This paper provides a unified limiting theory for estimating the break point in AR(1)
models when nusiance parameters x and 0 are known. It considers a continuous time
approximation to the discrete time AR model and develops an in-fill asymptotic theory
for the LS estimator of structural break point. The developed in-fill asymptotic theory
is continuous in the underlying roots and, hence, offers a unified theory for making
inference about the break point. We also show that this distribution has trimodality
and is asymmetric, and approximates the finite sample distribution better than the
long-span limiting distribution developed in the literature in all cases.

The same method can be used to provide a unified limiting theory for estimating
the break point in AR(1) models when all the nuisance parameters are unknown. As
shown in LWY (2016) for the model with a break in mean, the presence of unknown
nuisance parameters has implications for the in-fill asymptotic theory. The same kind
of implications will be applicable in AR(1) models with a break. The results will be

reported in another paper.

Appendix
Proof of Lemma 3.1: (a) It is obvious that F <i7577(’r’)> = 0.
For any fixed r > 0, when r < 7, it is straightforward that o%(r) =

exp(—2kr)) /K.
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When r > 7, from (4), we have

Jesr(T) = /OT exp(—(k+0)(r —s)+d(r — s))dB(s) + / exp(—(k + 0)(r — s))dB(s)
—/TeXp( (k4 0)r + 017 + Kks)dB(s —|—/ exp(—(k + 6)(r — s))dB(s)

= /OT exp(—(k+0)r + (k+ 8)7 — kT + ks)dB(s) + / exp(—(k + 9)(r — s))dB(s)

= /OT exp(—(k+6)(r — 1) — k(T — 5))dB(s) + / exp(—(k +6)(r — s))dB(s)

T

=exp(—(k+0)(r — 1)) /OT exp(—r(T — s))dB(s) + /T exp(—(k + 0)(r — s))dB(s).

o2 (r) = exp (=2(k + ) (r — 7)) (%(1 - eXp(—QRT))) + /T exp (—2(k +6)(r — s)) ds.

= i {exp (=2(k +9)(r — 7)) —exp (—2(k + O)r + 207)}

+ 2(51—1— 5 (1 —exp(=2(k+0)(r—1)))
(& - 1
G m) exp(—2(k 4+ 0)(r — 7)) — o &P (=2(k + d)r + 207) + 2(k +9)
5 1
— CET) exp(—2(k +0)(r — 7)) — 9 P (=2(k + 0)r +207) + 2(k+0)’

which gives the result in Lemma 3.1 (a).
(b) When r < 7,
dJ 5.2 (r) = —KJps-(r) + dB(r),

with J(0) = 0.
Following Phillips (1987b), we have

Jys.0(1) = /07" exp(—(r — s)r)dB(s).

When r > 7,
Ao, (r) = —(k + 6)Jps,(r) + dB(r),

with Jys, (7 = [o exp(—(7 — s)K)dB(s).
Define the integration factor v(s) = exp((k + d)s). By definition, we have

dv(s) = (k + d)v(s)ds.
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When s > 7,we have

d (U(s)j&gﬁ(s» = 0(8)d e 5.7(5) + Js.2(5)dv(s)
—0(s) (= (5 + )T (5)ds + dB(s)) + Jusr(5) (0 + D)(s)ds
= v(s)dB(s)
= exp((r +0)s)dB(s),

which leads to

T

/ 4 (o(5)Tsr(5)) = / "exp((i + 0)s)dB(s).

T

Therefore, we have

V(r)Jes (1) =v(1)Jes-(T) + /T exp((k + 6)s)dB(s)

= exp((k + 0)7) /

0

T

exp(—(r — 5))dB(s) + / " exp((k + 6)s)dB(s).
' (15)

So

Jys.:(1) =exp(—(k+0)(r — 7)) /OT exp(—r(T — 5))dB(s) + /T exp(—(k + 6)(r — s))dB(s)
= /OT exp(—(r —s)(k +9) + (1 — 5)0)dB(s) + /T exp(—(r — s)(k + 0))dB(s),

where the first equality is obtained by dividing equation (15) by v(r). The proof of
Lemma 3.1 (b) is completed.

