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Abstract

Empirical applications of instrumental variables (IV) regressions often in-
volve both low-dimensional and high-dimensional sets of instruments. In An-
grist and Krueger (1991), the quarter-of-birth instruments generate a much
larger set that includes many interaction-based technical instruments; in shift-
share designs considered in Goldsmith-Pinkham, Sorkin, and Swift (2020), a
single IV aggregates many underlying base instruments. To improve inference
in such settings, this paper proposes a combination test that integrates low-
and high-dimensional IV specifications. The test linearly combines a cluster-
robust Wald statistic based on low-dimensional IVs with leave-cluster-out La-
grange multiplier (LM) and Anderson-Rubin (AR) statistics constructed from
the many IVs. We establish the joint asymptotic normality of these statistics
and show that the proposed test is asymptotically optimal within a broad class
of tests. The procedure yields costless efficiency improvements, automatically
adapts to weak identification of the many instruments, and provides a practical

rule of thumb for assessing these gains.

Keywords: Many Weak Instruments, Shift-Share Instruments, Combination Test.
JEL Classification: C12, C36, C55

*I am especially grateful to my adviser, Yichong Zhang, for his continued guidance and support.
I would like to thank my committee members, Jia Li, Liyu Dou and Wenjie Wang, for their valuable
comments and suggestions. I would also like to thank Michal Kolesar, Taisuke Otsu, Andrew Patton,

Peter C. B. Phillips, Mikkel Sglvsten and Liyang Sun for helpful discussions on this paper.



1 Introduction

Empirical applications of instrumental variables (IV) regressions in economics often
involve several alternative sets of instruments, some with dimensionality proportional
to the sample size and others considerably more parsimonious. A canonical exam-
ple is Angrist and Krueger (1991), which estimates returns to schooling using three
quarter-of-birth (QoB) dummies and their interactions with state- and/or year-of-
birth dummies. Including fully interacted three-way interactions yields a total of 1,530
instruments (Mikusheva and Sun, 2022). As noted by Mikusheva and Sun (2024),
such settings are common in empirical practice: one starts with a low-dimensional
source of exogenous variation (e.g., the QoB dummies) and then constructs numerous
‘technical’ instruments to exploit a heterogeneous and/or nonlinear first stage.

A different but related class of examples arises in the context of shift-share IVs,
which are now widely used in labor, public, development, macroeconomics, interna-
tional trade, and finance.! In these examples, the set of many instruments emerges
from the construction structure of shift-share IVs. This follows from the observation
in Goldsmith-Pinkham et al. (2020) that, when the shares are exogenous, a shift-share
IV can be interpreted as an aggregation of many underlying base instruments. For one
example, in their empirical application following Card (2009), the shift-share IV used
to estimate the (negative) inverse elasticity of substitution between immigrants and
natives is constructed from 38 base instruments (the respective shares of immigrants
from 38 home countries) in a sample of 124 observations.

This naturally raises the question of whether one can take the low-dimensional
IV regression as the benchmark specification and combine it with its many-IV coun-
terpart to enhance the power of IV inference essentially for free, in the sense that no
additional identifying assumptions are imposed. In this paper, we provide a construc-
tive solution for clustered settings with many clusters of bounded size and cluster fixed
effects, including important panel data applications involving shift-share IVs.? Addi-
tionally, our procedure remains valid even when the many-IV specification is weakly
identified, so empirical researchers need not be concerned about the size distortions

and confidence interval under-coverage that may arise with many weak instruments.

1See, for instance, Bartik (1991), Blanchard, Katz, Hall, and Eichengreen (1992), Adao, Koleséar,
and Morales (2019), Goldsmith-Pinkham et al. (2020), Borusyak, Hull, and Jaravel (2022), Borusyak,

Hull, and Jaravel (2025), and references therein.
2See Section 3.2 for an illustrative example.



Specifically, we consider an optimal combined inference procedure based on three
familiar test statistics for IV regressions: (i) a standard cluster-robust Wald statistic
constructed from the low-dimensional IVs; (ii) a leave-cluster-out jackknife Lagrange
multiplier (LM) statistic; and (iii) a leave-cluster-out jackknife Anderson-Rubin (AR)
statistic. The LM and AR statistics are constructed using the many-IV specification,
and the leave-cluster-out design removes the many-IV bias under within-cluster error
dependence.

We first show that, under the null hypothesis and local alternatives, the Wald,
LM, and AR statistics are jointly asymptotically normal, provided that the low-
dimensional IVs strongly identify the parameter of interest, while allowing the many-
IV specification to be weakly identified. Standard optimal testing theory then implies
that, in the corresponding Gaussian limit experiment, the uniformly most powerful
unbiased (UMPU) test rejects for large absolute values of an appropriate linear com-
bination of the three limiting Gaussian statistics.®> Our proposed test, as a function
of the three statistics, is asymptotically equivalent to this UMPU test and is therefore
weakly more powerful than each of the Wald, LM, and AR tests.

Importantly, the combination test adapts automatically to the strength of identi-
fication in the many-IV specification. When the parameter of interest is weakly iden-
tified under many IVs in the sense of Mikusheva and Sun (2022), the optimal linear
combination places asymptotically negligible weight on the LM and AR components,
so that the resulting test reduces to the Wald test. Consequently, the procedure re-
mains valid and retains the same asymptotic power as the standalone Wald test, so
there is no loss from incorporating the many-1V specification.

The notion of optimality in our study is defined relative to the class of tests based
on the Wald, LM, and AR statistics and is used primarily to assess the improvement
in inference within this class. We do not seek a globally optimal test by searching
over all combinations of base IVs or by aggregating results across alternative low-
dimensional specifications. Instead, we take the low-dimensional specification as the
benchmark and combine its associated test statistic with those based on a given set of
many IVs, thereby strengthening inference while remaining agnostic about both the
identification strength of the many-IV specification and the functional relationship

between the many and low-dimensional IVs. Nonetheless, the resulting combination

3See, for instance, Section 4.2 of Lehmann and Romano (2006) and Lemma 2.2 of Lim, Wang,

and Zhang (2024a) for formal arguments.



test is asymptotically optimal in the sense of Miller (2011). We also emphasize that
our goal is not to derive the “optimal” instrument in the many-IV setting. When
the number of instruments is large, consistent estimation of the optimal instrument
is generally impossible (without extra assumptions on its form), because estimation
errors accumulate across instruments and induce many-IV bias.* Although jackknife-
type debiasing can remove this bias, it also alters the estimator’s asymptotic variance,
thereby invalidating the classical optimality interpretation of the optimal IV.

The confidence interval implied by the combination test has the usual “estimator
plus and minus a standard error times a critical value” form. Its center is an estimator
that linearly combines a standard GMM estimator based on the low-dimensional
IVs with a leave-cluster-out jackknife IV estimator based on many IVs and the AR
statistic, using weights that capture both the relative identification strength from the
two IV sets and the UMPU weights. The efficiency gain manifests itself as an almost
surely shorter confidence interval. We measure this gain by the percentage reduction
in the length of the resulting confidence interval relative to that of the Wald test based
on the low-dimensional IVs. As an illustration, in the immigrant enclave application
of Card (2009), the combination procedure reduces the length by between 5% and
17%. The magnitude of this reduction is determined primarily by the identification
strengths from the two IV sets, together with the limiting correlations between the
Wald and LM statistics, and between the LM and AR statistics. In Section 2, we
translate these relationships into a practical rule of thumb based solely on the ratio
of the standard errors of the low-dimensional and many-IV estimators, which can be
read directly from reported regression tables prior to implementing our combination

procedure. We illustrate this rule using the application of Card (2009).

Relation to the literature. This paper contributes to the large literature on many
(weak) instruments,® and is particularly related to Lim et al. (2024a). Building on

Andrews (2016), they propose a jackknife conditional linear combination (CLC) test

4See, for instance, Sections 3 and 4 of Mikusheva (2021) for detailed discussions on this issue.
5See, for instance, Morimune (1983), Bekker (1994), Donald and Newey (2001), Chao and Swan-

son (2005), Hansen, Hausman, and Newey (2008), Kuersteiner and Okui (2010), Anatolyev and
Gospodinov (2011), Belloni, Chen, Chernozhukov, and Hansen (2012), Carrasco (2012), Chao, Swan-
son, Hausman, Newey, and Woutersen (2012), Hausman, Newey, Woutersen, Chao, and Swanson
(2012), Kolesar (2013), Carrasco and Tchuente (2015), Wang and Kaffo (2016), Kolesér (2018),
Evdokimov and Kolesar (2018), Sglvsten (2020), Chao, Swanson, and Woutersen (2023), Boot and
Nibbering (2024), Lim, Wang, and Zhang (2024b), Yap (2025), among others.



for independent data that is robust to weak identification, many instruments, and
heteroskedasticity, combining jackknife AR, LM, and orthogonalized LM statistics to
achieve good power across identification regimes. However, their analysis is confined
to many-IV settings and does not apply directly to our framework. In contrast,
we explicitly incorporate low-dimensional IVs and develop a unified procedure that
efficiently combines estimation and inference from both low- and high-dimensional
IV specifications, all within a clustered setting. Different from Lim et al. (2024a),
our primary objective is to construct a theoretically grounded combination test that
improves upon the conventional Wald test based solely on low-dimensional IVs.® We
also note that, in a different context, Jiang, Li, Miao, and Zhang (2025) propose an
optimal linear combination of adjusted and unadjusted estimators for the average
treatment effect under covariate-adaptive randomization.

Our paper is also related to the literature on inference with many IVs and clustered
data. Frandsen, Leslie, and McIntyre (2025) study leave-cluster-out jackknife versions
of the IV estimator (CJIVE), and Ligtenberg (2025) develop weak-identification-
robust procedures in clustered environments. We depart from this literature by not
focusing solely on estimation or inference within the many-IV specification itself. In-
stead, we leverage the many-IV specification to enhance the power of low-dimensional
Wald inference through an optimal combination of test statistics. Chao et al. (2023)
and Kolesar, Min, Wang, and Zhang (2026) consider settings in which both the num-
ber of IVs and the number of control variables are allowed to be proportional to the
sample size, posing additional challenges for cluster-robust inference. In this paper,
we restrict attention to models with a fixed number of control variables and leave the

case with both many I'Vs and many controls for future research.

Structure of the paper: Section 2 details the rationale behind the proposed rule
of thumb and demonstrates its use in an empirical application; practitioners mainly

interested in applications may focus on this section directly. Section 3 introduces the

6This paper may seem closely related to Qian and Schmidt (1999) because both titles feature
the terms “improved” and “instrumental variables.” While both analyses study efficiency gains from
incorporating additional information beyond benchmark moment conditions, the contexts differ sub-
stantially. Qian and Schmidt (1999) analyze efficiency improvements of IV/GMM estimators using
extra moment conditions that do not depend on the parameters of interest. In contrast, we focus on
improving inference by exploiting potentially high-dimensional, additional moment conditions that

explicitly depend on those parameters.



model and key preliminaries, while Section 4 develops the large-sample theory for
the combination test and formalizes its theoretical properties. Section 5 presents the
practical implementation of the combination test in an empirically relevant setting,
employs simulations to evaluate its power properties, and illustrates the procedure
in an additional empirical application. We conclude in Section 6. An additional
case with weak low-dimensional IVs alongside strong many IVs is presented in the
Appendix, together with additional simulation results that demonstrate it. All the
proofs are collected in the Supplemental Appendix.

Notation. We write [n] = {1,...,n} and [G] = {1,...,G}. Let A be an n x m
matrix and let {ng}.cjq be positive integers with Zngl ng = n. We denote by A
the g-th row-wise block of A, of dimension ny x m. When A is an n x n square matrix,
we denote by Ay ) the (g, h)-th block of A. For a positive semi-definite square matrix
A, denote its largest and smallest eigenvalues by Apax(A) and Apin(A), respectively.

Let C' be a generic positive constant independent of n, whose value may change from

line to line. For brevity, we write }°/ hciq12,gh ‘= 2oge(G] 2ohe[Glhg-

2 Rule of Thumb and Empirical Illustration

In this section, we develop a practical rule of thumb that can be directly applied to re-
ported estimates and standard errors from low-dimensional and many-IV regressions.
We illustrate its empirical relevance using the application in Goldsmith-Pinkham et al.
(2020, Section VII), which builds on Card (2009).

We quantify the efficiency gain from the combination test by the percentage re-
duction in the length of its confidence interval, relative to that of the Wald test, in
large samples. Section 4.3 formally derives an analytical expression for this reduction
as a function of the identification strengths of both the low-dimensional and many
instrumental variables (IVs), as well as the limiting correlations between the Wald
and LM statistics and between the LM and AR statistics. Because the percentage
reduction is monotonically increasing in the absolute correlation between the LM and
AR statistics, we further obtain a lower bound on the efficiency gain by setting this
correlation to zero. The bound depends only on the correlation between the Wald
and LM statistics (denoted as p;) and on the ratio of the standard deviations of the

GMM estimator based on low-dimensional IVs to the leave-cluster-out jackknife IV



estimator (CJIVE) based on many IVs (or, equivalently, on the relative strength of
the many IVs to the low-dimensional IVs).

Figure 1 plots the lower bound as a function of the standard deviation ratio for
different values of p;, the limiting correlation between the Wald and LM statistics.
Two observations emerge. First, for any fixed p;, we show theoretically that whenever
the standard deviation ratio exceeds p;, the lower bound on efficiency gains increases
with the ratio, reflecting the fact that the combination test exploits the additional
precision provided by the LM statistic. Second, once the standard deviation ratio
exceeds one, the lower bound decreases as p; increases, because the LM statistic then
contributes relatively little additional information beyond the highly correlated Wald
statistic. As a simple rule of thumb that only requires a back of envelope calculation
based on the reported standard errors, we propose: for empirically plausible values
of p1 (between —0.7 and 0.7), whenever the standard error from the regression with
low-dimensional IVs divided by that from the regression with many IVs is greater than
1.05, the corresponding confidence interval is reduced by at least 10%.” We further
argue in Section 4.3 that the same rule of thumb can be applied to other many-IV
estimators such as HLIML and HFUL developed by Hausman et al. (2012).

To illustrate the empirical relevance of efficiency gains and the associated rule of
thumb, we implement the combination test in an empirical application that estimates
the (negative) inverse elasticity of substitution between immigrants and natives, fol-
lowing Card (2009). As in Goldsmith-Pinkham et al. (2020, Section VII), we examine
two separate sets of results by skill group: high school equivalent workers and college
equivalent workers. The analysis is based on cross-sectional regressions for each skill
group in 124 cities in 2000. The dependent variable is the residual log wage gap be-
tween immigrant and native men,® and the main regressor of interest is the log ratio
of immigrant-to-native hours for both men and women within the same skill group.
Here, the immigration shares from 38 origin-country groups in 1980 serve as the un-
derlying base instruments. The one-dimensional Bartik instrument is constructed by
aggregating these shares using the corresponding national immigrant inflows for each

origin-country group between 1990 and 2000 as weights (see Section 3.2 below and

"The thresholds are 0.93 for 5% and 1.24 for 20%. In additional (unreported) plots for p; €
[—0.99,0.99], the confidence interval is at least 10% shorter whenever the standard deviation ratio

exceeds 1.11 (with thresholds 1.05 for 5% and 1.25 for 20%).
8 As noted in Card (2009, p.11, footnote 17), residual wages are wages after controlling for observed

characteristics of the entire U.S. workforce.
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Figure 1: Theoretical lower bounds for percentage reduction in confidence interval
length.

Notes: This figure plots the lower bound of the efficiency gain in (4.13) as a function of the standard
deviation ratio 0(31) / 0(32) for various values of p;, the limiting correlation between the Wald and
(leave-cluster-out jackknife) LM statistics. The horizontal axis shows the ratio of the standard
deviations of (3 (the efficient GMM estimator using low-dimensional IVs) and 3, (the leave-cluster-
out estimator using many IVs). The vertical axis shows the percentage reduction in confidence

interval length.

Goldsmith-Pinkham et al. (2020) for further details). One important source of endo-
geneity that the instrument addresses is a positive labor demand shock that attracts
immigrants to a location disproportionately relative to natives. In this case, the shock
increases both relative earnings and relative labor supply, giving rise to endogeneity
in the estimation of the elasticity of substitution. See also Goldsmith-Pinkham et al.
(2020, Section VII) and Borusyak et al. (2025) for a detailed discussion of why iden-
tification in this application can reasonably be attributed to the exogeneity of the
shares.

Table 1 reports the point estimates obtained from the two-stage least squares
(TSLS) estimator using the Bartik instrument (the low-dimensional IV specification),

Bl, together with those from the leave-cluster-out estimator (the many-IV specifica-



tion), Bg, based on the 38 base IVs. We present results separately for specifications
that include and exclude city-level controls. Consistent with Goldsmith-Pinkham
et al. (2020), the estimates are broadly similar within each skill group. As noted by
Goldsmith-Pinkham et al. (2020, Section VII) and Borusyak et al. (2025, pp.199-201
and Online Appendix B.2), these findings suggest that treatment effect heterogeneity
is unlikely to play an important role in this application. However, in every specifi-
cation, the confidence intervals constructed from Bl (Wald CI) differ to some extent
from those based on S, (LM CI). This discrepancy is partly due to the different stan-
dard errors of the two estimators, which we exploit in our combination test to obtain
strictly shorter confidence intervals across all specifications. For example, for workers
with college equivalent skills, our confidence intervals are roughly 8% and 17% shorter
than the Wald Cls in the specifications with and without controls, respectively.

Figure 2 displays the realized percentage reduction in confidence interval length
achieved by our combination test, together with the asymptotic lower bounds for
that reduction, analogous to Figure 1, but calculated using the specification-specific
estimate p; of the limiting correlation between the Wald and LM statistics. The the-
oretical results underlying the asymptotic lower bounds are presented in Section 4.3.
Two observations are worth noting. First, allowing for finite-sample estimation error,
the realized percentage reductions are generally close to or exceed their corresponding
lower bounds across specifications, as predicted by our theory. Note also that these
bounds are derived solely from the Wald and LM statistics, indicating that, in this
specific empirical application, incorporating the AR statistic yields little additional
efficiency gain. This aligns with our earlier theoretical discussion, which posits that
efficiency gains increase monotonically with the absolute correlation between LM and
AR statistics p9, and, in fact, the corresponding consistent estimates ps in Table 1
are not particularly large in almost every specification.

Second, Figure 2 clearly illustrates our proposed rule of thumb. All estimated p;
values fall within [—0.7,0.7]. When the standard error ratio exceeds 1.05, the actual
reduction in the length of the confidence interval is 17% (specification without con-
trols for college equivalent workers), much above the rule-of-thumb benchmark 10%
for its lower bound. In contrast, when the standard error ratio remains at or be-
low 1.05, the improvements are modest, reflecting the converse of our rule of thumb.
Nevertheless, even in these cases, our combination test can still deliver confidence in-

tervals that are about 8% (specification with controls for college equivalent workers),



College Equivalent Workers High School Equivalent Workers

Yes No Yes No
p1 0.602 0.447 0.409 0.574
P2 0.105 0.121 0.129 0.164
6(51)/6(5s) 0.953 1.105 0.694 0.720
B -0.078 -0.080 -0.037 -0.024
Wald CI (-0.103, -0.053)  (-0.107, -0.052)  (-0.051, -0.023) (-0.037, -0.011)
B -0.066 -0.058 -0.043 -0.030
LM CI (-0.092, -0.040)  (-0.083, -0.033)  (-0.063, -0.024) (-0.048, -0.012)
B -0.072 -0.064 -0.039 -0.025

Comb. CI  (-0.095, -0.049) (-0.087, -0.041) (-0.052, -0.026) (-0.038, -0.013)

Table 1: Point estimates and confidence intervals: Immigrant enclave.

Notes: This table reports estimation and inference results for the immigrant enclave example using
the Card (2009) dataset, separately for college and high school equivalent workers. Columns labeled
“Yes” include city-level controls; those labeled “No” do not. Point estimates are obtained from
the standard T'SLS estimator with the one-dimensional Bartik instrument, 81, and from the leave-
cluster-out estimator, Bg, which uses the 38 base IVs. “Wald CI” and “LM CI” are confidence
intervals based on Bl and 32, respectively. The estimator B*, defined in Section 4.3, is the combined
estimator for §, essentially the midpoint of the confidence interval in (4.11), labeled “Comb. CI” in
the table. p; and po are estimates of the asymptotic correlation between the Wald and LM statistics,
and between the LM and AR statistics, respectively. Finally, &(Bl) / &(32) is the ratio of the standard

errors of 31 and Bg. All numbers are rounded to three decimal places.

5% (specification without controls for high school equivalent workers), and 5% (spec-
ification with controls for high school equivalent workers) shorter. In Section 5, we
further consider the return-to-education application of Angrist and Krueger (1991),
in which our approach delivers even larger efficiency gains: our confidence intervals
are 15% — 23% shorter than their conventional Wald counterparts based solely on the

three QoB instruments.
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Figure 2: Realized percentage reduction in confidence interval length: Immigrant
enclave.

Notes: This figure plots, for each specification in the immigrant enclave example, the observed
percentage reduction in confidence interval length (Combined CI vs. Wald CI, as in Table 1, labeled
“0” in the legends) against the standard error ratio &(81)/6(B2) from Table 1. It also shows the
theoretical lower bound on this reduction (labeled “p”), analogous to Figure 1, but computed using
the specification-specific estimate p; from Table 1. “college” refers to college equivalent workers

and “hs” to high school equivalent workers; “c” indicates specifications with controls and “nc” those

without. The figure is based on the unrounded numerical values underlying Table 1.

3 Model and Preliminaries

3.1 Setup

We consider a clustered dataset with G clusters and denote the size of the g-th
cluster as n, for g € [G]. We index observations by units followed by clusters. Denote
Iy =[Ng1+1,---, Ng|, where Ny = 0, Ny = 30, _gny, and Ng = n. Then, {I,},ca)

forms a partition of [n], and if i € I, this means that the i-th observation belongs to

11



the g-th cluster. We then consider a linear IV regression with clustered data:
Yig=Xigh+ Wl +éi (3.1)

where we denote YQQ € R, Xm € R, and W;, € R%™ as an outcome variable, an
endogenous regressor, and exogenous regressors, respectively. We assume that d,, is
fixed with respect to the sample size n. Further denote Z; , € RX as the IVs for X,
where K, the dimension of Zi,g, diverges to infinity with the sample size.

In addition to the /K-dimensional many instruments Z; 5, we assume the availabil-
ity of a second set of low-dimensional instruments Z;, € R?%, where d, is fixed with
respect to the sample size n. Note that our framework accommodates, as a special
case, settings in which % , form a subset of the K-dimensional instruments Z; ,.

The first-stage equation can be written as

X’ng - ﬁzvg + ";;79’ (3'2)

where IL; ; = E(X; g|{Z} 4, Zj,g Wjg}jer,) is not assumed to be linear in Z; 4, Z;, and
W; .. We assume that {é- Vi }
,9 2,9 %,9 ZEIg,ge[G]

them to have a general dependence structure within each cluster.

are independent between clusters, but allow

Throughout the paper, we treat the many instruments ZLg? the controls W; 4, and

the low-dimensional instruments Z; ; as deterministic, and assume
E(@y) =0,  E(Viy) =0.
This is equivalent to conducting all subsequent analyses conditionally on
(Zi.gs Wig, Zig)iel,, ge[G)»
while maintaining cross-cluster independence together with the exogeneity conditions
E(éi,g | {Zi,ga Wi,g7 gz‘,g}ielg, ge[G]) =0, E(VM | {Zz}w Wi,_q’ gi,g}ielng[G]) = 0.

If researchers wish to include cluster fixed effects, they can obtain (3.1) by first
demeaning the outcome, endogenous regressor, controls, and instruments within each

cluster. Such a practice is also recommended by Djogbenou, MacKinnon, and Nielsen
(2019, Section 2.2) and MacKinnon, Nielsen, and Webb (2023, Section 3.2).

12



Let V, X, ILW, Z, 2benx1,nx1,nx1, nxd, nx K, and n x d,-dimensional
vectors and matrices formed by Y; ,, X; 4, I 5, Wiy, Zi, and Z ,, respectively. More
specifically, Y is constructed by stacking up 171-,9 across i € I, followed by g € [G],
and similarly for X, II, W, Z and 2. We then partial out W from Y, X, Z, and Z so

that the model in (3.1) and (3.2) can be written in a vector form as
Y=XB+e, X=I4+V, (3.3)

where Y = MY, X = My X, Il = Myll, e = Myé, V = My V, My = I, — Py,
Py =WWTW)='WT, and I, denotes an n x n identity matrix. We further denote
Z = MyZ and z = My 3.

The null and alternative hypotheses studied are Hg : 5 = [y against Hy : 8 # 0.
We focus on the model with a scalar endogenous variable for two reasons. First,
in many empirical applications of IV regressions, there is only one endogenous vari-
able.” Second, as we assume that at least the low-dimensional IVs provide strong
identification, our results can be extended to testing of scalar restrictions with multi-
ple endogenous variables by applying standard subvector inference methods, without
appealing to a projection-based weak-identification-robust inference approach.'’

Throughout the paper, we focus on the homogeneous treatment effect setting and

9For example, 101 out of 230 specifications in Andrews, Stock, and Sun (2019)’s sample and
1,087 out of 1,359 in Young (2022)’s sample feature one endogenous regressor and one IV. Similarly,
Lee, McCrary, Moreira, and Porter (2022) find that 61 out of 123 IV papers published in AER
between 2013 and 2019 use a single IV. Our setting further allows for the overidentified case with
one endogenous regressor and multiple IVs. In addition, empirical researchers can often generate
many IVs by using polynomials or interactions based on their low-dimensional base IVs and control
variables, in the same spirit as Angrist and Krueger (1991). Then, it is possible to achieve efficiency

improvement using our combination procedure.
10For weak-identification-robust subvector inference, in general, one may use a projection ap-

proach (Dufour and Taamouti, 2005) after implementing inference on the whole vector of endogenous
variables. However, the projection approach typically leads to conservative inference. Alternative
methods provide a power improvement under a fixed number of instruments (e.g., see Guggenberger,
Kleibergen, Mavroeidis, and Chen (2012), Andrews (2017), Guggenberger, Kleibergen, and Mavroei-
dis (2019, 2021), and Wang and Doko Tchatoka (2018)). However, whether they can be applied to
the setting of many weak instruments with clustered data is unclear. In addition, our method could
potentially be extended to the case in which the identification strength provided by many IVs is
mixed for the endogenous variables, by following the approach of Chao et al. (2012). We leave these

extensions for future research.
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study how a set of many instruments can improve inference based on a standard low-
dimensional IV regression. In principle, when treatment effects are heterogeneous, a
similar approach could be used to construct an optimal convex combination of the
low- and high-dimensional IV estimators that minimizes asymptotic variance. Such
an extension would require addressing several additional issues. In particular, un-
der heterogeneous treatment effects, different sets of instruments generally identify
different IV estimands. For each estimand to admit a causal interpretation, Kolesar
(2013) and Blandhol, Bonney, Mogstad, and Torgovitsky (2026) show that the cor-
responding reduced-form equation must be (approximately) correctly specified and
that a monotonicity condition must hold. Accordingly, the extension would require
a framework in which these conditions are satisfied simultaneously for both the low-
and high-dimensional IV specifications. We believe that developing such a frame-
work is an interesting direction for future research, and leave it to subsequent work.
Finally, we note that the analysis in Goldsmith-Pinkham et al. (2020, Section VII)
and Borusyak et al. (2025, pp. 199-201 and Online Appendix B.2) indicates that
treatment effect heterogeneity is unlikely to be a major concern in the immigrant
enclave application of Card (2009) discussed in Section 2. The analysis in Mikusheva
and Sun (2022, 2024) and in our Section 5.3 points to the same conclusion for the

return-to-education application of Angrist and Krueger (1991).

