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Abstract

We identify the ex ante welfare (EAW) condition as a necessary require-

ment to implement ex post efficient bilateral trade in any finite type space

with interdependent values and correlated beliefs. As these finite settings

become finer to approximate a continuous type space, we derive a limit EAW

condition by taking the EAW condition in finite settings to its limit. We

show that this limit condition trivially holds in the benchmark continuous

setting admitting a full-support density function. We then insist on lo-

cally robust implementation by requiring efficient trade to be implemented

uniformly across all finite type spaces that approximate the benchmark con-

tinuous type space. Our main result shows that under high interdepen-

dence, locally robust implementation of efficient trade is impossible. We

thus show that the negative results of Myerson and Satterthwaite (1983)

and Fieseler, Kittsteiner, and Moldovanu (2003) under independent beliefs

can also emerge as the robust limit of discrete environments even when be-

liefs are correlated.
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1 Introduction

This paper characterizes when efficient, voluntary bilateral trade can be achieved in

environments with interdependent values and correlated beliefs. We model a single

buyer and seller with two-sided asymmetric information, where each agent’s private

information can affect both valuations, and their beliefs about the opponent’s

valuations may be correlated.

By the revelation principle, implementing efficient, voluntary trade reduces to

finding a direct revelation mechanism where truth-telling is a Bayesian Nash equi-

librium. Specifically, the mechanism must satisfy Bayesian incentive compatibility

(BIC), decision efficiency (EFF), interim individual rationality (IIR), and ex post

budget balance (BB). We define the class of mechanisms satisfying these four prop-

erties as desired mechanisms.

The bilateral trade literature has focused primarily on two distinct informa-

tional environments: continuous type spaces with independent beliefs, and finite

type spaces with either independent or correlated beliefs.1

Within the continuous framework, Myerson and Satterthwaite (1983) establish

the non-existence of desired mechanisms in private value environments, an impos-

sibility result that Gresik (1991b) and Fieseler, Kittsteiner, and Moldovanu (2003,

Theorem 5) (henceforth, FKM) extend to interdependent values. By contrast,

in a two-type setting with independent beliefs and private values, Matsuo (1989)

overturn Myerson and Satterthwaite’s (1983) impossibility result by identifying a

restrictive but still permissive condition for the existence of desired mechanisms.

In the same environment, Gresik (1991a) accommodates correlated beliefs and es-

tablishes a corresponding condition for the existence of desired mechanisms. Thus,

Matsuo (1989) and Gresik (1991a) highlight how the finite type structure can

sometimes restore possibility.

To overcome the restrictiveness of the two-type paradigm, Kosenok and Severi-

nov (2008) examine a general mechanism design framework – encompassing bilat-

eral trade – with finite types, correlated beliefs, and interdependent values. Their

Theorem 1 establishes that the Crémer-McLean condition – due to Crémer-McLean

(1985, 1988) – and the identifiability condition together guarantee the existence

of desired mechanisms.2 However, Kosenok and Severinov (2008, p.135) demon-

strate that when the environment is restricted to two agents, as in bilateral trade,

the identifiability condition holds only under independent beliefs. This restriction

1While the literature on bilateral trade is vast, we focus our attention on the works most

closely related to our paper.
2The reader is referred to Kosenok and Severinov (2008) for the definitions of these conditions.
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makes it impossible to apply Kosenok and Severinov’s (2008) existence result to

the analysis of bilateral trade with correlated beliefs.3

We summarize and categorize the key differences between these results we dis-

cussed above in the following table.

Model Type Space Beliefs Valuations

MS (1983) Bilateral Trade Continuous Independent Private

Matsuo (1989) Bilateral Trade Two-Type Independent Private

Gresik (1991a) Bilateral Trade Two-Type Correlated Private

Gresik (1991b, Theorem 3) Bilateral Trade Continuous Independent Interdependent

FKM (2003, Theorem 5) Bilateral Trade Continuous Independent Interdependent

KS (2008) General Finite Correlated Interdependent

This paper Bilateral Trade Finite Correlated Interdependent

Table 1: Comparison of Related Work. MS stands for Myerson and Satterthwaite; FKM stands for Fieseler,

Kittsteiner, and Moldovanu; KS stands for Kosenok and Severinov; “General” stands for general mechanism

design problems encompassing bilateral trade; “Continuous” stands for the one-dimensional continuous type space;

“Finite” stands for the general finite type space; and “Two-Type” stands for the special case of finite type spaces

where each agent has only two types.

The existing literature points to an intriguing asymmetry: while correlated be-

liefs can facilitate the existence of desired mechanisms in finite type spaces (e.g.,

Gresik (1991a) and Kosenok and Severinov (2008)), interdependent valuations ap-

pear to hinder the existence of desired mechanisms in continuous type spaces (e.g.,

Gresik (1991b) and FKM (2003)). This tension motivates the central questions of

this paper: First, under what conditions does a desired mechanism exist in a bi-

lateral trade environment with finite types, correlated beliefs, and interdependent

values? Second, whether and how correlated beliefs can reconcile the dichotomy

between positive results in discrete environments and negative results in continuous

environments.

In our model, the buyer and the seller each possess a finite type space of size

m ≥ 2 and types are ordered monotonically. Throughout the paper, we require

trades to be always ex post efficient, meaning trade occurs if and only if the buyer’s

valuation is at least as high as the seller’s. We assume the type space satisfies

the single-crossing property and that the efficient allocation rule is responsive.

3Garratt and Pycia (2025) recently examine how relaxing the assumption of quasilinearity

changes the Myerson and Satterthwaite’s (1983) impossibility result. They show that, in a

continuous type space with private values and either independent or correlated beliefs, efficient

trade is generically possible under any departure from quasilinearity, as long as the asymmetry of

information is not too large (Theorem 2). This is in contrast with our analysis where we maintain

the quasilinearity and allow for interdependent values.
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Responsiveness rules out cases where any two distinct types of an agent always

induce the identical decision outcome. Proposition 1 demonstrates that these two

properties uniquely determine the efficient allocation rule x∗, as detailed in Table

2. The rest of our analysis focuses on this rule x∗.

To identify our key condition, we require all mechanisms to satisfy the no-trade-

then-no-payments (NTNP) property, which dictates that no monetary transfers are

made if trade does not occur. We introduce the ex ante welfare (EAW) condition

and show it to be necessary for the existence of a desired mechanism in any finite

type space (Theorem 1). Intuitively, the EAW condition requires that the ex ante

gains from trade be sufficiently large to deter agents from deviating from truth-

telling.

Section 5 explores the implications of efficient bilateral trade in a continuous

type space. We consider a specialized setting where each agent’s type space is a

finite grid over [0, 1] and valuation functions are symmetric and linear. By taking

the limit of the EAW condition as the finite type space converges to the bench-

mark continuous type space, we derive a limit EAW condition. This limit condition

holds trivially in standard continuous settings with a full-support density (Lemma

1). To obtain a meaningful implication in a continuous type space, we propose

locally robust implementation – meaning efficient trade must be implementable

uniformly across all finite type spaces that approximate the benchmark continu-

ous type space. Then, Theorem 2 shows that under high interdependence, the

EAW condition fails in a finite type space that approximates the benchmark con-

tinuous type space. Thus, high preference interdependence renders locally robust

implementation impossible. This finding provides a stark contrast to the existing

literature: while Myerson and Satterthwaite (1983) and FKM (2003, Theorem 5)

establish impossibility under independent beliefs, we show that, if the degree of

interdependence is sufficiently high, these negative results emerge as the robust

limit of discrete environments even when beliefs are correlated.

In Section 6, we revisit Theorem 5 of FKM (2003) and apply it to the bench-

mark continuous type space introduced in Section 5.3, where we analyze the lo-

cally robust implementation of efficient bilateral trade. We explicitly show that

their identified condition for the existence of desired mechanisms is violated in our

setting, thereby establishing the impossibility of efficient bilateral trade in envi-

ronments with interdependent values and independent beliefs.

The rest of the paper is organized as follows. Section 2 introduces the general

notation and basic concepts. In Section 3, we impose the single-crossing property

and responsiveness to uniquely pin down the efficient decision rule x∗ described in
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Table 2. Section 4 introduces the no-trade-then-no-payments (NTNP) property,

identifies the ex ante welfare (EAW) condition, and shows that the EAW condition

is necessary for the existence of desired mechanisms satisfying NTNP. Section 5

leverages the notion of locally robust implementation to explore the implications

of efficient bilateral trade in a stylized continuous type space with symmetric,

linear valuations. In Section 6, we discuss the relationship between our paper and

Theorem 5 of FKM (2003). Finally, Section 7 concludes. All the proofs omitted

from the main text appear in the Appendix.