Proof of Lemma 3.2: When t < 7,
dy(t) = —ky(t)dt + odB(t),
with the initial condition y(0). Following Phillips (1987), we know that

y(t) = an,&ﬂ'o (t) + eXp(—lit)y(O). (16)

When t > 7,
dy(t) = —(k + O)y(t)dt + odB(t)

with y(70) = 0Jy 5.7 (To) + exp(—r70)y(0).
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By methods similar to those in the proof of Lemma 3.1 (b), we have

y(t) = exp(=(k +0)(t = 70))y(70) + 0/ exp(—(k +0)(t — s))dB(s)

T0

— exp(— (i + 8)(t = 70)) (00 (T0) + ex(~KT0)y(0)) + / exp(—(k + 6)(t — 5))dB(s)

=0 (exp(—(/i +0)(t —70))Jss5.70(T0) + / exp(—(k +9)(t — 5))dB(s)>
+ exp(—(k + 0)(t — 79) — K70)y(0)
= 0 Tsma(t) + exp(—t — (¢ — 7)3)y(0). (17)
where the last equation is from (6).

Alternatively, we can write (16) and (17) as

y(t) = 0i€,5,70 <t> + exp (_t"i - (t - 7_0)51[t>7'0]) y(0)7

which gives the result in Lemma 3.2.

Proof of Lemma 3.3: First write g(y(s)) = y*(s). Since g function is twice contin-

uously differentiable, by Ito’s Lemma, we have

d(0(5)) = SN y(s) + 575 s A

which implies
dy?(s) = 2y(s)dy(s) + (dy(s))?

= 2y(s) [~ (K 4 01(ssrg))y(s)ds + 0dB(s)] + o”ds
= —2(k + 01l[s5r0))y>(s)ds + 20y(s)dB(s) + o*ds

from which we obtain the result in Lemma 3.3 by taking the integral over [0, r] at both
sides

20 /OTy(s)dB(s) =132(r) — 3*(0) + Q/OT(H + 01snro)) Y2 (8)ds — ro’.

Proof of Theorem 3.1: Note that
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dP:
Ty = arg Trél(%’}lc) {log L(7)} = arg ren(a>1< log (dBt)

= arg max |lo P — log dPTO
— AN %\ 4B, B,

o (4P
— e oy B \ap, )

where log < by ) is the log-likelihood ratio with the expression
dP; 1 !
log =~ / (= (K4 01psry) + (5 + Olpsry))) y(t)dy(t)
dP;, o 0
1 )2) 2(
_5 ; ((I{+51[t>ﬂ) I€+51[t>70 )y
) 1! 5 o
= / _(1[t>70} - 1[t>7‘]) - 5/ ( ) 1[t>7‘0] - 1[t>ﬂ) Yy (t)dt
0o 0 0

When 7 < 7, we have

dPT 5 1 1 5 2 1
log (dPTO) - _EA 1[T<tSTO]y(t)dB(t) - 5 (;) /0 1[T<t§70}y2(t)dt
2

:_i/m vas) -5 (2) [ v
9 ;
p 2
[ - [ vwas] - (

When 7 > 1, we have
log ( 5]1; ) ’ /O ey (OB — - (2)2 /0 0
_ g/ y(t)dB(t) - % (3)2 / v (t)dt
=2 [ [Cwaso - [ vwas] - 5 (g) | v

Therefore, the exact log-likelihood ratio can be written as

og (55 ) = 2| [ st - ["wwaso) - 3| [ (§)2y2<t>dt .
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This implies that the ML estimator of break point is

Fars 2 L1 [ wwaso - [ ywas)| -

TyL = arg max { — — — =
ML gTE(O,l) o 0 y 0 Y 2

= arg max {% MT @dB(t) - /OTO @dB(t)} —~ %

which gives the result in Theorem 3.1.

/T: (5)2y2(t)dt
[ ()

Q|

Proof of Lemma 4.1 (a): Following Phillips (1987b), first note that
Y: = exp(—(k + 0lpsng)) /T)Yier + o€y + Op(T72), (18)

where O,(T%) term is the approximation error.
When t < ko, from (18) we have

Y, = exp(—n/T)Yt' 1+ o6+ 0)(T7)
= aZeXp (t — j)k/T)ej + exp(—tk/T)Yy + O, (T,

and thus when r < 7, we have

) LT j/T Y,
T4Yiry = 03 exp(—(1Tr] = )/ T) /(._M X1 (5) + expl— (T ] 5/T) <% + 0T~

=0 %/ " exp(—(r — s)k)dXr(s) + exp(—rﬁ)ﬁ + 0 (T_%)
G-/ ' vT

=0 /OT exp(—(r — s)k)dXr(s) + exp(—rm)% + O,(T72)

=0 /OT exp(—(r — s)k)dB(s) + exp(—rkK)yo
= 0 Tur(r) + exp(—r Ry, (19)
where o [ exp(—(r — s)r)dXr(s) = o [; exp(—(r — s)x)dB(s) is from Phillips (1987b)

and the last equation comes from the definition of J, s, (r) in (4).