3.2 Examples

Returns to Education in Angrist and Krueger (1991). As discussed in the
Introduction, researchers often begin with a low-dimensional set of base instruments
Zig, such as the three quarter-of-birth (QoB) dummies, and then generate a large
number of additional ‘technical’ instruments by interacting z; ;, with control variables,
such as state- and year-of-birth dummies in Angrist and Krueger (1991). In Section
5.3, we follow Mikusheva and Sun (2022) to construct Z-Vg, and use these instruments
to improve inference for the benchmark specification based solely on the three QoB

instruments.

Immigrant Enclaves in Card (2009) and Goldsmith-Pinkham et al. (2020).
A prominent example of the low-dimensional instrument Z; ; is the widely used shift-
share instrument. As noted by Goldsmith-Pinkham et al. (2020), under the identifi-

cation strategy that treats the shares as exogenous, the one-dimensional shift-share
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IV can be interpreted as a weighted average of many underlying base instruments.
For the immigrant enclave application of Card (2009) discussed in Section 2, the
structural equation for each skill group (either high school or college equivalent) can
be written as
%:Xgﬁ"‘wg—r?/‘f'ém

where g indexes cities, and there is one observation per city, so ny, = 1 in this ap-
plication. ffg, Xg, and W, denote the residual log wage gap between immigrant and
native men, the log ratio of immigrant to native hours, and the controls, respectively.

The shift-share instrument is given by

Zg = Z 51980,9,k hu,

ke[K]

where S1980 9.6 = (N1980,9.6/N19s0.k) X (1/Pao0og), Nioso g denotes the number of im-
migrants from source country k residing in city ¢ in 1980, Nyggox denotes the total
number of immigrants from country k in the United States (US) in 1980, and P4
denotes the population of city g in 2000. Therefore, 51950 4. is a population-normalized
measure of city ¢g’s 1980 share of the nationwide immigrant population from country
k. Additionally, h; denotes the number of immigrants arriving in US from &k between
1990 and 2000, and K = 38 is the number of source countries.

As pointed out by Goldsmith-Pinkham et al. (2020), when shares are exoge-
nous, any individual share or linear combination of shares is itself a valid instru-
ment. An alternative specification therefore replaces the shift-share instrument Z,
with K-dimensional underlying instruments Zg = {51980,9,k fe[k]- Under this inter-
pretation, Z, is simply a particular linear aggregation of Zg, with {hy }re[x) serving as
the aggregation weights. As a robustness check, estimation results with alternative
IV estimators based on Zg are reported alongside the benchmark specification based

on Z, (see Table 6 in their paper).

Inverse labor supply elasticity in Goldsmith-Pinkham et al. (2020). Con-
sider the canonical application of estimating the inverse labor supply elasticity with
panel data (see Sections I and VI of Goldsmith-Pinkham et al. (2020)). Observations

are clustered at the location level (e.g., U.S. commuting zones) and observed over a
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short panel of T" periods. The structural equation is
Vig = XegB+ Wy + 2. (3.4)

Here, g indexes locations and ¢ indexes time. The variable Y/t,g denotes wage growth,
Xt,g denotes employment growth, and Vu\/tﬁg collects controls. In our notation, G is
the number of locations, n, = T for every g € [G], and n =G x T

The shift-share instrument is given by

Ztvg = Z Sovgzk ht7k7

ke[K]

where 3¢ 4, denotes the employment share of industry k& in location g during an initial
period (e.g., 1980), h;y is the national growth rate of industry k over period t € [T7,
and K is the number of industries. As suggested by Goldsmith-Pinkham et al. (2020),
under the assumption that each initial industry share is exogenous, an alternative

specification replaces Z; , with a set of K = K x T-dimensional instruments

Zig = {309k X Dy brciy, verr (3.5)

where Dy denotes the time dummy for period ¢'. In particular, Goldsmith-Pinkham
et al. (2020, Online Appendix D) shows that %, can be obtained by aggregating
744, using {he k}rer), verr) @s weights.  We note that the time dummies in (3.5)
are purely a technical device and do not themselves introduce additional identifying
assumptions. Specifically, their role is to allow the same predetermined industry share
50,4,k to receive different weights across time periods, thereby accommodating time
variation in the national industry growth rates (i.e., the shifts).!!

The empirical application reported in Section VI of their paper considers 228
industries and three time periods (1980-1990, 1990-2000, and 2000-2010). Note that
(3.4) may include location (cluster) and time fixed effects.'? Specifically, let VVVt,g =

" Goldsmith-Pinkham et al. (2020, p.2594) uses an example with two industries and two time

periods to illustrate the role of time dummies in the many-instrument representation.
2Tn this case, we can use (K — 1) x (T — 1)-dimensional interacted instruments to avoid perfect

multicollinearity. With 228 industries and three periods in the current application, location fixed
effects make one of the three time interactions redundant for each industry, while time fixed effects

make one industry redundant in each of the two remaining periods.
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o,

tvg’
and D, denotes the location dummies, respectively. To fit the framework of Section

DgT)T, where VVW collects the time dummies and other time-varying controls,

3.1, we first partial out the location fixed effects by demeaning the wage growth,
the employment growth, the instruments, and the time-varying controls within each
location. Denoting the demeaned variables by Vi g, X; 4, Zig, 219, Wiy, and & ,, the
model can be written as

Tyy = XoyB+ W 4 20,

which is of the form given in (3.1).

Finally, we emphasize that our objective is not to modify or reinterpret the
identifying assumptions underlying IV applications, including shift-share IV designs.
Rather, we take the identifying assumptions adopted in empirical applications as
given. Conditional on these assumptions, whenever a low-dimensional IV specifica-
tion and its many-IV counterpart identify the same parameter, our procedure can be

employed to improve inference.

3.3 Test Statistics

Under our setting, it is possible to conduct inference directly based on the low-
dimensional IVs. Specifically, given a d, x d, positive definite weighting matrix A,,

the generalized method of moments (GMM) estimator can be written as
Br=(XTzA,2" X)) (X T24,2"Y). (3.6)

It is also possible to construct test statistics using the K-dimensional many IVs.
Denote P = Z(Z"Z)~'Z" as the projection matrix of Z. Then, the leave-cluster-out
jackknife IV estimator of /3 is denoted as Bg and defined as

—1
52:( > X{;P[g,th[h}) ( > XQ]P[g,h]Y[h])

9,h€[G]?,97#h 9,h€[G]2,g7#h

= (XT(P-P)X)" (XT(P - P)Y), (3.7)

where P is the block diagonal matrix corresponding to P such that the g-th block on
its diagonal is Py 4. This estimator is the CJIVE estimator proposed by Frandsen
et al. (2025), which extends the JIVE estimator for independent data studied by
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Angrist, Imbens, and Krueger (1999), Chao et al. (2012), and Mikusheva and Sun
(2022), among others. The key technical innovation of our paper is to use the CJIVE
estimator to improve the conventional low-dimensional GMM IV estimator Bl, while
permitting weak identification of the many-IV specification. This requires a joint
asymptotic analysis of (31, BQ), in particular the consistent estimation of the variance-
covariance matrix of the two estimators.

Given (31 and (s, we define the estimator 3 as

R S
Bzfxﬁl‘i‘fxﬁb (38)
12 4 L2 12 4 HL/2

where @, and ®, are the variance estimators for 31 and BQ, respectively, to be de-
fined later in Section 4.1. We show that B is consistent whenever either the low-
dimensional IV estimator Bl or the many-IV estimator 52 is consistent (i.e., either
the low-dimensional IVs or the many IVs provide strong identification for §). The
estimator 3 is therefore robust in the sense that its construction does not require re-
searchers to determine ex ante which of the two preliminary estimators is consistent.

The construction of /3 is crucial for our analysis. Although our main analysis
assumes that the low-dimensional instruments strongly identify the parameter, we also
consider in Appendix A the opposite case, in which the low-dimensional instruments
are weak and the many instruments are strong. This robust estimator accommodates
both cases, providing consistent residuals without requiring researchers to determine
in advance which specification provides consistent estimation.

We then use the robust estimator B to re-estimate the variances associated with Bl
and X T(]3—15)6, denoted by ®, and f), respectively, and defined in Section 4.1. These
variance estimates are used to construct the Wald statistic (with low-dimensional IVs)
and the leave-cluster-out jackknife LM statistic (with many IVs):

(XT2A,2T X)X T2A,2"e(Bo) _ B — Bo

T(ﬁo) = = — (39)
(I)l (I)l

XT(P — P)e(fo)

s ,

LM(fo) =

where e(fy) =Y — Xfp.
Lastly, as pointed out by Hausman et al. (2012), Lim et al. (2024a), and Mikusheva
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and Sun (2024), it is possible to use the jackknife AR statistic to further improve the
efficiency of the jackknife LM statistic. In the current setting with clustered data, we

define the leave-cluster-out jackknife AR statistic as

(3.11)

where T is a consistent variance estimator for the numerator defined later, and é =
Y — XB.

We use the consistent estimator B to construct our tests for two reasons. First,
using the null value S, to form the AR statistic and combining it with the LM statistic
can produce a non-monotonic power curve, even under strong identification (i.e., a
power ditch against certain alternatives; see Andrews (2016) and Lim et al. (2024a) for
related discussions). Constructing the AR statistic with 3 avoids this issue. Conse-
quently, the AR statistic in (3.11) does not depend on [y but serves as a normalized
estimator of zero, used solely to improve the efficiency of our procedure. Second,
the combination test relies on correlations between T'(5y) and LM () and between
LM (5y) and AR, whose consistent estimation requires a consistent 3 estimator. This
consistency is crucial to ensure proper size control, especially when the many-1V
specification is weakly identified.

In the next section, we illustrate how to optimally combine T'(5y), LM (f3y), and
AR. The corresponding variance estimators (1, ®,, ®1,3, T) are introduced later in
Section 4.1.

3.4 Combination Test

Given the three test statistics (T'(5y), LM (5o), AR), we seek to combine them in a
theoretically justified way that can improve on the Wald test based only on the low-
dimensional IVs. The key insight of our paper is that under certain local alternative
B — By = dd,, with some deterministic sequence d,, | 0, we have the following joint

limiting distribution:

T(BO) a0 1 p1 O
LMBo) | N | ad|.|pr 1 p2 (3.12)
AR 0 0 po 1
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for some aq, as, p1 and ps to be defined later. In this limiting problem, the UMPU
level-a test for the default null hypothesis 6 = 0 against two-sided alternatives, which
are solely based on the limiting three-dimensional normal random vector, can be
obtained by invoking standard hypothesis-testing results (see, for example, Section
4.2 of Lehmann and Romano (2006)), and is stated in Proposition 3.1 below.

Proposition 3.1. Suppose that one observes (N1, Na, N3), which follows the limiting
distribution in (3.12) with p? 4+ p3 < 1 and wants to test Hy : 6 = 0 against Hy : § # 0
for known values of (a1, as, p1, p2), then the UMPU level-« test rejects if

~ ~ ~ 2
(mM+@%+@%)>Cm

\/ b3 + b3 + b3

where C,, is the (1 — «v) percentile of a chi-squared random variable with one degree

of freedom,
- —1/2 —-1/2
Nl 1 P1 0 Nl b1 1 P1 0 aq
N 2 =1, 1 p2 Nol|,and by =1p1 1 po az
N 0 po 1 N by 0 pp 1 0

The corresponding power function for the UMPU test is

1_ 2 2_2 2
P <X% <52( p3)ai . Pla;@ + a2> > Ca) 7
L—pi—p3

where x3(\) is a noncentral chi-squared with noncentrality A and one degree of free-

dom.

In light of this optimal testing result in the limiting problem, one may wish to

propose implementing the following test:

60 = 1{(1T(Bo) +ws LM (B) + wsAR)® > Ca} = ¢" (T(Bo), LM (Bo), AR), (3.13)
—1/2
w1 1 I pr O by
Where Wa = 1 1 P2 bQ y (314)

p
2 2 2
. /b2 + b2 + b 0 m 1 b,

and then investigate its asymptotic justification.
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However, the parameters aq, as, p1, p2 are usually unknown and need to be esti-
mated. In addition, it turns out that the weights (w,ws,ws) are invariant to the scale
normalization of (b1, by, b3), and thus, (ay,as). Therefore, to construct the UMPU
test, it suffices to consistently estimate ay = ai/y/ad + a3 and ay = as/y/a3 + a3
along with p; and ps.

Given the consistent estimators (&, o, p1, p2) for (aq, ag, p1, p2) specified in Sec-

tion 4.1, we then implement the feasible version of the combination test:

on = 1{(@T(Bo) + @:LM (Bo) + @3AR)* > Ca}, (3.15)
N N —1/2 /a4 ~ N -1/2 ,
w1 1 L p b b1 L ; Qi
where | 0y | = —=——=—=—==X|p1 1 po | b2 =]h1 1 po Qo
) b2+ 03+ 3 . o A
w3 0 po 1 b3 b3 0 p 1

4 Large-Sample Theory

In this section, we investigate the asymptotic behavior of our combination test. We
begin by stating and discussing general assumptions about the data-generating pro-
cess and the identification strength of both the low-dimensional and many IVs. We
then establish the asymptotic efficiency properties of the combination test and, fi-
nally, compare its efficiency to that of the conventional Wald test based solely on

low-dimensional IVs via the limiting length ratio of their confidence intervals.

4.1 General Assumptions

As in Chao et al. (2012), we treat Z and W as fixed. This is equivalent to treating
them as random and repeating all the analyses in the paper by conditioning on them.

For the data-generating process, we impose the following assumptions.
Assumption 1. The following conditions hold when n is sufficiently large:
1. maxjer, e B(&, + Vi) < C < oo;

2. maxgeiq ng < C < 00,
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3. Let

soEl VT
Qg =E (ﬁ[g]‘i@ o Jﬂ) . geld],
Vig€g ViaVig
then .
O<7< i )\minQ < )\maxQ <C< ;
& S 3 i () S g e () S € ¢
4.
1 1 - 1 -
0< E < )\min E Z Zi,gng < >\rnax % Z Zi,gzi,g < C< 00,
i€ly,9€|G] i€ly,9€|G]
1 1 - 1 N
O < 5 < >\min - Z VVi,gM/Z"g < )\max - Z M/i,gWi’g < C < 0,
n 1€ly,9€ (G| n 1€ly,9€ (G|
and
I, .|} < . : _ .
i ([l + Migl} < € <o, o {Reralla + IWesllf = oV

5. There exists a sequence of non-random positive definite matrices A, such that
ATYVZA ATV 2y,

and Amax(An)/Amin(4,) < C < 00.

Remark 4.1. Assumption 1.1 is a standard condition on the moments of error terms.
Assumption 1.2 restricts the cluster size to be bounded, which incorporates cross-
sectional and short-panel data structures. It is also possible to extend our analysis to
the case with divergent cluster sizes, especially when the within-cluster dependence
is weak. However, when the cluster size is allowed to diverge and there is strong
within-cluster dependence, the convergence rates of various IV estimators depend on
the identification strength, the within-cluster dependence, the cluster sizes, and the
number of clusters in a complicated way. We leave the investigation in this direction
for future research. Assumption 1.3 ensures that the error covariance matrix is non-
singular for each cluster. Assumption 1.4 is a mild condition for the design matrix.
Assumption 1.5 states that the weighing matrix A, converges in probability to some

non-random positive definite matrix, which is standard in the GMM setup. We
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note that for two-stage least squares (T'SLS), Assumption 1.5 is actually implied by
Assumption 1.4.

For the low-dimensional I'Vs, we focus on the case of strong identification strength
in the main text. We further investigate the case in which the low-dimensional IVs
have weak identification strength in Supplemental Appendix A, and show that, under
certain mild conditions, when the many IVs provide strong identification, our optimal
combination test still asymptotically controls size.

With strong identification, the asymptotic variance of Bl is
&y = (M)~ o',

T .
where Q@ =E 3 (¢ (z[;]é[g}) (z[;]é[go = 2A4,2"11, and ¥ = 11" 2A4,QA,,2z"II. The
cluster-robust variance estimator @1 for the Wald statistic with low-dimensional IVs

is
= (XTX)""(XTX) !, (4.1)

where ) = > geic] (z[;]é[g}) (z[;]é[g])T, X = zflnzTX, and U = XTZAnQAnZTX. The
initial estimator ®; for ®; used in the computation of 5 in (3.8) is defined in the
same way as &)1, except that ey = Y}y — X[Q]B is replaced by ey = Y5 — X[Q]Bl.

We make the following assumptions regarding the inference with low-dimensional

IVs.

Assumption 2. Let r, = HzTH

, then vn/r, — 0.

Remark 4.2. Assumption 2 ensures that z'II, the deterministic component of 2" X,
dominates z'V, its random component. This condition is therefore key for the con-
sistency of Bl for , that is, it ensures strong identification by the low-dimensional
IVs. Throughout the paper, we focus on this strong identification case for the low-
dimensional IVs while allowing the many-IV specification to be either weakly or
strongly identified. In Section 4.2, we show that the optimal combination test adapts
to the identification strength of the many IVs. In particular, it controls size asymp-
totically and retains nontrivial power even when [y is inconsistent. In Section A
of the Supplemental Appendix, we consider the opposite scenario in which the low-

dimensional IV specification is weakly identified while the many-IV specification is
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strongly identified. We provide mild conditions under which the exact inference pro-

cedure proposed in the paper still controls asymptotic size under the null.

If the many-IV-based identification is strong, similar to Chao et al. (2012), we can

show that the asymptotic variance of Bz is

-1

@, = (I'(P - P)1I) £ (U(P-P)I) ',

where

2 2
) ZE( Yo P (Z Mw,[h,k}ém)) +E( > V[;qp{g,h}é[h])

9,h€[G]?,97#h ke[G] 9,h€[G]2,g7#h

is the asymptotic variance of X ' (P — P)e. A natural estimator for ®, is thus

1 A

b, = (XT(P-P)X) £(XT(P-P)X) ', (4.2)
where 3 is a consistent estimator of ¥. Such an estimator is proposed in Chao
et al. (2012) for the case with independent data. Here, in addition to extending to
clustered data, we need to account for the fact that W has already been partialled out,
whereas in Chao et al. (2012) the coefficients for W are also estimated. Therefore,
some adjustments are required, as in Matsushita and Otsu (2024). For that purpose,
define Q = My, (P — P) My, and let Q be the block diagonal matrix corresponding to
() such that the g-th block on its diagonal is @[y . Our variance estimator is similar
to the one in Chao et al. (2012) but with P — P replaced by Q — Q, i.e.,

2
2= Z( > X[Z]Q[h,g}é[gl) + Y (XpQumén) (XpQugé) - (43)
g,he

g€[G] \h€[G],h#g [G12,97#h

The initial estimator ®, for ®, used in the computation of 3 in (3.8) is defined in the
same way as @2, except that €y = Yy — X[Q]B is replaced by €y =Yg — X[Q]Bg.

Last, for the jackknife AR statistic, the variance estimator is given by

2
T = 2 Z (6§}P[g,h]e[h}> y (44)
9,h€[G]?,g#N
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which is consistent for the asymptotic variance of é"(P — P)é, given by

2
TZE( > 5[51397111@[111) :

9,h€[G]2,g#h

We make the following assumptions regarding the inference with many IVs.

Assumption 3. 1. K — 00 as n — oo such that limsup,,_,.  K/n < C < 1;

2.

3.

Remark 4.3. Assumption 3.1 allows the dimension of many IVs K to be propor-
tional to the sample size n. Assumption 3.2 is similar to the standard condition
that max;<;<, P;; < C' < 1 in the literature on many instruments with independent
data, and the restriction that rank(P) = K will exclude redundant columns from
Z. Assumption 3.3 holds in general if IITII, IITII and IIT PII are of the same order.
Assumption 3.4 excludes perfect correlations between the two quadratic forms. Note
that we do not impose any restriction on the identification strength of the many-IV
specification, allowing II"II/v/K to be bounded, which corresponds to weak identifi-

rank(P) = K and maXe(c) Amax (Pg) < C < 1;
Let TI = My (P — P)I1 = QII and 11 = (Q — Q)II, then
max {’ﬂLg + ‘ﬁi,g } <C< o0,

i€lg,9€[G]

and
n'n<cn'n, O>u'mn/c, 0'(p-P)a>1'1/C,

when n is large enough;

For all sufficiently large n,

<C<«1.

5T y 5T .
corr ( Yo VigPeuVi, Y. Vi P[g,h]e[hl)
9,h€[G]2,9#h 9,h€[G]?,g#h

cation (Mikusheva and Sun, 2022).

25



4.2 Asymptotic Efficiency Properties of Combination Test

We now investigate the asymptotical properties of ¢ when the low-dimensional IVs
are strong, in the sense that Assumption 2 holds. This allows us to define the local
alternative according to the asymptotic variance of 3; and 3 and the limiting covari-
ance structure of the component statistics, from which the joint limiting distribution
of (T'(Bo), LM (Bo), AR) can be derived. The results with weak low-dimensional IVs
are given in Supplemental Appendix A. The formal regularity condition is stated as

follows.

Assumption 4. The following limits exist:

pr= M \/\;—2 g{g} E [ (M15e0) (T520)]
g
2 - N (s ;
p2 = lim Wione me%;g#hE [(V[gT]P[g,m@[h]) (e[Tg]P [gyh}e[h})} ’

with p? + p3 < 1.

Remark 4.4. Under many instruments, the asymptotic expansion of LM () in-
cludes both linear and quadratic functions of the errors (¢, ‘7), whereas AR depends
only on a quadratic function of €. The linear and quadratic components are asymp-
totically normal and uncorrelated, and therefore asymptotically independent. Since
the Wald statistic T'(/3y) involves only linear functions of the errors, it is asymptot-
ically uncorrelated with AR. Finally, p; and py denote, respectively, the correlation
between the linear components of T'(5y) and LM (fy), and the correlation between
the quadratic components of LM () and AR.

The following theorem establishes the joint distribution of the three test statistics

above under the local alternative.

Theorem 4.1. Under Assumptions 1—4, suppose that there exists a deterministic
sequence d, | 0 such that dn<I>1_1/2 — aq, an)Q_l/Q — ag, and B — By = dd, for some
fized &, where ay > 0, ay > 0 and a? + a3 > 0. Then we have the joint limiting
distribution (3.12) for (T(3), LM(53,), AR)".

Remark 4.5. The existence of the sequence d, is ensured by Assumption 2. In

particular, we may define d,, = min (@}/ 2, (Dé/ 2) . Under the strong identification of
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the low-dimensional IVs in Assumption 2, we have @%/ ? = O(@) = o(1), which

Tn

immediately implies that d,, = min(@}ﬂ, @;/2) = o(1), regardless of the order of ®,.

Remark 4.6. The joint normality established in Theorem 4.1 holds even when the
many-1V specification is weakly identified in the sense of Mikusheva and Sun (2022),
that is, when ITTII/v/K is bounded. This result follows from two observations. First,
the estimator B used to construct the variance estimators ®, and T for the LM and AR
statistics remains consistent due to the strong identification of the low-dimensional
IVs and its robustness property by the design in (3.8).

Second, under weak many-IV identification, the quadratic components of the LM
and AR statistics dominate their asymptotic behavior and yield asymptotic normality
as long as K — co. In this regime, we have p; = 0 (as the Wald statistic is asymptot-
ically uncorrelated with the quadratic components), d,, = /n/r,, and ®;* = O(1),
which further imply that ay = 0 under Assumption 2.

To implement the optimal test ¢ defined in (3.15), we still need to estimate a;,

aa, p1, and py. For ay and as, we propose the following estimators:

Vo Vo

i = ===, and 4 = ———. (4.5)
VP + Dy VP + Dy
In addition, let X = My (P — P)X. For p; and p,, we propose the following estima-

tors:

1

pr = > [(Xgew) (Xgéw)] . and (4.6)
9€[G]

Ma
™M

ﬁzz\/i— > (X Pomém) (g Ponén)] - (4.7)

T 9,h€[G]2,g#h

By combining Proposition 3.1 and Theorem 4.1, and invoking the approach de-
veloped by Miiller (2011), we obtain a precise sense of asymptotic optimality for our

proposed test ¢, which is formalized in the following Theorem 4.2.

Theorem 4.2. Let M denote the set of data generating processes m that satisfy the

conditions of Theorem 4.1 pointwise for all 6 € R. Suppose that one wants to test
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Ho : 6 =0 against Hy : 6 # 0. Then, for the class € of tests ¢, satisfying that

lim E [on] < forallme M,6 =0, (4.8)
lirgr_l}gle [bn] = for allm e M, #0, (4.9)

we have ¢ € €, and, for any 6, # 0 and any ¢, € €,

lim E[¢,] < lim E[¢;] for allm € M, = 0;. (4.10)

n—oo n—oo

Moreover, for the test ¢, = 1{T2(3y) = C.}, we have ¢, € €, and for any § and all
me M,

lim E [ggn} = lim E[¢;] if and only if as = pray.

n—oo n—oo

Remark 4.7. Theorem 4.2 shows that, under local alternatives, ¢; attains the
asymptotic efficiency bound within the class of tests that remain asymptotically un-
biased and valid for all data generating processes inducing the same weak limit for
(T(Bo), LM (), AR)" as in Theorem 4.1. This class of tests includes, in particular,
the Wald and jackknife LM tests based solely on the low-dimensional and many IVs,
respectively. It also includes the HLIM and HFUL-based tests of Hausman et al.
(2012), both of which are asymptotically equivalent to linear combinations of the LM
and AR tests under many IVs.'® Furthermore, as we will discuss more in detail in
Section 4.3, the weights in (3.14) also yield an optimally efficient combined estimator
of (b1, B2, AR) that achieves the minimal asymptotic variance.

However, our optimal test ¢ may not dominate tests that cannot be expressed
directly as functions of (T'(8y), LM (By), AR), such as the sup-score test of Belloni
et al. (2012) and the ridge-regularized AR test of Dovi, Kock, and Mavroeidis (2024).
Indeed, it is possible to construct data generating processes under which either the
optimal combination test, the sup-score test, or the ridge-regularized AR test achieves
the highest power. We establish the notion of optimality in Theorem 4.2 primarily to
provide guidance for constructing tests that improve upon the conventional Wald test,

rather than to identify a globally optimal procedure. That said, one could potentially

13E.g., see the discussions below Theorem 4.2 in Lim et al. (2024a).
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combine our ¢ test with alternative tests such as the sup-score test, in the spirit of

Navjeevan (2024), to obtain more powerful inference.

