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Abstract

Bogomolnaia and Moulin (2001) show that there is no rule satisfying equal treatment
of equals, stochastic dominance efficiency, and stochastic dominance strategyproofness for
a probabilistic assignment problem of indivisible objects. Later, Kasajima (2013) shows
that the incompatibility result still holds when agents are restricted to have single-peaked
preferences. In this paper, we further restrict the domain by requiring that all agents
have single-peaked preferences with a common peak and investigate the existence of rules
satisfying the three properties. As it turns out, the three properties are still incompatible
even if all agents have the same preferences except three least preferred objects.
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1. Introduction

We consider the problem of allocating indivisible objects to a group of agents when each
agent is supposed to receive exactly one object. This problem arises in many situations: an
allocation of time slots to golfers, an assignment of dormitories to students, a placement of
students to public schools, etc.

It is obvious that the indivisibility of objects causes a difficulty in achieving fairness. For
instance, suppose that there are two agents with identical preferences who want to allocate
two objects. Each of the two possible allocations would not satisfy any reasonable notion of
fairness. To overcome the difficulty, two possibilities are proposed in the literature, monetary
transfers or lotteries. In this paper, we use lotteries to assign the objects, called a probabilistic
assignment.
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This type of assignment problems was introduced by Hylland and Zeckhauser (1979).!
Following Bogomolnaia and Moulin (2001), we investigate the existence of rules satisfying
three properties: equal treatment of equals which requires that if two agents have the same
preferences, then they should end up with the same assignment; stochastic dominance effi-
ctency, which requires that a probabilistic allocation selected by a rule is not stochastically
Pareto dominated by any other probabilistic allocation; stochastic dominance strategyproof-
ness, which requires that a probabilistic assignment selected by the rule under truth-telling
stochastically dominates her assignment obtained by lying.

Bogomolnaia and Moulin (2001) show that for a problem with three agents, these three
conditions are compatible, but for a problem with more than three agents, they are not.
Kasajima (2013) shows that the three conditions are incompatible on the restricted domain of
single-peaked preference profiles. In this paper, we further restrict the preference domain and
consider the compatibility of the three conditions on the domain of single-peaked preference
profiles with a common peak. As it turns out, these three conditions are still incompatible
even though all agents have the same preferences except three least preferred objects.

The paper is organized as follows. Section 2 introduces the model and three properties.
Section 3 presents our main impossibility result with the proof when the number of agents is
even. Section 4 discusses how our result can be modified with variations in our assumptions.
Appendix provides the proof for our main result when the number of agents is odd.

2. The model

Let N = {1,2,...,n} be a finite set of agents. A typical agent is denoted by ¢ € N. Let
O = {01,02,...,0n,} be a finite set of distinct indivisible objects. Each agent is supposed
to receive exactly one object. We assume that |[N| = |O| = n. Each agent i € N has a
complete, transitive, and strict binary relation R; over objects. We refer to R; as agent i’s
preference relation. Let R be a domain of preferences. Let R = (R;);eny be a preference
profile and RY be a domain of preference profiles.

We consider the following restriction on preferences. Without loss of generality, let O be
ordered in such a way that

01 <02 <X -+ < 0p.

For each i € N, R; € R is single-peaked on O (with respect to <) if one of the following three
conditions holds:

(i) thereist € {2,...,n — 1} such that oy R; o;—1 R;---R; 01 and oy R; 0141 R; - R; op,
(ii) on Ri on—1 Ri--- R; o1,

(iii) 01 RZ' 09 Ri e RZ‘ Op.

!There are many papers on the probabilistic assignment. For example, Hylland and Zeckhauser 1979; Ab-
dulkadiroglu and Sénmez 1998, 2003; Bogomolnaia and Moulin 2001, 2002, 2004, 2015; Katta and Sethuraman
2006; Kojima 2009; Che and Kojima 2010; Bogomolnaia and Heo 2012; Kasajima 2013; Erdil 2014; Hashimoto
et al. 2014; Bogomolnaia 2015.



For each i € N and each R; € R, let p;(R;) be the most preferred object, or peak. A
preference profile is single-peaked on O if for each ¢ € N, R; is single-peaked on R. Let Rg P
be the domain of single-peaked preference profiles. A single-peaked preference profile has a
common peak if R € ngvp and for each i € N, p; =p € O.

A deterministic allocation is a one-to-one correspondence between the set of agents and
the set of objects. It is represented as a 0 - 1 matrix, with rows indexed by agents and
columns indexed by objects: a 0 - 1 matrix represents a deterministic allocation if and only
if it contains exactly one 1 in each row and each column.

A probabilistic allocation is a probability distribution over deterministic allocations. It is
also represented as a matrix, whose (7,7)th entry represents the probability that agent i
receives object j. Formally, a probabilistic allocation is a matrix M = [M;i]ie N keo such that

(i) for each i € N and each k € O, My, € [0,1],
(ii) for each i € N, > ..o M, =1, and
(iii) for each k€ O, Y ey Mix = 1.

Let M be the set of all probabilistic allocations. For each ¢ € N, her probabilistic assignment
in M € M is a vector M; = [M;;]keco, i-e. the ith row of M. A rule is a function which
associates with each problem a matrix in M. A generic rule is denoted by .

We introduce three requirements on rules. First is equal treatment of equals, which re-
quires that if two agents have the same preferences, then they should end up with the same
assignment.

equal treatment of equals: For each R € RY and each i, j € N, if R; = 7, then
pi(R) = ¢j(R).

Next, we specify how an agent compares two assignments. For each o € O, let 0 be
obtained by rearranging the objects from the best to the worst according to R;, that is,
01 R; 02 R; ... R; 0,. An assignment M; = [M;;]reo stochastically dominates another assign-
ment M] = [M},]reo at R;, which we write M; R3¢ M, if

t t
ZMMk > ZM{@ fort=1,...,n.
k=1 k=1

If strict inequality holds for some k, then we write M; Pfd M]. An allocation M € M
stochastically Pareto dominates another allocation M’ € M if for each i € N, M; Rfd M/,
and for some i € N, M; Ps? M.

Stochastic dominance efficiency (simply, sd-efficiency) requires that a probabilistic alloca-
tion selected by the rule is not stochastically Pareto dominated by any other probabilistic
allocation. For each R € RN, let Eff*¢(R) = {M € M| there is no M’ € M such that M’
stocastically dominates M at R}.

sd-efficiency: For each R € RY, ¢(R) € Eff**(R).



Finally, stochastic dominance strategyproofness (simply, sd-strategyproofness) requires that
a probabilistic assignment selected by the rule under truth-telling stochastically dominates
her assignment obtained under lying.

sd-strategyproofness: For each R € R, eachi € N, and each R, € R, ;(R)R%p;(R}, R_;).

3. Result

As shown in Bogomolnaia and Moulin (2001), for a problem with three agents, equal treatment
of equals, sd-efficiency, and sd-strategy-proofness are compatible, but for a problem with
four or more agents, they are not. Kasajima (2013) shows that these three conditions are
incompatible on a restricted domain of single-peaked preference profiles. In this paper, we
further restrict the preference domain and consider the compatibility of the three conditions
on the domain of single-peaked preference profiles with a common peak.