2 Preliminaries

A seller (agent 1) has one indivisible object for sale and there is one potential

buyer (agent 2). Each agent has some private information concerning the value of

the good, which is summarized as their own type θi. In what follows, we assume

that each agent’s type space is one dimensional and that both agents have the

same number of types denoted by m. For each agent i ∈ {1, 2}, their type space is
Θi = {θi1, · · · , θim} with 0 < θi1 < · · · < θim. We denote by θik a generic element

of agent i’s type space. Throughout the paper, we use the notation convention

that Θ = Θ1 ×Θ2; and Θ−i = Θj where j ̸= i with a generic element θjℓ.

Each agent’s valuation for the good depends not only on his own types, but also

on the other’s types. For each agent i ∈ {1, 2} and type profile (θik, θjℓ) ∈ Θ with

j ̸= i, we denote by vi(θik, θjℓ) ≥ 0 their valuation function of the good. Hence, we

consider an interdependent values environment. We assume that for each agent i,

vi(θik, θjℓ) is strictly increasing in agent i’s own type θik and nondecreasing in the

other’s type θjℓ. We further impose the single crossing condition on the valuation

functions.

Definition 1. The valuation functions satisfy the single crossing condition if for

each agent i ∈ {1, 2}, each k, k′ ∈ {1, · · · ,m} with k ̸= k′, and each ℓ ∈ {1, · · · ,m},

vi(θik′ , θjℓ)− vi(θik, θjℓ)

θik′ − θik
>

vj(θik′ , θjℓ)− vj(θik, θjℓ)

θik′ − θik
,

where j ̸= i.

Types are drawn from a full-support probability distribution µ over Θ: µ(θ1k, θ2ℓ) >

0 for each type profile (θ1k, θ2ℓ) ∈ Θ and
∑m

k=1

∑m
ℓ=1 µ(θ1k, θ2ℓ) = 1. For every

k ∈ {1, · · · ,m}, we denote by µi(θik) =
∑m

ℓ=1 µ(θik, θjℓ) the marginal probability

that agent i is of type θik. We further define the following notation for conditional

probabilities: for each type profile (θ1k, θ2ℓ) ∈ Θ, µ(θ2ℓ|θ1k) ≡ µ(θ1k, θ2ℓ)/µ1(θ1k)
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and µ(θ1k|θ2ℓ) ≡ µ(θ1k, θ2ℓ)/µ2(θ2ℓ). (There is some abuse of notation in using the

same symbol µ for probability distributions over different spaces, but this leads to

no confusion.)

Let qi ∈ Q = [0, 1] denote the probability that agent i is allocated the good.

Preferences of each agent depends on the probability of being allocated the good,

the type profile and their monetary transfer. Each agents i’s utility function ui :

Q×Θ× R → R is represented by

ui(qi, θ, pi) = qivi(θik, θjℓ) + pi

where q1 + q2 = 1, j ̸= i, and pi denotes the monetary transfer received by agent i.

A direct mechanism is defined as a triplet Γ = (Θ, x, t) where Θ1 and Θ2 are the

set of actions available to the seller and buyer, respectively; x : Θ → [0, 1] is the

decision rule which specifies the probability that trade occurs; and (t1, t2) : Θ → R2

is the transfer rule which describes the monetary transfers to both agents. By

the revelation principle, we lose nothing to focus on direct mechanisms. In what

follows, we simply call them mechanisms. We shall now discuss the properties we

want a mechanism to satisfy.

Definition 2. A mechanism (x, t) satisfies Bayesian incentive compatibility (BIC)

if, for all agent i ∈ {1, 2} and all k, k′ ∈ {1, · · · ,m},

m∑
ℓ=1

µ(θjℓ|θik) [xi(θik, θjℓ)vi(θik, θjℓ) + ti(θik, θjℓ)]

≥
m∑
ℓ=1

µ(θjℓ|θik) [xi(θik′ , θjℓ)vi(θik, θjℓ) + ti(θik′ , θjℓ)] ,

where j ̸= i, and xi(θik, θjℓ) denotes the probability that agent i is allocated the

good given the type report (θik, θjℓ).

We also assume that each agent has the option of not participating in the

mechanism (Θ, x, t) and let UO
i (θik) be the expected utility of agent i with type θik

from non-participation. To be specific,

UO
1 (θ1k) =

m∑
ℓ=1

µ(θ2ℓ|θ1k)v1(θ1k, θ2ℓ) for all k ∈ {1, · · · ,m}

and

UO
2 (θ2ℓ) = 0 for all ℓ ∈ {1, · · · ,m}.
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Definition 3. A mechanism (x, t) satisfies interim individual rationality (IIR) if,

for each agent i ∈ {1, 2} and each k ∈ {1, · · · ,m},

m∑
ℓ=1

µ(θjℓ|θik) [xi(θik, θjℓ)vi(θik, θjℓ) + ti(θik, θjℓ)] ≥ UO
i (θik),

where j ̸= i.

See, for example, Myerson and Satterthwaite (1983), Matsuo (1989), and Gresik

(1991a, 1991b) for the same treatment of IIR. Throughout the paper, we impose

the following decision efficiency of bilateral trade.

Definition 4. A mechanism (x, t) satisfies decision efficiency (EFF) if, for each

(θ1k, θ2ℓ) ∈ Θ,

x(θ1k, θ2ℓ) =

1 if v2(θ1k, θ2ℓ) ≥ v1(θ1k, θ2ℓ)

0 if v2(θ1k, θ2ℓ) < v1(θ1k, θ2ℓ),

where x(θ1k, θ2ℓ) denotes the probability of trade given the type report (θ1k, θ2ℓ).

We denote by x∗ the efficient decision rule. In our paper, we further impose ex

post budget balance.

Definition 5. A mechanism (x, t) satisfies ex post budget balance (BB) if, for each

(θ1k, θ2ℓ) ∈ Θ,

t1(θ1k, θ2ℓ) + t2(θ1k, θ2ℓ) = 0.

In the rest of the paper, we refer to mechanisms satisfying BIC, IIR, EFF, and

BB simply as desired mechanisms.

3 The Efficient Decision Rule

There are many different efficient decision rules we can consider in a finite type

space. To make our analysis tractable, we restrict the set of efficient decision rules

to a small class of efficient decision rules. In particular, we focus on what we call

responsive decision rules.4

Definition 6. An efficient decision rule x∗ is responsive if the following two re-

quirements are satisfied:

4The terminology is adopted from Bergemann and Morris (2009, p.1187), who propose re-

sponsiveness as a one-to-one property of social choice functions in their analysis of robust imple-

mentation.
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1. for any two distinct types of the seller, θ1k, θ1k′ ∈ Θ1, there exists some

θ2ℓ ∈ Θ2 such that

x∗(θ1k, θ2ℓ) ̸= x∗(θ1k′ , θ2ℓ);

2. for any two distinct types of the buyer, θ2ℓ, θ2ℓ′ ∈ Θ2, there exists some

θ1k ∈ Θ1 such that

x∗(θ1k, θ2ℓ) ̸= x∗(θ1k, θ2ℓ′).

We show below that responsiveness together with the single crossing condition

pins down the unique efficient decision rule in any finite type space.

Proposition 1. Suppose that the single crossing condition holds; the efficient

decision rule x∗ is responsive; and x∗(θ11, θ21) = 1.5 Then, the efficient decision

rule is uniquely determined as follows: for each (θ1k, θ2ℓ) ∈ Θ,

x∗(θ1k, θ2ℓ) =

1 if k ≤ ℓ

0 otherwise.

Proof. The proof is in the Appendix.

The efficient decision rule is depicted in the table below. Henceforth, our anal-

ysis will be restricted to this specific rule.

x∗(·) θ21 θ22 θ23 · · · θ2m

θ11 1 1 1 · · · 1

θ12 0 1 1 · · · 1

θ13 0 0 1 · · · 1
...

...
...

...
. . .

...

θ1m 0 0 0 · · · 1

Table 2: The Efficient Decision Rule x∗(·)

4 The Ex Ante Welfare (EAW) Condition

We further impose a property on the class of mechanisms: if no trade occurs, no

monetary transfers are made.6

5If, on the other hand, x∗(θ11, θ21) = 0, we can similarly show that the efficient decision rule

is uniquely determined: for each (θ1k, θ2ℓ) ∈ Θ, x∗(θ1k, θ2ℓ) = 1 if and only if k ≤ ℓ− 1. Thus, it

is essentially without loss of generality to assume x∗(θ11, θ21) = 1.
6Theorem 1 of Gresik (1991a) also imposes this property.
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Definition 7. A transfer rule t : Θ → R2 satisfies the no-trade-then-no-payments

(NTNP) property if, for any (θ1k, θ2ℓ) ∈ Θ,

t1(θ1k, θ2ℓ) = t2(θ1k, θ2ℓ) = 0 whenever x(θ1k, θ2ℓ) = 0.