Remark 4.8. Theorem 4.2 also clarifies the necessary and sufficient condition under
which the combination test does not deliver a strict power gain over the Wald test
T(5y), namely as = pra;. Recall that a; and ay represent the orders of the concen-
tration parameters for the low-dimensional and many IVs, respectively. As shown
below, even when we allow either of them to be zero—thereby covering situations
where one IV estimator dominates the other in terms of convergence rate—the con-
dition (ag = p1aq) is still seldom met. Put differently, one should generally anticipate
strictly more powerful inference when using our test.

In particular, when a; = 0 and ay, > 0, corresponding to the case when the
identification strength of many IVs is larger than that of the low-dimensional IVs
(i.e., the convergence rate of 32 is faster than that of Bl), we obtain a strict power
improvement for all values of p; and py satisfying p? + p3 < 1. Conversely, when
a; > 0 and as = 0, meaning that low-dimensional IVs provide stronger identification
than many IVs, we still achieve a strict power gain as long as p; # 0. When a; > 0
and ay > 0, that is, when the two sets of IVs have identification strengths of the same
order, strict power improvement is ensured, provided that p; # as/a;. Indeed, at
p1 = as/ay, the sufficient statistic for § derived from the joint limiting distribution
of the three component statistics (cf. (3.12)) becomes independent of the limiting
Gaussian observations associated with the LM and AR statistics, so it is not surprising

that combining the Wald statistic with them does not yield a more powerful inference.

Remark 4.9. As long as the low-dimensional IVs provide strong identification, the
optimal combination test ¢; does not lose asymptotic power for any degree of iden-
tification strength of the many IVs. In this sense, the efficiency gains delivered by
the combination test are essentially a “free lunch”. Under local alternatives, the
weak convergence result in Theorem 4.1 holds uniformly, regardless of whether the
many [Vs are strong or weak. In particular, when the many IVs are weak so that
as = p1 = 0 (as the quadratic term in LM (fy) dominates the linear term), the second
part of Theorem 4.2 shows that the combination test asymptotically reduces to the
Wald test, implying no efficiency loss from combining. Moreover, as shown below,
the combination test remains consistent against fixed alternatives irrespective of the

identification strength of the many IVs.
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Finally, for any fixed alternative, both T'(5y) and LM () are consistent and, by
construction, avoid the issue of non-monotonic power (noted at the end of Section 3.3)
when their corresponding set of IVs is strong. Hence, it is reasonable to anticipate
that our combined test will retain these desirable properties, a result that we formalize
in the theorem below. However, we emphasize once more that these results remain

valid regardless of the strength of the many I'Vs.

Theorem 4.3. Suppose that Assumptions 1-4 hold. Then, under B — By = 0 for some
fized 6 # 0, we have lim,_, E [¢}] = 1.

4.3 Quantifying Efficiency Improvement in Large Samples

We measure the efficiency improvement of the combination test over the conventional
Wald test that uses only low-dimensional IVs by the percentage reduction in the
asymptotic length of the resulting confidence interval. Recall from Remark 4.9 that, if
the many-IV specification is weakly identified, the combination test is asymptotically
equivalent to the Wald test. Consequently, the associated confidence interval takes
the usual “estimator plus and minus a standard error times a critical value” form:
[31 — \/51 x /Ca, B + \/31 X \/(C—a}, where 3, and ®; are as defined above, and
v/C, is the standard normal critical value. In this case, the combination test remains
valid and has the same efficiency as the conventional Wald test.

When the many IVs provide strong identification, the confidence interval associ-
ated with our combination test can also be expressed in the familiar “estimator plus
and minus a standard error times a critical value” form. To see this, observe that un-
der strong identification by many IVs, the component LM statistic can be represented

as follows:

XT(P— F_’)e(ﬁo) _ 52 - Bo

% V.

where the op(1) term comes from the fact that under strong identification,

LM(ﬁO) = +OP(1)>

sign(XT(P — P)X) 2 1.
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Inserting this into (3.15) gives the following form of our combination test:

2
¢f =1 (w & 52_ +w3AR> > C,,

T O e

The resulting confidence interval is asymptotically equivalent to

A

| N 1
(@1/\/‘§1+@2/\/‘§2)\/C7a’ o (@1/\/‘§1+@2/\/‘§2)\/@ |

(4.11)

where 8* is a combined estimator of [,

B = o1 /\/ By 5 62/ \/ s 5 wsAR .
<w1/\r+w2/\r) <w1/\/7+w2/\/7> (@1/\/51-1—@2/\/52)

The intuition behind the combined estimator is fundamentally efficiency-driven.

First, ®, and P, estimate the asymptotic variances of 51 and 32, respectively, so
for given weights (@q,@9) the combined estimator 5’* assigns greater weight to the
estimator with the smaller asymptotic variance. Second, although the AR statistic
is asymptotically centered at zero and therefore does not affect the location of the
combined estimator, its correlation with the many-IV-based estimator 32 allows it
to reduce the variance of the combined estimator. This mechanism parallels the
construction of the HLIML and HFUL estimators in Hausman et al. (2012), which can
be more efficient than the JIVE estimator. Third, the estimated weights (&y, &g, 03)
are consistent for the population weights (wq,wq,ws) in (3.14) associated with the
UMPU test. Finally, the optimal weights defined in (3.14) solve the following problem:

1 1 P1 0 w1
min s.t. (wr,wa,w 1 =1.
w1,w2,ws (alwl —+ a2w2)2 ( 1 2 3) P1 P2 W9

0 p2 1) \ws

The quadratic constraint ensures that C'I* attains the correct asymptotic coverage,

while the objective corresponds to the asymptotic variance of the combined estimator
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[£*, since
1 1

5 —7
A2 (w1 /V/®1 + wa/v/B2) (

aiwi + (IQWQ)Q

Thus, the optimal weights in (3.14), originally motivated by the UMPU testing prob-
lem, also yield an optimally efficient combined estimator of (Bl, Bg, AR) that achieves
the minimal asymptotic variance.

A direct implication of the confidence interval in (4.11) is that, asymptotically,
the percentage reduction in its length relative to the confidence interval based on the

conventional Wald test can be derived analytically as follows,

1/ (4/V/81 +00/V/82)

plim1 —
- 1— »2) —9 2 : )
(1 —p3) praz/ay + (az/aq)
- (I—pat  _, (1 —pi) 413
=+ 2 _ 2~ - 2 _ 2" ( : )
ai — 2p1a1az + a3 (1= p1) + (p1 — az/a:)

As equation (4.12) shows, the efficiency gain is primarily driven by the relative iden-
tification strength of the low-dimensional and many IVs, summarized by

92 _ lim g,

ap = | By
as well as by the limiting correlations between the Wald and LM statistics, denoted by
p1, and between the LM and AR statistics, denoted by ps. In particular, consistent
with Theorem 4.2, when ay/a; = p;, the combination test ¢! yields no efficiency
improvement, and its confidence interval is asymptotically of the same length as that
based on ¢,. This case includes the weak many-IV scenario, where p; = ay = 0.

By contrast, whenever ay/a; # p1, the resulting confidence interval is strictly

shorter, implying improved efficiency. Moreover, the efficiency gain in (4.12) is mono-
tonically increasing in |ps|, which leads to the lower bound reported in (4.13) by

setting po = 0. This lower bound can also be interpreted as the CI length reduction
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achieved by optimally combine 51 and f3s only.'* Figure 1 plots this bound as a func-
tion of as/ay, the ratio of the standard deviations of Bl and Bg, for various values of
P1-

In practice, ay/a; can be estimated by the ratio of any consistent estimator of @4
and ®, under strong identification.'® This yields a simple rule of thumb, discussed
in Section 2: for empirically plausible values of p; between —0.7 and 0.7, if the
ratio of the reported standard errors \/gl and \/®, exceeds 1.05, then the associated
confidence interval shortens by at least 10%.

In some applications (e.g., the replication of Card (2009) by Goldsmith-Pinkham
et al. (2020, Table 6)), researchers report alternative many-IV estimators, such as
HFUL, instead of the JIVE estimator (32) considered above. Let (3, and @ denote
the alternative estimator and its variance, respectively, and let p; denote the correla-
tion between the GMM estimator 31 and f35. By the same argument, if j, € [—0.7,0.7]
(or py € [—0.99,0.99]), the confidence interval C1, obtained by optimally combining
Bl and B, using our procedure, is at least 10% shorter than the conventional Wald
interval whenever the ratio \/®;/®, exceeds 1.05 (or 1.1). Moreover, if (5 is asymp-
totically equivalent to a combination of the JIVE estimator /@2 and the AR statistic,
as is the case for HLIML and HFUL, then Theorem 4.2 implies that our optimal con-
fidence interval (CT*) is weakly shorter than CT and therefore at least 10% shorter
than the conventional Wald interval. Hence, the rule of thumb is not specific to the

JIVE estimator 32, but applies more broadly to many-IV estimators asymptotically

14The optimal reduction in this case is lim, o0 1 — 1/(@1/%@/@) =1- m7 where

the optimal weights are computed by

(~ ~ ) . 1 ¢ ( ) 1 P1 w1 1
w1,Ws) = argmin ——— =  s.t. (Wi, w =1.
b wgi ws  (a1w1 + agws)? b p1 1 wo

By direct calculation, we can show that

1_1:1_\/ (1_p%) ]
(@1 + @eaz/a1) (1=p3) + (o1 — az/a1)?

157f the many-IV specification is weakly identified, then ®; = o(1) and 1/®, = O(1), so that
as/ay = 0. Suppose we estimate ®; and Py by Ci)l and 5152, respectively. Although <i>z is not

consistent under weak many IVs, the proof of Lemma A.8 in the Supplemental Appendix reveals

that i)z_l/Q = Op(1) and @1/2 = op(1), implying /®;/Py 2+ 0 = as/a;. Hence, the plug-in
estimator of ag/a; remains consistent even under weak identification of the many-IV specification.
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equivalent to a combination of JIVE and the AR statistic.

As a final remark, note from (3.9) that the preceding theory is developed under
the premise that the GMM estimator 3; and the component Wald statistic T'(5)
share the same weighting matrix A,,. This, in turn, implies that the lower bound in
(4.13) is even more conservative when the benchmarked Wald confidence interval is
based on the TSLS estimator, while the combination test is constructed using the

optimal weighting matrix. Hence, the proposed rule of thumb continues to be valid.

5 Practical Implementation

In this section, we first synthesize the preceding discussions to describe how to prac-
tically implement our combination test in an empirically relevant model. We then
apply it in simulations to assess its finite-sample power performance, and also in the
return-to-education application of Angrist and Krueger (1991) as a further empirical
illustration.

We consider the following model with clustered data,

Yig = XigB+ Wl +ay+ &y, (5.1)
Xig = ZiTgW + VVJQT + &+ Vig, (5.2)

where a, and &, denote cluster-specific fixed effects, and Y;,, X;,, Wi, and Z;,
represent, respectively, the outcome variable, the endogenous regressor, exogenous
regressors, and (potentially many) base instruments. By demeaning at the cluster
level, we partial out the fixed effects and obtain Y;,, X, Wiy, Zig, Vig, and &,
echoing the notation in our initial model setup in (3.1) and (3.2). The setting we
consider in this paper is one in which practitioners are often interested in testing
Ho : = By against H; : B # By using an alternative set of low-dimensional IVs Z; ;.
For example, these instruments can be a subset of the many IVs Zi,g7 or a weighted

or simply an unweighted average of Zl-,g.

5.1 Practical Guideline

Our implementation procedure starts by partialling out the covariates W from Y, X,

Z, and Z. This produces Y, X, Z, and z, which are consistent with the notation
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used in Section 3.1. These transformed variables serve as the effective observations in

all subsequent estimation and inference procedures. Note that, although the above

theory is derived for a generic weighting matrix A, in the preliminary GMM estimator

B in (3.6), in practice one may prefer to employ an efficient weighting matrix. We

account for this by employing a two-step GMM procedure for the low-dimensional IV

estimator throughout all implementations in this paper. Specifically, in the first step

we use the identity matrix as the weighting matrix to obtain consistent estimates of

residuals, and in the second step we utilize the resulting efficient weighting matrix

estimated from the first step. The complete procedure is described below.

1. Preliminary consistent estimates of residuals e in (3.3).

(a)

(b)

()

()

(e)

(f)

Use Y, X, the low-dimensional IVs z, and the TSLS weighting matrix
A = (272)! to obtain a preliminary GMM estimate B by (3.6).

Use Y, X, the many IVs Z, and the projection matrix of Z to obtain a

preliminary leave-cluster-out jackknife estimate (35 by (3.7).

Using the residuals from the structural equation in (3.3), computed with
B?), obtain a first-step preliminary estimate <i>§°) (cf. (4.1)) for the asymp-

totic variance ®; of .

Using the residuals from the structural equation in (3.3), computed with
B>, obtain a preliminary estimate ®, (cf. (4.2)) for the asymptotic variance
®, of (5. Pay special attention to the adjustments made in (4.3) to account
for the fact that W has already been partialled out.

Use 350)’ Bg, CiDSO), and @, to obtain a first-step robust estimate BA(O) of
by (3.8).

Form the residuals ég])]) = Y|y — X[y B(O) for each g-th cluster.

2. Estimate the optimal weighting matriz.

(a)

N Aoy —1
Compute the optimal weighting matrix given by A* = (Q(O)) , Where

QO = 3" (apeld) (z[;]é$1>>T7

9€[G]

and fix this weighting matrix throughout the remaining steps.
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3. A robust estimate of B and the resulting robust variance estimates. (See Section

4.1 for explicit formulas of ¥, Q, &, 3, &5 and T)

(a) Recompute the low-dimensional efficient GMM estimate (1 from (3.6) us-
ing the optimal weighting matrix /Al;;

(b) Using the residuals from the structural equation in (3.3), computed with
Bl, obtain the second-step preliminary estimate ®, for the asymptotic vari-
ance ®; of Bl.

(¢) Use 3, and &y, together with /3, (obtained in Step 1(b)) and &, (obtained
in Step 1(d)) to obtain a robust estimate 3 of 5 by (3.8).

(d) Using the residuals from (3.3), computed with /3, obtain the robust variance
estimates W, Q and thus ®; (cf. (4.1)), & (cf. (4.3)) and thus §, (cf. (4.2)),
and finally T (cf. (4.4)).

4. Component statistics and their estimated weights.

(a) Using the hypothesized (y and the outputs from Step 3 above, compute
the three component statistics—T'(5y) (cf. (3.9)), LM (5y) (cf. (3.10)),
and AR (cf. (3.11)).

(b) Using the outputs from Step 3 above, compute &; and &s (cf. (4.5)), p1
and po (cf. (4.6) and (4.7)), and then the weights (@1, Dq, 03) (cf. (3.16)).

5. Using outputs from Step 4, obtain the feasible combination test ¢ by (3.15).

5.2 Simulation Study

All of our simulations are based on (5.1) and (5.2). The fixed effects are generated by
ag =uy+9/Gand § = uyy+9g/G, g=1,...,G, where uy, and uy, are independent
standard normal random variables. The control variables in Wu/i,g are generated by
the standard normal distribution, and the dimension of W is fixed at d, = 10. The

instruments in Z,g are normally distributed with mean 0 and cluster-level dependence:
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within each cluster g, the covariance matrix is given by

1 91 ce 01
61 1 --- 61

&21922 : : . : ) qg :31,...,(;,
01 91 o1

NgXng

and between clusters these instruments are independent of each other; we set 6; = 0.5
in our simulations. Finally, to obtain an arguably complex error structure, we first
generate &, = peig + 1 — pPoigv, and Vig = pnig + /1 — p20; 40y, where o;, =
\/(0.2 + (V[@TQT)Z) /2.4. Here, €;,4, 1,4, and v, are mutually independent standard

normal random variables, p governs the degree of endogeneity, 7 is specified below,

and we fix p = 0.5 in all simulations. Next, within each cluster, we premultiply the

vectors é; , and V; 4 by

1 0 0
0 1 0
Sng:: . y g ::17 7(;7
ng—1 ng—2
R | -

thereby generating ¢; , and 171'79. In our simulations, we set 6, = 0.7.

For the parameters, we set 3 = 0.3, v = 7 = (1/y/dy) X tq,, where 14, is
a dy, X 1 vector of ones. We specify geometrically decaying coefficients of IVs as
T = (gbo,gbl, .. ,QSK”), where K denotes the number of many IVs and ¢ controls
the relative weight assigned to each instrument. It is noted that ¢ = 0 repre-
sents the case in which only the first instrument has identification strength, while
¢ = 1 corresponds to the case in which each instrument has the same identification
strength. We further normalize 7 to have ||7||, = \/¥v/K /n, where v controls the
identification strength of the many IVs. The one-dimensional IV is constructed by
taking the simple average of the many IVs;!¢ as ¢ approaches one, the identification
strength of the low-dimensional IV becomes stronger since it is closer to the opti-

mal instrument. We set the sample size at n = 2,000 and the number of clusters at

16The normalizing factor 1/K is innocent here, as it will be canceled out in the numerator and

denominator of .
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G = 500, and then generate heterogeneous cluster sizes following a procedure sim-
ilar to that in Djogbenou et al. (2019). Specifically, for ¢ = 1,--- |G — 1, we set
ngy = max {1, nexp(29/G)/(1+ X5 eXp(Qg/G))} and then the size of the last clus-
ter as ng = max {1,71 — 2901—11 ng}. For the dimension of Z, we consider K = 100
and K = 500, respectively. All the results below are based on 5,000 simulations.
Figure 3 displays the power curves for our combination test ¢} along with those for
the component Wald and jackknife LM tests, at different values of K (the dimension
of the many IVs), ¢ (which governs the identification strength of the many IVs), and
¢ (which controls the identification strength of the one-dimensional IV relative to the
many [Vs). We identified three main observations, each of which aligns with our large-
sample theory. First, in every scenario, the combination test ¢ attains the correct
size and is more powerful than each of the other two tests. In particular, as shown in
Panel C, the power curve ¢ is never dominated by that of the Wald test, regardless
of the strength of the many I'Vs, thereby underscoring the “free lunch” efficiency gains
delivered by our combination test. Second, within Panels A and B of Figure 3, we
observe that for given values of K and v, the power improvement of ¢ over the Wald
test becomes more substantial as the identification strength of the one-dimensional
IV weakens relative to that of the many IVs (i.e., as ¢ decreases). This is reflected in
the widening gap between the power curves of ¢! and the Wald test. It emphasizes
how many-IV-based LM and AR statistics contribute to the power enhancement.
Third, in contrast to the cases in which the one-dimensional IV dominates many IVs
in strength (first figure in Panel A or B) and the power curve of ¢* coincides with
that of the Wald test, noticeable gaps persist between the power curves of ¢; and
the LM test in the flipped cases (second and third figures in Panel A or B). These
gaps highlight how the AR component contributes to power enhancement through its

correlation with the LM statistic.

5.3 Empirical Application

We consider the return-to-education application, using the dataset of Angrist and
Krueger (1991). In this application, the outcome variable is the log weekly wages
and the endogenous variable is the years of schooling. We follow Mikusheva and
Sun (2022) and Lim et al. (2024a) to consider two specifications with 180 and 1, 530

instruments. The set of 180 instruments consists of 30 quarter and year of birth
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Notes: This figure displays the power curves for our combination test ¢ along with those for the
component Wald and LM tests, at different values of K (the dimension of the many IVs), ¢ (which
governs the identification strength of the many IVs), and ¢ (which controls the identification strength
of the one-dimensional IV relative to the many IVs). The horizontal axis represents the deviations
in the parameter of interest from the maintained hypothesis, that is, we test Hy : 8 = By against

Hy : B # By, where § = 8 — [By. See Section 5 for details of the simulation setup. All results are

based on 5,000 simulations.
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interactions (QoB-YoB) and 150 quarter and place of birth interactions (QoB-PoB).
The set of 1,530 instruments includes all interactions among QoB-YoB-PoB. The
quantitative implications obtained from Table 2 and Figure 4 are in line with the
discussion in Section 2 of the main text. Our confidence intervals are roughly 23%
and 15% shorter, respectively, than the Wald CIs with the low-dimensional IVs in the
specifications with K = 180 and K = 1,530. Here, we note that the actual reduction
in the length of the confidence interval can be greater than 10% even when the
standard error ratio is much lower than 1.05 (in the specification with K = 1,530),
again indicating the conservativeness of our rule of thumb. However, we reiterate
that, although the low-dimensional IVs (the three QoB IVs, and therefore 5’1 and the
Wald confidence interval) are identical across the two specifications (K = 180 and
1,530) by construction, we are not attempting to obtain improved inference based on
pooling statistics across specifications, and our theoretical results do not justify such

an approach.

6 Conclusion

This paper proposes an inference approach that improves conventional estimation
and inference in instrumental variables regressions using low-dimensional instruments
(e.g., aggregated shift-share IVs) and their underlying high-dimensional instruments.
The procedure requires strong identification only for the low-dimensional IV regres-
sion while allowing the many-IV specification to be weakly identified. We also provide
a practical rule of thumb for when inference improves by at least 10%, based solely
on the standard error ratio of the low- and high-dimensional IV estimators commonly
reported in empirical applications. Extensions to settings with many controls or di-
verging cluster sizes, and combinations with tests such as the sup-score test are left

for future work.
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K = 180 K = 1,530

1 0.491 0.236
fs —0.171 —0.200
5(51)/6(3) 1.195 0.817
B 0.098 0.098
Wald CI (0.059, 0.138)  (0.059, 0.138)
By 0.099 0.084
LM CI (0.066, 0.132)  (0.036, 0.133)
B 0.097 0.093

Comb. CI  (0.066, 0.127)  (0.059, 0.126)

Table 2: Point estimates and confidence intervals: Return to education.

Notes: This table reports the estimation and inference results for the return-to-education example
using the Angrist and Krueger (1991) dataset, shown separately for specifications with K = 180
instruments and K = 1,530 instruments. The IV set in the column labeled “K = 180” consists of
30 quarter and year of birth interactions (QoB—YoB) and 150 quarter and place of birth interactions
(QoB-PoB), while the IV set in the column with “K = 1,530” includes the full set of interactions
among QoB-YoB-PoB. See Appendix D in Lim et al. (2024a) for a more detailed description of
data and this empirical application. The point estimates are obtained from the efficient GMM
estimator with the three-dimensional QoB instruments, 31, and, in addition, from the leave-cluster-
out estimator, Bg, which makes use of many I'Vs. Wald CI and LM CI denote the confidence intervals
based on 31 and Bg, respectively. The estimator B* is the combined estimator for (3, defined in
Section 4.3 of the main text. It is essentially the midpoint of the confidence interval in (4.11), which
is obtained from our combination test and labeled as “Comb. CI” in the table. In addition, p; and
p2 denote estimates of the asymptotic correlation between the Wald and LM statistics, and between
the LM and AR statistics, respectively. Finally, (31)/6(32) denotes the ratio of standard errors of

Bl and 32. All displayed numbers are rounded to three decimal places.

Appendix A Combination Test with Weak Low-

Dimensional IVs

In this section, we study the property of our combination test when Assumption 2
is violated. Specifically, we assume that the identification strength provided by the
low-dimensional IVs is weak, rendering the Wald test invalid. On the other hand, we
assume that the identification strength provided by the many IVs is strong. To char-
acterize the limiting behavior of the low-dimensional IVs under weak identification,

we introduce the following assumptions.

Assumption 2'. The following conditions hold:
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Figure 4: Realized percentage reduction in confidence interval length: Return to
education

Notes: This figure shows, for each specification in the return-to-education example, the observed
percentage reduction in confidence interval length (Combined CI versus Wald CI, as in Table 2, and
indicated by “o” in figure legends) plotted as a point against the standard error ratio (6(51)/6(B2)
in Table 2). Also shown is the theoretical lower bound for the reduction (indicated by “p” in
figure legends), analogous to Figure 1 in the main text, but now computed using the specification-
specific estimate p;1, as reported in Table 2. Here, “K180” refers to the specifications with K = 180
instruments, and “K1530” refers to the specifications with K = 1,530 instruments. The horizontal
axis is the ratio of standard deviations (errors) of 1 and By. The vertical axis is the reduction in the
length of confidence interval in percentage points. As a final remark, note that the actual numerical
values of the relevant quantities in Table 2, rather than the rounded values shown there, are used

to produce Figure 4.
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in the matrix sense.
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Remark A.1. Compared to Assumption 2, the main difference here is that we have
rn/+/n = O(1). This corresponds to weak identification of the parameter of interest
£ under the low-dimensional IVs, since in this case the deterministic part and the
random part of z' X are of the same order. This setting is similar to the weak-
IV asymptotics considered in Staiger and Stock (1997), where 2" X/\/n converges
to a random limit instead of diverging to infinity (the latter would happen under a
standard asymptotics where 2" X /n is assumed to converge to a non-zero fixed limit).

In addition, perfect correlations between the two linear forms are excluded.

In the following, we first present the results for the case with d, = 1. Note that it
is the most important case for empirical applications of IV regressions. For instance,
101 out of 230 specifications in Andrews et al. (2019)’s sample and 1,087 out of 1,359
in Young (2022)’s sample feature one endogenous regressor and one IV. Similarly,
Lee et al. (2022) find that 61 out of 123 IV papers published in AER between 2013
and 2019 use one endogenous regressor and one [V. For these applications, empirical
researchers can generate many IVs by using polynomials or interactions based on
their one-dimensional base IV and control variables. Then, it is possible to achieve
efficiency improvement using our combination procedure. Furthermore, the widely
used shift-share or Bartik instrument is also one-dimensional. It turns out that in
the case with d, = 1, the local asymptotic power function of our combination test is
equal to that of the asymptotically optimal test based on z"e(8,)/vQ, LM (), and
AR, where the first statistic corresponds to the conventional cluster-robust AR test

using z as an instrument.

Theorem A.1. Suppose that d, = 1. Assume that the following limits exist:

= lim \/— > () (M)

g€[G]

po = lim f > E[(VigPoném) (éfPoném)]

g,h€[G]?,g#h

and p3+p5 < 1. Under Assumptions 1, 2 and 3, and assuming that HTH/\/K — 00,

we have:

1. Suppose that there exists a deterministic sequence d, | 0 such that

d,®;"* > a>0, and B— By =0dd
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for some fized §, then

2
Jim B [¢,] =P (—p_é =N+ ~ a— )
L—pi—p3 L—pi—p3 L—pi—p3
e
=P X (5__>2C04>7
P\ 1—=pi -0

M 0 I po O
where | Ny LN |as Ao 1 po

N3 0 0 p2 1

2. Suppose that 5 — By = for some fized § # 0, then lim, . E[¢}] = 1.

Theorem A.1 implies that, in the scalar case (d, = 1), our approach is equivalent
to an optimal combination of the low-dimensional AR, jackknife LM, and jackknife
AR. A key scalar-specific feature is that the discrepancy between the low-dimensional
AR and low-dimensional Wald (i.e., T'(5y)) effectively reduces to a random sign that
cannot be consistently estimated when the IV z is weak; correspondingly, p; is in-
consistent, and the low-dimensional Wald is non-normal. However, by appropriately
choosing combination weights, this unidentifiable sign component cancels out, pre-
serving the validity of our combination test in the important scalar setting.