We note that if the common peak is either the first or the last object, that is, either for
alli € N, o1 R; o9 R;---R; o, or for all i € N, o, R; op_1 R;---R; 01, then all preferences
are the same and the equal division satisfies the three requirements. Therefore, from now on,
we assume that all agents have a common peak o, € O such that t € {2,...,n — 1}. Among
many possible preference profiles with a common peak oy, we use in the proof the following
three preferences which are identical except three least preferred objects. For each i € N,

/.

o Ri‘ O¢ Ri ‘e Ri 01 Ri On—1 Ri On,
/.

® Ri' O¢ Rz’ Ri Op—1 Ri 01 Ri Op,
",

o R oy Ry ... Ry op—1 R; 0, R; 01.

When o,,_1 is a common peak, we choose 01, 02, and o0,, as three least preferred alternatives.
To simplify the notation, we denote each preference profile by a matrix where each row
0

represents an agent’s preference. For example, a matrix M = represents the

S O =

0
0 1
0 1
preference profile (R}, R, RY).

Theorem On the domain of single-peaked preference profiles with a common peak, if n > 4,
then there is no rule satisfying equal treatment of equals, sd-efficiency, and sd-strategyproofness.
Proof. Let N = {1,2,...,n} be such that n > 4. Here, we give a proof for an even number

of agents. The proof for an odd number of agents is given in the Appendix. Suppose, by way
of contradiction, that there is a rule ¢ that satisfies the three requirements. Let k = 7.

Profile 1-0 Profile 1-1 Profile 1-2 Profile 1-k
0 1 0 1 0 0 1 0 0 L oo
0 1 0 0 1 0 1 0 0 Do 5 agents
0o 1 0 = 0o 1 0 = 0o 1 0 = ... = 1 0 0
. 0o 1 0
0 1 0 0 1 0 0 1 0 Lol 5 agents
0o 1 0 o 1 0 0o 1 0 01 0



Profile 1-0, R'?: For each i € N, RI® = R!. By equal treatment of equals, for each i € N
and each k € O, p;(RY) = 1.

Profile 1-1, R'': R} = R| and for each i = 2,...,n, R} = R!. By sd-strategyproofness,
P1(RRPp1(RY) and  o1(R)R*p1(RY).

Therefore, 10, (RH) = Ploy (Rlo)v <oy Plop— 2(R11) ‘Plon (R 0) and 1o, (Rl ) =1 on(Rlo)'
Invoking our conclusion for Profile 1-0, @1, (R') = - = 10, _,(RM) = ¢1,, (RM) = L.
Next, we show that ¢1,, , (R!) = 0. Suppose by way of contradiction that ¢1,, _, (R“)
0. Since p10, (R') < 2, thereisi € N\{1} such that @;,, (R'!) > 0. Let § = min{¢p1,,_, (R™),
©ioy (R}, Let M € M be such that My, = @10, (R1Y) + 6, M1y, , = @10, ,(RY) = 6,
Mo, = Qio, (RY) — 6, Mio, | = ®io,_, + 0, and other entries are the same as the entries at
@o(R™M). It is easy to see that M stochastically Pareto dominates p(R') at R'!, in violation
of sd-efficiency. Therefore, ¢1,, ,(R'") = 0, which implies that ¢10, (R'") = 2. Finally, by
equal treatment of equals,

2 1 19 1

n n n n

n2 1 T 1 1

11y _ | ntn=1) n n n—-1 n
p(R) =1 .~ . o
n—2 1 111

n(n—1) n n n—-1 n

Profile 1-2, R'%2: For i = 1,2, R} = R, and for i = 3,...,n, R? = R!. By sd-
strategyproofness,

p2(R¥)REY0a(RY)  and o R™)RY* o (R'?).

Invoking our conclusion for Profile 1-1, go,, (R12) = -+ = 95, ,(R'?) = g9, (R'?) = L.

Next, we show that ¢, , (R'?) = 0. Suppose by way of contradiction that s, , (R'?) >
0, which implies that s, (R'?) < % By equal treatment of equals, 10, (R'?) < % Then,
there is i € {3,4,...,n} such that ;,, (R'?) > 0. By the same argument as in Profile 1-1,
we can construct M € M such that M stochastically Pareto dominates p(R'?) at R'2, in
violation of sd-efficiency. Therefore, @, ,(R'?) = 0, which implies that @o,, (R'?) = 2.
Finally, by equal treatment of equals,

2 1 1 1

5w » 0 %

P4 1 1 0 1

n4 1 111

12\ n(n—2) n n n—-2 n
p(R) : : : : :
n—4 1 1 1 1

n(n—2) n n n-2 n

n—4 1 1 1 1

n(n—2) n n n—-2 n

Repeat this process until we obtain profile 1-k.



Profile 1-k, R'*: For i = 1,...,k, R¥* = R} and for i = k+1,...,n, R¥* = R!. By
sd-strategyproofness,

Sok(le)R;deOk(Rl(k_l)) and Sok(Rl(k_l))RZSdSDk(le)-

Invoking our conclusion for Profile 1-(k-1), ¢po, (R¥*) = -+ = ppo, , (RF) = g, (RY¥) = L.
Next, we show that ¢, , (R™) = 0. Suppose by way of contradiction that Pkon_1 (R™) >
0, which implies that @g,, (R'F) < % By equal treatment of equals, for i = 1,...,k — 1,
Pio, (RMF) < 2. Since Zle Qioy (R%) < 1, thereisi € {k+1,...,n} such that p;,, (R'?) > 0.
By the same argument as in Profile 1-1, we can construct M € M such that M stochastically
Pareto dominates ¢(R') at R'¥, in violation of sd-efficiency. Therefore, by sd-efficiency,
Pkon_, (R™) = 0, which implies that ¢g,, (R'?) = 2. Finally, by equal treatment of equals,

n
1
non 2 05
" 2 1 19 L
S A N B
n n n n
1 1 2 1
0 3 womom
Profile 2-0 Profile 2-1 Profile 2-2 Profile 2-3 Profile 2-k
0 1 0 0 1 0 1 0 0 1 0 0 100
01 0 01 0 01 0 100 SR I
01 0 01 0 01 0 01 0 0o
= = = o 1 of ==
. . . . . . . . 0 1 0
01 0 01 0 0 1 0 Do SR RN
01 0 01 0 01 0 01 0 01 o
01 0 0 0 1 0 0 1 0 0 1 o o 1) 11

Profile 2-0, R?°: (same as R'°) For each i € N, R?D = R!. By equal treatment of equals,
for each i € N and k € O, g (R?°) = L.

n

Profile 2-1, R?!: For i =1,...,n — 1, R?' = R and R2! = R!'. By sd-strategyproofness,
on(R*) R on(R?) and - on(R*) Ry on (R).

Invoking our conclusion for Profile 2-0, ¢no, (R*') = @poy (R*) = -+ = po,_, (R?!) = 1.

Next, we show that (., (R?!) = 0. Suppose by way of contradiction that ¢y, (R*!) > 0.
Since ¢no, (R*') < 2, there is i € N \ {n} such that ¢;,, (R*') > 0. By the same argument
as in Profile 1-1, we can construct M € M such that M stochastically Pareto dominates
©(R?') at R?', in violation of sd-efficiency. Therefore, ., (R?') = 0, which implies that
o, (R?) = % Finally, by equal treatment of equals,

11 1 1 _n=2
n—-1 n n n n(n-1)

21 . . :
PR =1 11 a2
n—-1 n n n n(n-1)

0 1 1 1 2

n n o n n



Profile 2-2, R?*: R?> = R}, fori = 2,...,n— 1, R? = R! and R2?> = R!. By sd-
strategyproofness,

P(R*)RFp(R?Y) and  o(R*')R{*p(R*),
p(RPZ)R™p(RY) and  o(RM) Ry p(R?).