We are ready to introduce the ex ante welfare condition, which will be shown to

be a necessary condition for the existence of desired mechanisms satisfying NTNP.

Definition 8. The distribution µ and the collection of valuations (v1(θ), v2(θ))θ∈Θ

satisfy the ex ante welfare (EAW) condition if the following inequality holds:

m∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ) (v2(θ1k, θ2ℓ)− v1(θ1k, θ2ℓ))

≥
m−1∑
k=1

µ(θ1k, θ2m) (v1(θ1m, θ2m)− v1(θ1k, θ2m)) +
m∑
ℓ=2

µ(θ11, θ2ℓ) (v2(θ11, θ2ℓ)− v2(θ11, θ21)) .

(1)

The EAW condition requires the ex ante gains from trade to be sufficient to

prevent agents from deviating. The detailed argument is as follows. In order

to trade at the highest possible price, the seller could deviate by reporting her

highest type θ1m. To prevent this deviation, the designer must compensate her by

this amount:

µ(θ1k, θ2m) (v1(θ1m, θ2m)− v1(θ1k, θ2m)) ,

which is the ex ante value difference between the true type θ1k and the highest type

θ1m conditional on the buyer’s type being the highest one θ2m. A similar argument

can be made for the buyer as well.

If the EAW condition is violated, by contrast, the designer cannot stop the

agents from deviating by redistributing the ex ante gains from trade, implying that

BIC would be violated. See also Makowski and Mezzetti (1994), Williams (1999),

and Krishna and Perry (2000) for similar conditions for the general mechanism

design problem with private values and independent beliefs in a continuous type

space.

We are ready to present the main result.

Theorem 1. Suppose that there exists a desired mechanism (x∗, t) satisfying

NTNP such that the efficient decision rule x∗ is described in Table 2. Then, the

EAW condition holds.

Proof. In order for the mechanism (x∗, t) to satisfy BB, we let t1(θ1k, θ2ℓ) = −t2(θ1k, θ2ℓ) =

t(θ1k, θ2ℓ) for all (θ1k, θ2ℓ) ∈ Θ throughout the proof, i.e., t(θ1k, θ2ℓ) is the amount
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of money the buyer pays the seller when the type report is (θ1k, θ2ℓ). Further-

more, recall that x∗(θ1k, θ2ℓ) = 0 if and only if k > ℓ. Then, by NTNP, we have

t(θ1k, θ2ℓ) = 0 whenever k > ℓ.

We write down the IIR constraints: IRθ1m and IRθ21 , where IRθik denotes the

IIR constraint for agent i of type θik:

IRθ1m : µ(θ2m|θ1m)t(θ1m, θ2m) +
m−1∑
ℓ=1

µ(θ2ℓ|θ1m)v1(θ1m, θ2ℓ) ≥
m∑
ℓ=1

µ(θ2ℓ|θ1m)v1(θ1m, θ2ℓ);

IRθ21 : µ(θ11|θ21) (v2(θ11, θ21)− t(θ11, θ21)) ≥ 0.

The IIR constraints can be simplified to the following:

IRθ1m : t(θ1m, θ2m)− v1(θ1m, θ2m) ≥ 0;

IRθ21 : v2(θ11, θ21)− t(θ11, θ21) ≥ 0.

Furthermore, the BIC constraints which stop the seller of type θ1k with k ̸= m

from deviating to θ1m is as follows: for any k ̸= m,

ICθ1k→θ1m :
m∑
ℓ=k

µ(θ2ℓ|θ1k)t(θ1k, θ2ℓ) +
k−1∑
ℓ=1

µ(θ2ℓ|θ1k)v1(θ1k, θ2ℓ)

≥ µ(θ2m|θ1k)t(θ1m, θ2m) +
m−1∑
ℓ=1

µ(θ2ℓ|θ1k)v1(θ1k, θ2ℓ)

⇒
m∑
ℓ=k

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)− µ(θ1k, θ2m)t(θ1m, θ2m) ≥
m−1∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ).

Similarly, the BIC constraints which stop the buyer of type θ2ℓ with ℓ ̸= 1 from

deviating to θ21 is as follows: for any ℓ ̸= 1,

ICθ2ℓ→θ21 :
ℓ∑

k=1

µ(θ1k|θ2ℓ) (v2(θ1k, θ2ℓ)− t(θ1k, θ2ℓ)) ≥ µ(θ11|θ2ℓ) (v2(θ11, θ2ℓ)− t(θ11, θ21))

⇒
ℓ∑

k=2

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)−
ℓ∑

k=1

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ) + µ(θ11, θ2ℓ)t(θ11, θ21) ≥ 0.

In the rest of the proof, we utilize the above BIC and IIR constraints to verify that

the EAW condition must hold.

First, we multiply IRθ1m by
∑m

k=1 µ(θ1k, θ2m) to obtain

m∑
k=1

µ(θ1k, θ2m) (t(θ1m, θ2m)− v1(θ1m, θ2m)) ≥ 0. (2)
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Second, we multiply IRθ21 by
∑m

ℓ=1 µ(θ11, θ2ℓ) to obtain

m∑
ℓ=1

µ(θ11, θ2ℓ) (v2(θ11, θ21)− t(θ11, θ21)) ≥ 0. (3)

Third, summing up ICθ11→θ1m , ICθ12→θ1m , · · · , ICθ1,m−1→θ1m , we have

m−1∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)−
m−1∑
k=1

µ(θ1k, θ2m)t(θ1m, θ2m)−
m−1∑
k=1

m−1∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ) ≥ 0. (4)

Notice that the first term of the left-hand side of inequality (4) can be decomposed

into the following:

m−1∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)

=
m−1∑
k=2

m∑
ℓ=k

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ) +
m∑
ℓ=2

µ(θ11, θ2ℓ)t(θ11, θ2ℓ) + µ(θ11, θ21)t(θ11, θ21).

Substituting it back into inequality (4), we obtain

m−1∑
k=2

m∑
ℓ=k

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ) +
m∑
ℓ=2

µ(θ11, θ2ℓ)t(θ11, θ2ℓ) + µ(θ11, θ21)t(θ11, θ21)

−
m−1∑
k=1

µ(θ1k, θ2m)t(θ1m, θ2m)−
m−1∑
k=1

m−1∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ) ≥ 0. (5)

Fourth, summing up ICθ22→θ21 , ICθ23→θ21 , · · · , ICθ2m→θ21 , we have

m∑
ℓ=2

ℓ∑
k=2

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)−
m∑
ℓ=2

ℓ∑
k=1

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ) +
m∑
ℓ=2

µ(θ11, θ2ℓ)t(θ11, θ21) ≥ 0. (6)

Notice that the second term of the left-hand side in inequality (6) can be decom-

posed into the following:

−
m∑
ℓ=2

ℓ∑
k=1

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)

= −
m−1∑
ℓ=2

ℓ∑
k=1

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)−
m−1∑
k=1

µ(θ1k, θ2m)t(θ1k, θ2m)− µ(θ1m, θ2m)t(θ1m, θ2m).

Substituting it back into inequality (6), we obtain

m∑
ℓ=2

ℓ∑
k=2

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)−
m−1∑
ℓ=2

ℓ∑
k=1

µ(θ1k, θ2ℓ)t(θ1k, θ2ℓ)−
m−1∑
k=1

µ(θ1k, θ2m)t(θ1k, θ2m)

−µ(θ1m, θ2m)t(θ1m, θ2m) +
m∑
ℓ=2

µ(θ11, θ2ℓ)t(θ11, θ21) ≥ 0. (7)
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Fifth, we add up inequalities (2), (3), (5) and (7). After adding up these

inequalities, we show that all terms involving the transfers {t(θ1k, θ2ℓ)}(k,ℓ):k≤ℓ are

cancelled out. To see this, we divide the payment into three groups: t(θ11, θ21),

t(θ1m, θ2m), and the transfers at all the other type profiles.

Observe that t(θ11, θ21) appears in (i) inequality (3) with its coefficient−
∑m

ℓ=1 µ(θ11, θ2ℓ);

(ii) inequality (5) with its coefficient µ(θ11, θ21); and (iii) inequality (7) with its co-

efficient
∑m

ℓ=2 µ(θ11, θ2ℓ). The summation of the coefficients equals

−
m∑
ℓ=1

µ(θ11, θ2ℓ) + µ(θ11, θ21) +
m∑
ℓ=2

µ(θ11, θ2ℓ) = 0.

Hence, the terms involving t(θ11, θ21) are cancelled out.