When d, > 1, it is no longer possible to cancel the random sign. Nevertheless, if
the correlation between T'(3y) and LM () is asymptotically negligible, our combined

test remains robust to weak low-dimensional IVs, as shown in the next result.

Theorem A.2. Assume that the following limit exists:

s J;_’rghemz]; . (Vi P (2 Pomem) |

with p* < 1. Under Assumptions 1, 2 and 3, and assuming that HTH/\/F — 0
with TITTI/K — 0, we have:

1. Suppose that there exists a deterministic sequence d,, | 0 such that

d,®;"* 5 a >0, and B— By = dd,,
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for some fized §, then
1 p 2 a’
: *7 . _ 2 2
JLIEOE[%]_P((WM m%) >CC‘) _P(Xl <5 1—p2> ZC“)’

w8 () )

2. Suppose that 5 — By = for some fized 6 # 0, then lim, . E[¢f] = 1.

Theorem A.2 shows that under the local alternative 8 — By = dd,,, lim,_, E [¢7]
coincides exactly with the local asymptotic power function of the asymptotically
optimal test based on LM (fy) and AR in Lim et al. (2024a). The assumption that
II"II/K — 0 is similar to that imposed in Mikusheva and Sun (2022, Theorem 4).
As pointed out by Mikusheva and Sun (2022), this condition is quite weak as it still
covers both weakly and strongly identified cases with many I'Vs. In addition, we note
that under fixed alternatives, the combination test remains consistent even when the
identification strength of the low-dimensional IVs is weak.

Note also that instead of using the low-dimensional Wald statistic, it is possi-
ble to combine the low-dimensional AR, jackknife LM, and jackknife AR directly,
provided that the many IVs are strong. In this way, the combination test is robust
against weak low-dimensional IVs when d, > 1 without additional assumptions (e.g.,
II'II/K — 0). In this paper, however, we emphasize Wald-based inference for the
low-dimensional IV setting because it is the workhorse in empirical applications, and
when low-dimensional IVs are strong, Wald is more powerful than AR in the overi-
dentified case.

Finally, if both low-dimensional IVs and many IVs may be weak, then using null-
imposed variance estimators for all component statistics, the combination test that
combines the low-dimensional AR, jackknife LM, and jackknife AR is robust to arbi-
trary weak identification. It is also possible to consider a broader combination that
includes low-dimensional AR and Kleibergen (2002, 2005)’s LM tests, along with
jackknife LM and AR tests. This is beyond the scope of the current paper.
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Figure 5: Power Curve of the combination, Wald, and LM tests.

Notes: This figure displays the power curves for our combination test ¢ along with those for the
component Wald and LM tests, at different values of K (the dimension of the many IVs), ¢» = 30 (the
identification strength of the many IVs is relatively strong), and ¢ = 0 (the identification strength of
the one-dimensional IV is weak). The horizontal axis represents the deviations in the parameter of
interest from the maintained hypothesis, that is, we are interested in testing Hg : 8 = [y against H; :
B # Bo, and § = 8 — [y. See Section 5 in the main text for a detailed description of the simulation
setup. All results are based on 5,000 simulations.

Appendix B Additional Simulations

In this section, we present some additional simulation results to illustrate the effect of
weak low-dimensional IVs. We set 1 = 30 so that the identification strength of many
IVs remains relatively strong, and ¢ = 0 so that the identification strength of the
one-dimensional IV is rather weak. Figure 5 displays the power curves for K = 100
and K = 500, respectively, which can be regarded as extensions of Panels A and B
of Figure 3 in the main text. Overall, the dominant performance of our combination
test remains robust to different strengths of one-dimensional IV. In addition, we note
that although the one-dimensional IV is relatively weak, the Wald test still provides
a nontrivial gain in power for our combination test (as seen from the noticeable gaps
between the power curves of ¢! and the jackknife LM test). This gain arises from its
correlation with the jackknife LM statistic, in line with the theoretical result stated
in Theorem A.1.
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A Technical Lemmas

We use the following notation throughout Sections A—C. Recall the definition of Y,
X Z zZ, W, H V and é. Denote Py as the projection matrix of W, My, = I, — Py,
and let Y = MyY, X = MwX, Z = MyZ, = = MyZ, 11 = MyIl, V = My V
and e = Myé. Denote P as the projection matrix of Z, M = I, — P, and Q =
My (P — P)My,, where P is the block diagonal matrix corresponding to P such that
the g-th block on its diagonal is P, ,; also denote @ as the block diagonal matrix
corresponding to Q. Let 11 = 24,27 X, [ = My (P — P)II = QIL, II = (Q — Q)II,
X = 24,2"X and X = My (P — P)X. Finally, we use € to denote the block
diagonal matrix with g-th block Q“ and Qp, Q,  and (2 ; are defined similarly.

Lemma A.1. Under Assumption 1, we have

=T )2 YRy T~ \2

g%?é? (H[Q]H[g]) + ffé?é?E (V[Q]V[g]) + gréz[gE ( [91€lg }) <G
T 2 T 2

max ()" + f,%?éiE(VmV[gl) + maxE (efze)” < C,

for some constant C < oco. In addition, let 3, = (W W) "W Té and 4y = (WTW)TW TV,



we have

, = op(1), max HW[Q]’%/HQ = op(1).

max H Wig9e max

9€[G]

Lemma A.2. If Assumptions 1 and 3 hold, then both P and @ are symmetric, and
satisfy

|Pll,, =0). |P| =0@). IPl;=0(EK),
IQll,, =0), @], =o). lQl=0WEK).

In addition, let P be the block lower triangular matriz corresponding to P — P (i.e.

p[g,h] = Py for g >h and p[g,h] = Op,xn, Otherwise), then
P77, = oA
Lemma A.3. Under Assumptions 1 and 3, we have
@' PPyt = Op(1), @' PywPt=0p(l), @' PPyPi=0p(1),

for (@,0) € {V,e} x {V,é}.

Lemma A.4. Under Assumptions 1 and 3, we have

2 2
1 1 i i
> ( > U[Th]P[h,gMgl) =% 2 ( 2. U[Th]P[h,gW[g]) +op(1)
g€[G] \h€[G],h#g g€[G] \h€[G],h#g
2
1 i i
=% X E( > U[E]P[h,glv[g}) +op(1),
g€lG]  \he[Glhg
1 T T 1 ~T ~ ~T ot
v (wiPingvia)) (upgPanvn) = 17 (43P 0)) (T Plgting ) + op(1)
9,h€[G]2,g7#h g,h€[G]2,9#h
1 . . N .
=% E (@ P 1) (g Pt ) + 0p (1),
g:h€[G]?,g#h

for (u,v) € {V,e} x {V,e}, and the same results hold if we replace P with Q. In



addition, we have

T N2 1 - N2
174 E(u[h]P[h,gMg}) % > E(u[h]Q[h,g]U[g]) +o(1),
9,h€[G]2,g#h g,:h€[G]?,g#h
1 _T ~ ~T ~
T > E(U[hﬁh,g]%}) (u[g]P[g,th])
[G)2,9#h

g.he
1 ~ ~ ~ ~
K >, E (u[z]Q[h,g]U[g]) (U[Tg]Q[g,h]U[h]) +o(1),

g,h€[G)2,9#h
for (,9) € {V,e} x {V,é}.

Lemma A.5. Under Assumptions 1 and 3, we have ¥ > C(II'Tl + K) for some
constant C' > 0, and

2
3 Z ( Z X[;]Q[h,g]éw])

96 [G] \he€[G],h#g
2
5 Z E( > X[;}Q[hmé[g]) +op(1),
96 (G] €[G],h#g
1 ~ N2
i > E(Mley) +ts X E (ViQugélg) +or(1),
g€[G] g:h€[G]2,g#h
1 2
5 ( > X[h}Q[hmg])
9€lG) \helGlh+g
2
1 <7 ~
=5 ( > X[;]Q{h,gle[m) +op(1),
9€lG) \he[Glhg
1 2
.
5 Z X[h}Q[h»Q]X[Q]>
g€[G] \h€[G],h#g
1 _ 2 1 — o2
> (I1511;) +ts 2 E (Il Vig)
g€[G] g€[G]
2
1 val
+5 ( > Vm@[h,glﬂ[g]>
9€(G] €[G),h#g



2
+* Z ]E( Z ‘7[;@[’%9]‘7[90 +op(1),

QE[G] €[G),h#g

and

1 . .
5 ( > X@]Q[h,g}x[g})( > X[Z]Q[k,gle[gl)
9€[G]

G] \he[G),hg ke[G] k#g
1 =T =T =
=5 2 E (Mg Vi) ()
9€(G]
1 V. ¥ » ~
ts 2 E ( V[Z}Q[h,gﬂ/[g]) ( > V[Z}Q[k,g]@[g}) +op(1).
gelC)  \helGlhrg ke[Glhg

Lemma A.6. Under Assumptions 1 and 3, we have

1 - N _
s Y (XuQumén) (XiQuaf)
0. helG g#h
1 T N foTe s
=5 > E(VigQumém) (ViQumgla) + or(1),

9,h€[G]2,g#h

; ; 9t <X§1Q[g,hle[h}) (X[21Q[h79}6[91>

1 5 _ 5 _
-5 (X5 Quomém) (XiQungfla) + 0r(1),
g,:h€[G]?,g#h
1 T Y
5 > (XQuaXm) (XiQung X))
g,h€[G]2,9#h
1 . - . .
=5 > E(VyQuaVin) (ViQnaVia)
9,h€[G]?,g#h
1 T
5 (H[g}Q[g,hJH[h) ( ite] hg]H[g])
9:h€[G]2,g#h
2 -
t5 E (V[;]Q[g,mﬂ[h) (H[h]Q [hg] [g1) +op(1),
9,h€[G)2,97#h



and

(X0QuanXm) (X Qmaern)
— E (‘7[;@[9,11] ‘7[}1]) (‘N/[;]Q[h,g]é[g])

E (Vig Qo) (T Quugélg)) + or(1).

Lemma A.7. Let 3 be a generic estimator of 3. Further define
U = XTzAnQAnzTX,
2
- T , o T , T ,
EDY ( > X[m@[h,g]e[ﬂ) + Y (XyQumém) (XhQugfa)
9€[G] \h€[Gl,h#g 9,h€[GI?,g#h
. T N2
T=2 3 (e[g]P[g,h]e[h]) :

9,h€[G]2,97#h

whereé:Y—XB and

Q=Y () (=hpém) -

9€[G]
Suppose that 6 L5 B, then the following holds.

1. If Assumption 1 holds, then

G212 Z 1, 4 op(1),
2. If Assumptions 1 and 2 hold, then
v
6 = 1 -+ Op(l).
3. If Assumptions 1 and 3 hold, then

b
E = 1 + 0]3(1)7



I 1+ o0p(1)

T = op .

Lemma A.8. Under Assumptions 1-3, we have B —= 8 and (B — /)II'I/VK =
op(1). Alternatively, if Assumptions 1, 2 and 8 hold and II"11/vVK — oo, we have
B B and (B — BT T/VK = op(1).

Lemma A.9. Under Assumptions 1-4, if the assumptions for a1 and as in Theorem

4.1 hold, then

T(Po) \F Y 11 e[g] a0
LM () | = ﬁ (de[c} I g + X g ne(cl2,g2h V 1Plg.n €[h]) + [ a2d | +op(1).
AR \/? Zg,hE[G 12,97h e[g]P[y,h}e[h] 0

Lemma A.10. If Assumptions 1-/ hold, then

ﬁ 25:1 H[E]é[g] 3 0 I po O
75 (Soeie et + Zyneiop.arn Vg Pomém) |~ N [ [0]. ;1 p
ﬁ > ghelGl2.gh Clg Plan€in 0 0 p2 1

Lemma A.11. Under Assumptions 1 and 3, we have

1 . AT 1 _ AT
ﬁﬁflm gez[é} [(z[;]e[g]) (Xg]e[g])} = EQ 1/2 gez[g]E [(z[;]e[g]) (H[Tg]e[g]ﬂ +op(1),
and

\/1_ %: (X[;]P[g,h}ém) (éﬂc;}P [gahlé[h})

1 5T . T -
Nioos E (Vg Poém ) (e Paném) + op(1).
9,h€[G)?,g#h

Lemma A.12. Under Assumptions 1-/, we have
pr = p1, P2 = pa
If in addition the assumptions for a; and as in Theorem 4.1 hold, then

o] — o, Q9 —> Q.



B Proofs of Main Results

B.1 Proof of Proposition 3.1

The proof follows exactly the same lines as in the proof of Lemma 2.2. in Lim, Wang,
and Zhang (2024) and is thus omitted. O

B.2 Proof of Theorem 4.1

The result follows from Lemma A.9, Lemma A.10 and the Slutsky theorem. m

B.3 Proof of Theorem 4.2

Consider the set M’ of data generating processes m that satisfy the weak convergence
result (3.12) pointwise for all § € R. It is straightforward to see that M C M’. As
a result, the test class € under consideration is a subset of an augmented class € of

¢, satisfying that

Jim Ef¢n] <o forallme M, 6 =0, (B.1)
lim inf [6n] = for all m € M’ 6 # 0. (B.2)

We also note that the oracle version of the combination test, ¢2 in (3.13), can be
understood as taking the weak convergence result (3.12) as the starting point and is
simply the UMPU test in the limiting problem (under known a;(ay), as(a), p1, p2),
evaluated at the sample analogues (Wald, LM, and AR statistics). By construction,
@2 satisfies (B.1) and (B.2), so ¢% € €. Furthermore, by a direct application of
Theorem 1 in Miiller (2011), it follows that for any §; # 0 and any ¢, € @

lim E[¢,] < lim E[¢?] for all m € M’ § =4y,

n—oo n—oo

which subsequently implies that for any 0, # 0 and any ¢,, € €,

lim E[¢,] < lim E[¢¢] for all m € M,d = ;.

n—oo n—oo

Lastly, note that E[¢}] is continuous in (&y, &g, p1, p2), which are consistent for

(a1, g, p1, p2) under the assumptions of Theorem 4.1 by Lemma A.12. By the con-



tinuous mapping theorem, we thus have that, for any §, E[¢*] = E[¢°] + op(1).
Therefore, we have ¢ satisfies (4.8) and (4.9), and thus ¢! € €. In addition, for any
01 # 0, and any ¢, € €,

lim E[¢,] < lim E [p0] = lim E [¢r]  for allm e M,d = 4.

n—o0

For the second part, it is straightforward to check that ¢, € €. Also, note that the
comparison of local asymptotic power of ¢! and é», can be reduced to the comparison
of the non-centrality parameters for ¢2 and ¢y, in their limiting distributions, which

are given by (a'V~1a)§? and a26?, respectively, where

a I po O
a=lay|, V=|p 1 po
0 0 P2 1

Direct calculation yields

52
Ty —1 \82 252 _ 2
@IV 8 =y (0 )20
and since p? + p3 < 1 and § # 0, we obtain the desired result. [

B.4 Proof of Theorem 4.3

We shall distinguish between the two cases: (i) II'II/VK is diverging and (ii)
II"II/vK is bounded, and argue along the appropriate subsequence as in Step 2
and 3 in the proof of Lemma A.S.

For the first case, we have

(XT2A,2TX) " Y(XT2A,2Te) )

T(ﬁo): — + —,
D, b,
LM(By) = XTU\D&— Ple 5(XT(J\3/§— P)X).
Ap (PP



under the fixed alternative. On the event X ' (P — P)X > 0, we can write

S(XT(P—-P)X) ) )

~

NG JXTP - P)X)IS(XT(P - P)X) /&,

By repeating the proof of Lemma A.9 for the other terms in the above expression
beside 5/\/(/151 and 5/\/<f>2 (which do not depend on a; and asy), we can write

T(5o) 5/\/®,
LM(o) | = | 6/\/®y | + B
AR 0

where R,, = O,(1). Recall the definition (&y, @q, 03)":

-1/2 /. A —-1/2
0

(2}1 1 1 ,61 0 b1 b1 1 ,61 (0%]
e \/ﬁ X1p1 1 po by |s|ba|=1|P1 1 po az |
&g bitbi+bs \g 5 1 by )\ 0 py 1 0

and note that (@1, 09, @3)" = O,(1). We have

0<1-E[g)]
=P (((2}1T(60) + @QLM(BQ) + @3AR)2 < (Ca)
<P ((@1T(Bo) +@2LM (Bo) + @3AR)* < Co, X (P = P)X > 0) + P (X (P~ P)X <0)
2
1 1 ~ _
<P ( J gqug X @TV1&+OP(1)> < CQ) +IP>(XT(P—P)X < 0) :
1 2
where
d/l 1 ,51 0 5/\/ (51 CAVI
a=|a V=1|p 1 p §/\/ D, | =9 i+ix@
2 | 1 ; 2 | /\ Po o o 2 |
0 0 py 1 0 0

and we used the fact that @y X &1 +wy X Qg +w3x0 =/ aTV-1a. In addition, we have
<T>1/<I>1 251 and CTDQ/QDZ 25 1 from the intermediate steps in the proof of Lemma
A8 (see (C.20) and (C.26)) and Lemma A.7. Hence, &; = 0p(1) and ®, = 0p(1),



since it is also established in the those steps of the proof of Lemma A.8 (cf. (C.21)
and (C.25)) that ®; = o(1) and ®5 = o(1). Therefore, we have

aTV-1a -5 oo(—o0), for 6 >0 (5 < 0),

Q>

1
“ 3 X
)

ew‘ —_

where we use the fact that |||, = 1 by construction, V' -2+ V=1 where

1 P1 0
V= P1 1 P2 1>
0 P2 1

by Lemma A.12, whence &TV~1a can be bounded away from zero with probability
approaching one. Together with the fact that X (P — P)X > 0 with probability
approaching one, this implies that lim,, ., E [¢%] = 1.

For the second case, by Lemma A.12, we have p; — p; and o — po, and note
that p; = 0 in this case since II"TII/K — 0. In addition, similar to the proof of Step 3
of Lemma A.8, it can be shown that @2 ~ @, for some random variable ®, such that
®, > 0 with probability one. Also, since, as shown above, (51 50, and by Lemma
A.7, it follows that &; —— 1 and &, —— 0, by the continuous mapping theorem.
Therefore, we have &, — 1, &y — 0 and &5 — 0. Finally, as in the proof for the
first case above, we have T'(3y) = 5/\/31+Op(1) where ®; = 0,(1), LM (8y) = O,(1)
and AR = O,(1). It follows that lim,_,., E[¢}] = 1. This concludes the proof. O

B.5 Proof of Theorem A.1

We shall argue along the appropriate subsequence as in Step 4 of the proof of Lemma

A.8. Suppose we are under the local alternative that g — 5y = dd,,. We have

—— Z |(Xmew) (X))

EyEG]

R

>
o~
|

X |
% M>\M E«) —

QAX
(78
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and note the important fact that

By Lemmas A.7 and A.11, we have p? 2+ p?. Together with the fact that p7 - p3
by Lemmas A.7 and A.11, this implies that p? + p3 < 1 with probability approaching

one. On that event, direct calculation yields

C’DlT(ﬂo) + COQLM(ﬂo) + (:JgAR
T(Bo)a (1 — p3) — T(Bo)prdva + LM (Bo)(Qa — prév1) + ARpa(prdn — 042)
\/1 — fpf - 102\/041 1= p3) = 2p1éuds + 63

We shall analyze each term in turn. To begin with, we note that, similar to the proof
of Step 4 of Lemma A.8, it can be shown that ®; ~» @, for some random variable
®, such that ®; > 0 with probability one, and since ®5 —25 0 by (C.25), (C.26)
and Lemma A.7, it follows that &; — 0 and & — 1, by the continuous mapping

theorem. Note also that

X~ X L XTzfln\/g

T2A,z

2A, 2 TX)-2 \/XTzfanflnzTX
1 d,

—= D 2gflg T =0

\/_QG[G] \ ‘131

T(bo) =
XT

X
%SA

S

1)7

p

and thus
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Next, we note that

T4 -Ty)-1
T(ﬂo)ﬁl = (X ZAnZ X) X § X 2
\/(XTZA 2TX)~2 ¥ Q

75 ¥ i < 7 1 > [(ehew) (X)) + or(1).
96 (G] ge (G
In addition, we can show that
X s N (m, 920

vn
which, combining with the fact that A, /), - A, implies that

(XTzA,2TX)1

= = 1 —|— OP(l).
\/(XTZAHZTX)_2
If follows that, by Lemmas A.7 and A.11,
T(Bo)p1a = p1 X Z 416191 +op(1).
€la)

Next, we note that

M(Bo) = C tas+ op(1)

1 N o
= ﬁ ( Z Hf;]e[g] + Z V[;ip[g,h}e[h]> +ad + Op(l),
g€[G] 9:h€[G]2,g#h

where the first equality is by (C.26) and Lemma A.7, and the second equality is by
Lemmas A.3 and A.7. It follows that

A 1 AT .
M(ﬁo)(OQ - /)1041) = E ( Z H[nge[g] + Z V[g]P[g h]e h]) + ad + Op(l).

g€[G] 9,h€[G]2,97#h

-



1 T
_ & Py, wém -+ op(1).
\/T%he%;?#h 1) Pron€m) +op(1)

by (C.22), (C.24), and Lemmas A.3 and A.7. It follows that
A (A A N _ 1 T .
ARpy(pr6n — Ga) = —pa X JT Y g Peném +or(l)
9,h€[G)?,g#h
by Lemma A.11. Finally, we have
L—pf—p3 == 1—pi — s,
&2(1— p3) — 2p1Gndy + A3 5 1.

Combining all the results, we have

N T(Bo) + o LM (Bo) + WsAR

T ~
“19)€l9]
g€[G]

1 _
- ra— (\/— (Z e > V[glp[g,hle[h}) +a5)
\ I—pi— P2 9€[G] g,h€[G]?,g7#h
— P2

1 . N
= = Z e[g]P[ng}e[h] + 0P<].).
S G

Furthermore, we note that in the proof of Lemma A.10, we only require 1T to

satisfy

1 Lo
I Z[G H[g] (1)7 Egéé[g% H[g]H[g} = 0(1)7
gE

which is guaranteed by Assumptions 1 and 2. We also have

1

1
T _
Qgez[(:;} A2 = O(1), g maxzyzy) = of1),

by Assumption 1 alone. Therefore, we can replace ﬁ Zle ﬁ[Tg]é[g] with % > gelc] z[;]é[g]

in the proof of Lemma A.10. Note that in this way, Assumption 2 is no longer needed.
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We thus can follow the same argument in the proof of Lemma A.10 and obtain that

5 Lgelc] Ay Cldl

L (2 yeie T + 3 Vi Poném) +ad | ~N|las |, [; 1 5
75 (Zoeier g€l + X neicp gz Vig Plom€ing o B
77 LanelGl.g#h €l Plopepn

The desired result then follows.
Next, suppose we are under the fixed alternative. From the proof above, we have

N T(Bo) + @ LM (Bo) + W3 AR
(1+ 0p(1))

\/1_P1 1%

_ (top)) ( 5
Vi—pt—p  \y/a,
by (C.26) and Lemma A.7, and note that ®, = op(1) by (C.25) and Lemma A.7. It
follows that

=LM (o) + Op(1)

X (14 o0p(1)) + Op(l)) + Op(1)

(1 T(Bo) + @2 LM (By) + &3AR)* 25 0,

and the desired result follows. This concludes the proof. O

B.6 Proof of Theorem A.2

Under the local alternative, similar to the proof of Theorem A.1, we have
X

VIXT24,2TX)2 JXT24,04,27X

x Q71202 12 Z z[ e[ =5 = 0,(1),

d
g]ld] + =
9€[G] \V Of
M(5y) = T ( Z H e[g] + Z ‘;'[;]lip[gﬁ]é[h]) + ad + Op(l),

9€[G] 9,h€[G)?,g#h

XT2A,2TX)"! 1 .
T(BO) _ ( RApZ ) XTZAan/Z

AR = > ElgHemen +op(1).

g,h€[G]?,g#h

-5l
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By repeating the proof of Lemma A.10 and ignoring ﬁ Zngl ﬁ&é[g] (and thus As-
ad 1 p
O 9 p 1 9
1

P = N > [(Kgéw) (Xgéw)]

)y 9€[G]

sumption 2 is not needed), we have

AR

by the Slutsky theorem. For p;, we have

XTzAnfll/Q

_ f . :
S XA X
;EQW > | Gm) (Xgéw)]

g€[G]

% Qfl/QQl/Z X

where

1
\/XTzfanflnzTX

XT2A,Q0Y2 = 0p(1),

and by Lemma A.11,

\}EQ—l/Q QEZ[G] () (Xiw)| = \/159—1/2 QGZ[G]E [(280) (e )| + op(1).

Further note that the first term on the right-hand side of the above display is o(1)
since II'TI/K — 0, so that p; = 0 by Lemma A.7. In addition, we have p, - p
by Lemmas A.7 and A.11. Finally, similar to the proof of Step 4 of Lemma A.8, it
can be shown that </151 ~ @ for some random variable ®; such that ®; > 0 with
probability one, and since ®y —2+ 0 by (C.25), (C.26) and Lemma A.7, it follows
that & — 0 and Gs — 1, by the continuous mapping theorem. This implies that

Oy 250, &y 25 1/v/1T = p2 and @3 25 —p/+/T — p?, whence

T (Bo) + @2 LM (o) + wsAR
1 p
M) -

1—p?

1 p
SV
T— p2 1 I—p2 2

AR+ 0p(1)

Ny



where A and N, are defined in Theorem A.2.
Under the fixed alternative, similar to the proof of Theorem A.1, we have lim,,_,, E [¢}] =

1. This concludes the proof. O

C Proofs of Technical Lemmas

C.1 Proof of Lemma A.1

The first result follows readily from Assumption 1. For the second result, note that

for any g € [G], we have

2
()" = (ZH ) <cy m,<c

i€l i€ly

In addition, by an abuse of notation, for any ¢ € [n] and g € [G], we denote Méf/) as

the 7-th column of My, and M&?[g] € R™ is vector that collects all elements in the

n-dimensional vector Méf,) that belong to the g-th cluster. Then, we have

4
1), T 17
BV: —E ( > ] v[g])

9€[G]

OREVIONRS: (i) (i),T
<C ( > (Mg M)+ X (Mg M) (MWMMWW))
9€[G] 9,h€[G]2,h#g

&

by the first result and the fact that

(@), @ N _ @, T @)
z{é} (MW[Q]MW[g]> My My = My,; < C.
g€

It follows that

2
]E(V[ [9]) = (Z ) gC’ZEVfgSC

icly icly
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Using the same argument, we also have
T 2
E (e[g]e[g}) < C,

and the desired result follows. Finally, for the last result, by Assumption 1, we have

4 = Op(1/+/n) and 4y = Op(1/y/n), and thus

2 A2
ma Wiy, < maxm, o _max  [Weg | [5ell3 = or (D)
max [Wiyrgo [, < maxng x _max Wy I} x 47 = op(1).

C.2 Proof of Lemma A.2

For the first part of Lemma A.2, the results for P are standard for projection matrix,

so we focus on the results for (). We have

1Qll,, = ||Mw (P - P) L, =00,

< 1Mo,

and

1Qll = \/trace(My (P — P)Myy(P — P)Myw) < C||P - P| = O(VE).
In addition, we note that
Q = Py P+ PPy — P,

where Py is the block diagonal matrix corresponding to Py and P is a block di-
agonal matrix such that the g-th block on its diagonal is Zle Pw. 1901 Pihn) Pwh.g]
(corresponding to the block diagonals of Py PPy). By Assumption 1, we have

max Py < max IWiglly X Amax (WTW)71) = 0(1),

1<i<n €ly,9€[G]

and thus

< =
gréz[a,G}% Amax (PW 9, g}) mz[g% ng X lrgaél Py = o(1),

17



which implies that Apax (PW> = o(1). It follows that

< Hﬁwﬁ +] PPy| +|P
op op op op
P Py, P
p X Z W Lg.5]) Fh,n) P hg)

op

=C 1900 %6 HPWv[g’h]PW’[h’g] Hop +o(1)

C;réaé% HPW[gg]H +0o(1)

=o(1).