Invoking our conclusion for Profiles 2-1 and 1-1, for i = 1,71, @io, (R??) = @iy (R??) = -+ =
Dio,_»(R*) = % Also, ¢1,, (R?) = n?nfl) and ©n,, ,(R??) = ﬁ

Next, we show that 1., , (R??) = 0 and ¢y, (R*?) = 0. Suppose by way of contradiction
that 1., , (R*?) > 0, which implies that ¢1,, (R??) < HQ(Z:%). By the same argument as in
Profile 1-1, we can construct M € M such that M stochastically Pareto dominates p(R??) at
R*_in violation of sd-efficiency. Therefore, p1,, , (R*?) = 0, which implies that (1,, (R??) =

nQ(Zj). Similarly, we can show that by sd-efficiency, ¢no,(R*?) = 0, which implies that
©Ono, (R??) = n%’;:?l’). Finally, by equal treatment of equals,
2n—1 1.1 n—2
n(n—1) n n n(n—1)
n2—3n+1 i ... 1 1 n2—4n+5
n(n—1)(n—=2) n n n—1 n(n—1)(n—2)
p(R*) = : L :
n?—3n+1 1 1 1 n?—4n+5
— — .y — —
n(n 13(71 2) Z Z L n(anll)i(gL 2)
n n n—1 n(n—1)

Profile 2-3, R?: For i =1,2, R?? =R. fori=3,...,n— 1, R? = R/, and R?> = R!. By
sd-strategyproofness,

02(R¥®)REYy(R*) and o R¥) Ry o (R?),

QDn(R23)R;;/SdQ0n(R12) and @n(RlZ)RZSdSOn(RQS)-

Invoking our conclusion for Profiles 2-2 and 1-2, for i = 2,71, 0, (R?) = i, (R?) =
1
n—2"

= ()02'07L72(R23) = % AISO? ()02077.(R23) = n(?f—_l%?:—f)z) and SOTLO.,L,1 (R23) = By Sd-
efficiency, ¢ao, ,(R*) = 0 and @, (R?3) = 0, which imply that ¢, (R?) = %

and pno, (R??) = 22=8.. Finally, by equal treatment of equals,

n(n—2)"

2n2—5n+1 1 ... 1 n?—4n+5
n(n—1)(n—2) n n n(n—1)(n—2)

2n2—5n+1 i ... 1 n?—4n+5
n(n—1)(n—2) n n n(n—1)(n—2)

(n—4)(n—3)n—2 i ... 1 1 (n?—5n-+8)
(,O(RQS) _ | n(n—1)(n-2)(n=3) n n n—2 n(n—1)(n—3)
(n—4)(n'—3)n—2 11 L (n2—5n+8)
n(nfl)(n072)(n73) Z . Z E n(ngrlb)_(gf?))

n n  n—2 n(n—2)

We repeat this process until we obtain profile 2-k.



Profile 2-k, R%*: For i = 1,...,k — 1, R%k =R, fori =Fk,...,n—1, Rzzk = R, and
R?Lk = R!". By sd-strategyproofness,

Ok 1(R2k)R/sd 1(R2(k—1)) and Sok—l(RQ(k_l))RgidlSOk—l (RQk),

en(R*FVRI* o, (RMFD) and - o (RMEV) RIS, (R,

Invoking our conclusion for Profile 2-(k-1) and Profile 1-(k-1), for i = k — 1,n, @4, (R?*) =
2
iog (R) = - = pip (R™) = 1. Also, (_1)o, (RZF) = #ﬁ(ni?) and o, (R2*) =

%H. By sd-efficiency, ¢(x—1)o,_, (R*) = 0 and 0, (R?) = 0, which imply that cp(k,l)ol(R%) =

(Z(_nf;r% and @p,, (R?) = ("‘*'6) Finally, by equal treatment of equals,

22—~ 1ndl 1 1o meGHUet(-)
(=1 (n—(3-1)) n n n(n N (Z=1))
G e T CRELaC )
o =) n 0 n(n( 1)(7;_((“1))>
2ky _ | (n—2(5-1))(n—% -1 1 1 2 24 o)n4(3n—1
o) = | S e v 0w w2 e
(Ut T A G S € s LAl =)
(n=1)(n—(3-1))(n—3) n n  nt2 n(n—1)(n—1%)
0 1.1 2 2n—3(3 -1
n nowiz ame(Ao1)
Profile 3-0 Profile 3-1 Profile 3-2 Profile 3-(k-1)
10 0 10 0 1 00 L o0
A S A SRR B -
: e I | I
1 0 0 1 0 0 10 0
1.0 0 1.0 0 1.0 0 0 10
1 0 0 1 0 0 01 0 SR I
1 0 0 01 0 0 1 0 oo

Profile 3-0, R30: For each i € N, let R30 R.. By equal treatment of equals, for each i € N
and k € O, gozk(R%) 1

n'
Profile 3-1, R3: Fori=1,...,n— 1, R} = R! and R3! = R!!. By sd-strategyproofness,
(BB 0 (RY) and - on(R¥) Ry o0 (R).

Invoking our conclusion for Profile 3-0, @no, (R*) = -+ = @po,_,(R3) = ¢po, (R¥) = L. By
sd-efficiency, oo, (R3') = 0, which implies that ¢n,,_, (R3') = 2. Finally, by equal treatment
of equals,

11 1 n=2 1

n—-1 n n n(n—=1) n

31 . . . :
PED=1 1on2 1
n—-1 n n  n(n—-1) n

0 1 1201

n n n n



Profile 3-2, R3: Fori = 1,...,n — 2, R¥ = R, and for i = n — 1,n, R} = R!. By
sd-strategyproofness,

Pn—1 (R R 0, 1(R?Y)  and g1 (R REY 01 (RP).

Invoking our conclusion for Profile 3-1, ¢, 1)0, (R¥2) = -+ = 0(1)0, 5 (R*) = ©(n—1)0, (R*?) =
%. By sd-efficiency, ©(n—1)o, (R3%) = 0, which implies that P(n-1) (R3) = % Finally, by

equal treatment of equals,

On—1

11 1 4 1
n—2 n n  n(n—2)
gon : : : : :
()= _1 1 1 n-4_ 1
n—-2 n n nn—2) n
o L 120 1
O SRR T
n n n n

We repeat this process until we obtain Profile 3-(k-1).