Observe that t(θ1m, θ2m) appears in (i) inequality (2) with its coefficient
∑m

k=1 µ(θ1k, θ2m);

(ii) inequality (5) with its coefficient −
∑m−1

k=1 µ(θ1k, θ2m); and (iii) inequality (7)

with its coefficient −µ(θ1m, θ2m). The summation of the coefficients equals

m∑
k=1

µ(θ1k, θ2m)−
m−1∑
k=1

µ(θ1k, θ2m)− µ(θ1m, θ2m) = 0.

Hence, the terms involving t(θ1m, θ2m) are cancelled out.

Observe that any other arbitrary payment t(θ1k, θ2ℓ) appears in (i) inequality (5)

with its coefficient µ(θ1k, θ2ℓ); and (ii) inequality (7) with its coefficient −µ(θ1k, θ2ℓ).

Since the summation of the coefficients equals

µ(θ1k, θ2ℓ)− µ(θ1k, θ2ℓ) = 0,

the terms involving all the other payments t(θ1k, θ2ℓ) are cancelled out.

Therefore, the summation of the left-hand sides of the following inequalities

(2), (3), (5) and (7) leads to

m∑
ℓ=1

µ(θ11, θ2ℓ)v2(θ11, θ21) +
m∑
ℓ=2

ℓ∑
k=2

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)

≥
m∑
k=1

µ(θ1k, θ2m)v1(θ1m, θ2m) +
m−1∑
k=1

m−1∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ),

which can be rewritten as

m∑
ℓ=1

µ(θ11, θ2ℓ)v2(θ11, θ21) +
m∑
k=2

m∑
ℓ=k

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)

≥
m∑
k=1

µ(θ1k, θ2m)v1(θ1m, θ2m) +
m−1∑
k=1

m−1∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ).

12



After rearrangement, it can be further rewritten as

m∑
ℓ=1

µ(θ11, θ2ℓ)v2(θ11, θ21) +
m∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ)v2(θ1k, θ2ℓ)−
m∑
ℓ=1

µ(θ11, θ2ℓ)v2(θ11, θ2ℓ)

≥
m∑
k=1

µ(θ1k, θ2m)v1(θ1m, θ2m) +
m∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ)v1(θ1k, θ2ℓ)−
m∑
k=1

µ(θ1k, θ2m)v1(θ1k, θ2m)

⇒
m∑
k=1

m∑
ℓ=k

µ(θ1k, θ2ℓ) (v2(θ1k, θ2ℓ)− v1(θ1k, θ2ℓ))

≥
m−1∑
k=1

µ(θ1k, θ2m) (v1(θ1m, θ2m)− v1(θ1k, θ2m)) +
m∑
ℓ=2

µ(θ11, θ2ℓ) (v2(θ11, θ2ℓ)− v2(θ11, θ21)) ,

which is identical to the EAW condition. This completes the proof of the theorem.

5 The Implications in a Continuous Type Space

This section analyzes bilateral trade with a continuous type space through the lens

of the ex ante welfare (EAW) condition.

5.1 Preliminaries

We consider TCon = ([0, 1]2, f) as the benchmark continuous type space where each

agent’s type space is [0, 1] and f is a full-support continuous density function over

[0, 1]2.

We start with the space of all bounded, real-valued functions on [0, 1]2, denoted

as B([0, 1]2). This space is equipped with the supremum norm:

∥v∥∞ = sup
θ∈[0,1]2

|v(θ)|.

By the Hewitt-Yosida theorem, the continuous dual of B([0, 1]2) is the space of all

bounded finitely additive measures on the field generated by the subsets of [0, 1]2.

We denote this space by ba([0, 1]2).

A sequence of measures µn converges to µ in the weak*-topology if, for all

v ∈ B([0, 1]2), ∫
θ∈[0,1]2

v(θ) dµn(θ) →
∫
θ∈[0,1]2

v(θ) dµ(θ).

Let P ⊂ ba([0, 1]2) be the space of probability measures such that for any µ ∈
ba([0, 1]2), the following two properties hold: (i) nonnegativity: µ(A) ≥ 0 for any

13



A in the field and (ii) normalization: µ([0, 1]2) = 1. We then endow P with the

topology induced by the convergence of integrals in the weak*-topology.

We say that Θ(m) ⊆ [0, 1]2 is the m-finite grid types such that for each θ =

(θ1, θ2) ∈ Θ(m) and i = {1, 2}, there exists k ∈ {1, . . . ,m} such that

θik =
k − 1

m− 1
.

That is, both agents have the same number of types, denoted by m. The types

are equally spaced on the interval [0, 1]. For each m ∈ N, we denote by T (m) =

(Θ(m), µ(m)) the discretized type space, where µ(m) is a probability mass function

on Θ(m). We also denote by P(Θ(m)) the simplex of probability mass functions

on Θ(m). We introduce a metric between two probability mass functions: for all

µ
(m)
1 , µ

(m)
2 ∈ P(Θ(m)),

d(µ
(m)
1 , µ

(m)
2 ) =

1

2

m∑
k=1

m∑
ℓ=1

∣∣∣µ(m)
1 (θ1k, θ2ℓ)− µ

(m)
2 (θ1k, θ2ℓ)

∣∣∣ .
We further define the following product space:

P∞ ≡
∞∏

m=1

P(Θ(m)).

Then, we say that a sequence of probability mass functions {µ(m)}m∈N ∈ P∞

converges to f ∈ P if, as m → ∞,

d(µ(m), f (m)) → 0,

where f (m) denotes the probability mass function that truncates f to Θ(m) as

follows:

f (m)(θ1k, θ2ℓ) =


∫
[θ1,k−1,θ1k]×[θ2,ℓ−1,θ2ℓ]

f(θ) dθ if (k, ℓ) ∈ {2, · · · ,m}2

0 otherwise.

It is easy to verify

m∑
k=1

m∑
ℓ=1

f (m)(θ1k, θ2ℓ) =
m∑
k=2

m∑
ℓ=2

∫
[θ1,k−1,θ1k]×[θ2,ℓ−1,θ2ℓ]

f(θ) dθ = 1.

This class of convergent sequences introduces a topology on P∞ that allows us

to approximate any sequence of probability measures in the space P in terms of a

sequence of probability mass functions in P∞.
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5.2 The Limit Ex Ante Welfare Condition

We now propose the limit ex ante welfare (limit EAW) condition as its extended

condition to a continuous type space.

Definition 9. The collection of valuations (v1(θ), v2(θ))θ∈[0,1]2 and the benchmark

continuous type space TCon = ([0, 1]2, f) satisfy the limit ex ante welfare (limit

EAW) condition if the following inequality holds:∫ 1

0

∫ θ2

0

(v2(θ1, θ2)− v1(θ1, θ2)) f(θ1, θ2) dθ1dθ2

≥
∫ 1

0

(v1(1, 1)− v1(θ1, 1)) f(θ1, 1) dθ1 +

∫ 1

0

(v2(0, θ2)− v2(0, 0)) f(0, θ2) dθ2.

We show that the limit EAW condition holds trivially in the benchmark con-

tinuous type space.

Lemma 1. For any collection of valuations (v1(θ), v2(θ))θ∈[0,1]2 and any bench-

mark continuous type space TCon = ([0, 1]2, f), the limit EAW condition is always

satisfied.

Proof. Since v1(·) is strictly increasing in θ1, we have v1(1, 1)− v1(θ1, 1) ≥ 0 for all

θ1 ∈ [0, 1], implying ∫ 1

0

(v1(1, 1)− v1(θ1, 1)) f(θ1, 1) dθ1 ≥ 0.

On the other hand, we also have∫ 1

0

(v1(1, 1)− v1(θ1, 1)) f(θ1, 1) dθ1 ≤ (v1(1, 1)− v1(0, 1))

∫ 1

0

f(θ1, 1) dθ1 = 0,

where the weak inequality holds because v1(θ1, 1) ≥ v1(0, 1) for all θ1 ∈ [0, 1] and

the equality holds because
∫ 1

0
f(θ1, 1)dθ1 = 0. Therefore, we obtain∫ 1

0

(v1(1, 1)− v1(θ1, 1)) f(θ1, 1) dθ1 = 0.

Similarly, since v2(·) is strictly increasing in θ2, we have v2(0, θ2)− v2(0, 0) ≥ 0

for all θ2 ∈ [0, 1], implying∫ 1

0

(v2(0, θ2)− v2(0, 0)) f(0, θ2) dθ2 ≥ 0.

On the other hand, we also have∫ 1

0

(v2(0, θ2)− v2(0, 0)) f(0, θ2) dθ2 ≤ (v2(0, 1)− v2(0, 0))

∫ 1

0

f(0, θ2) dθ2 = 0,
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where the weak inequality holds because v2(0, θ2) ≤ v2(0, 1) for all θ2 ∈ [0, 1] and

the equality holds because
∫ 1

0
f(0, θ2) dθ2 = 0. Therefore, we obtain∫ 1

0

(v2(0, θ2)− v2(0, 0)) f(0, θ2) dθ2 = 0.