For the second part of Lemma A.2, we shall use an argument similar to Chao,
Swanson, Hausman, Newey, and Woutersen (2012). A closer inspection of their proof
suggests that, all the equalities in the proof of their Lemma B.2. remain unchanged
if we replace P;; with P, and keep the trace operator; note also that we have
trace ((P — P) ) = O(K) so that (i) of Lemma B.2. still holds. To obtain (iii) of
Lemma B.2. we establish results similar to their Lemma B.1.: for any subset Z, of

the set {g,h}%,_,, we have

trace (Z Py, Ping Plg.n P[hg]) < O trace (g Ping)
o) Is
<O Y trace (PyPog)
9,h€[G]?

= O(K),

and similarly for any subset Z3 of the set {g, h, k}gh, k—1, We have

trace (Z ]D[g7h]P[h,k]]D[k,h} P[h,g]) = O(K),

I3

trace (Z P[g,h]ﬂh,glp[g,k]P[k,gl) = O(K),

I3

and then it is easy to see that (iii) of Lemma B.2. holds. To obtain (ii) of Lemma

18



B.2. we define, as in their paper, the following random variables

Ay =3 (& PraPontm + &y PonPrunén + 5 Pon Prnén)

g<h<k
Ny =3 (&PhaPantn + &y Pon Posn)
g<h<k
.
As= > (&5PonPrnn)
g<h<k

where {&;}7, is a sequence of i.i.d. random variables with mean 0 and variance 1,
and independent of Z, W (note that &; are not only independent across clusters but
also within clusters), and then it is straightforward to verify that (ii) of Lemma B.2.
also holds. These results, together with a similar argument as in the proof of their
Lemma B.3., allow us to conclude that HIBIBTHF = O(VK). This concludes the proof.
O

C.3 Proof of Lemma A.3

We focus on the case when % = V and ¢ = é. We have

VTP Pe| < \/VTPwV x /T PPy Pé = 0p(1),

because

E (VTPWV) = trace (P ) < Amax(2y)trace (Py) < C,
E (éTPPWPé) = trace (F_’PWPQé) < Amax(6) Amax (P?)trace (Py) < C,

since d,, is fixed. The other two terms can be handled similarly. O

C.4 Proof of Lemma A.4

For the first result, we focus on the case when u =V and v = e. To show

2 2
z( 5 v[zﬁh,g}e[gl) _ z( 5 ff[z]ah,g]é[g]) —on(l), (C1)

ge (G] \he[G),htg ge (G] \he[G),htg

19



we note that

2
1 T
% ( 2 V[h]P[h,g}e[gl)
9elC) \nelGltg
2
1 - . ) A
=% ( 2. ([h}_W[h]'YV)TP[h,g]<€[g}_W[g]’Vé))
9elC) \nelGlitg

~ 2
_ 1 ( Z ( ) Vi Pingl€1g — (Wi o) P g€l )) _
K 9€[G] \h€[G) htg —V[;}P[h,g](w[gﬁé) + (W) " Pg (Wig¥e)
We have

2
“ ~ 2
= Z ( > Wiy P[hg1€g1) == > (W) Pygéi)

96 [G] \h€[G,h#g ge (G]
Cmaxge [G] HW[Q]”)/V 2
< 2> |Pogll
0 5
= Op(l),

by Lemma A.1, where we use the fact that W TP = 0,4, and
1 o2
EE Z[] HP[gvg}e[g]HQ Z trace(Pgg)) = O(1).
g€[G

Similarly, we have

2 ~ |12 2
- . maxye(q) | Wigde N
Z( 2 V[;}P[h,g](W[gwé)) < x| 2 PenVim
gE[G he[G),h#g g€[G] || hE[G),h#g 2
:Op(l),
since
’ 1
]E 2 2 PonVim|| =% E || Py Vi
QG[G] he[GLh7ég 2 g7h€[G]2,g7$h
C
S ? trace(P[g,h]P[h g])
9,h€[G]2,g#h
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= 0(1).

Finally, we have

—_

2
Z( > (W[hﬁv)Tﬁhm(W[gﬁe))
he|

QG[G] Gl,h#g

—_

2
((Wigd9) " Pyl (Wig%e) )
9€(G]
2

K
Y

MaX,e(q] HW[gﬁvHZ maxe(c) [ Wigde

> 2 Z trace(P[gy])
K oclC]

= 0p(1>.

Combining the above results with the triangle inequality, we have

1/2 2\ 1/2

2
1 1 ~ ~
> ( > V[Z]P[h,me[g]) > ( > VUT]P[h,me[g]) +op(1).
9€[G] \h€[G],h#g g€[G] \h€[G],h#g
In addition, we have
’ 1
- N - N 2 _
Z ( > V[h}P[h,gle[g]> == > E(VPugda) <CIP - Plfi/K =0(),
gG[G he[G,htg 9,h€[G]?,9#h
which implies
. 2
= ( > V[hlP[h,g}éM) = Op(1).
g€[G] \h€[G],h#g
Therefore, we have
1 ’ 1 ’
% Z( > V[Z]P[h,g}e[g]) — % Z( > Vuf]P[h,g}é[g])
g€[G] \h€[G],h#g g€[G] G,h#g
o\ 1/2 o\ 1/2
1 ~
T I 2]
V[h]P[h,g}e[gl) T\ K Z( > V[h}P[hy]e[g])
ge G] hE[G h#g g€[G] \h€[G],h#g
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1/2 o\ 1/2
1

2
1 S
N7 2 ( 2 V[/I]P[h,g}e[gl) +lx 2 ( > V[Z]P[h,g]e[g]) = op(1).

g€[G] \h€[G],h#g g€[G] \h€[G],h#g
Next, we show that
2 2
Z ( > V[;}P[h,glé[gl) - X E( > V[Z]P[h,glé[g]) = op(1). (C2)
gE[G] he[Gl,h#g QG[G] he[Gl,h#g

By Markov inequality, it suffices to show that the RHS of the following display is o(1)

2

2
1 ~ N
E i > ( > V[h]Phge[g]) > E( ) V[II]P[h,g}e[g])
9€lG] \he[G].h#g 9€lGl  \h€[GLh#g
1 ~ - -

=75V > VUT]P[h,g}e[glv[zI]P[k,g}@[g])

9,h.k€[GI? htg kg
<y Vi Pihglé “v Vi1 Pitgi €191 Vi) Pl €
S 2 > ( [A] [h,g}e[g]> T > [(n]* Th.9)Clg] VIR) * TReg]Clo] | -

9,h€[G)?,97#h 9,h,kE[G]3,g#h#k

(C.3)

For the first term on the RHS of (C.3), we have

1V( > (V[h]P[h,g]é[gl)Q)

9,h€[G)2,g#h

2
2 ~ 2
( Vi P[h,g}em) —E (V[h] P[hme[g]) )
9,h€[G)?,g#h

F
. 2
S vV ~ é,é
?]E ( trace (P[g h) (V[h]V[;T] -, ) Pih.g) (e[g]e[Tg] — )))
9,h€[G]2,g#h
. 2
v,V ~ T e
?E ( trace (P{g,h}Qh Pin g (e[gle[g} — )))
9,h€[G]?,g#h
. 2
?E ( trace ((V[h V[h] Qh ) P[h,g]Q?éP[g,h})) :
9,h€[G]2,97h
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In addition, we have

2
;QE ( > tmace (Ro (Vi Vo = 27") Pt (Gt = Qg)))

9,h€[G)2,97#h
¢ VAR vV . e 2
) K2 Z . (trace (P[g’h] (V[h}v[;] — ) Plhg) (e[g]e[Tg] — )))
9,h€[G)?,97#h
< ¢ P E "‘/ ‘N/T 9‘77‘7 2 P
S 2 Z trace | Hg,n) ( (W] Vin) — e ) o]
9,h€[G)?,97#h
X t P E o 5T _ Qé,é 2 P
race [h,g] e [g] e [g] p [g,h]
C
< e Z trace (P[g,h] P[h’g])
g,h€[G]?,g#h
C _
< ﬁtrace ((P — P)Q)

= o(1),

where the second inequality is by the trace Cauchy-Schwartz inequality (e.g., Magnus
and Neudecker (2019)). Similarly, we have

2
1 v,V o &6
ﬁE ( Z trace (P[g,h}QZ’VP[h,g] (6[916[;] — Qg’ )))

9,h€[G)?,g#h
2
1 V.,V <~ &6
= EE ( Z trace ((Z P[g,h}Qh P[hy}) (e[g}e[g] — Qg’ )))
9€[G] h#g
2
1 v,V <~ &6
— e Z E (trace ((Z P[gﬁ]ﬂh’ P[}hg]) (e[g]e[g] - Qg’ )))
9€[G] h#g

N

2

1 /A% = =T &\ 2

e Z trace (Z Py, P[h,g]) trace <IE (e[g]e[g] — Qg’ ) )
9€[G] h#g

C’ -~

< 2 Z trace (Z P[g7h]Qi‘z/7VP[hvg})
9€[) htg

C

= Y. trace (PyuPug)

9,h€[G]?,g#h

= o(1),
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where the first inequality is by the trace Cauchy-Schwartz inequality, and, following

the same argument,

2

1 7T A% é,é

ﬁE ( Z trace ((‘/[h]‘/[m — Qh ) P[h,g]Qg’ P[g,h])) = 0(1)
9,h€[G]?,g#h

Combining these bounds with (C.3), we have

;2\/( 2 (%P[h,glé[g}f) =o(1). (C.4)

9,h€[G)?,g#h

Now consider the second term on the RHS of (C.3). We have

1 ~ - _
ﬁV ( Z V[;} Pin.g1€1g) V[II}P[hg]e[g])
9,h.k€[G]3,g#h£k

2
1 T ~ 17T ~
= 72k ( > V[h]P[h,gle[ng}P[k,gle[g})
9. k€GP g ht T

2

C ~ T ~ T &, ¥

< ﬁE ( > Vi Fin.g) (6[916[9} -0y ) i [9:@‘/[’“1)
g,h,k€[G)3,g#£h#£k

2

C 7T é,e 7

+ 73k ( > VinPrgQ P[g,kﬂ/[kl) :
9,h.k€[G]3,g#h#k

where

2

1 5T 5 T &é y

o ( > Vin Pin.gl (e[g]e[g] —Qy ) B [g,k]V[k])
9.1 k€G] ,g#£h#k

c 5T 5 ST & o \?
S 2 > E (V[h]P Ih.g] (e[g]e[g} —Qy ) B [g,k]V[k])
g,h,kE€[G)3,9£h#£k

C
< 2 > trace <P[97h]P[hyg])
9,h€[G?,g#h

= o(1),
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and

2
1 7T €,e (7
o ( > ViuPra® P[g,kﬂ/m)
g.hkelGI. gt

2
1 T €,e W,
KQ]E( > Vi ( > PnaQy P[g,k}) V[k])
h.ke

(G2, h#k g#h#k
C 2
<% > E (VUI] ( 2. P[h,g}Q?éP[g,k]) Vm)
h,k€[C)2,hk gEhtk
C _ _ _ _
<5 Y tace (((P - PP - P)),  ((P— P)0u(P - P))W)
hk€[G]2,h#k

C —
ﬁtrace ((P — P)Qe(P — P)(P — P)Qs(P — P))

=o(1).
This implies that
KQV ( Z ﬁigp[hvg}é[g]ﬁl—cr}f)[hg]é[g]) = 0(1)- (0-5)
9,h.kE[G]3,g#h#k

Combining (C.3)—(C.5), we have established (C.2), which further implies the desired
result that

2 2
T 5T <
Z ( > Vmp[h,g}e[g]) == 2L E ( > VmP[h,gW[g]) +op(1).
gE[G] €[G],h#g 96 (€] €[G],htg
Note that, by Lemma A.2 and the fact that W' Q = 0, we can show
2 2
e Z ( > V[Z]Q[h,g]e[g]) = 2 E( > W%Q{h,mé[g]) +op(1)
QG[G] he[G],htg gE[G €[G],h#g

in the same manner by replacing P by Q).
Next, we note that
1

K, (VisPnaew) (Via Posnen)
9.hEG g#h
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=[ =

Vin Pngft) — WiAv) " Pagftg) — Vi Ping (Wi 3e) +

(Winis) " Prug(Wige)

9,h€[G]?,g#h
(1) (2 (3)
Ugh Ugh Ugh

| Vig Pgmém — Wigde) " Pyniém — Vig Pl (Wine) +

1) (2) ®3)
Uhg Uhg Uhg

and by using a similar argument as in the proof for (C.1), we have

1 me_ 1 (1),2

o2 Unt=g 3 Uy =0,
9,h€[G]?,97#h 9,h€[G]?,g7#h

1 @2 _ 1 2),2

72 Un =g 3 Uy =oe(l),
9,h€[G]2,97#h 9,h€[G]2,97#h

1 @2 _ 1 (3),2

KU Tk 3 D =orl)
9,h€[G]?,g#h 9,h€[G]?,g#h

1 @z _ 1 (4),2

K, Ut=g X Ugt=er)
9,h€[G]?,97#h 9,h€[G]?,g7#h

Then by repeatedly applying Cauchy-Schwarz inequality, we have

1 i 1
(k= o) (k3

9,h€[G)2,97#h 9:h€[G]2,g#h

1 (s2)
> Ui

9,:h€[G]2,g#h

for sy # 1 or s3 # 1, whence

1
= > (ViiBuaew) (VigPonen)
9,h€[G]?,g#h
1 -
== > (V[Z]P[hge[QO(V[g]P[gh]e })+0P(1)-
9. helGT2 g#h

Next, we note that

V(;{ > (VigPuaée) (‘ﬁg]ﬂg,h]éw))

g:h€[G]2,g#h

[(1'2]}3( > (VimPuga) (Vi Poném)

9,h€[G]2,g7#h
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2
- Y E(ViiPagfa) (‘Eﬁgméw))

9,h€[G]?,g#h

N

3a
&

2
( > race (Ploy (Vi = 94) P (71075 - ng)))
9,h€[G)?,g#h

+
=

s

2
( Z trace (P[gﬁ]Qi’VP[h,g} (é[g]f/[;i B Q§V)>)
9,h€[G]?.g#h

&=

_l’_
elis

2
( Z trace ((é[h] VUT] — QZV) P[h,g]Q?VP[gﬁ]))
9,h€[G]?,g7h

I
)
—~
—_
~—

where the last equality holds because

2

1 JUR EAY ~ T &V

ﬁE ( > trace (P[g,h] (e[h]‘/[};l,—} - th) Pl g) (e[g]‘/[; - Qg’v)>)
9,h€[G]?,g#h

<t 3 B(umce (P (e - 9) o (e¥ig - 57))’
9,h€[G]2,g#h
< fo S trace (BB (eVil — 957) (Viegy — ) Pig)
9,h€[G]2,g#h ) i o
X trace (P[h,Q]E (é[gl ‘7[;] - Q?V) (V[g] é[;] - Q;/ﬁ) P[gvh])
< I(;Q > trace (P Phg)
9,h€[G]?,g#h

and

2
1 &V R &V
5 E ( > trace (P[gﬁ]Qh’VP[h@] (6[9]‘/& B Qgﬁv)))

9,h€[G]2,g#h
2
1 &V - T &V
= ﬁE ( Z trace ((Z P[g,h]Qh P[h,g]) (e[g]V[g] — Qg’ )))
g€[G] h#g
2
1 ev ~ T &,V
- K2 Z E (trace ((Z Prg w2y P[hvg]) (e[glv[; - Qg’v>))
g€[G] h#g

27



K2 > trace ((Z P[g,h]Qi’VP[h,g]) (Z Py “ P Uag]))

9€[C] hig kg
X trace (IE (e[g]V[g] in) (V[ }6[9] - QV e))

C &v é
S K2 ) trace (P[g,h]Qh’ P[h,Q]P[g,k]Qk’ P[k,g]>
9, k€E[G]? h#g,k#g
¢ eV AV.E 1/2
S 12 > (trace (P Pom %" 2 Pagi P
9, k€E[G]? h#g,k#g
EPNAY 1/2
X (trace (P[h,g]P[g,k]Qk 2 P[kvg}P[gvh]»
C
DI Gy
9, k€[G]? h#g,k#g
C
<gm 2, trace (P Pona))

g,h€[G]2,g#h
= o(1),

and, following the same argument,

2

1 ~ T &V ERY,

K2E( > trace ((em Vi — 2 )P[h,g@g’vp[g,h])) = o(1).
9,h€[G]?,g#h

This implies that

1
7 (Vmp[h g€ g]) (V Flg.n) e[h])
9,h€[G]?,g#h
1 - ) )
=% E (Vi Proiets)) (Vig Promem) +or(1).
9,h€[G]?,9#h

Note also that we can replace P by @, as in the proof for (C.1) and (C.2), and this
concludes the proof for the first result.

For the second result, we focus on the case when @ = V and & = é. Recall that

Q = My (P — PYMy = P — P+ PywP + PPy — Py PPy,
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which implies that

Qihg = Png + PwingPlgg + PnnPwing — Y PwinmPrsPwirg, 97 h-

ke[G]

Therefore, we have

1 . N2

e E (VinQungiis))

9,h€[G]?,9#h
2
1 ~ -
e E (v[,f} (P[h,g} + Pwing Plo.gl + P Pwing = 2 PW,[h,HP[k,k}va,[k,g]) 6[91) )
9,h€[G]?,g#h kelG]

where

1 ~ T N2 C

E (V[h]PWJh’g] P[gﬁg]e[go < K >, trace (PW,[gah] PW%Q]) = o(1),

K o helap g ghe(GR gh

since d,, is fixed, and

1 ~ N2
e Z E (V[gT]P[M]PWJgﬁ]e[g]) =o(1)
9,h€[G)?,g#h

by the same argument as above, and

2
7 Z E( (A (Z Py n.k) P[kk]PW[kg]) H)
g#h

g,:h€[G]?, ke[G]

—_

- ) _
~ ) he%%g#h trace <(PWPPW>[9JL] (PWPPW>[h,g]>

< —trace (PWPPWPWPPW)

N
N

NQ

= o(1).

It follows that

2 2
- B 1 ~ B
e Z E( > V[Z]Q{h,mg]) =% X E( 2. V[Z}P[h,gmg]) +o(1).
g [

QE[G €[G],h#g €la] he[G,htg
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Similarly, we can show that

F 5 B haria) (75 nin)
9,h€[G)?,g

=% X E (VinQugia) (VigQuomén ) + o(1)-

9,h€[G]2,g#h

This concludes the proof.

C.5 Proof of Lemma A.5
We prove each result in turn. To begin with, we note that
(Z e ) +V( > V[g]P[g,h]é[h]) :
9€(G] 9,h€[G]2,g7#h
where
V(S filey, | =E(fTe) > AT > 0
> Migey | = ( e) Z 0 Z 0 ;
g€lG]
and

2
E( > VigPuné 1)
g,he

[G]2,97#h

= > E(%Hg,h]é[h])2+ > E(VigPoném) (Vi Phgél)

g,h€[G]2,g#h 9,h€[G]2,g7#h

1 ~ T - 2
=3 >, E [(V[h]P[h,g]@m) (V Plg.n e[hlﬂ

9,h€[G)?,g#h
2

1 ~ Ongxny, Py, €n)
=5 > E|{ey Wy ( o -

2 9,h€[G]2,97#h ( ) P[g,h] Ongxnh V[h]
> L Z trace (0"9X"h P[g’h} ) (Onhxng P[hag] )]

9,h€[G)2,9%#h P[g,h] Onanh P[h,g} Onthg

2
1
=5 Z trace {P[g,h} P [M]}
ghE[G} ,97h

— Z trace [ 9.9] — P[f]?g]}

gE[G’
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> = (1 - )‘max(P[g,Q])) trace [P[gyg}}

g€[G]

K.

Qlm Ql~

>
These two lower bounds imply the desired result that
¥ > (' + K)/C.

Next, we note that

z( S X Qs

QG[G] he[G],h#g

M| =

9€[G] \h€[G],h#g

M\'—

2
Z( Z ﬁ[IL]Q[hy]é[g])
)2

Z( Z ‘N/[;]Q[hvgJé[gl

9€[G] \he[G],h#g

g€[G] \h€[G],h#g ke[G) kg

2 ~ - ~ -
+t5 2 ( > Vuﬁ@{h,g}e[gl) ( > Hﬁ]Q[k,mem) : (C.6)
[
For the first term on the RHS of (C.6), we have

2 2

1 ~ N ~ -

Ei Z ( Z H[Th}Q[hyg]e[g}) - Z E( Z H&]Q[hag]e[gl) =0,
[

g€[G] \h€[G],h#g g€[G] he[Gl,h#g

and by Assumption 3

2

1 ~ -

v ) Z( Z H[Th]Q[hygle[y]>
[

g€[G] \h€[G],h#g

- (55 ()

9€[G]

< 22 > B (Me)
96 [G]

S 32 22 Z (H[g] )

g€[G]
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- Cmaxge[g] Hﬁ[g]HZ ﬁTﬁ
h (IITII + K)?
=o(1).

Therefore, we have
2 2
S Z ( > H%Q[h,glé[g}) 5 2 E( > H[Th]@[h,g]é[g]) +op(1). (C.7)
gE[G he[G],h#g gE[G he[G],h#g

For the second term on the RHS of (C.6), by Lemma A.4 and the fact that K/¥ =
O(1), we have

2 2
Z( > %Qw,glém) ZE( > %Qwém) +op(1). (C.8)

gE[G he[G],h#g gG[G he[G],h#g

For the last term on the RHS of (C.6), we have

Z( > 5Qugé )( > %ng}ém) =0,

ge[G] ke[G],k#g he[G],h#g
and
VS [ T Wew) | T WiQua
E k] < [k,9]€[g] [h]) < [h,g]€[g]
€[G] \k€[G]k#g he[G),h#g
2
1
= 5 Mg Vi Qi
ghG
o 2
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g,he[G
o 2
+2E( [E]QE’QQ[g,th]) :
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where

2
1 AT (s =T éé ¥
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g,he€
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<§2 > E(I (gey - jé)Q[gh]vh)

9,:h€[G]2,g#h

_ 2
g(?ma%éguﬂwﬂz 3 wa(Qmewm)

9,h€[G]?,g#h

=o(1),
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2
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s ( >, Qg Q[g,hle)
9,h€[G]2,9#h
1 N

= HE([I7%@Q - QV)

CH'I
S T e

(I + K)
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Therefore, we have

= Z ( > %Q[h,g}ém)( > f[?/;]Q[k,g]ém) =op(l).  (C.9)
[

96 [G] \he[G],h#g ke[G].k#g

Combining (C.6)—(C.9), we have the desired result that

2
= Z ( > X&Qm,g}é[gl)

2 101 \nelGlhrg
2 1 2
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2 2
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2
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33



Next, we note that

2 2
1 . - _
S Z( > X[Z]Q[h,me[g}) -2 ( > X[Z}Q[h,me[g])
|

9€[G] \he[G],h#g g€[G] \h€[G],h#g
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ge[G} he[Ghtg kE[G] kg

For the first term on the RHS of (C.10), we have

2
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gE[G’ he[Gl,h#g
2
2 1 S
< max |[Wig3:| x = Qlo.n Xn)
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2
e — 2
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9€[Gl 9€[G] he[G],h#g 2

by Lemma A.1. For the second term on the RHS of (C.10), we have

| i ) .
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Combining the two bounds above, we have the desired result that
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Next, we note that

2

1 T

3 Z ( Z X[h]Q[h,g}X[g})
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2
1 =T
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(M) (T Vig) + op(1)

where the second equality holds by using Vi, = f/[g] — Wighy and Lemma A.1, and

the last equality holds because

9€lG]
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C _ 2
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_ 2 ==
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This implies that
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For Ry, since K/¥ = O(1), by Lemma A.6, we have
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For Ry 3, we have
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where the second equality holds because
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= o(1),

and
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Combining the results above, we have
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For R3, we have

1 _ X
Ry=o > Tyl Vi Qually

g,h€[G]2,9#h

R3 1

1 =T T
+ 5 Z H[Q]H[gl V[h}Q[hy] V[g}
9,h€[G]?,97#h

R3 2

1 =T =T
s Y VgV Quuglly
9,h€[G]2,97#h

R3 3

=T ST
Z H[g] V[g] V[h}Q[h,gl V[g] .
9,h€[G]?,g#h

1
+ —

R34
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For Rj;, it has mean zero and

2
1 _ .
V (Rs,) = EZE( > H[E}H[mVUEQ[h,g]H[m)
g,he

(G gh
C 2
1
< 12 Z Z Q[h,g]H[Q}H[g]H[g]
he[G] || g€[Gl.g#h 9
2
C _ C o
<5 2|12 QuaTe Ty M| + 55 > | Qo T i
he[G] ||g9€(G] 9 he[G]
C 2
T
<55 2 | 2 Quallgly | +o(1)
he[G] ||g€[G] 9

where the last equality holds because

2

P

Z Q[h Q]H H[g]H[gl

helG] ||9€(G]
1
=5 2 (MyllyT)" (Z Q. h]th'J) My g M
9.9'€[G]? he[G)
1
Z H[Q]H H[g]
< 3 i
=o(1).
For Rj3 5, we have
1 _ - -
Rip=5 > TylyViQugVig +or(),
9,h€[G]?,g#h

where the first term has mean zero and

1 _ ~ -
N4 ( Z H[E]H[g] V[Z}Q[h,gl V[g})

9,:h€[G]2,g#h

2
22E<hz M Mg Vi Qi) V )
g,he

[G]2,97#h
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_ - N
Z E (H[E]H[g] V[Z]Q[fhg] V[g})

< 5%
2 9,:h€[G]2,g#h

< Cmaxgez[g] Hﬁ[g]Hz

=o(1).