Profile 3-(k-1), R** 1. For i = 1,...,k + 1, R?(k_l) = R) and for i = k+2,...,n,
R?(k_l) = R!. By sd-strategyproofness,
Pn—(h—zy (RPN RIS on 2y (R**7?)  and
Pn—(e-2) BPVTNRE g on (o) (RPETD).
Invoking our conclusion for Profile 3-(k-2), ¢ (n— (k—2))o (R = ... = P(n—(k—2))on_s (R3=1)) =
w(n,(k,Q))on(R?’(k_l)) = % By sd-efficiency, ¢n—(k—2))o, (Rg(k_l)) = 0, which implies that
SO(n—(k—Q))on,l(Rg(k_l)) = % Finally, by equal treatment of equals,
2 1 ... 1 4 1
n+2 n n  n(nt2)
s 2 1 141
0 1 12 1
Profile 3-1 Profile 4-1 Profile 4-2 Profile 4-(k-1)
1 0 0 1 0 0 1 0 0 [t 0 0]
S R SR SRR -
1 oo = |1too = |1 oo == |00
10 0 10 0 1 0 0 o 10
10 0 10 0 1 00 e
1.0 0 10 0 01 0 o 1 0
0 1 0 0 0 1 0 0 1 o 0 1) )1




Profile 4-1, R*: Fori=1,...,n— 1, R! = R, and R}! = R". By sd-strategyproofness,
QDn(RLH)R;;/SdQDn(Rgl) and @n(RSl)RZSdSOn(R“)-

Invoking our conclusion for Profile 3-1, @no, (R*) = ... = @po,_,(R¥) = ¢po, (R¥) = 1. By
sd-efficiency, @no, (R*') = 0, which implies that ¢y, , (R3') = % Finally, by equal treatment
of equals,

1 . 1 _n=2 1
n—1 n n  n(n—1)
any _ | :
n—-1 n n  n(n-1) n
o L 12 1
n n n n

Profile 4-2, R*?: Fori = 1,...,n — 2, R?» = R, R, = R’ | and R}? = R”. By
sd-strategyproofness,

SOn—l(R42)R//S on_ 1(R41) and SOn—l(R41)R/Sd190n 1(R42)

en(R?) R, (R*?) and  ¢n(R*) R0, (R*?).

Invoking our conclusion from Profiles 4-1 and 3-2, for each i = n — 1,n, @i, (R*?) = --- =
Pion—2 (R42) = So(nfl)on(Rlu) = % and ¢non_1(R42) = % By sd-efficiency, ¥(n—1)o1 (R42) =
©Onoy (R*?) = 0, which implies that O(n—1)on_1 (R*2) = 0 and ¢y, (R*?) = % Finally, by equal
treatment of equals,

1 1 1 n—4 1
n—-2 n n  n(n—2)
(R =|_1 1 1 nd4 1
n—-2 n n nn—2) n
0 1 1 2 1
O IR T
n n n n

Repeat this process until we have Profile 4-(k-1).

Profile 4-(k-1), R**=D: For i = 1,....k+ 1, R\*™) = R fori = k+2,...,n— 1,
R?(k_l) = R/, and RAG=D R!. By sd-strategyproofness,

(Pnf(kf2)(R4(k71))stfd(k—2)Qpnf(ka)(R4(k72)) and
P (e )(R4(k 2))R/sd(k 2 Pri(h— 2)(R4(k71))’

pn(RWD R0 (R¥ED) and o (RIFD)R)*,, (R,

Invoking our conclusion from Profiles 4-(k-2) and 3- (k- ), for i = n—(k—2),n, Qip, (R**F1) =
= Pion—2 (R4(k_1)) = P(n—(k—2))on (R A(k— )) = E and Pron—1 (R4( )) = % By sd-
efficiency, P(n—(k—2))o1 (R*F=1) = 5, (R**=1D) = 0, which implies that P(n—(k—2))o

10



=0 and ¢no, (R4(k*1)) = % Finally, by equal treatment of equals,

2 1 .. 1 _4 1

n+l n n nn+2) n

4(k—1) 2 1 1 . 1

- — n+l n n  n(n+2 n

p(R )= 0 1 T
n n n n

1 1 2 1

0 nonoon

Profile 5-0, R%: For i = 1,....k, R® = R, fori = k+1,....,n — 1, R® = R’, and
R1510 = R!". By sd-strategy-proofness,

C,Ok(R5O)R;§dQO(R2k) and SO(RQk)R%SdSDk(Rm))a
Pe1(RORYGo(R™D) and (R D) REL 01 (RY),
on(RP)Ron(R™) and  pn(R™) R on (R).
Invoking our conclusion for Profiles 2-k, 4-(k-1), and 1-k,

son . P (B+2n+ (3 —-1) n2-n-2
Pron (F7) = n(n—1)(n—3%)  n2(n—1)"

1
<P(k+1)on(R50) = n and
2
‘Pnonq(RSO) = n
By sd-efficiency, ¢no, (R?) = 0, which implies that ¢, (R?) = % Now by adding up the
assignment of o, to all agents, we have

2

n°—n—2 n+ 1 (n 1)_|_1<1
n?(n—1) 2 n 2 n
— Y

assignment for i€{1,...,5} ie{5+1,...,n—1}

which contracts to ¢(R) € M. B

Our impossibility result strengthens the results of both Bogomolnaia and Moulin (2001)
and Kasajima (2013) since our result holds on a restricted domain of preferences than the
ones they consider. Also, it is easy to check the independence of axioms in our theorem by
using the same rules as in Kasajima (2013, p.213).

Remark 1: From our proof, it is clear that even if we further restrict our domain of problems
with more than three agents by assuming that all agents have the same preferences except
three least preferred objects, our impossibility result still holds.
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4. Discussion

We discuss a variation of our problem. Suppose that each agent has a complete and transitive
(not necessarily strict) binary relation over O. For each agent i € N, her preference relation
is denoted by R;, the strict relation by P;, and the indifference relation by I;. Let RN be
a domain of preference profiles. We show that the impossibility result in Kasajima (2013)
carries over to this domain.

Stochastic dominance envy-freeness (simply, sd-envyfreeness) requires that each agent’s
assignment stochastically dominates any other agent’s assignment. This axiom is stronger
than equal treatment of equals.

sd-envyfreenesss: For each R € R and each 4, j € N, ¢;(R)R:%p;(R).

Next is a weakening of sd-strategyproofness, which requires that a probabilistic assignment
selected by the rule should not be stochastically dominated by her assignment obtained under

lying.
weak sd-strategyproofness: For each R € RY each i € N, and each R € R, it is not the
case ¢;(R., R_;)P*p;(R).

We show that even if indifference is allowed, a similar result holds. When n > 4, there is no
rule satisfying three requirements of sd-envyfreeness, sd-efficiency, and weak sd-strategyproofness.

Proof. Let N = {1,...,n} with n > 4 and O = {o1,...,0,}. Let O be ordered in such a
way that o1 < 02 < -+ < 0,. As before, we assume that each agent has a common peak
o € O\ {o1,0,}. Consider the following two preference profiles.

Profile 1, R': 0, Pi0;—1 - 0p—aPion_11101Pioy, fori =2,...,n—1, 0,Pj0;_1 - - - 0p—2P;0n_1P;01Piop,
and 0, P,,0i—1 - 0p—o Pp0n—1Pn0,Pp01.

Profile 2, R?: 0,P/o;_1 -+ 0p_2P]on_1P]01Pjoy,fori=2,...,n—1,0,P;0;_1 - - 0n—2P;05,_1P;01 Piop,
and 0; P,0¢_1+++ 0yy—2Pp0p_1Pp0nPro1.