We conclude that the right-hand side of the inequality in the limit EAW condi-

tion is zero. In contrast, its left-hand side represents the ex ante gains from trade,

which are always nonnegative. Therefore, the limit EAW condition is always sat-

isfied. This completes the proof.

5.3 Locally Robust Implementation

In this subsection, we further assume that the agents’ valuation functions are linear,

which are given by, for each type profile (θ1k, θ2ℓ) ∈ [0, 1]2,

v1(θ1k, θ2ℓ) = θ1k + γθ2ℓ and v2(θ1k, θ2ℓ) = θ2ℓ + γθ1k,

where γ ∈ [0, 1) denotes the common degree of interdependence. Since both agents

have the same degree of interdependence, we have

v2(θ1k, θ2ℓ)− v1(θ1k, θ2ℓ) = (1− γ)(θ2ℓ − θ1k),

implying that v2(θ1k, θ2ℓ) ≥ v1(θ1k, θ2ℓ) if and only if θ2ℓ ≥ θ1k, or equivalently,

ℓ ≥ k. Therefore, the efficient decision rule in this case is identical to the one

in Table 2, and thus, the EAW condition is necessary for the existence of desired

mechanisms satisfying NTNP.

Let

P∞
ε =

{
{µ(m)}m∈N ∈ P∞ : d(µ(m), f (m)) ≤ ε for all m ∈ N large enough

}
,

where f (m) is the probability mass function that truncates the continuous density

function f to Θ(m), as introduced in Subsection 5.1. Let Γ(m) = (Θ(m), x(m), t(m))

denote a direct mechanism in which x(m) : Θ(m) → [0, 1] and t(m) : Θ(m) → R2 are

the decision rule and transfer rule, respectively.

Definition 10. Efficient bilateral trade is ε-robust implementable for the bench-

mark continuous type space TCon = ([0, 1]2, f) if, for any {µ(m)}m∈N ∈ P∞
ε , there

exists a sequence of mechanisms {Γ(m)}∞m=1 such that, for each m ∈ N, the mech-

anism Γ(m) = (Θ(m), x(m), t(m)) satisfies BIC, IIR, EFF, BB, and NTNP on the

discrete type space T (m) = (Θ(m), µ(m)).
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Our next main result presents the impossibility of ε-robust implementability. To

achieve this, we employ the EAW condition, which serves as a necessary condition

for the existence of desired mechanisms that satisfy NTNP. The key is to show

that the EAW condition is violated.

We associate each finite economy indexed by m with (γ,Θ(m), µ(m)), where

v1(θ1k, θ2ℓ) = θ1k + γθ2ℓ, v2(θ1k, θ2ℓ) = θ2ℓ+ γθ1k, and T (m) = (Θ(m), µ(m)) is a finite

type space that approximates the benchmark type space TCon = ([0, 1]2, f).

Theorem 2 (Impossibility of Locally Robust Implementation). Suppose that the

agents’ valuation functions are given by v1(θ1k, θ2ℓ) = θ1k + γθ2ℓ and v2(θ1k, θ2ℓ) =

θ2ℓ + γθ1k, where γ ∈ [0, 1). Then, for each ε > 0, there exists γ̄ε ∈ (0, 1) such

that efficient bilateral trade associated with any γ ∈ (γ̄ε, 1) fails to be ε-robust

implementable for the benchmark continuous type space TCon = ([0, 1]2, f).

Proof. The proof is in the Appendix.

This result shows that, if the degree of interdependence is high enough, we

can construct a perturbation {µ(m)}m∈N around the benchmark continuous type

space TCon = ([0, 1]2, f) such that the EAW condition fails for a nearby finite

environment.

The idea behind Theorem 2 is analogous to Lopomo et al. (2022) who study

a robust version of the classic surplus extraction problem. In their model, the

designer knows only that the beliefs of each type of the agents belong to some set,

and design mechanisms that are suitable for all possible beliefs in that set.7 As

demonstrated in the proof of Theorem 2, the uncertainty underlying locally robust

implementation is captured by a set of beliefs formed by ε-contamination of the

truncated beliefs of f , {f (m)}m∈N, that is,

µ̂(m)
ε = (1− ε)f (m) + εµ

(m)
S ,

where µ
(m)
S is some singular distribution, which is explicitly specified in the proof

of Theorem 2. We assume that the designer cannot distinguish between {f (m)}m∈N

and {µ̂(m)
ε }m∈N, as long as they are sufficiently close to each other topologically.

We then show that the possibility result for the existence of desired mechanisms

satisfying NTNP is not robust to this ε-contamination.

7As noted in Lopomo et al. (2022), the behavioral foundation of our analysis traces back to

Knightian decision theory developed in Bewley (1986). The reader is referred to Bewley (1986)

and Lopomo et al. (2022) for detailed discussion of Knightian uncertainty.
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6 Fieseler, Kittsteiner, and Moldovanu (2003)

In this section, we revisit Theorem 5 of Fieseler, Kittsteiner, and Moldovanu

(henceforth, FKM, 2003) and, as we do in Section 5.3, clarify the implication of

their Theorem 5 in the specification of TCon = ([0, 1]2, f), the benchmark continu-

ous type space where each agent’s type space is [0, 1] and f is a full-support contin-

uous density function over [0, 1]2. As in Section 5.3, suppose that the agents’ valua-

tion functions are linear, which are given by, for each type profile (θ1k, θ2ℓ) ∈ [0, 1]2,

v1(θ1k, θ2ℓ) = θ1k + γθ2ℓ and v2(θ1k, θ2ℓ) = θ2ℓ + γθ1k,

where γ ∈ [0, 1) is the common parameter for preference interdependence. For

each agent i, let j ̸= i and we define

fi(θi) =

∫ θ

θ

f(θi, θ̃j)dθ̃j,

fj|i(θj|θi) =
f(θi, θj)

fi(θi)
=

f(θi, θj)∫ θ

θ
f(θi, θ̃j)dθ̃j

,

and

Fj|i(θj|θi) =
∫ θj

θ

fj|i(θ̃j|θi)dθ̃j.

To have a good benchmark based on continuous type space, we state Theorem

5 of FKM (2003). It is important to note that Gresik (1991b) already derived a

different condition for the existence of desired mechanisms (Theorem 3 of Gresik

(1991b)).

Lemma 2 (Theorem 5 in FKM (2003)). Suppose that the types are indepen-

dently distributed, i.e., for any i, j ∈ {1, 2} with i ̸= j, θj ∈ Θj, and θi, θ
′
i ∈ Θi,

fj|i(θj|θi) = fj|i(θj|θ
′
i). There exists a desired mechanism if and only if either one

of the following two conditions hold:

1. there is a price p such that
∫ θ

θ
v2(θ1, θ)f1|2(θ1|θ)dθ1 ≥ p ≥

∫ θ

θ
v1(θ, θ2)f2|1(θ2|θ)dθ2;

2. v2(θ) ≤ v1(θ) for all θ ∈ Θ.8

8To be precise, FKM (2003) only require ex ante budget surplus rather than ex post budget

balance, which we assume. The difference between these two kinds of budget balances disappears

in FKM (2003) because Börgers (2015) in Proposition 3.6 and Börgers and Norman (2009) in

Proposition 2 show that in the case of independent beliefs, ex ante budget surplus implies ex post

budget balance.

18



In their stylized example, Kunimoto and Zhang (2022) demonstrate that the

first condition in Lemma 2 amounts to γ− γ ≥ 2, which is impossible. The second

condition in Lemma 2 is also impossible because v2(θ1, θ2) ≥ v1(θ1, θ2) if and only if

θ2 ≥ θ1. Therefore, within this continuous type space setup, which is a prominent

one, we conclude that there are no desired mechanisms. Imposing NTNP constraint

on desired mechanisms and requiring efficient bilateral trade to be locally robust

implementable, we show by our Theorem 2 that, if the degree of interdependent

values is sufficiently high, FKM’s (2003) impossibility result in continuous type

space can be extended to a impossibility result in settings with correlated beliefs.

7 Conclusion

This paper has characterized when efficient, voluntary bilateral trade can be achieved

in environments with interdependent values and correlated beliefs. We model the

bilateral trade model as a setting where each agent’s private information can af-

fect both valuations, and where their beliefs about the opponent’s types may be

correlated.

Our analysis identified the ex ante welfare (EAW) condition as a necessary re-

quirement to implement ex post efficient bilateral trade in any finite type space.

Leveraging this condition, we investigated the implications of efficient trade in

continuous type spaces. By taking the limit of the EAW condition as the finite

type space approximates the benchmark continuous type space, we derived a cor-

responding limit EAW condition.