Similarly, when ¢ > kq, we have

Y, = exp(—(/i +8)/T)Y;1 + oe; + O,(T™?)

=0 Z exp(—(t — j)(k +8)/T)e; 4 exp(—(t — ko) (5 + 6)/T)Yiy + Op(T7Y),

34



and thus when r > 7, we have

) |Tr| 3T
T2 p, =0 exp(—(|Tr| —j)(k+0)/T dXr(s
= 3 el =)k o) [, A
I_TT()J
+exp(—(|Tr] = [T7o])(k +0)/T)—= Nis +0,(T732)
[Tr]
Z / exp(—(r — s)(k + 6))dXr(s)
j=Tro]+1
|_T7'0J 3
+ exp(—(r — 79)(Kk + 0)) Wi + O0,(T2)
:a/m exp(—(r — 8)(5 + 6))dX7(s) + exp(—(r — 70) (5 + 0)) Lj%” +0,(T)

=0 /T exp(—(r — s)(k + 0))dB(s) + exp(—(r — 7¢)(k + 0)) (ajm;m (To0) + exp(—rgfi)y0>

70

=0 {exp(—(r —70) (K + 6))Jus.70(T0) + /7‘ exp(—(r — s)(k + 5))dB(s)}

70

+ exp(—(r — 79)(k + &) — ToK) Yo,
= 0 Jw5.7(r) + exp(—(r — o)k — (r — 70)8 — Tok)Yo
= 0jl€,5,7’0 (T) + eXp(—T/i - (T - 7'0)5)y0. (20)

where the the second last equation is from (6).
The combination of (19) and (20) leads to the result in Lemma 4.1 (a).

The proofs of Lemma 4.1 (b) and (c) are entirely similar to the proof of Lemma
4.1 (a). We skip them for simplicity.
The proof of Lemma 4.1 (d): We first square (12) to obtain

= [(1 = (5 + S1pspe))h) Vi1 + 0er]?
= (1= (K + 01psp) R)? Y21 + 20(1 — (K + 0lsi))h) Yio1er + 02}
= (1= 2(k + 01pspe) W) Y2 L +20(1 — (K + 0Ljmig) ) 1) Yierer + 0ef + Op(T7?)

k+ 01 Yi_1e
= |1— w Y? 1 + QO'Y; 1€¢ +O' €t — 20<5+51[t>k0]> tjj ¢ + Op(Tiz),
and we have
/{+51 Y,_ie
VE-YE, = MY; L+ 20Y 16+ 0%€; — 20(K + 01yspg)) S 0,(T7?),

T T
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where by first summing over ¢ from ¢t =1 to ¢ = |Tr| and then dividing T at both

sides, we obtain

YL2TJ Y2 [1r] % %
: 2= (Ii +01 Y + — Y, e, + — o2
2 t>k0 t—1 t— 1 t

T T T t=1
9 L)

7 -2

= 72 2 (K + 0Lk Yire + Op(177)
t=1

2 I_T"’J 20_ \_TT‘J 1 I_TTJ 1

t=1 t=1 t=1

To obtain (21), we have claimed 2% tLZ;J (k4 0lpsne))Yio1re0= 0,(T~2) since

L)

o 20C
T2 Z(FG + 0Lspg) ) Yier6r| < T2 Z pemyen
t=1 t=1
LT
20C 1 1
< — T72Y, 1| =
< Tty [T 7 2 1

where C' is a positive constant, the last equation comes from Lemma 4.1 (a) for T’ *%Yt_l
and the law of large number for the i.i.d sequence {|e;|}.