Note that all profiles are identical except three least preferred objects. Suppose by a way
of contradiction that there is a rule ¢ satisfying the three requirements. For Profile 1, by
sd-envyfreeness, for all i, j € N,

Pion (R) = @jo, (R')

Gior(RY) + -+ + iop_o (R') > ©jo,(RY) + - -+ 4 @jo,_o (R')

which together imply that @io,(R') = -+ = @i, ,(R') = L.
And for each i, j € N \ {1},

Piot (Rl) + ot Pio, o (Rl) + Pion_1 (Rl) > Pjot (Rl) + ot Phon o (Rl) + ijon—l(Rl)’

which imply that @9, (RY) = @30, ,(RY) = --+ = @no,_,(R'). Finally, for each i, j €
N\ {n},
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Pion—1 (R1> + Pio (Rl) > Pjon—1 (Rl) + Pjor (Rl)

which imply that @10, , (RY)+¢10,(RY) = = on_10, 1 (R})+Pn—10, (R'). By sd-efficiency,
Onoy (RY) = 0 and ¢1,, , (R') =0 so that ¢1,, (R!) = 75(;?:7553.
Altogether,
2n—3 1 1 g n’=3n43
(n—1)2 n n n(n—1)2
n—2 1 1 1 n?-3n+3
(n—=1)2 n n n—1 n(n-1)2
p(RY=1| :+ :
n-2 1 11 n3nt3
n—1)2 n n n—1 n(n-—1)2
0 1 1 1 203
n n  n—1 n(n—1)

For Profile 2, by sd-envyfreeness, for all 7, j € N,

Pioy (R?) 2 @jo, (R?)

Pios (R?) + -+ 4 Gio, 1 (R?) > 0jo,(R?) + -+ - + @jo,_, (R?)

which together imply that @i, (R?) = -+ = @i, ,(R?) = %
And for each i, j # n,

Piot (RZ) + o+ Yioy (RQ) > Pjot (R2) + o Phoy (R2)’

which imply that ¢1,, (R?) = -+ = @n_10, (R?). By sd-efficiency, pno, (R?) = 0.
Therefore,
11 1 1 _n=2
n-1 n n n n(n-1)
11 1 1 _n
n—-1 n n n n(n—1)
p(R)=| :+ P
11 1 1 _n-2
n—-1 n n n n(n—1)
o 3o BET

However, since ﬁ —1—% > %, ©1(R}, RL )Pl (RY), a contradiction. W
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Appendix:

We give a formal for the problem with an odd number of agents. Let n > 5 be an odd number.

As in the case of an even number of agents, we assume that all agents have a common peak
o such that ¢ € {2,3,...n — 1}. We use the following three preference profiles.

/.

® Rz O¢ Rl Rl 01 Rz On—1 RZ Onp,
/.

® Ri' O¢ Rz‘ R,‘ Op—1 Ri 01 Rz‘ Op,
".

L Rz L 0¢ Rl RZ On—1 Rl On Rz 01.

When o,,_1 is a common peak, we choose 01, 02, and o0,, as three least preferred alternatives.
Suppose, by way of contradiction, that there is a rule ¢ that satisfies the three requirements.

Since we obtain a contradiction when the number of agents for (R/, R”, R") is (

n—1 n—3
2 1 92 72)7
n—1

we take the following steps of profiles to figure out the allocation for this profile. Let k = "5=.
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Profile 1-0 Profile 1-1 Profile 1-2 Profile 1-k

M 0 0] 1 0 0] 1 0 0] 10 0
M Lo M s ntl

100 = |1 00 = 100 =-=1190 0

1 0 0 1 0 0 1 00 0 1 0

1 0 0 1 0 0 1 0 0 . ) el

100 1 00 01 0 Lol 2

11 0 0] 0 1 0] 0 1 0] 0 1 0]

Profile 1-0, R'°: For each i € N, RZ-IO = R!. By equal treatment of equals, for each i € N
and each k € O, g (R0) = L.

n

Profile 1-1, R': Foreachi=1,...,n—1, Ri' = R. and R.! = R!. By sd-strategyproofness,
en(RR,on(RY) and - on(R')R M pn(RMY).

Invoking our conclusion for Profile 1-0, @ney(R™) = ¢neg(RM1) = -+ = 0o, ,(R) =
Pnon (R) = L. By sd-efficiency, ono, (RM) = 0, which implies that ¢, , (R'!) = 2. Finally,
by equal treatment of equals,

11 1 n-2 1
n—-1 n n  n(n—1)
11 . . :
P = ] 1 n2 1
n—1 n n  n(n-1) n
0 1 1 2 1
n n n n

Profile 1-2, R'?: For i = 1,...,n — 2, R?> = R and for i = n — 1,n, R}> = R!. By
sd-strategyproofness,

en-1(R)R,*4 0, 1(RY) and ¢, 1 (R™M)R 01 (R).

Invoking our conclusion for Profile 1-1, ¢, 1)0, (R'?) = ©(n—1)05 (R'?) = -+ - = ©(n—1)0,_, (R'?) =
P(n—1)on (R1%) = % By sd-efficiency, ¢m-1)o, (R'?) = 0, which implies that cp(n_l)on_l(Ru) =
%. Finally, by equal treatment of equals,

1 1 o n-a 1

n—-2 n n nnh—2) n

R =|_1 1 1 o n-a 1
SO( ) n—-2 n n nnh—2) n
o 1 120 1

O S A

n n n n

Repeat this process until we obtain profile 1-k.

Profile 1-k, R'*: Fori = 1,...,k+ 1, R* = Rl and for i = k+2,...,n, RI¥ = R!. By
sd-strategyproofness,

‘pnf(ka)(le)R;/Ls—d(k_z)‘pnf(kf%(Rl(kil)) and
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on- (-2 (R"ETR o on (kg (R™)
Invoking our conclusion for Profile 1-(k-1), ¢ (n—(k—2))0, (R = ... = ¢(n7(k72))on,2(R1k) =
(,D(n_(k_g))on(le) = % By sd-efficiency, go(n_(k_g))ol(le) = 0, which implies that
Sﬁ(n—(k—Q))on,l(Rm) = % Finally, by equal treatment of equals,

2 1 1 2 1
n+l n n  n(nt+l) n
1k 2 1 1 _2 1
QD(R ) — nbi-l 7; 7; n(n2+1) 711
n n n n
1 1 2 1
O % % o ow
Profile 1-1 Profile 2-1 Profile 2-2 Profile 2-k
1 0 0 1 0 0 10 0 1 oo }
. . . n+1
S S S Do 2
1 oo = |t oo = |1oof == 000
1 00 1 00 1 0 0
100 1 00 1 0 0 oo iR
1 00 1 00 0 1 0 i :
0 1 0
0 1 0 0 0 1 0 0 1 o o0 1)1

Profile 2-1, R?!: Fori=1,...,n—1, R?' = R, and R2! = R!. By sd-strategyproofness,

a

‘Pn(R)RnSd‘Pn(RH) and ‘Pn(Rll)R;;SdSOn(R)~

Invoking our conclusion for Profile 1-1, ¢ne, (R?!) = -+ - = o, _,(R*) = L and ¢p,,_, (R?!) =
2 By sd-efficiency, @no,(R*') = 0, which implies that ¢, (R*') = % Finally, by equal

n
treatment of equals,

11 1 n-2 1
n—1 n n  n(n—1)
21 oo T :
PED) =15 1 1 e i
n—1 n n  n(n-1) n
0 1 1 2 1
n n n n

Profile 2-2, R%2: For i = 1,....,n — 2, Ri22 — R

i R?, = R)_,, and R} = R)/. By
sd-strategyproofness,

n—1>

1 (R)R*Y 0, 1(R?Y) and  @n_1(R*™)R: pn_1(R?),

en(RP)R)*40,(R'?) and  ¢n(R)R,*p,(R*).