We demonstrated that while this limit condition holds trivially in benchmark

continuous settings with a full-support density function (Lemma 1), its validity is

challenged when subjected to a robustness check. Specifically, we introduced the

notion of locally robust implementation, which requires efficient trade to be imple-

mentable uniformly across all finite type spaces that approximate the benchmark

continuous type space. Our Theorem 2 established that under high interdepen-

dence, the EAW condition fails in a finite type space that approximate the bench-

mark continuous type space; that is, locally robust implementation of efficient trade

is impossible.

These findings provide a new perspective on the fundamental impossibility

results established by Myerson and Satterthwaite (1983) for private values and

Fieseler, Kittsteiner, and Moldovanu (FKM, 2003) for interdependent values, but

both under independent beliefs. We show that these classic negative results are

even more far-reaching than previously understood: when the degree of interde-
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pendent values is sufficiently high, impossibility emerges as the robust limit of

discrete environments, even under belief correlation. Extending these insights to

broader mechanism design settings remains an important open question. We hope

our characterization serves as a meaningful step toward a complete understanding

of robust implications of efficient mechanisms.

8 Appendix

In the Appendix, we provide all the proofs omitted from the main text of the paper.

8.1 Proof of Proposition 1

Proof. The proof consists of four steps. In Step 1, we show that x∗(θ1k, θ2ℓ) is

nondecreasing in θ2ℓ. In Step 2, we show that x∗(θ1k, θ2ℓ) is non-increasing in θ1k.

Finally, Steps 3 and 4 pin down the unique efficient decision rule x∗(·).

Step 1: x∗(θ1k, θ2ℓ) is nondecreasing in θ2ℓ for every k ∈ {1, . . . ,m}.

Proof. Fix an arbitrary θ1k ∈ Θ1. Suppose, on the contrary, that there exist

θ2ℓ, θ2ℓ′ ∈ Θ2 with ℓ < ℓ′ such that x∗(θ1k, θ2ℓ) = 1 and x∗(θ1k, θ2ℓ′) = 0. Notice

that x∗(θ1k, θ2ℓ) = 1 implies v2(θ1k, θ2ℓ) ≥ v1(θ1k, θ2ℓ). If the buyer’s type increases

to θ2ℓ′ , by the single crossing condition, we have

v2(θ1k, θ2ℓ′)− v2(θ1k, θ2ℓ) > v1(θ1k, θ2ℓ′)− v1(θ1k, θ2ℓ)

⇒ v2(θ1k, θ2ℓ′)− v1(θ1k, θ2ℓ′) > v2(θ1k, θ2ℓ)− v1(θ1k, θ2ℓ),

implying v2(θ1k, θ2ℓ′) > v1(θ1k, θ2ℓ′) must hold. Therefore, we obtain x∗(θ1k, θ2ℓ′) =

1, contradicting our hypothesis that x∗(θ1k, θ2ℓ′) = 0. This completes the proof of

Step 1.

Step 2: x∗(θ1k, θ2ℓ) is non-increasing in θ1k for every ℓ ∈ {1, . . . ,m}.

Proof. Fix an arbitrary θ2ℓ ∈ Θ2. Suppose, on the contrary, that there exist

θ1k, θ1k′ ∈ Θ1 with k < k′ such that x∗(θ1k, θ2ℓ) = 0 and x∗(θ1k′ , θ2ℓ) = 1. Notice

that x∗(θ1k, θ2ℓ) = 0 implies v1(θ1k, θ2ℓ) > v2(θ1k, θ2ℓ). If the seller’s type increases

to θ1k′ , by the single crossing condition, we have

v1(θ1k′ , θ2ℓ)− v1(θ1k, θ2ℓ) > v2(θ1k′ , θ2ℓ)− v2(θ1k, θ2ℓ)

⇒ v1(θ1k′ , θ2ℓ)− v2(θ1k′ , θ2ℓ) > v1(θ1k, θ2ℓ)− v2(θ1k, θ2ℓ),
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implying v1(θ1k′ , θ2ℓ) > v2(θ1k′ , θ2ℓ) must hold. Therefore, we obtain x∗(θ1k′ , θ2ℓ) =

0, contradicting our hypothesis x∗(θ1k′ , θ2ℓ) = 1. This completes the proof of Step

2.

Step 3: For all k ∈ {2, · · · ,m},

x∗(θ1k, θ2k) = 1 (8)

and

x∗(θ1k, θ2,k−1) = 0. (9)

Proof. We highlight that the only place where responsiveness plays a role lies in

Step 3. We prove this by induction.

First, we show that equations (8) and (9) hold when k = 2. Suppose, on the

contrary, that x∗(θ12, θ21) = 1. Since x∗(θ11, θ21) = x∗(θ12, θ21) = 1 and x∗(θ1k, θ2ℓ)

is nondecreasing in θ2ℓ for each θ1k (by Step 1), we have x∗(θ11, θ2ℓ) = x∗(θ12, θ2ℓ) =

1 for all ℓ ∈ {1, · · · ,m}, violating the responsiveness of the efficient decision rule.

Hence, x∗(θ12, θ21) = 0 must hold.

Moreover, suppose, on the contrary, that x∗(θ12, θ22) = 0. Since x∗(θ11, θ21) = 1

and x∗(θ11, θ2ℓ) is nondecreasing in θ2ℓ, we have x∗(θ11, θ22) = x∗(θ11, θ21) = 1.

Moreover, since x∗(θ12, θ21) = x∗(θ12, θ22) = 0 and x∗(θ1k, θ2ℓ) is non-increasing in

θ1k for each θ2ℓ, we have x
∗(θ1k, θ21) = x∗(θ1k, θ22) = 0 for all k ≥ 2. To summarize,

we have

x∗(θ1k, θ21) = x∗(θ1k, θ22) for all k ∈ {1, . . . ,m},

which violates the responsiveness of the efficient decision rule x∗. Hence, x∗(θ12, θ22) =

1 must hold.

Fix k̃ ∈ {2, . . . ,m} arbitrarily. By our induction hypothesis, we assume that

x∗(θ1k, θ2k) = 1 and x∗(θ1k, θ2,k−1) = 0 for each k ∈ {2, . . . , k̃}. We will show

that both equations still hold when k = k̃ + 1. Suppose, on the contrary, that

x∗(θ1,k̃+1, θ2k̃) = 1. Since x∗(θ1k̃, θ2,k̃−1) = 0 (induction hypothesis) and x∗(θ1k, θ2,k̃−1)

is non-increasing in θ1k (by Step 2), we have x∗(θ1,k̃+1, θ2,k̃−1) = x∗(θ1k̃, θ2,k̃−1) = 0.

Furthermore, since x∗(θ1k, θ2ℓ) is nondecreasing in θ2ℓ for each θ1k (by Step 1), we

obtain

x∗(θ1k̃, θ2ℓ) = x∗(θ1,k̃+1, θ2ℓ) = 0

for all ℓ ≤ k̃ − 1. Finally, since x∗(θ1k̃, θ2k̃) = x∗(θ1,k̃+1, θ2k̃) = 1 and x∗(θ1k, θ2ℓ) is

nondecreasing in θ2ℓ for each θ1k (by Step 1), we have

x∗(θ1k̃, θ2ℓ) = x∗(θ1,k̃+1, θ2ℓ) = 1
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for all ℓ ≥ k̃. To summarize, we obtain

x∗(θ1k̃, θ2ℓ) = x∗(θ1,k̃+1, θ2ℓ) for all ℓ ∈ {1, . . . ,m},

which violates the responsiveness of the efficient decision rule x∗. Hence, x∗(θ1,k̃+1, θ2k̃) =

0 must hold.

Lastly, suppose, on the contrary, that x∗(θ1,k̃+1, θ2,k̃+1) = 0. Since x∗(θ1k̃, θ2k̃) =

1 (induction hypothesis) and x∗(θ1k̃, θ2ℓ) is nondecreasing in θ2ℓ (by Step 1), we have

x∗(θ1k̃, θ2,k̃+1) = x∗(θ1k̃, θ2k̃) = 1. Moreover, since x∗(θ1k, θ2ℓ) is non-increasing in

θ1k for each θ2ℓ (by Step 2), we obtain

x∗(θ1k, θ2k̃) = x∗(θ1k, θ2,k̃+1) = 1

for all k ≤ k̃. Finally, since x∗(θ1,k̃+1, θ2k̃) = x∗(θ1,k̃+1, θ2,k̃+1) = 0 and x∗(θ1k, θ2ℓ)

is non-increasing in θ1k for each θ2ℓ (by Step 2), we have

x∗(θ1k, θ2k̃) = x∗(θ1k, θ2,k̃+1) = 0

for all k ≥ k̃ + 1. To summarize, we obtain

x∗(θ1k, θ2k̃) = x∗(θ1k, θ2,k̃+1) for all k ∈ {1, . . . ,m},

which violates the responsiveness of the efficient decision rule x∗. Hence, x∗(θ1,k̃+1, θ2,k̃+1) =

1 must hold.