So when r < 7, from (21) we have

Y2 LTTJ LTrJ [ Tr|

?” ZYfl ZYHemL Za T73),

and after some rearrangement, we have

LTTJ 2 \Tr) |Tr]

Y2 9
ZYtlet J ?"‘%; t1__ZU 5)
2
2

2 T
= [UJH75770 (r) + exp(—rﬁ)yo} — yg + 2/@/ [UJK,57TO(S) + exp(—sk)yo| ds—o°r
0

% / [T () + exp(—sr)ua] dB(s), (22)

where the convergence result comes from Lemma 4.1 (a), (¢) and the law of large number

for the i.i.d sequence {e?}, and the last equation comes from Lemma 3.2 and 3.3.
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Similarly, when r > 74, we have

|Tr) 2 [Tr) LTTJ
20 Yo,  YE | 2
TZY%—let: LTJ —?O‘i‘TQ Z(R+61[t>ko ZU 2)

t=1 t=1

~ 2
= [UJH,(;’TO (r) + exp(—rk — (r — To)é)yo} — yg

r - 2
+ 2/ (K 4 01[g>r0)) [UJ,W;’TO(S) + exp(—sk — (s — 7'0)51[5>TO])3/0] ds — o*r
0

e / [ Tna(5) + exp(—s5 — (5 = 70)61(ry )] dB(s). (23)

where the last equation comes from Lemma 3.2 and 3.3.
The combination of (22) and (23) leads to

LT

T ZYt 1@:»/ 0 J570(8) + exp(—sk — (5 — 70)0 s> re )y (0) | dB(s),

the result in Lemma 4.1 (d).

Proof of Theorem 4.1: From (14), we have

"1 1<~ /6 2
kLST—arg _max {t —2 — (1 = kKh) Y1) 0hY;_ 1+22( hY,_ 1> }

()
1

Let T(k) = YF , 5 (Y — (1 — kh) Y1) 0hY, 1 + 338, (2hY,4)”. Then, the LS

estimator /%LS,T defined in (13) can be expressed as

krsr = arg —max {F( )} = arg ,_max {T'(k) = T(ko)} -
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When k < kg, h — 0, we have

I'(k)—T = — Z — (1= Kh)Y,_1) 6hY,_ 1—— Z <§hm_1>2

t= k+1 t k+1
5 2 1 ko
~—— T Z Yio1ep — (E) ﬁ Z Yt2—1
t k+1 t=k+1
) o o~
- (—;) [ [rTuon(s) + exp(=si] ds)

= (g) [ oTusenlo) + explsmiun]ar
= (D[ [t + expi-seiun] asts

_ / [ Tusrals) + exp(-sm)uo] dB(s)}

—% <§)2[0 [ai(sm( ) + exp(— S/f)yord?“

where B(-) is a standard Brownian motion, :];,5@ (s) is a OU process defined in (4) and

the convergence result comes from Lemma 4.1.
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When £ > kg, h — 0, we have

k k 2
1 1 §
D) - D) = 30 (- (- syt g > (i)
t=ko+1 t=ko+1
k 11 k 5 2
= Z (=0nYn +0e) Y + 575 > (;) Vi
=ko+1 t=ko+1
6 1 o
= —m t 16 — 3 (E) T2 Z Yt 1)

t=ko+1

JJ,“;TO s) +exp(—sk — (s — 70)51[970])3;0] dB(s)

2
) MTO s) +exp(—sk — (s — 7'0)51[s>ro])90] dr

/ Jy5.70(8) +exp(—sk — (s — 70)61[S>T0])y0] dB(s)

(=}
—

UJn é 7'0 + eXp( Sk — (8 - T0)51[8>To])y0:| dB(S>}

/T |:O'<]f~c,6,70(3) + exp(—sk — (s — 70)51[s>70])y(0)] 2 ds

70

?

where the second equation comes from the fact that Y; = (1 — (k + §)h) Y;_1 + oe; for
t > ko and and the convergence result comes from Lemma 4.1.

Applying the continuous mapping theorem to the argmax function leads to

T 5 ~
L 76N\~ i
_5 / <;> |:0’Jn75,7.0<8) + eXp(—Sl-i - (8 - 7'0)51[s>70]>3/<0)] ds

= arg max {/ % {j,{,g,m(s) + exp(—sk — (s — 70)51[8>TO])@} dB(s)
70

7€(0,1)

where we use the notation [ (-)dB(s) to denote [ [](-)dB(s) — [;°(-)dB(s)] .This gives

the result in Theorem 4.1 immediately. For a rigorous treatment of the continuous

T — O 2
2 / [J”’J’TO(S) +exp(—sk — (s — 70)51[5>701)¥} s

mapping theorem for the argmax function, see Kim and Pollard (1990).
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