Invoking our conclusion for Profiles 1-2 and 2-2, for i = n — 1,n, i, (R*?) = - =
P(n—1)on—2 (R22) = Qp(n—l)on(RQQ) = %7 and @non71(R22) = % By sd-efficiency, P(n—1)oy (R22) =
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0 and @ne, (R*) = 0, which imply that ©(,_1),, , (R??) = 2 and ¢no, (R*?) = L. Finally, by
equal treatment of equals,

1 01 n—4 1

n—-2 n n nnh—2) n

R =|_1 1 1 o n-a 1
SO( ) n—-2 n n nnh—2) n
0 1 120 1

O SR

n n n n

Repeat this process until we obtain profile 2-k
Profile 2-k, R?*: Fori =1,...,k+ 1, R?* = R, fori = k+2,...,n— 1, R?* = R and
R2F = R". By sd-strategyproofness,
Pu (b2 (R Ry @ o2y (RFY)  and

Pn—(k—2) (R2(k71)Rr/nS(_i(k_2)(pn—(k:—2)(R2k)
on(R)R, o (R¥)  and o (R™¥)R, 0 (R
Invoking our conclusion for Profiles 2-(k-1) and 1-k, for i = n — (k —2),n, @i, (R?*) = --- =
Dio,_o(R?*) = go(n,(k,Q))on(Rzk) = L and ¢, _, (R?) = % By sd-efficiency, @no, (R**) =

P(n—(k-2))or (R?¥) = 0, which imply that ¢(,—(k—2))0,_, (R*) = 2 and ¢p,, (R*) = 1. Fi-
nally, by equal treatment of equals,

2 i ... 1 _2 1
n+l n n  n(n+l) n
o 2 1 12 1
— n+1 n n n(n+1 n
P(R) 0 1 iy
n n n n
1 1 2 1
O % " &
Profile 3-(k-1)
Profile 2-2 Profile 3-2 Profile 3-3 Profile 3-4 T o0 o
1 0 0 1 0 0 1 0 0 1 0 O A }77+1
oL 3
: : : : : : : : : : : 1 0 O
1 0 of = |1t 0o o = |1 0 0 = (1L 00 = =01 0
1 0 O 1 0 O 1 0 0 0 1 0 A n—>5
1 0 O 1 0 0 0 1 0 0 1 0 ool 2
0 1 0 0 0 1 0 0 1 0 0 1 0 1 0
0O 0 1 0o 0 1 0o 0 1 0 0 1 0 0 1 9
10 0 1]

Profile 3-2, R3%: Fori = 1,...,n — 2, R} = R and for i = n — 1,n, R? = R”. By
sd-strategyproofness,

on 1 (RPR, 1o, 1(R?) and @, 1(R®)R,* 1 (R*).
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Invoking our conclusion for Profile 2-2, ¢, 1), (R*) = ©(n_1)05 (R*?) = -+ - = @©(n—2)0, (R*?) =
% and go(n_l)on_l(R:Q) = % By sd-efficiency, Lp(n_l)ol(R32) = 0, which implies that
P(n—1)on (R3?%) = % Finally, by equal treatment of equals,

11 0 1 n-d4 1

n—-2 n n nn—-2) n

(R =] _1 1 1 nd4 1
n—-2 n n  nn—-2) n

0o 1 121

n n n n

0 1 1 pA 1

n n n n

Profile 3-3, R3%: Fori = 1,...,n—3, R¥® = R, R3, = R!_, and for i = n — 1,n,
R3 = R!". By sd-stmtegypmofness

SDn72(R33)RHSdSOn72(R32) and ¢n72(R32)R’sd(’Dn72(R33)

Pn-1(R¥)R"*p, 1(R®) and ¢,_1(R®)R,*}¢n_1(R®)

Invoking our conclusion for Profiles 3-2 and 2-3, for ¢ = n — 2,n — 1, ¢jo, (R33) = =
Piop—2 = (p(n—2)on(R33) = % and P(n—1)on_1 (R33) = By sd- 6]%0'56”0% —2)o1 ( ) =
go(n_l)ol(R?’S) = 0, which imply that cp(n_g)onfl(Rg?’) 5 and Q(,_1)o, (R33) % Finally,
by equal treatment of equals,

|| She

11 1 n— 1

n—-3 n n nn-3) n

11 1 n6_ 1

(p(RSg) =]l n-3 n n nn=3) n
o L 120 1

O SRR T

n n n n

0 1 S

n n n n

We repeat this process until we obtain profile 3-k.

Profile 3-k, R3*: Fori=1,....,k+1, R?* = R, fori =k+2,...,n—2, R?%* = R/ and for
i=n-—1,n, R*=R!. By sd- stmtegyproofness

1

@n—(k—2)(R%)Rns_d(k_z)@n—(k—m(Rg(k_l)) and

%-(k—z)(Rg(k R, Sd(k 2)Pr—(k— 9y (RF),
en1(R*¥)R %0 1(R™) and  ¢,_1(R*)R,* 1 (R3*).

Invoking our conclusion for Profile 3-(k-1), for i = n — (k — 2),n — 1, 0, (R3*) = ... =
Pion_z(B*) = 0(n(h-2))0, (R**) = 5 and 9,10, , (R**) = 2. By sd-efficiency, o (x—2))o, (B**) =
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P(n—1)o1 (ng) = 0, which imply that (P(n—(k—2))on_1(R3k) = % and P(n—1)on (ng) - % Fi-
nally, by equal treatment of equals,

2 1 ... 1 _2 1

n+1 n n  n(n+l) n

an 2 1 .1 2 1

= | ntl n n  nn+l) n

P(BT) 0 L ...1 21

n n n n

1 1 2 1

0O 5w o

Profile 4-0 Profile 4-1 Profile 4-2 Profile 4-k
0 1 0 1 0 0 1 0 0 1 0 O

0 1 0 0 1 0 1 0 0 oo ngl
0 1 0 = 0 1 0 = 0 1 0 = .= 1 0 0
0O 1 0 0O 1 0 0O 1 0 01 0

: : : : : . . . n+41

v ; oo S 2
oo 0 10 0 10 0 1 0

Profile 4-0, R*°: For each i € N, Rfo = R}. By equal treatment of equals, for each i € N
and each k € O, g (R0) = 1.

n
Profile 4-1, R*: R}l = R| and for i = 2,...,n, R = R!. By sd-strategyproofness,
pr(RRMo1(RY) and o1 (RY)R{*o1(RM).
Invoking our conclusion for Profile 4-0, ¢10,(R*) = ©0105(RY) = -+ = 014, _,(RY)
P10,(RM) = L. By sd-efficiency, ¢10,_,(R*) = 0, which implies that ¢1,, (R*!) =
Finally, by equal treatment of equals,

S|

2 1 19 1

n n n n

n2 1 T 1 1

41 n(n—1) n n n—-1 n
p(R) = . . :
n-2 1 111

n(n—1) n n n—-1 n

Profile 4-2, R*?: For i = 1,2, R = R and for i = 3,...,n, R = R!. By sd-
strategyproofness,

p2(R) R oa(RY) and (R Ry* Yo (R).
Invoking our conclusion for Profile 4-1, oo, (R*2) = 20, (R*2) = -+ = 20, _,(R*?)