We conclude that x∗(θ1k, θ2k) = 1 and x∗(θ1k, θ2,k−1) = 0 are satisfied for all

k ∈ {2, · · · ,m}.

Step 4: For each (θ1k, θ2ℓ) ∈ Θ, x∗(θ1k, θ2ℓ) = 1 if and only if k ≤ ℓ.

Proof. The following table describes the allocation decisions implied by Step 3.

Table 3

x∗(·) θ21 θ22 θ23 · · · θ2,m−1 θ2m

θ11

θ12 0 1

θ13 0 1
...

. . . . . .

θ1,m−1
. . . . . .

θ1m 0 1

For all k ∈ {2, · · · ,m}, since x∗(θ1k, θ2k) = 1 (by Step 3) and x∗(θ1k, θ2ℓ) is

nondecreasing in θ2ℓ (by Step 1), it follows that x∗(θ1k, θ2ℓ) = 1 for all ℓ ≥ k.
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Moreover, for all ℓ ∈ {1, · · · ,m − 1}, since x∗(θ1,ℓ+1, θ2ℓ) = 0 (by Step 3) and

x∗(θ1k, θ2ℓ) is non-increasing in θ1k (by Step 2), it follows that x∗(θ1k, θ2ℓ) = 0 for

all k ≥ ℓ+ 1. Finally, since x∗(θ11, θ21) = 1 (by our assumption) and x∗(θ11, θ2ℓ) is

nondecreasing in θ2ℓ (by Step 1), we obtain x∗(θ11, θ2ℓ) = 1 for all ℓ ≥ 1. To combine

all the implications, we conclude that x∗(θ1k, θ2ℓ) = 1 if and only if k ≤ ℓ.

We thus complete the proof of Proposition 1.

8.2 Proof of Theorem 2

Proof. For each m ∈ N with m ≥ 2, we define µ
(m)
S to be the following singular

distribution:

µ
(m)
S (θ1k, θ2ℓ) =



1
m−1

if (k, ℓ) = (1,m)

1
2(m−1)

if k = 1 and ℓ ∈ {2, . . . ,m− 1}
1

2(m−1)
if ℓ = m and k ∈ {2, . . . ,m− 1}

0 otherwise.

For each ε ∈ (0, 1), we then construct the perturbation {µ̂(m)
ε }m∈N ∈ P∞

ε with the

following property:

µ̂(m)
ε (θ1k, θ2ℓ) = (1− ε)f (m)(θ1k, θ2ℓ) + εµ

(m)
S (θ1k, θ2ℓ).

The proof is divided into two steps.

Step 1: For every ε > 0,

{µ̂(m)
ε }m∈N ∈ P∞

ε ,

or equivalently, there exist M ∈ N such that for all m ≥ M , d(µ̂
(m)
ε , f (m)) ≤ ε.

Proof. The distance between µ̂
(m)
ε and f (m), denoted by d(µ̂

(m)
ε , f (m)), is computed

below:

d(µ̂(m)
ε , f (m)) =

1

2

m∑
k=1

m∑
ℓ=1

∣∣µ̂(m)
ε (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣
=

1

2

m∑
k=1

m∑
ℓ=1

∣∣∣(1− ε)f (m)(θ1k, θ2ℓ) + εµ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣∣
=

ε

2

m∑
k=1

m∑
ℓ=1

∣∣∣µ(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣∣ .
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We partition the set of type profiles Θ(m) = {(θ1k, θ2ℓ) | (k, ℓ) ∈ {1, . . . ,m}2} into

two subsets: the singular set, denoted by Θ
(m)
S , which consists of all boundary

points to which the singular distribution µ
(m)
S assigns positive probability mass:

Θ
(m)
S = {(θ1k, θ2ℓ) | (k, ℓ) ∈ {1} × {2, . . . ,m}} ∪ {(θ1k, θ2ℓ) | (k, ℓ) ∈ {2, . . . ,m− 1} × {m}}

and the interior set, denoted by Θ
(m)
I , which contains all remaining points:

Θ
(m)
I = Θ(m)\Θ(m)

S .

Then, we continue the computation of d(µ̂
(m)
ε , f (m)):

d(µ̂(m)
ε , f (m)) =

ε

2

∑
(θ1k,θ2ℓ)∈Θ

(m)
S

∣∣∣µ(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣∣
+
ε

2

∑
(θ1k,θ2ℓ)∈Θ

(m)
I

∣∣∣µ(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣∣
=

ε

2

∑
(θ1k,θ2ℓ)∈Θ

(m)
S

∣∣∣µ(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

∣∣∣
+
ε

2

∑
(θ1k,θ2ℓ)∈Θ

(m)
I

f (m)(θ1k, θ2ℓ). (10)

The second equality holds because the singular distribution µ
(m)
S has zero proba-

bility mass on the interior points.

We further argue that there exists M̃ ∈ N such that for each (θ1k, θ2ℓ) ∈ Θ
(m)
S

and each m ≥ M̃ ,

µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ) > 0.

Since the density function f integrates to one over [0, 1]2, it must be bounded. Let

fmax
∗ be the maximum value of the density function:

fmax
∗ = max

θ∈[0,1]2
f(θ) < ∞.

Then, for each (k, ℓ) ∈ {2, · · · ,m}2, we obtain

f (m)(θ1k, θ2ℓ) =

∫
[θ1,k−1,θ1k]×[θ2,ℓ−1,θ2ℓ]

f(θ) dθ ≤ fmax
∗

∫
[θ1,k−1,θ1k]×[θ2,ℓ−1,θ2ℓ]

dθ =
1

(m− 1)2
fmax
∗ .

As a result, for each (k, ℓ) ∈ {2, · · · ,m}2, we compute:

µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ) ≥ 1

2(m− 1)
− 1

(m− 1)2
fmax
∗

=
1

2(m− 1)2
(m− 1− 2fmax

∗ ) .
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Since fmax
∗ < ∞, we obtain that, for all m ∈ N, if m ≥ 1 + 2fmax

∗ ,

µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ) ≥ 0.

Similarly, for each (k, ℓ) ∈ {1} × {2, · · · ,m}, we compute:

µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ) = µ

(m)
S (θ1k, θ2ℓ) > 0.

To summarize, for all (θ1k, θ2ℓ) ∈ Θ
(m)
S and all m ≥ 1 + 2fmax

∗ , we have

µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ) ≥ 0.

Then, for all m ≥ 1 + 2fmax
∗ , expression (10) can be simplified as:

d(µ̂(m)
ε , f (m)) =

ε

2

 ∑
(θ1k,θ2ℓ)∈Θ

(m)
S

(
µ
(m)
S (θ1k, θ2ℓ)− f (m)(θ1k, θ2ℓ)

)
+

∑
(θ1k,θ2ℓ)∈Θ

(m)
I

f (m)(θ1k, θ2ℓ)


=

ε

2

1− ∑
(θ1k,θ2ℓ)∈Θ

(m)
S

f (m)(θ1k, θ2ℓ) +
∑

(θ1k,θ2ℓ)∈Θ
(m)
I

f (m)(θ1k, θ2ℓ)


= ε

1−
∑

(θ1k,θ2ℓ)∈Θ
(m)
S

f (m)(θ1k, θ2ℓ)

 ,

where the second equality follows because
∑

(θ1k,θ2ℓ)∈Θ
(m)
S

µ
(m)
S (θ1k, θ2ℓ) = 1 and the

third equality follows because
∑

(θ1k,θ2ℓ)∈Θ
(m)
I

f (m)(θ1k, θ2ℓ) = 1−
∑

(θ1k,θ2ℓ)∈Θ
(m)
S

f (m)(θ1k, θ2ℓ).

Furthermore, notice that∑
(θ1k,θ2ℓ)∈Θ

(m)
S

f (m)(θ1k, θ2ℓ) =
∑

(θ1k,θ2ℓ)∈{1}×{2,··· ,m}

f (m)(θ1k, θ2ℓ) +
∑

(θ1k,θ2ℓ)∈{2,··· ,m−1}×{m}

f (m)(θ1k, θ2ℓ)

=
∑

(θ1k,θ2ℓ)∈{2,··· ,m−1}×{m}

f (m)(θ1k, θ2ℓ),

where the second equality follows because f (m)(θ1k, θ2ℓ) = 0 for all (θ1k, θ2ℓ) ∈
{1} × {2, · · · ,m}. Since

∑
(θ1k,θ2ℓ)∈Θ

(m)
S

f (m)(θ1k, θ2ℓ) converges to an integral over

the line as m → ∞, it has a limit of zero. Thus, we conclude

lim
m→∞

d(µ̂(m)
ε , f (m)) = ε.