> trace (Q[h,g]Q[g,h])

9,h€[G]?,g#h

By using the same argument, we also have R33 = op(1). For Rs4, we have

1 . -
Roa=5 > TgVigVuQmrg Vi +or(),
9,h€[G]?,97#h

where the first term has mean zero and

1

V( > TV Vi Qug Vi )

9,h€[G]2,97#h

A
{la

V( > L Qu [h])
g,he

[G]2,9#h

+
Sle!

v ( Z ﬁ[;](f/[glf/[;q - Q;/’V)Q[gvh]f/[h])

9,h€[G]2,g#h
— — ~\2
E (2@ - Q)V)
— ~ ~ ~ 2
> E (I VigVin Qg Vi)

g,h€[G)?,g#h

A
%\Q%\Q

+

_ 2
—TE O I
. C’l;;ﬂ N manez[:i] H [g}Hz Z trace (Q[hﬂ]Q[g,h])

9,h€[G]2,g7#h

=o(1).

Combining the results above, we have R3 = op(1). Therefore, by combining (C.12)

with the calculations about for terms R; to R3, we have

2
5 1 2 1 — o~ \2
S Z ( > X[Z]Q[h,g}X[gl) =5 > (Ogly)" + 5 > E (V)

gG[G] he[G],h#g g€[G] 9€[G]

2
+5 Z E( Z ﬁng[h,g}H[gl)

gG[G] he[G,h#g
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2
1 _ )
+5 L E ( > VUI]Q[h,g}V[gJ) +op(1).

9€[G] he[G],htg

Finally, we note that

1 Y all
S ( > X{Z]Q[h,g}X[gl) ( > X[k]Q[k,g}e[m)
kel

g€[G] \h€[G],h#g Gl k#g

1 . )
ZEZ< > X[Z]Q[hmﬂ[g])( > X[Z]Q[k,g}e[gl)

g€[G] \h€[G],h#g ke[G]k#g

Ry

1 . )
+5 2 ( > X[TAQ[h,g]V[g]) ( > X[Z]Q[k,gmg])- (C.13)
hel ke[

g€[G] Gl,hi#g Gl ,k#g

Rs

For R,, we have

Ry =

Z( Z X[Z]Q[h,glﬂ[g})( Z X[;]Q[k,g]é[g])—kop(l)

g€[G] \h€[G],h#g ke[Gk#g

> (M) (M)

9€[G]

M= M=

Raj

> (M) (VinQuaée)

g,h€[G]?,g#h

1
+ —

Ry

1 ~ =T
+5 Z (V[Z]Q[h,glﬂ[go (H[Z]e[go
9,h€[G)?,g#h

Ry3

( VUT]Q[h,g}Hm)( > VUI]Q[k,g}é[g]) +op(1).
hE[G],h;ﬁg ke[

G,k#g

1
ts 2

g€[G]

Ry

By using a similar argument as in the proof for R, we have Ry; = op(1). For Ry,
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it has mean zero and

2
V(Ryp) = ;E( ) > (Mg )(%Q[hvg}é[g]))
g,nhe

(G]2,9#h
C

< - > (1:[[;]1_[[9])2 E (V[}T]Q[h,g]é[g})z

9,h€[G]?,g#h

C maxge(qy Hﬁ[g] Hi
22

> trace (Q[h,g} Q[gvh])

9,h€[G]2,g#h

<
= o(1).

Therefore, we have Ry5 = op(1). Using the same argument, we also have R, 3 =
op(1). In addition, by using a similar argument as in the proof for Rs3, we have
Ry 4 = op(1), which implies Ry = op(1).

For Rs5, we have

1 - -
Rs =5 > ( > X[Z]Q[h,g]v[g}) ( > Xk]Q[k:g]@[g) +op(1)
g€[G] \h€[G],h#g ke[Glk#g
1 ST O =T
=5 2 (I Vi) (Mgpeta))
9€(G]
Rs 1
1 e
t= > (TVi) (Vi Quaés)
9,h€[G)?,g#h
Rs2
1 T Y =T ~
ts > (V[h}Q[h,g]V[g}) (H[g]e[g])
9,h€[G]?,g#h
Rs5 3
1 - ) g ~
ts 2 ( > V[Z]Q[h,gl‘/m) ( > V[/I]Q{k,g}e[m) +op(1).
g€[G] \h€[G],h#g €[G]k#g

Rs,4

For Rs 1, by using a similar argument as in the proof for R, we have

Biu =g 3 B(100) (T ) + 0r(1).

gE[G
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In addition, by using a similar argument as in the proof for R34, we have R5 2 = op(1)
and Rs3 = op(1). Lastly, by using a similar argument as in the proof for R, we

have

3574— > E( > %Q[h,glff[g])( > %Q[k,g]é[g])ﬂLOP(l)

96 [G] €[Gl,h#g ke[G)k#g

Combining the results with (C.13), we have

Z( > X@]Q[h,ng{g})( > X[Z]Q[k,gle[gl)

QE[G he[Gl,h#g ke[G],k#g
Ty
S Z E (T Vi) (M)
gE[G’
+ 3 Z E( Z ‘N/[;}Q[h,g]f/[g]) ( Z ‘N/[i—cr}Q[kvg]é[g}) +op(1).
96 [G] he[G)h#g ke[G.k#g
This concludes the proof. O

C.6 Proof of Lemma A.6
For the first result in Lemma A.6, we note that

Loy (X4 Quneim) (X Qunglflal)

9,h€[G]2,97#h

> (0 Qumem) (M Quaé)

g,:h€[G]?,g#h

M =

Rg

> (VigQuaém) (VinQuaé)

g:h€[G]?,g#h

+

R~

+2x ; > (ﬁ[;}Q[g,h]é[m) (X[Z]Q[h,g}é[g]) :

9,h€[G]?,g#h

Ry
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For Rg, it has mean zero and

2
1 - N /= i
V(Hg) = oE ( > (M Qunem) (HFL}Q[h,mem))

9,h€[G]2,g7#h

C ~ T - N2
<5 Y E(TGQuménTlyQugé)
>

9,h€[G?,g#h

C
< - Z trace (Q[g,h]Q[h,g})

9,he[GP,97h
=o(1),

whence Rg = op(1). For Ry, since K/¥ = O(1), by an application of Lemma A.4, we
have
1

Ry = ) Z K (V[;]Q[gvhlé[h]) (V[/I]Q[h,g]é[go + op(1).
9,he[G]?,97#h

For Rg, we have

2
1 o
V<RS>=EQE( > (Qumen) (V[Z]Q[h,g]e[gl))
9,h€[GI?,g#h
C 2
r ~ ev ~
< 2215( > Ty Qu (Gm Vi — 2% )Q[h,m@[g])
o helGTg#h
C 2
s EAY <
+22E( > MyQum, Q[h,m%)
9,h€[G]?,g#h

= o(1),

where the last equality holds because

2
1 =T ~ 7T &v >
ﬁE ( Z 11 Qpg.n) (e[h]v[h} — )Q[h,g]%})
9,h€[G]2,9#h
C
< -
22
C
<53 > trace (Q[g,mQ[h,g])

9,:h€[G]?,g#h

~ ~ - 2
> B (T Qum (ém Vi — 8" Qugéin)
9,he(GP2,g7h
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= o(1),

and

2
1 = &v 5
ﬁE ( Z H[E]Q[g,h}ﬁh Q[h,g]e[g})

9,h€[G)2,g#h

2
1 . o ~
= 5 ( > (Z Q[g,h@hy@[h,g}) e[g})
)

gelG h#g

C > =
< 5 2 trace ((Z Q[gvthZ’VQ[h,g}) (Z Q[g,kJQkV’eQ[m))
9€(G] h#g kg
C o o _
< sstrace (Q - Q27 (Q - Q°2"(Q - Q)

= o(1).

It follows that Rg = op(1). Combining the results above, we have

1 T . T .
3 g € ,91€lg
[Z (X Qumem) (X Qg fiol)
9,h€[G]2,g7#h
1 vl ~ vl ~
=5 > E(ViQunem) (VinQuafm) +or(1).

9:h€[G]?,g#h
Next, we turn to the second result in Lemma A.6. We note that
1 X T
s X (XuQumen) (XinQuac)

g:h€[G]2,g#h
Yl ~ Y ~
(X[g@[g,h]@[h]) (X[h]Q[h,gle[QO

(X[;Q[g,h]w[h]%) (X[Z}Q[h’glw[gl%)

(X[E]Q[g,h] W[h]%) <X[;]Q[h,g]é[g]) )

where

1 - R ~ ~
= > (X 11 Qo Wi Vé) (X 1 Qi Wiy Vé)
9:h€[G]?,9#h
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- N2
< > (X 01 Qo Wiy %)

9,:h€[G]?,g#h

M =

1 3
X g,heg};ml!@[h,g]x[gﬂti

< ot

= op(1),

by Lemma A.1, and

1 ~ ~ nd ~
S > (X [;Q[g,h] W[h]’Yé) (X [E}Q[h,gle[g})
9,h€[G]? ,g#h

1/2
1 ~ N2
< (2 > (KaQuenWonie) )

9,h€[G)?,g#h

X

1/2
- N2
S (X[;]Q[h,gle[g]))

9,h€[G]2,9#h

Therefore, we have

. ) i
s Y (XyQumen) (XnQugew)
9,h€[G)2,9#h

(X Qunem) (X Quatt) + or(1)

M= M=

9,h€[G]?,9#h
S E(X]Qunén) (XhQungle) + op(1).
[91*¢[9,h] “[h] [h] ¢ [h.g]€[g] P
9,h€[G)?,g#h
Next, we turn to the third result in Lemma A.6. Note that

1 ) )
> (XQuaXm) (XiQug X))
9,:h€[G]?,g#h
1 ) )
=5 > (XuQuaVin) (XiQnaVia)
GhElG g#h
Ry
1 ) )
+v Y (XyQuam) (X Qnally)
9,h€[G)?,g#h
Rio
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+2x ; > (X Qunn) (X QuaVia)

9,:h€[G]?,g#h

R

By using the same argument as in the proof above, we have

1 - . . -
Ry== Y E(XuQunVin) (XnQuaVia) +or(l).

2 o helGP grth

For Ryg, we have
(M1 Quon i) (115 Qi Tl

(Vg QuaTn) (Vi Qung i)

Ri0,1

+2 X ; Z (ﬁ[;]Q[g,h]H[hO (V[;}Q[h,gln[g]) :

9,h€[G]?,g#h

Rio,2

Note that

1 . .
V(Rm,l):ZgE( > (Vi Qualln) (V[Z]Q[h,g}ﬂ[g]))

9,h€[G)2,g#h
C

< T2 Z E ((f/[;]qQ[g,h}H[hO (V[;T]Q[h,g]n[g})f

g,h€[G]2,g#h
C

< = > trace (Q[h,g] Q[gﬁ])

g,h€[G]2,g#h
= O(1>’

and

2
V (Rio,2) g]Q[g,mHm) (%Qw,g}ﬂ[gl))

2

(9 helG g#h
Z
helG

f
<<
=

=3l
Y Qug gy Qugn M
Gl.g#h

g€| 2
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2

Z Q[h,gln[Q]H[Tg} Q[g,h]

9€[Gl,g#h

<5y

he[G]

F

<5z Y Y tace (Qura i T Q1o 1 Qi iy Tl Qpyr 1)

he[G] g,9'€[G12,9,9'#h

C ~ ~ 2
<s 2 > (MQuaQuely)

he[G] g,9'€[G12,9,9'#h

2
>0y (0QumQue )

helG] 9,9'€[G)?,9,9' #h
C
E— trace (ng]Q[th}) trace (Q[hg/]Q[Q,,h])
helG] g,9'€(G)?,9,9' #h

=o(1).

C
7

Therefore, we have

1 - ~
Ry = 5 Z (H[Tg]Q[g,h]H[h}) (H[Th]@[h,g]n[g]) +op(1).

g,:h€[G]2,g#h

For R;i, we have
(X[;Q[gvh]n[h}) (X[EQ[h,g}V[g]) +op(1)

(115 Qg iay) (115 Q1n.1 Vi)

9,h€[G]?,g#h
Ri11
1 =T i -
t5 (M Qi) (Vi Qin1 Vi)
9,h€[G]?,g#h
Ry1,2
1 =T =T -
s > (VigQuatln) (M Qg Vi)
9,h€[G]2,97#h
Ri13
1 .
+ts X (Vi Qo) (Vi Qo Vi) -
9,h€[G)?,g#h
Ri1,4

By using a similar argument as in the proof for Ry and Ry 2, we have Ry11 = op(1)
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and Ry12 = op(1). For Ryy 3, we have

2
1 N . i
V(Big) = 55E ( > (VigQumlln) (H[h]Q[h,g}V[g]))
9,h€[G]?,g#h
O 2
S| 2 QuallnllyQng
9€(C] || nelGThrg -
C ~ T -2
< =y > Y (ThQugQumn)
€[G] h, W €[G]2,h,h' £g
C 2
S > X (ThQugQuanim)
€G] bW E[G]2,h,h' £g
C
< 5 > Y trace (QuaQng) trace (Qum Qg
€[G] h, W €[G]2,h,h' £g
= 0(1>’
and thus
1 N . .
Rug=g > E (Vi Quoi ) (T30 Qun Vi) + 0p(1)-
g,h€[G)2,97#h
For Ry 4, we have
1 B .
V(Ria) <V (2 > VinQuaQy ’VQ[g,hlﬂ[h})
9,h€[G)?,g#h
1 B L o
+V (2 > VinQua(VigVig — QX’V)Q[g,h}Hm) :
9,h€[G]2,9#h

where

1 _ o
V(E > %Q[h,gl%v’v@[g,mﬂ[h])

g,h€[G]2,9#h

2
(Z Vi ( > QugQy ’VQ{g,h}) H[h])
[

he[G] 9€[Gl.g#h
< CII'II
~(IITI + K)?
=o(1),
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and

1 -~
v (2 > VinQua(VigVig — Z’V)Q[g,hlﬂm)

9,h€[G)?,g#h

2
EQE ( > VinQua (Vg Vg — QX’V)Q[g,mHm)
9,h€[G]?,g7#h
C

~ ~ ~ 2
< > E(ViaQugViaVigQua )
S
9,h€[G]2,g#h

Y. trace (Q[hy]@[gﬁ])
9,h€[G]?,97h
=o(1).

C
S 5e

It follows that Ry; 4 = op(1), whence

X ) ) )
Ru=g > E(VgQuuln) (T5QnaVia) +or(1).

g,:h€[G]2,g#h

Combining the results above, we have

1g,hdc%g¢h (X0QunXim) (K71 Q Xin)
:;gm%;g#h (X0 QuoViny) (X QungiVia))
+ ;gﬁe%;g#h (11 Quon Ty ) (T Qg i)
+22:g,he[c%g¢hE< VigQuatn) (1)@ Via) + 0p(1).

Finally, for the last result of Lemma A.6, we note that

S (X0 Qi X)) (X Qngieis))
9,h€[G]?,97#h
= ; > (XQuaVin) (XpQugew)

g,h€[G]?,g#h

Ri2
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1 _ -
i Z (X[—gr]Q[g,h]H[h]) (X[;}Q[h,gle[g]) :
9,h€[G)?,g#h

Ri3

By using the same argument as in the proof for Ry, we have

1 < ) <7 ~
Ro=< Y E(XyQunVi) (XmQuatw) +or(1).
oG gh

In addition, by using the same argument as in the proof for R;;, we have

1 - - )
Riu=g > E(VgQuulm) (15,Qnaem) +or(1).
9,h€[G]?,g7h

It follows that

S (X QunXm) (X5Quge)

9,h€[G]2,97#h

Z E (X[;]Q[g,h] f/[h}) (X[E]Q[h,g}é[gl)
[G]?,9#h

g,he

> E(VigQumlm) (T Qugély) + or(1).
€GP gh

+

g;h

This concludes the proof. n

C.7 Proof of Lemma A.7

Throughout the proof we denote A= B — 3, and note that A= op(1) by assumption.
We divide the proof into four steps.

Step 1: Consistency of (. Note that 1/C < Auin(2/n) < Apin(2/n) < C by

Assumption 1, and thus it suffices to show that

1. 1
SO — 20 = op(1),
" op(1)

n

Let

Q= (245119) (Z@]é{m)T and Q=" (z3e1) (Z[E]e[g})T-
9€[q] g€[d]
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We aim to show that

1~ 1

- —--Q= 1 14
—0— -0 = op(1), (C.14)
1~ 1=+

—Q—--Q= 1 1

—0 = —0 = 0p(1) (C.15)
1. 1-

—Q—--Q= 1). 1

60— 0 = op(1) (C.16)

For (C.14), consider its (j, k)-th element for 1 < j, k < d,, given by

1 T ~ =T T =~ =T
n % [Z[g]vje[g}e[glz[glvk —E (Z[g]vje[gle[glz[glvk” 7
ge

where we use zjg; (2[g,x) to denote the j-th (k-th) column of zj,; note that it has

mean zero and

1 L .
Y ( > [emsfti s — E (Z[;},je[gle[g]z[g},kﬂ)

" gela)

Z E (Z[glj e[g]z[g] k)2

96 [G]
2

< nz Z Z[g ~lgl.i® [}kz[gl KE (e[g]e[y]>

9€[G]
Cmaxier, gejc] ||Zi,g||2 1 T
< - XD A7l
9€[G]
=o(1)

by Assumption 1, and the result follows since d, is fixed.
For (C.15), its (j, k)-th element can be written as

1 T T T 5 5T
n > (Z[gwe[gle[g]z[gw - Z[g},je[gle[g]'z[glyk)
9€[G]
1 . .
=- 2 (21515 WiaFe) (296 WigrFe)
9€ld]
1 T AN T s
= 2 (21 Wiie) (21 48101)
gE[G}
- Z Z[g]kW[gWe)(z[g]g Clg))-
" gela)
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1 AN T
~ 2 (31 Wia¥e) (g Wil Be)
g€ld]
1 R 1
< n > (2g7.;Wig19e)? > (26,6 Wig19e)
9€[G] 9€[G]
< m‘i’lXHVV[QWé X Z Z[] . ) Z[T] k*lglk
9€ld] 2 (r gl n ot ghk ==
5 |12 (1 T (1 T
< maGXHW[g]% IR Z ZigZig | Vi X Uk | = Z ZigZig | Uk
o<l " et gelc " et gelc
= op(1)

by Assumption 1 and Lemma A.1, where we use v; (v;) to denote the d.-dimensional

unit vector with j-th (k-th) element one and other elements zero; we also have

1 A ~
~ 2 (25, Wig3e) (210, 46191)
g€[G]
S r%?g’ﬁHW[gl% Z Z1g1,3%o Z 2114101 E 5] Zlo)
gE[G]
= OP(l),

and by using the same argument,

L > (g Wigte) (215,5€10))

" gela)

== Op(l).

For (C.16), its (j, k)-th element can be written as

1 T 2 T T T
— > (Z[gwe[gle[g]'z[gw - Z[g},je[gle[glz[glyk)

" gelc)
AQ
= — 2 (3195X1a) (21516 X(5)
g€(G]
A T T
= — 2 G X)) (21g.6¢09)
9€[q]
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A
T Z (Z[—g},kX[g])(z[—;],je[g})a

g€[G]

and note that

I
LY (X (aXi) < J D 2101571615 X 1 Xlg) X \ln D 2 120 kX (g Xl
g

" el " gelay e

= OP<1)7

since max e E (X [;X [g]) = O(1) by Lemma A.1; the other two terms can be handled

similarly.

Step 2: Consistency of 0. By Assumption 2, we have

1 1 1 1
— 2" X =2+ —2"V=—2"T+o0p(1), (C.17)
Tn Tn Tn Tn
and note that
1 . 1 | N
—A,=—A,+—(A,— A,
N A= At 1l )
1 1 ~ 1
= —An+ (—A) P(APAAT? — 1) (— A
A An An
1
= )\—An+0p(1), (C.18)

where A, = A\nax(A4,). In addition, we have

1

< C.
(LG A) A A (L= = ©
Therefore, we have
b XTAAQATY  EXTEANGOEA)N ) 0
T AT G (AN GG AT

by Step 1.
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Step 3: Consistency of 3. Define
_ N N2 N — N2
L=E(M(Q-Qe) +E(V(Q-Q)%),

and recall

S=E(i'e) +E(V (P~ P)e) =E(I7Q¢) +E(VT (P~ P)e) .

Using the notation || X||p, = (E (X2))*%, we have

5oz _|[iee,, - [TT@- @, | |77 - P, - [TT@-ax],,
‘ Y ‘ - Y * by
2| Qe e, + [T Qe ) |[VTe - PR, - V@ - @,
< : > : = | + ’ 5 ’
2 HﬁTQé P2 HﬁTQé P2 T HﬁTQé ;2 HVT(P - P)e ‘;2 B HVT(Q - Qe ]121>,2
= IIT1I * K
=o(1),
where the first inequality is by triangular inequality, the second inequality is by
Cauchy-Schwarz inequality, the third inequality is by Lemma A.5, and the last equal-
ity holds because
E(I'Q¢) <C HQH2p 71T = o(I1' 1)
by Lemma A.2, and
fl(E (VT(Q B Q)é)Q [1( he{; #hE [(V[;H@[g,méwf + (%Q[g,hlé[hl) (%Q[h,glé[g})]
9, 9
= [1( he%; #E [(‘%J]P[g,h}é[ }) + (Vg Pgmém) (%P{h,g}émﬂ +o(1)
9, g
;{1&1 (VI(P-P)e ) +o(1)
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by Lemma A.4. Therefore, we have

M|
1
—

In addition, note that we can write

) -

S T - T - oT ~
=) E ( Y XuQmaly (X[g]Q[g,h}e[hl) (X[mQ[h,gMg})
9€[G] he[G],h#g 9,h€[G]2,g#h
as in Chao et al. (2012), and thus
2 2
) - Z E ( Z X[;]Q[haglé[go
[

1
Z_J E( Z X[h]the[g]
9€[G] \he[G],hg 9€[G] he[G),h+g
Rya
+1( S gneiczgzn (X Qo néin )(X[ZN]Q[h,glé[gl) )
by 2g.helGP2, ;ﬁhE(X[g Q[gh]eh]) (X[;}Q[h,g]é )
Ris
1 2 2
i Z X[hQ[hg]6 ) - Z( Z X[;]Q[hvg]é[g])
gE[G €[G,h#g g€[G] \h€[G],h#g
Ri6
+}( Soneiar.gen (X Quaén) (X[}}Q[hvgle ) )
N\~ Xghelagth (X (91 @91 Eln] ) (X [Z]Q[h,g}é[m)

Ri7

Note also that, by Lemmas A.5 and A.6, we have Ryy = op(1) and Ry5 = op(1)

For Rig, we have

2
( Z X[E]Q[hvg}e[m)
]

he[G],htg

2
R16:§ Z ( Z X[;]Q[haglé[g]) -
he[G],h#£g ge|G

2
- }
Z X[h}Q[hy]e[g})

2
) 9€(d] (hG[GLh#g

( Z X[Z]Q[hg]e[g]

he[G),h+g
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For Ry6,1, we have

4 2
A2 i
R =5 2. ( > X[Z}Q[h,ng[g})
oclC] \helGlhrtg
2A . .
5 2| 2 Xp@raXy Y XpQugca |-
0clC) \he[Gl g kelGlktg

By Lemma A.5, we have

M\\

2
Z( > X[Z]Q[th[g}) = Op(1),
]

he[G),h#g

_ 2 CO'I
> (M) < s =00,

_ 2 Cl:[Tl:[
E (M Vi) < —=— = 0(1),

&=

( Z V[hQ[hg]H)

g€lG] he[G),h#g

1
irs( ¥ v[h@[hg]v)
g€[G]

he[G),h#g

M‘\ Q

trace (Q[g,h]Q[h,g}) = O(l)

9, hE[G g7h

By the same lemma, we also have

M|~

g€[G] \h€[G],h#g ke(Gl k#g

Z( > X[Z]Q[th[g])( > Xﬁ;;]Q[k,g}em):Op(l),
[

since

& 5 () (M) <
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and

9€(G] helG],h#g ke[G].k#g

1 ) o g ~
ZE< > V[II}Q[h,g]V[g]>( > V[LGQ[k,gW[g])l

<

M b

> trace (QuuQng) = O(1).

9,h€[G]?,g#h

It follows that Ris; = op(l), and since Rig2 = op(l) by Lemma A.5, we have
R16 = Op(l).

For Ry7, we have

Ri7 = i ( g he[GI g#h (X[;]Q[g,h]é[h}) (X[;]Q[h,g}éw]) )
N\ Xgnelcpgrh (X[;Q[g,hle[m) (X[Z}Q[h,gle[g})

Ri7.1

( 2 g helGI gh (X[;}Q[gﬁ]e[h]) (X[}}Q[h,g]e[g]) )
— Yynecrgrn (XgQuomén) (X Qungl

1
)

Ry7.2

For Ry7,, we have

Ri71 = (X[;]Q[g,h}x[h]) (X[Z]Q[hyng[g})

9,h€[G)?,g7h

> (X QuaXm) (XpQuaew) -
(G g1

Az
b}
2A
Z g,he
By Lemma A.6, we have
> (XmQumXm) (XiQua X)) = Or(1),

9,h€[G]2,g#h

M| =

since

> E (X [E]Q[g,h] ‘N/[h}) (X [Z]Q[h,g} ‘7[g]>
g,h€[G]2,g#£h

> trace (QugQin) = O(1),

9,h€[G]2,g#h

M| —

= = 0(1),

> (T Qum) (T Qugllyy)
(G2 g#h

M| —

g,he
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1 2 ]E(%Q[g’hln[hl) (ﬁ[Th]Q[h,glv[g]) =5

2 g,h€[G]2,g#h

By the same lemma, we also have

> (XgQuaXm) (XiQuacw) = Or(1),

g,h€[G]?,g#h

M| —

M Q

> trace (QpgQpn) = O(1),
0.he[GP2 g#h
1
Lonn o(1).
5

<

1 E (X'[;]Q[g,h] ‘7[h}) (X[;]Q[hﬁg}é[gl)

1 E (‘N/[gT]Q[g,h]H[h]) (fI[E}Q[h,gﬁg])

It follows that Ri7; = op(l), and since Ry72 = op(l) by Lemma A.6, we have

Ri7 = op(1). Combining the results above, we have

-5
=== =op(l),

by

and the desired result follows from ¥/ — 1.