P20, (R*?) = L. By sd-efficiency, ¢2,_,(R*?) = 0, which implies that @a,, (R*?) =
Finally, by equal treatment of equals,

S|

2 1 1 1

£ = = 0 =

T A S

n n n n

(p(R ): n(n—2) n n n-2 n
n—d_ 1 111

n(n—2) n n n-2 n
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Profile 4-k, R*: Fori = 1,...,k, R¥* = R} and for i = k+1,...,n, R¥* = R!. By
sd-strategyproofness,

(pk(Rllk)R;ﬁsd(pk(RMkfl)) and (pk<R4(k71))R;stDk(R4k)'

Invoking our conclusion for Profile 4-(k-1), ¢rey (R*) = -+ = @po, , (R*) = o, (R¥*) = %
By sd-efficiency, oro, ,(R*) = 0, which implies that ¢, (R*) = % Finally, by equal
treatment of equals,

1 1
PR » 0 5
21 19 1
p(R™) =] _8% 1 T 2 1
n(n+l) n n n+l n
2 1 1 2 1
n(n+l) n n n+l n
Profile 4-0 Profile 5-1 Profile 5-2 Profile 5-3 Profile 5-(k+1)
0 1 0 0 1 0 1 0 0 1 0 0 100
0 1 0 01 0 01 0 1 00 N
01 0 01 0 01 0 01 0 Lo o
o1 0 = Jo 1o = fo1of T |lo1of T =T
01 0
o ) } . o S o
o 2
01 0 01 0 01 0 01 0 0 1 0
01 0 0 0 1 0 0 1 0 0 1 o o 1) }1

Profile 5-1, R%: Fori=1,...,n— 1, R?' = R/ and R} = R!". By sd-strategyproofness,

a

gon(R51)Rn Sd(pn(R40) and (Pn(R40)R;;SdQDn(R51)-

Invoking our conlcusion for Profile 4-0, ¢no, (R%!) = oy (R%) = -+ = ¢po, , (R?1) = L. By
sd-efficiency, Pno, (R?Y) = 0, which implies that ¢,,, (R?!) = % Finally, by equal treatment
of equals,

11 1 1 n-2
n—-1 n n n(n—1)
51 . . .
PR = 1 ] 1 1 _n=2
n—-1 n n n n(n—1)
0 1 1 1 2
n n o n n

Profile 5-2, R%%: R}? = R}, for i = 2,...,n — 1, R?®> = R/, and R?? = R!. By sd-
starategyproofness,

e1(RP?)RPo1 (R and o1 (R Ry *4pr (R,

en(RPR)*0,(RY)  and  ¢n(RM)R, g, (R%).

Invoking our conclusion for Profiles 4-1 and 5-1, for i = 1,n, ©i0, (R*?) = -+ = 40, _,(R%?) =
L 10, (B) = =25 and o, (R?) = 7Ly By sd-efficiency, p1o, ., (B%) = g (R?)
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0, which imply that @1, (R*?) = -22=L and @, (R??) = 2”_? . Finally, by equal treatment

n(n—1) n(n—1)
of equals,

2n—1 1 ... 1 9 n—2

n(n—1) n n n(n—1)
n?—3n+1 i ... 1 1 n?—4n+5
n(n—1)(n—-2) n n n—1 n(n—-1)(n—2)

p(R™) = : : :
n?—3n+1 i ... 1 1 n?—4n+5
—1)(n—2 —1 —1)(n—2
S T S

n n  n—1 n(n—1)

Profile 5-3, R%: For i = 1,2, R?® = R., fori=3,...,n—1, R? = R/, and R} = R!. By
sd-strategyproofness,

@2 (RP)R5%po(R)  and  ¢a(R*)R5pa(R),

u

on(B)R, on(RY) and o (R, on(R).

Invoking our conclusion for Profiles 4-3 and 5-2, for i = 2,n, ©i0, (R??) = -+ = 4, _,(R>) =
2 . .

B P20, (RP) = s and pno,, (R%) = ;3. By sd-efficiency, ¢z, ,(R®) =

©noy (R%3) = 0, which imply that g, (R53) = % and @y, (R%) = %. Finally,
by equal treatment of equals,

2n2—5n+1 i ... 1 0 n?—4n+5
i I
n(n—1)(n—2) n T n 0 n(n—1)(n—2)

(n—4)(n—3)n—2 i ... 1 1 (n?—5n+8)
QD(R53) _ | n(n—1)(n-2)(n—3) n n n—2 n(n—1)(n—3)
(-in-n-2 1 11 _(wnts)
n(n—1)(n—2)(n—3) rlz rlz nIZ n(n;yllﬁg—?))

0 " non=2 nn=2)

We repeat this process until we obtain profile 5-(k+1).

Profile 5-(k+1), RS:+D: Fori=1,... k, R**™ = R fori=k+1,...,n—1, RZ* =
R/, and Ri(kﬂ) = R!”. By sd-strategyproofness,

(Pk(RS(k+1))R;€SdQOk(R5k) and QOk(R5k)R;;Sd§0k(R5(k+1)),

/11

on(ROH)R, 0o, (RY) and - on(R¥)R,* o (R7HY).

Invoking our conclusion for Profiles 4-k and 5-k, for i = k, n, pge, (RPFHD) = ... = o, (ROFFD) =
n2 :
i Pho, (BETY) = 2=t and o, (RYWH)) = 225 By sd-efficiency, @po,, (R**V) =0

n—n3’

and @no, (R? 1)) = 0, which imply that @, (RP*+1)) = % and @n,, (RP*HD)) =
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n+3

. Finally, by equal treatment of equals,

n24+n
2n?—(2(H")~1)n+1 1.1 g n?— (L) +1)n+(3(172)-4)
n(n—1)(n—(%)-1)) n(n—1)(n—(4%)-1))
2n%—(2(14) - 1)n+1 1 1 0 n?— (1) +D)n+(3(14)—4)
n(n—1)(n—(+£2)-1)) n n n(n—1)(n—(£2)-1))
90(35(’““)): (n=2((H™) 1) (n—(HE))n—((F™)-1) 1 1 2 n’= (M) +2)n+(3(H52)-1)
n(n—1)(n—((52)-1))(n—152) n n ntl n(n—1)(n—+5%)
(n—2((H™)—1))(n—(E))n—((F™)-1) i ... 1 2 n?—((32)+2)n+(3(14)-1)
n(n—1)(n—((15%)-1))(n—1£2) n n ntl n(n—1)(n—14%)
0 i .. 1 2 n+3
n n  nt+l n2+4n
Profile 6-(k+1)
Profile 5-1 Profile 6-2 Profile 6-3 Profile 6-4 T 0 0l
0 1 0 0 1 0 1 0 O 1 0 O o n—3
01 0 01 0 01 0 1 0 0 ool T2
01 0 01 0 0 1 0 0 1 0 1 0 0
o1 0o T |lo1of = |. . =T | . | T =]o1o0
o o 01 0 01 0 : }n?l
0 1 0 0 0 1 0 0 1 0 0 1 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 }2
0 0 1]