This completes the proof of Step 1.
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We say that the EAW condition holds for the environment (γ,Θ(m), µ(m)) if the

distribution µ(m) and the collection of valuations (θ1k +γθ2ℓ, θ2ℓ+γθ1k)(θ1k,θ2ℓ)∈Θ(m)

satisfy the EAW condition. Otherwise, we say that the EAW condition fails.

Step 2: For every ε > 0, there exists γ̄ε ∈ (0, 1) such that, for all γ ∈ (γ̄ε, 1) and all

m ∈ N large enough, the EAW condition fails for the environment (γ,Θ(m), µ̂
(m)
ε ).

Proof. Substituting the linear valuation functions and probability mass function

µ̂
(m)
ε into the EAW condition, we obtain

m∑
k=1

m∑
ℓ=k

µ̂(m)
ε (θ1k, θ2ℓ)(1− γ)(θ2ℓ − θ1k)

≥
m−1∑
k=1

µ̂(m)
ε (θ1k, θ2m) (θ1m − θ1k) +

m∑
ℓ=2

µ̂(m)
ε (θ11, θ2ℓ) (θ2ℓ − θ21) . (11)

We use the decomposition µ̂
(m)
ε = (1 − ε)f (m) + εµ

(m)
S . Then, both sides can be

decomposed into two components: the continuous part (from f (m)) and the singular

part (from µ
(m)
S ).

We first consider the left-hand side (LHS) of inequality (11):

LHS =
m∑
k=1

m∑
ℓ=k

[
(1− ε)f (m)(θ1k, θ2ℓ) + εµ

(m)
S (θ1k, θ2ℓ)

]
(1− γ)(θ2ℓ − θ1k)

= (1− ε)(1− γ)
m∑
k=1

m∑
ℓ=k

f (m)(θ1k, θ2ℓ)(θ2ℓ − θ1k)

+ε(1− γ)

[
m∑
ℓ=2

µ
(m)
S (θ11, θ2ℓ)(θ2ℓ − θ11) +

m−1∑
k=2

µ
(m)
S (θ1k, θ2m)(θ2m − θ1k)

]
.

To simplify notation, we define C(m) =
∑m

k=1

∑m
ℓ=k f

(m)(θ1k, θ2ℓ)(θ2ℓ − θ1k). We

continue the computation:

LHS = (1− ε)(1− γ)C(m)

+ε(1− γ)

[
1

2(m− 1)

m−1∑
ℓ=2

ℓ− 1

m− 1
+

1

m− 1
+

1

2(m− 1)

m−1∑
k=2

(
1− k − 1

m− 1

)]
= (1− ε)(1− γ)C(m)

+ε(1− γ)

[
1

2(m− 1)2

m−1∑
ℓ=2

(ℓ− 1) +
1

m− 1
+

1

2(m− 1)2

m−1∑
k=2

(m− k)

]
.
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After rearrangement, we obtain

LHS = (1− ε)(1− γ)C(m) + ε(1− γ)

[
2

2(m− 1)2
(m− 2)(m− 1)

2
+

1

m− 1

]
= (1− ε)(1− γ)C(m) + ε(1− γ)

[
m− 2

2(m− 1)
+

1

m− 1

]
= (1− ε)(1− γ)C(m) + ε(1− γ)

m

2(m− 1)
.

We proceed to compute the right-hand side (RHS) of inequality (11). The RHS

can also be decomposed into two components: the continuous part (from f (m)) and

the singular part (from µ
(m)
S ). The RHS is thus rewritten as

RHS =
m−1∑
k=1

[
(1− ε)f (m)(θ1k, θ2m) + εµ

(m)
S (θ1k, θ2m)

]
(θ1m − θ1k)

+
m∑
ℓ=2

[
(1− ε)f (m)(θ11, θ2ℓ) + εµ

(m)
S (θ11, θ2ℓ)

]
(θ2ℓ − θ21)

= (1− ε)
m−1∑
k=2

f (m)(θ1k, θ2m)(θ1m − θ1k)

+ε

[
m−1∑
k=1

µ
(m)
S (θ1k, θ2m) (θ1m − θ1k) +

m∑
ℓ=2

µ
(m)
S (θ11, θ2ℓ) (θ2ℓ − θ21)

]
,

where the second equality follows because f (m)(θ11, θ2ℓ) = 0 for all ℓ ∈ {2, · · · ,m}.
Recall the singular distribution µ

(m)
S : µ

(m)
S (θ11, θ2m) = 1/(m−1) and µ

(m)
S (θ1k, θ2m) =

µ
(m)
S (θ11, θ2ℓ) = 1/(2(m−1)) for each k ∈ {2, · · · ,m−1} and each ℓ ∈ {2, · · · ,m−

1}. Substituting it into the above expression, we obtain

RHS = (1− ε)
m−1∑
k=2

f (m)(θ1k, θ2m)(θ1m − θ1k)

+ε

[
1

m− 1
+

m−1∑
k=2

1

2(m− 1)

m− k

m− 1
+

m−1∑
ℓ=2

1

2(m− 1)

ℓ− 1

m− 1
+

1

m− 1

]

= (1− ε)
m−1∑
k=2

f (m)(θ1k, θ2m)(θ2m − θ1k)

+ε

[
2

m− 1
+

1

2(m− 1)2

m−1∑
k=2

(m− k) +
1

2(m− 1)2

m−1∑
ℓ=2

(ℓ− 1)

]

= (1− ε)
m−1∑
k=2

f (m)(θ1k, θ2m)(θ2m − θ1k) + ε

[
2

m− 1
+

2

2(m− 1)2
(m− 2)(m− 1)

2

]
.
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To simplify notation, we define Ĉ(m) =
∑m−1

k=2 f (m)(θ1k, θ2m)(θ2m − θ1k). We con-

tinue the computation:

RHS = (1− ε)Ĉ(m) + ε

[
2

m− 1
+

m− 2

2(m− 1)

]
= (1− ε)Ĉ(m) +

(m+ 2)ε

2(m− 1)
.

To summarize, the EAW condition requires

(1− ε)(1− γ)C(m) + ε(1− γ)
m

2(m− 1)
≥ (1− ε)Ĉ(m) +

(m+ 2)ε

2(m− 1)

⇒ 1− γ ≥
(1− ε)Ĉ(m) + (m+2)ε

2(m−1)

(1− ε)C(m) + mε
2(m−1)

⇒ γ ≤
(1− ε)

(
C(m) − Ĉ(m)

)
− 2ε

2(m−1)

(1− ε)C(m) + mε
2(m−1)

.

To simplify notation, we define

γ̄(ε,m) =
(1− ε)

(
C(m) − Ĉ(m)

)
− 2ε

2(m−1)

(1− ε)C(m) + mε
2(m−1)

.

Then, the EAW condition is reduced to γ ≤ γ̄(ε,m). Taking the limit as m → ∞,

we have

γ̄ε = lim
m→∞

γ̄(ε,m) = lim
m→∞

2(1− ε)(C(m) − Ĉ(m))− 2ε
m−1

2(1− ε)C(m) + mε
m−1

=
2(1− ε) limm→∞(C(m) − Ĉ(m))

2(1− ε) limm→∞ C(m) + ε
.

Observe that

lim
m→∞

Ĉ(m) = lim
m→∞

m−1∑
k=2

f (m)(θ1k, θ2m)(θ2m − θ1k) =

∫ 1

0

(1− θ1)f(θ1, 1) dθ1 ≥ 0,

where the weak inequality holds because 1− θ1 ≥ 0 for all θ1 ∈ [0, 1]. On the other

hand, we also have

lim
m→∞

Ĉ(m) =

∫ 1

0

(1− θ1)f(θ1, 1) dθ1 ≤
∫ 1

0

f(θ1, 1) dθ1 = 0,

where the weak inequality follows because 1− θ1 ≤ 1 for all θ1 ∈ [0, 1]. Therefore,

we obtain

lim
m→∞

Ĉ(m) = 0.

Furthermore, since

lim
m→∞

C(m) = lim
m→∞

m∑
k=1

m∑
ℓ=k

f (m)(θ1k, θ2ℓ)(θ2ℓ − θ1k) > 0,
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we have γ̄ε ∈ (0, 1). We conclude that for all γ ∈ (γ̄ε, 1) and all m ∈ N large

enough, the EAW condition fails for (γ,Θ(m), µ̂
(m)
ε ). This completes the proof of

Step 2.

Since the EAW condition is a necessary condition for the existence of desired

mechanisms satisfying NTNP in any finite environment, the impossibility of locally

robust implementation of efficient bilateral trade is established.
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