Step 4: Consistency of Y. We have

T-7T 1 T N2 T N2
— zsz< > (e[g1p[g,m€[h1) - > E(e[mp[g,h}@[h]))
9,h€[G]?,g#h 9,h€[G?,g#h

Rig
x| 8 (hPaen) - X (@ Ponin)’
T L lgn1€n) €1g1Flg.n€lh)
9,h€[G]2,g7#h 9,h€[G]2,g#h
Rig
F2x o (5yPoném) = 5 (efyPonem)’
T 1 lg.h1€ln) e Pomemn) |
9,h€[G]2,g#h g:h€[G]2,g#h
Rag
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and note that

T=V ( > é[f]]P[g,mé{h])

9,h€[G)?,g#h

2
:]E( 3 é[E]P[g,h]é[h])

9,h€[G]?,97#h

~T ~ 2

=2 ) E(G[Q]P[g,h}e[h])
9,h€[G]2,97#h

—9 Z trace {Q

9,h€[G)?,g#h

1
> o Z trace [-P[gfb] P[h,gﬂ
g,h€[G]2,g#h

’éf)[g,h]QZﬁP[hvg}]

€
g

> i 1
! (C.19)

By Lemma A.4, we have Ris = op(1) and Ri9 = op(1). For Ry, it can be written as

1 , ’ 4
Ro=x% > (((éta) = e10)) " Pro(émy — emm) + ey Py (€ — €in)
9,h€[G)?,g#h
2 2
+(élg) — e19)) " Plgnem + efy Ponen) — (el Pomen) )
, 1 T 2
= A4 X = Z (X[Q}P[g,h]X[h})
9,h€[G)?,g#h

R20,1

7 2 T 2
AT = Y (e[g]P [g»h]X[hl)
9,h€[G]?,g#h

Rao,2

’ 2 T 2
+ATx o Y (X[g] P[gvh]e[h])
9,h€[G]2,g#h

Rao,3

‘ 1
3 T T X
— 4 x A% x T > (X[g]P[g,h}X[h]) (%}P [g.1] [h])
9,h€[G)?,g#h

Ro0,4

‘ 1 T T
+2x A? x ¥ > (X[Q]P[g,mX[m) (e[g]P[g,hle[h})
9,h€[G)?,g#h

Ra20,5
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, 1
+2x A’ x = Y (e[;]P[g,h}X[h]) (X[;}P[g,hle[h})

T 9,h€[G)2,97#h
Rao,6
’ 1 T T
—4 X A X T > (e[g}P[g,h]X[h}) (e[g}P[g,hle[h]) :
9,h€[G]?,g#h
Rao,7

By using the same argument as in the proof of Lemma A.6, we can show that
RQO,i:OP(l)y izlu"w??

whence Ry = op(1). Combining the results above, we have

This concludes the proof. O

C.8 Proof of Lemma A.8

We first introduce some notation. Denote

Q=Y (Z[;}é[g]) (Zg]é[QJ)T’
g€[G]

where ¢ =Y — XBl, and denote A; = Bl — . In addition, denote

. —1 .

b= (XT(P-P)X) £(XT(P-P)X) ',

2
X= Z( ) X[Z]Q[h,g}é[gl) + Y (X Qumén) (XiQuaéil)
g,he

9€[G] \he[G],h#g (G]2,9#h

where é = Y_XBQ, and denote Ag = Bg—ﬁ. Finally, denote @w; = Cbé/z/ (@}/2 + ('15;/2)
and @y = @}/2/ (@}/2 + q')é/2)_
We divide the proof into four steps. In the first step, we show that if Assumptions

62



1-3 hold, then
b2 B, i=op(1), and (B 5)/$1" = Op(1).

In the second step, we show that if Assumptions 1 and 3 hold and ITTII/ VK — o0,

we have
(By — BPI'I/VK = 0p(1) and &I II/VEK = op(1).

In the third step, we show that if Assumptions 1-3 hold and II'II/vK = O(1),
then

By—B=0p(1) and 1/8Y? =0p(1).
In the last step, we show that if Assumptions 1, 2’ and 3 hold, then
Bi—B=0p(1) and 1/$12=0p(1).

Consequently, if Assumptions 1-3 hold and IITTI/ VK — oo, by the results in
Steps 1 and 2, we have

A 172 2 )
(B = 6)QHTH/\/E < ((Dl/;}iq)l/g) x (B1— 5)2HTH/\/E
1 2

Y
1 A 2171
+ |- . x (By — BT /VE
(@}/2 +<1>§/2)

(Gi-)

<3 stQHTH/\/EHP(n:oP(U.

If Assumptions 1-3 hold and II"II/v/K = O(1), then by results in Steps 1 and 3,

we have

. ©1/2 2 A
(3= IVE < (q)fbw/) < (B = IVE
1 2

e

HL/2 2 R
+ (1) x (By — BT /VK
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— (B — B)? x Op(1) + @1 x Op(1) = 0p(1).

If Assumptions 1, 2" and 3 hold and HTH/\/E — 00, by results in Steps 2 and 4,

we have

1/2

@/) (B — BT VE

12 + ¢}

(8- p)I'/VE < (
(I>1/2 2 A
- ((191/2 N <I>1/2> x (B = /"I VE

(ﬁlq) B)’ ST /VK + op(1) = 0p(1).

Therefore, we have established the desired results. Next, we focus on proving

results in Steps 1-4.

Step 1: Assumptions 1-3 hold

We have
A XTzflnzTe
hr=b= XT2A,2TX’

y (C.17) and (C.18), we have

XT24,2TX  (EXT2)(EA)(ETX)
1
LA

= - e =1 1). 2
T 2A,2TII (%HTZ)(/\n n)(iZTH) +op(1) (C.20)
In addition, we have
XTzA,2Te B (= ~X Tz )(,\lnAn)(inZTe)
VITTZA QAT LTI 2) (R A,) (2Q) (E A,) (2T
B (iHTz)(ﬁAn)(%zTé) +op(1)
VGEITT2) (G5 A) () (£ A,) (52T
II72A,2"é + 0,(1)
p— O
VIITzA,QA,-T0 7

64



where the last equality holds because by Assumptions 1 and 2,

) (5,40) (39) (5,4 () 2 ((5,8:) (52) (5,4)) > ¢
- — ~0)(— - > A ([ — “Q) (— >
(Tnn z) ()\nAn> <n§z) ()\nAn> (Tnz 1) > A ((140) (52) (544)) > &
Combining the above results and recalling

b = (T 24,2 )" NI 24,04,z " TI(IT" 2zA,2 ' TI) 7,

we have
By—fB TTzA,27I XTzA,2Te
= = X = = = OP(l),
VP, XT2A4,2TX  VIITzA,QA,2TII
and
II72A4,QA4,2"11
= = —0(2) =), (C.21)
(ITTzA,zTII) r2

which further imply

By — B = 0p(\/®1) = 0p(1).

Given the consistency of Bl, we can apply Lemma A.7 to show that o, /@y L1,
which further implies that

(B~ B’

(i)l i) 0 and
dy

= 0p(1).

Step 2: Assumptions 1 and 3 hold, and HTH/\/E — 00
We have

. _ XT(P-P)e
b= p - Px

and
X" (P—=Ple=T"e+V(P—P)é+V PyPé+ V' PPyé—V'PyPPyé,

(C.22)
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where we use the fact that Py P = PPy = O,xn since Z = My, Z. For the third term
on the RHS of (C.22), as ¥ > C(II"'Il + K) by Lemma A.5, we have

VT PyPé=0p(1) = 0p(VE)
by Lemma A.3. Following the similar argument, we can show that
VI PPyé= oP(\/E) and V' Py PPyé = 0p(\/§).
Then, by (C.22), we have

X"(P—Ple=T"é+ VT (P~ P)é+op(VY). (C.23)

X (P—P)X =T (P~ P)II 421"V + V' My (P — P)MyV
=I"(P-P)Y1+ 21"V + V(P —P)V + 2V Py(P — P)V + V' Py (P — P)PyV
=TI (P-P)1+ 201"V 4+ V(P —P)V -2V Py PV — V' Py PPyV
=TI (P — P)II+ 21"V + V(P — P)V + 0p(VE)
—1I"(P — P)II + 0p(VZ), (C.24)

where the second last equality is by
VIPywPV =0p(VE) and V' PyPPyV = op(VE)
due to the same argument above, and the last equality holds because
V(ITV) =o' = o(%)
and

V(VI(P-P)V)<C|IP- P} <CK =O0(%).
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Combining (C.23) and (C.24), we have

XT(P—Ple MTe+ V(P - P)é+op(VE)

o= b = XT(P-P)X T (P — P)IT+ Op(VE)
In addition, we have
.
By — > oLy (C.25)

(wr(p - P)r)’ (I

because as 1711/ VK — 00, we have II"II — oo; this also implies that

XT(P—P)X (P - P)Jl+O0p(VE)

7 (P - P)lI 7 (P - P)lI

=1+ 0p(1). (C.26)

Therefore, we have

By — gl (ATe+VT(P = P)e) [V +op(1)
V& 1+0p (VE/|IT(P - P)I)

= Op(1),

where we use the fact that
and

This also implies

(Bo — BT /VEK = Op(®,I1T1/VK)
_ <HTH+K y HTH>
"Larny? T VK

= Op <\/1K + ﬁ) = op(1).

Given the consistency of Bg, we can apply Lemma A.7 to show that @, /P 251,
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which further implies that

I /VE = 0p(1).

Step 3: Assumptions 1 and 3 hold, and I1'II/v/ K is bounded
Note that II" (P — P)II/vK is bounded in this case. In addition, let

lyp= > E _<‘7[9T]P [g,h}v[h])Q + (Vg PlonVin)) (%TJP[h,g]V[g])] ,
9,h€[G)?,g#h
Too= Y E|(ViPunén) + (Vi Powén) (%P[h,g}é[gl)} :
9,h€[G]?,g#h _‘ i ) i i i i
A= Y E|(VigPoném) (VigPonVi) + (Vg Powén) (Vi PrgVia)]
9,:h€[G)?,g#h

then by Assumption 3.4 we have 1/C < FV’V/K < C,1/C < F‘775/K < C and
IAl/\/Ty Ty < C < 1. We shall argue along the subsequence where II" (P —

P)I/VK — v € ® and
vy A . I'i Tyo _T
A Ty, Loy Tao ’

where I' > 0 (in the matrix sense) by I'y, /K > 1/C > 0, I'y ;/K > 1/C > 0 and
A/K|/\/(Ty 0/ K)(Ty o/ K) < C < 1.
By Assumption 3, we have

T%V/T(P — P)V N 0\ (I T
VTP —P)e 0/ \Toy Ta/)’
which can be proved by following the same steps as in the proof of Lemma A.10.
In addition, by (C.24), we have

1 9
X' (P-DP)X=—I(P-DP)I+ —I'V
Y
1 -~ _ 2 _ 1 - _
+—V(P-P)V—-——V"'PyPV — —V Py PPy V
=V ) eV Pw e fwihw
WN(’77F11)7

68



where we use the facts that

2 - =~ 1 - .
\/KVTPWPV =0p (1/VK) = op(1), and \/FVTPWPPWV = Op (1/VE) = op(1).
This implies
! — 0p(1) (C.27)
LxT(p-pPx '
VK
Similarly, by (C.22), we have
! X' (P-P) L ey V(P - P)é
S C Ple— _
VK VK K
1 - _ R
+ WVTPWP(% + —KVTPPW(; — TVTPWPPWe
1 -~ _
= —KVT(P — P)é+op(1) = Op(1),

which further implies

 XT(P-Ple  EXT(P—P)
A, = - _— — 0p(1).
XT(P—P)X XT(P—P)X

—~

3

Next, we analyze ®,. Note that

2
1 . 1 ~ . 1 5 . 5 .
oK Z( 2 X[ZlQ[h,g}e[_A) T 2 (X5Quatm) (XQuats)
9,h€[G]2,9#h

g€[G] \h€[G],h#g
(C.28)

where é = Y — X3,. For the first term on the RHS of (C.28), we have

2
1 ST .
% ( > X[h]Q[h,gW[g])
9€(d]

he[Gl,h#g
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2
1 ~ N
K Z ( Z X[E}Q[h,gle[d)

g

€[G] \h€[G],h#g
Ro1
. 2 2
oT oT ~
+ Z( > X[h}Q[h,gmg]) —Z( > X[h]Q[h,gJe[gA)
g€[G] \R€[G],h#g g€[G] \h€[G],h#g
Ra2
. 2 2
NT . ~T
+ Z( > X[mQ[h,m@[g]) —Z( 2 X[h]Q[h,m@[g])
g€[G] \h€[G],h#g g€[G] \h€[G],h#g
Ra3

By the fact that II"TI/K = o(1), we have
1/C<¥/K <C

for some constant C' € (0,00), so that we can apply Lemma A.5 to obtain

2
1 ~ N
R = 7+ > E ( > X[Z]Q[h,g]e[g]) +op(1),

9€[G] he[G],htg

1

=

2
ZE( > %ng}é[gl) +op(1),
9€[G]

he[G,h#g

and Ry = op(1). For Ry3, we have

2
~ 1 -
R23=A§ X e Z < Z X[;}Q[h,g]X[g])
he|

9€[G] Gl,h#g
Ro31
N 1 ~ o
—2x Ay x 2 ) ( 2 Xﬁ]Q[h,g}X[gl) ( > X[k]Q[k,g}e[gl) :
9€[G] \he[G],h#g ke[Glk#g

Ra3 2

By Lemma A.5 and the fact that II"TI/K = o(1), we have

2
1 - N
Rasa = ZE( > Vﬁ@m,g}v{g}) +op(1).
he|[

g€[G] G,h#g
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1 ¥, ¥, - ~
Fas2 = > E( > V[;]Q[h,g]‘/[g]) ( > V[;]Q[k,g}@[g]) +op(1).

9€[G] €[G],h#g €[G]k#g

It follows that

2
= Z ( > X[ITz]Q[h,g]é[g})

ge[G he[Gl,h#g

2
57 Z E( Z %%Q[hvg}é[gl)

ge[G} he[G],h#g

2
A2 ~ ~
2 Z E ( Z VUT]Q[%Q]V[Q})

K geiér \nelGhnr
2A2

9€[G] he[G,h#g ke[G)k#g

since Ay = Op(1). For the second term on the RHS of (C.28), we have

1 - . 5 .
= > (X[E]Q[gyhle[h]) (X[;}Q[hvg]e[g})
gzhE[G]27g¢h
1 - B ~ -
DY (X1 Qumienn) (X Qungifss)

9,h€[G)?,g#h

Rag

L1 ( g helGI2.g#h (X[;]Q[g,h]ew) (X[}]Q[h,g]e[g]) )
K\ = Syneiopomm (X Qunen) (X5)Quraéa)
Ras
L1 ( g helGP2,gh (X[}]Q[g,h]é[m) (X[NZ]Q[h,g}ém) )
K\ =% neiapom (XgQumen) (XhQuacwm)

Ras

By Lemma A.6 and the fact that II"TI/K = o(1), we have

1 - B ~ -
Royy = I > E (V[gT]Q[gyhle[h}) (V[J]Q[hvg}e[g]) +or(l),

9,h€[G]?,g#h
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> E( > %Q[h,g%})( > %%mé[g}) +op(1),

(C.29)



and Ros = op(1). For Ryg, we have

~ 1 ~ >
Rys=A*x — Y (X[;]Q[g,h}X[h]) (X[E}Q[h,g]X[g})

9,h€[G)2,g#h
Ra6,1
N 1 T i
—2xAx— > (X[Q]Q[g,h]X[h]) (X[h}Q[hﬂ]e[g]) :
9,h€[G]2,97#h
Ra6,2

By Lemma A.6 and the fact that II"TI/K = o(1), we have

1 ~ ~ ~ ~
Rog1 = 4= E (X3 QuoiVin) (X QuugVig) + 0p(1)
9,h€[G)?,g#h
1 - - . -
== E (Vi QuiVin) (Vi Qi Viay) + 0p (1),
9,h€[G]2,g#h
and
1 v T ¥ T ~
Raso = 32 E (X3Qun Vi) (X Qi) + or(1)
0. helGP2. g#h
1 val ~ 74l ~
% E (Vig Qi Vi) (Vi Qungiéie)) + 0r(1)-
g,:h€[G]?,g#h
It follows that
1 o N(eTA s
> (X Quamem) (XiQuaéin)
9,h€[G]?,g#h
1 val ~ Al ~
-z > E (Vg Qumem) (Vi Quga)
9,h€[G]2,g#h
= & (V7@ Vi) (V7@
+ Z ( [g]Q[gyh] [h}) ( [h]Q[h,g} [g}>
g,:h€[G]2,g#h
2A2 T ¥ T ~
-4 2 E (Vi Qo Vin) (Vi Qi) + or(1), (C.30)
9,h€[G)?,g#h
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since Ay = Op(1). Combining (C.28)—(C.30), we obtain that

1. A2 ~ - \2 - . - -
Kzzg( > E(VilQua¥a) + X E(ViiQunVin) (%@[h,g}%))
9,h€[G]2,g#h 9,hE[G]?,g#h

1 =T - \2 5T . 5T .

+ = ( > E(VmQuafe) + Y E(VQuuim) (V[h]Q[h,m@[g]))
9,h€[G]2,g#h 9,h€[G]2,g7#h

2\,

7 > E(ViQugVia) (VinQugf)

9,h€[G]?,g#h

+ > E(VQuaVin) (VinQuata) | +or(1)
9 helGI? g#h

[1(1@ (V7@ -QV) (V7@ - Q) = £E (VT (P~ PYV) (VT (P = P)é) + o(1) = Tha + o(1).

Combining the above results, we have

1 . o ~
o ATy — 285115 + Ty + 0p(1). (C.31)

It follows that

X (P=P)P (G XT(P=PY)
(LXT(P - P)X)! (=XT(P— P)X)?

i (\/IFXT(; — Py o)

~ (i)m

73



where the second equality is by (C.27) and (C.31), and ®, is defined as

21y 1
’ 19+ ——=09
(v +7)° (ny v +7)?

i (2 :T11 = 209 £ (mg7 + VT2 + (Mg, +7)°T'as)

1—‘11 -

v

.
—TWe Iy The —NMve
Ny + Por Do) \np v+

(g7 +7)*

?

with

Note that

.
—1 s i T e ) S,
Ny +7 Por T'ao) \np v+

and the equality holds if and only if 5y ; = 0 and 7y +v = 0, which has probability
zero since 7y ; has a non-degenerate normal distribution and similarly for 7y . In
addition, the denominator of ®, is positive with probability one. Therefore, we have

®, > 0 with probability one, which implies that

1/05% = 0p(1).

Step 4: Assumptions 1, 2’ and 3 hold
By Assumptions 2.1 and 2'.2, we can argue along the subsequence where 2 "11//n —

T € R,
1 de[GlE(Z[;ﬁ[g]) (Z[;]é[g]): de[G]E(Z[E@g]) (=4 :[g}): N (Q QV) -0,
See@ E (75 Via) (Zgfia)  Soeiar B (2 Via1) (2 Vial) Qre ary
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and

LT (D) ()~ 287 20
€G]

in the matrix sense. In addition, note that since Assumption 1.5 holds, A4, /), has
eigenvalues bounded and bounded away from zero, where \,, = Apax(A;,). Therefore,
without loss of generality, we assume that A,,/\, — A for some non-random positive

definite matrix A with eigenvalues bounded and bounded away from zero (otherwise
we argue along a further subsequence).
By Assumption 2/, we have

() = (e o)
ﬁz 1% Q ’

which can be proved by following the same steps as in the proof of Lemma A.10 (see
also Hansen and Lee (2019) and Djogbenou, MacKinnon, and Nielsen (2019)). This

also implies that

Q
€ Q)

N ™
™
w ™

183 <
I3 <
<t

;EZTXWN( }ZV)

We have
AL XTeAeTe  (GXTHGEAEET)
1= = = ~
XTzA,2TX (ﬁXTZ)(iAn)(\/lﬁzTX)
and
1 1 » 1
7XT TAn i e :O 1
(X7 A (72279 = 0p (1)
We also have
1 < i
(EXTo) (AN (LTX) &

where &, is the first element of (A, /),)"/2(zT X/y/n), and note that &, ~ & where &

5



has a non-degenerate normal distribution. This implies that

LXTZ)(

1
(7w 3,

whence A, = Op(1).
Next, we analyze ®;. Note that

19::(%1_1Q)+(1Q_]fg4-(%x_19)+19
n n
Q

n n n n n n
1. 1= o
= (20— -0) + 9 4 op(1),
n n

as in the proof of Lemma A.7, where QO is just () with B = [3’1. We have

1o 15 s, 1
S0 - 0= A x - Y (o X)) (X 2)
g€lG]

Ri4

S|
— Ay x = Y (2 Xig)ep 2
9€[G]

Ris

= A1 x = 3 (21€00) (X(g)200) -

g€[G]

Ri6

By using the same argument as in the proof of Lemma A.7, we have

1 1
Rua=— > (21 i) (Mg 21g) + — D (29 Vi) (Vigi210)) + 0p(1)

" gelc) 9€lC)
1 1
= — > (g Tlig) (Mgp2g) + — 3 (34 Vi) (Vigg21g1) + 0p (1)
g€[G] ge|G]
1 1
=~ > (g Mg zig) + — 37 Blag Vig) (Vg 21a) + op(1)
4elC] gelc

= QM+ VY 4 0p(1),

and
1

Ris == > (2 Vig) (e 2g) + op(1)
" gela
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and

=
|

Y- (zger) (Vigaig) + op(1)

Q
o
Q

(21€191) (Vigy21g)) + 0p(1)

SI— 3= 3|
«Q
m
<

(]

E@[Z]é[g])(v[g]z[g]) +op(1)

We thus obtain

since Ay = Op(1).

Combining the above results, we have

>
3
B
?

b= (XA AN ) (XA AN Tx)

(ZXT2) (A (FTe) R BN .

= = —X 2)(=A,) 7 (A (—==
AR (GeXTG AR A (= x))

L (GEX )G, A R é)>4 < ((1xTz)<}An)QSV(}An>(1JX))
(FXT2)(GEA)(R=TX) " AV

_ ((\}EXTZ>(:\17{4“)(1HZT5))3 % ((1XTZ)(»«1AH>Q;~/€(~1A7L>(1ZTX>>
(FXT2)(GE A (RTX) o Anvm

L AGHOEANGETI) (gL agesr L doerx)
(FXT2)(GEA(GR=TX) o AV
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1
A 5 % | ( 2 \3
(X T2 A (7)) (Gt A,

An

+

and thus ®; ~ @, by the continuous mapping theorem, where

5 (o +m)7AG)’
((Gp +m)TAGy +m))°
(G +m)7AG)
((¢o +m)TAGy + )"
(G mTAG)
(g +m)TA(G +m))°
(( WFA@)

x ((Gy +m) "AQMA(Gy + 7))

x ((Cp +m) ALV A(Gy + 7))

x ((Gy +m)TAQVA(Gy + 7))

; {(<<v £ R)TAG) x (G + m)TAQTAG, + )
)TAQYV A(¢y + w))
TA(CV + 7T)> X ((C(/ + W)TAQZ’éA((V + 77))
TAWGy +m) x ((Gr +mTAQLTA(Gy + )
Co + 1) TAQTA(Co + W))}
( Gp+m TACe) ((CV + 1) TAQIA (G + ﬂ))
(G +m)TAy + )"
(- (¢ +m)T Ay +m)) (Al + w))) (Q Q)
(G +m)TAG) (A(Gy + 7)) ave i
— (G +mTAG +m)) (AGp + 7T)))
<(<\7 + W)TACé) (A(Cy + ™))
((Go +m)TAGy +m)*

G\ a o (2 2
= O ~ ~ .
o) (oot 4]

J\rv
+
3

)
— \./\./

with



Finally, we note that
2
(o +m)7AG)" x ((Gp +m)TAQMA(G + 7)) > 0,
and

(— (G +m)TAGy + 7)) (AG + w>>) "z Qi’V)
(o +m)TAG) (A(Gp + ) ve b
y (— (G +m A +m) (A + w)))
(o +m)TAG) (A(Gp + )

and the equalities hold if and only if

((¢r +m)TA(Gy +m)) (A(Gy +m)) =0,
(o +m)TAG) (A(Gy + 7)) =0.

Given that A is positive definite, the above two equalities hold if and only if (g +7 = 0,
which has probability zero since (;; has a non-degenerate normal distribution. In

addition, the denominator of ®; is positive with probability one, which implies
1/91% = 0p(1).

This concludes the proof. n

C.9 Proof of Lemma A.9

By Lemma A8, we have 5 - 8 and (5 — 8)2LII/vVE = op(1).
For T'(B,), by Lemma A.7,

which, by (C.20), implies that
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We have

~

T, A LT -1 T, A T
T(ﬂo)Z(X 2Apz X)X ' 2A,2 e)+a15+( dz —a1)5

(I)l \/(1)1
X7 An TX)LXT AnT
:( zA, 2 )A( z Z€)+CL1(5+OP(1),
O8]

where the second equality holds because

d, dy,

= — =

@—alzo (1).
5 Ve, "

In addition, we have

(XTzA,2TX) " Y(XT2A,2"e) B (XTzA,2TX)™!

= X

P, \/(XTzAnZTX)—Q \/6

A " (XTzA,z"e) " )
= \/; 7y ((Fer)
(M7 zA,2"é)

T VI 24,04,z 1
(ITTzA,z"é)
- VIITzA,QA, 211 +or(l),

X (1+ 0p(1))

whence

| o
TU%W:;@;E:IQ#%r+m5+0PG)

g€[G]

For LM (), if IT1/v/K — oo, we have

zmn%y:XW$§Pk+aﬁ+(¢*X7;5PVQ—a%5
_X'(p-P

)e d,
= \/g—i—agé—i— (\/32 X (1+OP(1>>_G/2>5
_X'(P-P
Ve

>6 + OJQ(S + 0P<1);
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where the second equality holds because by Lemma A.7,

)y

= 1
which, by (C.26), implies that
(XT(P—P)X)?  &(XT(P-P)X)’S  (XT(P—P)X)?
5 a ) S

Alternatively, if IT"TI/v/K = O(1), we have

LM(B) = XT(P - P)e

where we use the fact that

XWP—%X_XWP—EXX
JE o Ve

Y [7(P—P)I+0p(VY)
S VE
by (C.24), I'II/vK = O(1), and

X Op(l) = Op(l)

1 __VMHTUD—fﬂHV I
Vo % -

Assumption 4 implies that as = lim,,_,o d,,/+/®P2 = 0 in this case. In either case, we
obtain

X (P-P
LM(BO) = # —+ CLQ(S =+ OP(l).
N5
In addition, we have
X' (P-P Y 1 4. - _ . L 5 _
pJA ﬁ::VixEj@Fé+vﬁul—Pﬁ+wﬁpwpé+vﬁppwé—VWPWPPW@
)
= ﬁ X L (ﬂTé
> VT
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= Jli (e + V(P = P)e) +op(1),

where the second equality holds by ¥ > C(II"II + K) — oo as shown in Lemmas A.3
and A.5, and the last equality holds by Lemma A.7. It follows that

1 A ~ g ~
M(ﬂo) = E ( Z Hﬂ;]e[g] + Z V[;ip[g,h}e[h]) + a90 + Op(l).

9€(G] 9,h€[G?,g#h
For AR, we have
e"(P—Ple—¢é' (P—P)é=¢é"PyPé+é PPyé—¢é' PyPPyé = Op(1)

by Lemma A.3, and T > C'K by (C.19). This implies that

1
ﬁ( Yo egPonen — > e[glf’[ghlehl) Op(K™%) = op(1).