Profile 6-2, R%%: For i = 1,...,n — 2, R% = R/ and for i = n — 1,n, R%> = R!. By
sd-strategyproofness,

i

on-1(R®)R,*{o1(R") and @, _1(R*") R "0, 1(R%).
Invoking our conclusion for Profile 5-1, ¢ (,—1)o, (R%?) = cp(n_l)o3(R62) == @(n_l)on_l(RGQ) =
%. By sd-efficiency, ¢m-1)o, (R%?) = 0, which implies that P(n—1)on (R%?) = % Finally, by
equal treatment of equals,

11 1 1 n-4
n—2 n n n nn-2)

62y _ ! ) z
LP(R )— 1 1 1 1 n—4
n—-2 n n n nn-—2)

0 1 1 1 2

A A

n n n n

Profile 6-3, R%: R$3 = R|, fori=2,...,n—2, RV?> = R/, and for i =n —1,n, R = R".
By sd-strategyproofness,

P1 (RO R (R%)  and 1 (R%) Ry (R%),

a

on—1(R®)R,*dp,_1(R??) and  @n_1(R*)R,*}p,—1(R%).
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Invoking our conclusion for Profiles 5-2 and 6-2, for ¢ = 1,n — 1, goZ-OQ(R&g) = . =
Pions(B%) = 5,910, (R®) = =55, 0(n-1)0, 1 (R®) = ;17. By sd-efficiency, ¢(n_1)o,(R®) =
©10,_, (R%) = 0, which imply that ¢1,, (R%) = i%ﬁ:g and gp(n_l)on(R63) = % Finally,
by equal treatment of equals,

2n=1) 1 1 n—4

n(n—2) n n n(n—2)
n?—4n+2 N | 1 n3—8n2+4+21n—16
n(n—2)(n—-3) n n n—1 n(n—1)(n—2)(n—3)

R63 _ : ‘. . :

# ) n?—4n+2 N | 1 n®—8n2421n—16
n(n—2)(n—3 n n n—1 n(n-1)(n-2)(n-3
( 8( ) [ (n=1)(n=2)(n=3)

n n n—1 n(n—1)

0 1 ... 1 2n-3

n n n—1 n(n—1)

Profile 6-4, R®: Fori=1,2, R =R. fori=3,...,n—2, R = R/ and for i =n—1,n,
R% = R!". By sd-strategyproofness,

P2 (ROYRS 0o (R%)  and  po(R%) R, s (R,

u

1 (ROYR,*10,_1(R%) and  ¢,_1(R*®)R,*p,_1(R%).

Invoking our conclusion for Profiles 5-3 and 6-3, for i = 2;n — 1, @0, (R64) = =
4 _ 1 4y _  nP—8n2421n—16 H=_1 '
o, (RO1) = L Go0, (RO1) = n7(zn_17)1(nt2)72n_3), and 90(”_1)on_1(R6 )3— P By sd-efficiency,
e 2(n®—5n2+6n—1
P20,-1(R™) = o(n_1)0, (R®*) = 0, which imply that g0, (R*) = n((,?_l)(ﬁ_é)?n_g) and ono. () =
n%z:g). Finally, by equal treatment of equals,

2(n3—5n%+6n-1) n3—8n2421n—16

1 1
77,2((7131)5(n2—f€)i(n—1§) n T n 0 n(g—l)(2n—2)(n—3)
n”—on n— 1 1 n°—8n“421n—16
n(nfl)(anQ(nfB) n T n 0 n(n—1)(n—2)(n—3)
n*—10n3431n%?-30n+4 1 . 1 _1  n*-12n3455n2—-108n168
61 n(n—1)(n—2)(n—-3)(n—4) n n n—2 n(n—1)(n—2)(n—3)(n—4)
p(R™) = : S :
n*—10n3431n2-30m+4 1 . 1 _1  n*-12n3455n2-108n+68
n(n—1)(n—2)(n—3)(n—4) n n n—2 n(n—1)(n—2)(n—3)(n—4)
0 i .01 1 2n—06
n n  n-2 n(n—2)
0 i .. 1 1 2n—06
n n  n—2 n(n—2)

We repeat this process until we obtain profile 6-(k+1).

Profile 6-(k+1), RY-+1: Fori=1,....k—1, R = Rl fori = k,...,n—2, R =
R/, and fori=n—1,n, Rf(kﬂ) = R!. By sd-strategyproofness,

p_1 (RO RS or 1(R*) and o1 (RO R, *Y o1 (ROFHD),
On1 (R6(k+1) )R;lSdQOn—l (R5(k+1)) and  ©n_1 (R5(k+1) )R;;idlsOn—l (R6(k+1))_
Invoking our conclusion for Profiles 5-(k+1), 6-k, for i = k — 1,n — 1, @0, (ROFHD) =

’fL4 TL37 TL2 n
(ROWSD) = 1, gy, (ROHD) = BB and iy, (ROH) =

= Pion s
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n%r?). By sd-efficiency, w(k_l)on_l(RG(kH)) =0 and @10, (RO(k+1)) = 0, which imply that
P(k—1)o1 (RSk+1)) = g and PO(n—1)on (RO(+1)) = 149 Pinally, by equal treatment of equals,

n2+3n
1 1
1 1
c 1 1 2 d
SO(RG(k—H)) _ n n  n+3
1 1 2
- v w3 d
0 1L 1 n+9
n n  n+3  n2+3n
0o 1 1 n+9
n n  n+3  n243n
where
a=32-b
_ 3 2
c=~aps—d
b— nt—(2(253)+6)n+ (252 —2)2+17(252 —2)+37)n? — (7(252 —2)2 +43( 252 —2)+58)n+2(3( 25> —2)2 +15( 252 —2)+16)

n(n—1)(n—2)(n—"5%)(n— (253> +1))

n4+n3723n2+3n+2
T nS4nd—Tn3—n2+6n

nt—(2(2F3)+8)n3 + (252 —1)2+17( 252 —1)+37)n2 — (7( 252 —1)2+43( 252 —1)+58)n+2(3( 25> —1)%+15( 252 —1)+16)
n(n—1)(n—2)(n— (252 +1))(n— (252 +2))

d=

n*—3n3—7n?423n—22
(n—2)(n—1)2n(n+1)

Profile 7-0, R™: Fori = 1,...,k, R® = R} fori =k +1,...,n—2, R® = R/, and for
i=n—1,n, R = R!. By sd-strategyproofness,

er(R™)R*pp(RS%) and ¢ (R%*)R"*4py(RT),

n1 (R R o1 (R**) and n 1 (R R 1 (RT),
et (R)R o1 (RF7Y) and gpa (R¥ED)R 1 (RT0).
Invoking our conclusion for Profiles 6-(k+1), 5-(k+1), and 3-k, (p(n_l)on_l(Rm) = %H,
4_333 7024 93— )
Pkop, (R70) = n(n32)(nz1)2tl2(§l+12)2> and P(k+1)on (R70) = % By sd-efficiency, P(n—1)o1 (R70) =0,

which implies that ¢(,_1,, (R = n(ﬁlit?l) Now by adding up the assignment of o, to all

agents, we have

nt—3n% —7n? +23n—-22 n—1 1 n=3, n+3 . _, 2 <1
(n—2)(n—1)2n(n+1) 2 n 2 nin+1) = n(n —1)(n —2) ’
assignment for < € {1,..., k} ie{k+1,..., n—2}

which contradicts to o(R™) € M.l
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