9,h€[G)2,97#h 9,:h€[G]2,g7#h

We also have

eT(P—P)é—e'(P—Ple=(3—p)’XT(P—P)X —2(8 - )X (P—P)e
— (35 (U7 (P - P)I1+ 0p(VE))
—2(8— ) (TTe+ V(P = P)é+ op(VY))
3= B)0p(IITIL+ VE) + (B = £)Op(VE)

= (
= (6= )T+ (5 = B)*VE + (5= B)VE) x Op(1)

by (C.22) and (C.24), "Il = O(VK), and ¥ = O(II'TI + K) = O(K). Then by
B =5 f and (B - B)ZHTH/\/E = op(1), we have

1 AT A T
\/T( Y. lgPentm— X e[g]P[g,h}e[m)

9,h€[G]?,97#h 9,h€[G)?,97#h
_(@—ﬁmﬂn

NG (5—6)2+(ﬁ—6)) x Op(1)

= OP(l).
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It follows that, by Lemma A.7, we have

AR =z x >, ey Poném
9,h€[G)2,97#h
AT A~ T
== % ( Y egPentm— X e[g]P[g,hJe[hJ)
9,h€[G]2,97#h 9,h€[G]2,97#h

T ~T ~
( Y. egPonem— e[glp[g,h}em)

9,h€[G]2,g7#h g,h€[G)2,g#h

+

wﬁ@ i
M Sl Sl- 5= 3l-

X

~T -
> égPgneén
9,h€[G)2,97#h

€g) Plg.n € + 0p(1).
9,h€[G]?,97#h

This concludes the proof. O

C.10 Proof of Lemma A.10

Note that by Assumption 1.2, we have G — oo as n — oo. The proof follows the
same steps as in Chao et al. (2012) to check the conditions for the martingale central

limit theorem; see, for example, Hall and Heyde (1980).

Step 1: Construct martingale difference array. Let

Pln = COV

1 T ~ ~T -
Z e[gbﬁ (Z Oyég+ Y V[g]P[gﬁ]e[h])]

ge [G] g€[G] g,h€[G]2,9#h

Z E |(Tem) (TMew)]

96 [G]

such that p; = lim,,_, p1n, and

1 AT ~ ~ 1 ~T ~
pn=cov|—= | 3 Mgeg+ >,V }P[g,hle[h]> = > ]P[g,h]e[h]]
VE (QE[G] ’ 9,h€[G)2,9#h ! \/Tg,hG[G]Q,gih ’
2 o
=757, e LT anen) (5 Panéon)]
g7 7g

83



such that p, = lim,, o, p2,, and note that

1
H — TP e = 0.
\/— > e N ; EgPlg,méln)

g€[G]

The assumptions for p; and ps in Theorem 4.1 ensure that

-1

1 Pin 0
Pin 1 P2an
0 P2n 1

exists for all n large enough, and by the Slutsky theorem, the result would follow if

~1/2 1 .
1 pwn O NG7 2 geld] H[g]e[g]
Pin 1 pon % (de[G] ﬁ[l;]é[g} + g helGP.g#h V[g] P[«‘hh]é[h})
0 pon 1 T Xghelcr.g2h €l PlomEin)
0 1 00
~N|{l0],]0 1 0
0 0 01

Let v = (v1,v2,v3)" with ||v]|, = 1, and

~1/2
1 Pin 0
c= (01702703)T = | Pin 1 P2n (U17U2)U3)T7
0 P2on 1

and note that ||c||, is bounded for all n large enough. By Cramer-Wald device, it

suffices to show that

75 Zocte) gl
T A ~ g ~
¢ % (de[G] H[Z]G[Q] + X g he(G2.g#h V[gT}P[mh]e[h]) = N(0,1).
7T Zgneip gzh € Flonen

Denote

\/— > T + (Z e+ > V[g1P[g,h1é[h1)
G

g€[G] g,h€[G)?,9#h

84



C3 ~T ~
+ Y. ey Pemen;

9,:h€[G]?,g#h

and note that M, can be written as sum of martingale difference array. To see this,
define

Co AT -
M Ll e + —11 6
1G — N [1] 1] \/E [1] [1]»
and for g > 2 define
~ ~ T ~
Mye = —=jéy + —=yéy + —= Z ( o Plonem + Vi P[h,g]e[g]>
N \/_

h<g

\/T > (e[g]P[g WElm) + €y Ping)€lg })

h<g

- \T
and we have M, = 3> cq) Myc. Further define gy = (é[z], V[gT]) and the sequence of
o-fields Fyq = {ep), - -+ ,€|g} such that F,_1¢ C Fye with Foe = {0, Q}. It is clear
that {Myq}5, is a sequence of martingale difference array with respect to {Fy}5,
Note that

Y E(M) =E(M;) =1
g€[G]

by the property of martingale difference array.

In order to show

Z GWNOU

g€[G]

it remains to check the Lindeberg’s condition

> E (M2 1gas,e00) — 0
g€[G]

for every ¢ > 0, and the stability condition

Z E (M;Glf(g_l)G) — Z E<M92G>‘

9€(d] 9€[G]
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Step 2: Check Lindeberg’s condition. It suffices to show that

9€(G]

for some § > 0, and we will verify that for ¢ = 2 in what follows. We have

4
4 4
> E(Mge) < \1,2 > E(Hyeg) + > B (i) + 22 > E (Z Vig Pl h]em)

geG g€|G] g€|G] ge|G] h<g
4
Z E (Z Vi P 6[91) 7z 2 E (Z e P[hg]e[g]> :
gG[G] h<g g€[G] h<g
For the first term, we have
1 Y|
o > E ()
gE[G
\112 Z (H[g] )
9€[G]
< C’maxge[g] HH[Q]H2 H II
~ , ’ 2
(1)
=o(1).
Here we use the fact that fI[g} = z{g}AnzTH, so that
L2 .2
maxgeie) M|,  maxge ||, /n
11 HT2A,(272/n)A,2zTTT
- C'maxye(g HTzAn(z[;]z[g]/n)AnzTH
B 14,23

C maxge(q) g X MaXcr, ge[c] Hzi,gH;

=o(1).

n

For the second term, we have

22 > E(fie)

9€[G]
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as K — oo.

For the third term, we have

4
22 Z E (Z e }‘7[91) N 2 Z ZE (e[h Py, g]V[g])

g€[G] h<g g€|G) h<g
~ > ~T v 2
+* Z > E(e[h]Pth ) <e[k]P[k,g]V[g}) )
[G] h,k<g,h#k
where
1
Y2 Z ZE( h]P[hglvg])
€[G] h<g
1
g > hZAfnax (Ppr.giPlon))
€G] h<g
C
F zé] Z:gtrace (P[h,g] P[g:h})
=o(1),
and

22 > oY Efe []P[h,g1‘7[g1)2(éﬁz;}P[k,gl%)z

g€[G] hok<g,h#k

<552 2 M (PonPlug) Amax (P P
9€[G] h.k<g,h#k

<o > > trace (PyuPhg) trace (P Pig))
gE[G] hk<g,hk

Kz >3 trace (P Pig)

g€[G] h<g
= o(1).
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The last two terms can be handled similarly.

Step 3: Check stability condition. The variance and conditional variance can be

written as
é,e 2¢1c é,e é,6 1
E (M) = E (Mgl Foc) = \PH Q5T + \/&j_;m]g Ty + ZQHMQ1 Ty,
and for g > 2,
2 C% 2T V&2 2c109 o & .67
I (MgG) - @H Qg + \/ﬁ [g]Q H[gl + ZH[Q]QQ g
—|— Z trace (Q “Py, g]Q P[g h]) Z trace (QX’VP’[hy]Q?éF’[%M)
h<g
4 3 &
Tg Ztrace (Qh P[h g]Qg P[gﬁ}) Ztrace (Qh P[h g]Q P[g h])
h<g h<g
40203 s Ve deocy
trace (2, P g1, Pg.n trace (€2, Py, Q P n
\/—h% (25 Pngiy “ Py + \/_;;g (2 Pog Q5 Py -
and
2cic —y 2o
2 é,e 162 é,e 217 T OEe
E (Mol Fy-ve) = \I,H[gﬁ i) + @HMQ Mgy + 5 g2 g
201C2 ~ 2Clc2
Py, Q H VP ' Qe H
\/_Z}Z:g [R]* Th.g] \/—Z:g [n] 4 [h,g] g]
46103 ~ 2C1C2 ~ V.61
=2 & W Py Ty + 5= = > & Pnaiy Mg

V h<g V h<g

201C2 5 4C1€3 T ‘7
> Vi Prg 27T > €y Prng Ry g
T g T g
2
C
t X P Panfn + 5 2 VilPua 5 Pyn Vi

% h,k<g h,k<g
40:23 ~T & 2c 2
+ o 2 P Penen + 5 2 euPia®y Pl Vi
hk<g hk<g
40203 4020

Z Vi Pongi Q2 Py €] + ——

€ Pl 2 “ Py €11
V2 hk<g VY hk<g e !
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We thus obtain

E (Mjc;’]:(g—l)G> —E (Mng)

A

= % Y h<g ~Th]P[h g]QV g + 2\/6% 2h<g V[;]P[hg Qi:‘i’H[ } 4\7% 2n<g € h]P[h g]Qfl H[ }
+2ae s, e ]P[h A<y Hg] + ey, V[;]P[hg Qg1 Sy DY P ]P[hg Qg Iy

@ Vs VT
[Zh k<o EyPng " Py — Lneg trace (Qh Py P o) |
{Zh k<g Vh] Ping) 25 Plo Vk] 2 <y trace (Q Ph in.g$2° P[gvh])}
{Zh k<o €01 .ot 25" Plosi €1y — Ly trace (%P2 Po) |

+2& (Chieg € P[h Pl Vit — Siey trace (Q5 Py g Q5Y Py )|
%/C% [Zh k<g h]P[h g]Q Py k)€lr) — Yn<, trace (Qe ‘P g]QV Py, h])]

+2929 (57, g €l Plrg) 2y “Ploéin) — e trace (0 P g “Pyn)]

b+ Mg,

and it suffices to show that

Consider first MY, we shall only compute the sum of the first term in M g%) , as
the other terms can be handled similarly. Recall that P is the block lower triangular

matrix corresponding to P — P, we have

2cic
(\/2 S S e PhgQy H[g]) 0,

g€[G] h<g

and

2cqc 4¢3 2 - /N2
( 200 5 S o P n[g]) Al (+7 70y 1)

g€[G] h<g
Cmas (PPT) Mnax (249 Qp ) I
(IITI) K
. Cma (PPT)
K

~X
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elerT,

where we use Lemma A.2 in the last equality.
Now consider M(?, we shall only compute the sum of the first term in M ;é), as

)=
|

the other terms can be handled similarly. We have

2
E (62 > [Z e ]P[hg]Q nge[k] > trace (Qh P[hg]Q P[gh])

2 9€[G] | hk<g h<g

and

¥ &, ¥ /A% &6
Z VUI} Ping) 82" Plg . Vie) — Z trace (Qh Ping¢Yg P[g,h})

h,k<g h<g

™

V(C%Z

g€[G]

2
(Z > (Vi Pingi 2 Py Vi — trace (QX’VP[h,QJQ?éP[g,h}D)

g€[G] h<g

9€[G] h,k<gh#k

2
C 7 €€ 7
+ 55 E ( > > ViuPha®% P{g,kﬂ/[k]) :

For the first term, we have

2
(z 5™ (V7 Py 257 Py Vg — trace (QX’VHh,g]QE’éHg,m)))

9€[G] h<g
) 2
= w2 ( > Vi (Z P[h,g]Qi’éP[g,hl) Viu — trace (QX v (Z P[h,g@?ép[g,h])))
he[G] g>h g>h
2
22 2. E( (Z Pin,g € P[gh]) V[h])
he[G] g>h
T
<55 3 e ((PT0:P), )
he[G]
C’ TQ,
22 Z trace <<P P)[ ’h]>
he[G]

< g;trace (PTQéf’)
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where we use the fact that
trace (PTP) =||P|[} < ||P|[} = O(K).

For the second term, we have

2
T é,e ¥
22 (Z > VP P[g,klv[k})

g€[G] h,k<g,h#k

2
22E< > Vi ( > Pugfy P[gk]) ‘7[/@1)
hke

([G)?,h#£k g>hVk
1 740 é,é ¥,
= 53E ( > Vi (Z Pip,g) € P[g,m) Vi
h.k€[G]?,h<k g>k

2
+ >V (Z P[h,glﬂi’ép[g,kl) %)

h,k€[G)?,h>k g>h

2
C -
<y X E([h](ZP[M]Q P[gk]>V>
h,k€[G)2,h#k >hvk
C Qéep &6
< ? Z trace (( Z Phg g gk) ( Z P[k,g]Qg’ P[th])>
h,k€[G)?,h#k g>hVEk g>hVk
C PTO. P DT
< X trace ((P 0:P), , (P10 [kh)
h,k€[G]? hok

< ytrace (PTOPPTOP)
=T 2

alerT;

=o(1),

where we use Lemma A.2 in the last equality. This concludes the proof.
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C.11 Proof of Lemma A.11

For the first result, for j € [d.], let v; be the d,-dimensional unit vector with j-th
element one and other elements zero, and denote z; = QY 2v;, then

2% = v (Q/n) V22T 2 /n) (Qn) V20, = O(1),

J

mas 2]y, 2y = max o] (©/n) "2 (221 /n)(Q/n) o) = o(1).

It follows that

¢_ > E[(2]6m) ()]

g€[qG]

1/2 1/2
< (Z E@M%}f) ( > E (M) ) =0(),

9€(G] 9€lG]

and as d, is fixed, we obtain

ﬁQ V23R | (agem) (Miém)| = 0(1). (C.32)

g€[G]

In addition, let V = My, (P — P)V = QV, we have

1 . I - . ST A
\/EQU:EX[;:} (zmm) (Xgew)] = Wk 1/296% [ (eimer) (o)
1 N
VS gez[;ﬂ |Gotua) (Ve
Thus, it suffices to show that, for any j,

\/lf > [(%,{g}é[gl) (ﬂ[Tgf )] Z E [( am%) (ﬂ[Tglé[gl)] =or(l), (C33)
9€lC] gE[G

\/1§ Z[;:} |(5f) (Viaéw)] = or(1). (C.34)
g€

For (C.33), the left-hand side can be written as

\/15 (Z () (o) = X E (548 MHH%))

9€[G] ge|G]
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( (Z ) (Mew) — X E (2 jg0) (Hu%))

g€[G] ge[G]
Ro7
L (gem (o) () = 3 (<) (7 ]e[g]))
Rog

\/1§ (gE[G (Zma) (T00) = gez[é] (219 (ﬂ[g}e[g])) :

Rag

For Ry, it has mean zero and

2
V (Br) = ;E (Z () (Migew) = 3 E(28) (ﬂ[zlé[gl))

e g€[G]
<5 X (o) (i)’
Cmaxge[G} HH[Q]H2 j 29

h (IITIT + K)
=o(1).

For Rsg, we have

> (2 Wiarde) (T Wiade)

€(qG]

Rag =

5~
@

Rasg 1

2 (2 Wiae) (T 60))
g

E\H

Rog 2

( “j, [g] ) (ﬁ[;}w[gﬁé),

g€[G]

-

Rog 3
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where

: i
[ Rag 1| < max W[gwa X \/Zj = op(1),
« 1 L N2
[ Rasg 2| < max Wig Vel X \/Zj 5 2 (H[E]e[g]) = op(1),
ge
Il
R < W Aé - ]- )
s gréé[%é% o \lge[G ( g ) by or(1)
whence Rsg = op(1). For Ryg, we have
~ 1 ~
Rag = A? x —= X[g] H[T]X[g]
A (L) (%)
Rog1
1 AT
7 (%) (Te)
g€[G]
Rag,2
1 AT
7 2 (Zewm) (Tgew):
g€[G]
Rag 3
where A = 0p(1) and
1 ~_ A
[Raonl < [ 2 ZiiZita X Xia) X | 55 2. Uiyl X[ Xig = Op(1),
9€(G] 9€(G]
1 ~— A
[Raool <[ 2] 1Zi0a X5 X1g) ¥ 5 I Mgegie = Op(1),
9€(G] 9€(G]
— 1 PN
[Raosl < [ 20 221000l ¥ JZ > g geger = Op(1),
9€lG] 9€lG]

since maXge[a E (X[—gr]X[gO

It follows that Rog =

= O(1) and maxycjg E (e[z}e[g])
Op(l).
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For (C.34), the left-hand side can be written as

> (Fwtu) (Vigéa)

gE[G]

o Sl

A .
\/— §]< X)) (Vig X)) — T % (%0 X1m) (Vigew)
\/—gez[é] ( J:[9] 6[9]) ( [g]X[9]> Zé ( 41916l ) (V[;}e[g}) :

Here we only show that the last term is op(1), which is most difficult since it does

not involve A. We have

1 N 1 N
@ge%] (EJT[QJG[gl) (V[nge[gl) NG gez[g] ( 3, [g]e[gl) ( [g]e[gl)
R30 R30,1
1 ~
\/gge% (=i Wiarie) (Vigia)
R30,2
1 = ~ > A
o ﬁ S (ZjT,[gle[g}) (V[QT}W[gWé)
R30,3
1 A
E 9€l@] ( Q]W[gwe) (V[ ]W[gwé) :
R30,4

Note that

Vig= > PV + X PwignPunVin

he[G),h#g he[G]
+ Y PogPwignVin — X (Z Pw,[g,k}P[k,mPW,[k,hJ) Ving.
helG) helG] \ke[G]

Therefore, we have

5 T (Vi) <

gE[G’

M\Q

helGl,hg

2
Z( [Z %%P[hﬁg}é[gl)
G
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2
C ~ -
ISP DY V[EPMPW,[h,g}e[gJ)
9G] \re[q]
C 2
+ ) Z Z V[;]PWV[hvg]P[g,g]é[go
g€[G] \h€[G]
C 2
v 2 | 2 Vi (Z Pw,[h,klﬂk,k}Pm[k,gJ) é[g])
g€[G] \h€[G] ke[q]
2
Z ( > ‘N/[;}P[h,g]é[g]> +op(1)
gG[G] €[G),h#g
2
Sl Z E( Z ‘7[;Lr]P[hyglé[g}) +op(1)
gG[G] he[G,h#g
- OP(]-)7

by Lemma A.4 and the facts that

2
~ 2
S Z E ( > V[Z]P[h,mpw,[h,g]e[g) == > E(Vi)PhnPwingf)

ge[G] he(G] g he(G]?
C'trace (PWPQPW)
b))

<

= o(1),

2
1 ~ R 1 ~ T N2
S ( 2 V[Z]Pw,m,mP[g,g]@[g}) =5 > E(VilPwingPogla)
9€lGl  \he[d] g:helG)?

_ Ctrace (PPI?VP)

and

2
Z (Z Vi (Z Pw,[h,mp[k,mpw,[k,g]) é[g])

€[G] \h€[qG] ke[(G]

M \

96



2
1 - )
=5 2 (VUE (Z Pw,[h,k]P[k,HPw,[k,g}) e[g})
}2

g,helG ke[G]
_
. Ctrace (P PP PPy )
5
=o(1).

This implies

— 1 A N2
V5 $E z[:} (Vigi)” = or(1).
G

ge

< 5~
‘R30,2| x Igg?gﬁ HW[Q}/Ve

In addition, we have

< Ve
| Rs0,3] max H Wig

N VTRV
2 XJ > (Fafw) \/T:op(n,
9€[q]
VTO2V
2 X (2] 7 % \/?ZOP(U'

R3y = R301 + op(1),

Ryou| < 3
| R30,4] \];Ié%HW[gW

It follows that

and for Rs 1, note that similar to the proof above, we also have

1 I ~ -
Ry = NG > (Z;[g]e[g}) (V[Z]P[h,gle[g}) +op(1),
9,h€[G]2g#h
where
1 T 5 =T ~
E (Z (Z[g}e[gl) (V[h}P[hﬂgle[g])) =0,
g:h€[G]2g#h
and

V(s T () (Aot

[G2g#h
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2
1 T & 5T -
~s2( 5 () (o)
9,hE€[G]?g#h
2
¢ =T &,é ~
S EE ( Z Zj, [9] ( Clg)€lg) — 2y )P[gvhlv[h})
9,h€[G2g#h
2
C
+ZE< Z J[QQ P[ghlv[h)
9,h€[G]2g#h
<< > E (5,8 PenV )2
-y J,191°191%[g]* 1g,h] ¥ []
g,h€[G]2g#h
C

+ <E (5 (P - P)V)’

C'maxge(qy Héj [g]H .
< 7 2 t P P + 7~
< S gﬁe[%];g#h race( m [,W]) L
=o(1).
For the second result, we have
1
= X' P e T po6
2T g,heg]:?,g;éh< o [g’h]e[ho (e[g] [g7h]€[h]>
B h %; #IE(V[;P[Q’h}é[h}) (é[z]P[gvh]é[h])]
9,h€[G]2,9
1
5T > 113 Py mém ) (6P ném
T gth[GP,g;éh( 91" lg ) ( (g11g )
1
+ == VP TP
VET g,he[g];,gyéh( o Panén) (Eg Pamen)
- [2]; E (VigiPloni?) (é[;ﬁg,hlé[h])] : (C.35)
g,h€[G]?,9%#h

The first term on the RHS of (C.35) can be written as

A7 > (IGPwén) (@ Fmén)

9,h€[G]? ,g#h

98



= ﬁ Z (HE]] P[gvh]é[h]) (éﬂ;] Bl é[h]>

9,h€[G?,g#h
R31
1
+ —= ' P ED el P R HTP[ 7h]é[h] 5T P[ ,h]é[h] )
VvVET (g’heg];g#h< [9]* [9:h] H)( 9] [9,h] []) g’heg];g#x [ g )( 191 g )
R3a
1
+ — Z H[T}P[ A é[T]P[ Hem ) — Z H[T]p[ HED e[T]P[ e ) .
VvET (gyhe[G]Q’#h( 9" lg )( g9l* lg ) g,he[GP,g;éh( 9" lo )( gLle )
R33

By using the same argument as in the proof of Lemma A.6, we can show that R3; =
op(1l) and Rss = op(1). For Rs3, we have

1

R33 = — A% x Z (H[;]P[gﬁ]X[h]) (X[g]P[QJL]X[h])

9,h€[G]?,g7#h

R33,1

+ AQ X m Z (HE;}P[g,h]e[h}) (X[—;]P[g,h]X[hO
1

—_
E‘
=

9:h€[G]2,9#h

R3s2

9,:h€[G]2,g7#h

R333

AT = (T4 Py Xin1) (e Plou X
1

9,h€[G]2,g#h

R334

+ A? x \/ﬂ Z (H[Tg}P[g,h]X[h}) (X[;P[g,h]e[h])
1

9,h€[G]?,g#h

R335

— A x Nons > (H[Z}P[g,h]X[h}) (G[Z]P[gvhle[hl)
1

9,h€[G]?,g#h

R33.6

— A x A > (M Pumen) (X Pomen)
1

A AT 2 (T Paasen) (el Plon X))

9,h€[G]?,g#h

R3s3,7
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and by using a similar argument as in the proof of Lemma A.6, we can show that
Rgg}i:OP(l), Z: 1,...,7,

which implies that Rs3 = op(1).
The second term on the RHS of (C.35) can be written as

\/;—T< X > (VigPoméw) (lPomém) — > E (Vi Pemém) (6P Wé[hﬁ)
g,he

[G12,97#h g,h€[G]2,9#h

\/;—T< > (VigPoném) EgPantm) = > E(VigPoném) (é[Tg]P[g,h}é[m))

9,h€[G]2,g#h 9,h€[G)?,g#h
R3y
1
+==| X (VigBPonen) (egPonen Y. (VigPonem) (€ Pomém )
T (97h6[G]279¢h< ) ( ) 9h€[G]27g¢h< ! ) ( ! )
R3s
1 T A AT A T T
+ Nons ( Z (V[g}P[g,h]G[h]) (6[9}P[g,h]e[h}) - Z (V[Q]P[gﬁ]e[h]) (e[g]P[g,h}e[hO )
9,h€[G]2,97#h 9,h€[G)2,97#h
R3e

By using the same argument as in the proof of Lemma A.6, we can show that R3y =
op(1) and R3s = op(1). In addition, we can show that Rss = op(1) as in the proof
for R33. This concludes the proof. O

C.12 Proof of Lemma A.12

If Assumptions 1-4 hold, then by Lemma A.8, we have § —2 3. Consider first o1 It

suffices to show that p; — p1, = op(1), and we note that p; can be written as

1 . OT A
" @gez[c] [(Xme0) (Xigé)]
_ wlﬁz[] (AT ) (Siew)]
1 <> N
\/E ZA, ez[é] [(z[g] }) (X[;}e[glﬂ
g
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XTZ/AINQI/Q

\/i 1
— — X ——
Y JXTZAQ4,:TX

X TPl \/159_1/2 gez[é] (st (Xieia)] -

By Lemma A.7, we have

=1 + Op(l),

| 1

O12Q12 = I, + Op(l),

and by (C.17) and (C.18) we have

1
\/XT,zfanflnzTX
1

= = ~ = (XTZ/rn)(An/)‘n)(Q/n)l/z
VXT2/) (A A) (/1) (A M) (TX 1)

_ . (I 2 /1) (An/An) (/) /2 4 0p(1)

VT2 /1) (A A0) (/1) (An An) (2T 72)

_ 1 T 1/2
= ieaaas . AT rorld).

XTZ/ALZQI/2

Further recall that

pin = \/—ZE[(HM a) (e |

9€[G]
1

1 - ~ ST ~
= o oA g QE%E | (zi21a) (Tigeta)]

The consistency of p; then follows by (C.32) and Lemma A.11.

Next, consider py. It suffices to show that py — pa, = 0p(1), we have

2

. T A AT A
P2 = P = s he%; " (X o) (2l Plomeén)
9, g

_ Z E (‘/[Q]P[g,h]é[ho (é[E]P[g,h}é[h])
9,h€[G)2,9#£h
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Y 2
4 \/T — 1) X ( Z X[T]P[g,h}é[h} é[T}P[gvh]é[h] ) ’
( Y vVET g,h€[G)2,g#h ( ! ) ( ’ )

The consistency of p, then follows by Lemmas A.7 and A.11.

Lastly, consider &; and é,. If Assumptions 1-3 hold with IITTI/v/K — oo, then by
(C.20), (C.26) and Lemma A.7, we have ®;/®; 2+ 1 and &5/P; — 1. Therefore,
if the assumptions for d,, in Assumption 4 hold, then by the continuous mapping
theorem, we have & Ly oy and &y 25 . Alternatively, if Assumption 1-3 hold
with II'TI/v/K = O(1), we have a; = 0, so that ay = 0 and a; = 1. By Lemma
A7, we have 3/ 25 1, and note that /Ty — 1 since II'II/K — 0. With

Ve /K — TI'yy > 0, we can show that <I>2 ~ @y for some random variable ®, such
that ®, > 0 with probability one, as in the proof of Step 3 of Lemma A.8. Combining
this with the fact that & —£» 0 by (C.20) and Lemma A.7, we have a3 — 0 and
&1 - 1, by the continuous mapping theorem. This concludes the proof. O
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