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Abstract

This paper considers a linear panel model with interactive fixed effects such that individual

heterogeneity is captured by latent group structure and time heterogeneity is captured by an

unknown structural break. We allow the model to have different numbers of groups and/or

different group memberships before and after the break. With the preliminary estimates by

nuclear norm regularization followed by row- and column-wise linear regressions, we estimate the

break point based on the idea of binary segmentation and the latent group structures together

with the number of groups before and after the break by sequential testing K-means algorithm

simultaneously. We show that the break point, the number of groups and the group membership

can be estimated correctly with probability approaching one. Finite sample performance of the

methodology is illustrated via Monte Carlo simulations and a real dataset application.
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1 Introduction

Heterogeneous panel data regressions have seen increasing use in economic analyses because they

can capture rich heterogeneity across both cross section and time. But models with complete

heterogeneity along either the cross section or time dimension tend to possess too many parameters

to be identified, which results in slow convergence or inefficient estimates. For this reason, more

and more researchers advocate the use of panel data models with certain structures imposed

along either the cross section or time dimension. On the one hand, the recent burgeoning on

panels with latent group structures can be motivated from the observation that different groups

of individuals may respond differently to an exogenous shock. For instance, Durlauf and Johnson

(1995), Berthelemy and Varoudakis (1996), and Ben-David (1998) show economies in different

groups of income per capita and/or education level may converge to different steady state equilibria.

Chu (2012), Zhang and Cheng (2019) and Klapper and Love (2011) show an exogenous shock like

policy implementation has different impact on different individuals. Long et al. (2012) discuss the

influence of 2008 financial crisis on the economic growth is different for emerging and developed

economies. On the other hand, the recent popularity of panels with structural changes can be

motivated from the occurrence of financial crises, technological progress, and economic transitions,

etc, during the time periods covered by the data. See Qian and Su (2016) for a survey on panel

data models that consider the estimation and tests of structural changes.

Even though there exists a large literature on the study of individual or time heterogeneity alone

in the slope coefficients of a panel data model, few of them consider both types of heterogeneity

simultaneously. Exceptions include Keane and Neal (2020) and Lu and Su (2022) who consider

linear panel data models with two-dimensional unobserved heterogeneity in the slope coefficients

that are modelled via the usual additive structures, and Chernozhukov et al. (2020) and Wang

et al. (2022) who model the slope coefficients via the use of low-rank matrices for conditional

mean and quantile regressions, respectively. In addition, Okui and Wang (2021) and Lumsdaine

et al. (2022) consider both individual heterogeneity and time heterogeneity by modeling them as a

grouped pattern and structural breaks, respectively. Specifically, Okui and Wang (2021) develop a

new panel data model with latent groups where the number of groups and the group memberships

do not change over time but the coefficients within each group can change over time and they

may have different breaking dates; Lumsdaine et al. (2022) consider the panels with a grouped

pattern of heterogeneity when the latent group membership structure and/or the values of slope

coefficients change at a break point. Both papers provide algorithms to recover the latent group

structure based on linear panel models with or without individual fixed effects, but cannot allow

for the presence of more complicated fixed effects such as the interactive fixed effects (IFEs) to

capture the strong cross-sectional dependence in the data.

In this paper, we proposes a linear panel data model with IFEs such that the slope coefficients

exhibit two-way heterogeneity. Following the lead of Okui and Wang (2021) and Lumsdaine et al.

(2022) and to encourage the parameter parsimony, we use a latent group structure to capture the
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individual heterogeneity and an unknown structural break to capture the time heterogeneity. As

for the latent group structure, we allow the model to have different group numbers and different

group membership before and after the break. Given the complicated structure of the model, we

propose to estimate the break point, the number of groups before and after the break, the group

membership before and after the break, and the group-specific parameters in multiple steps. Our

key insight is that for each of the p regressors, their slope coefficients, when allowed to vary across

both cross section and time dimension, can be written as a factor structure with a fixed number

of factors so that they can be stacked into a low-rank matrix.

In the first step, we explore the low-rank nature of the slope matrices and propose to obtain

their initial estimates by the nuclear norm regularization (NNR), a popular machine learning

technique in computer sciences. Such initial matrix estimates are consistent in terms of Frobenius

norm but do not have the pointwise or uniform convergence for their elements. Despite this, by

applying singular value decomposition (SVD) to these estimates, we can obtain estimates of the

associated factors and factor loadings that are also consistent in terms of Frobenius norm. In the

second step, we use the first-step initial estimates of the factors and factor loadings to run the

row- and column-wise linear regressions to update the estimates of the factors and factor loadings

which now possess pointwise and uniform consistency and can be used for subsequent analyses. In

the third step, we estimate the break point by using the celebrated idea of binary segmentation

as commonly used for break point estimation in the time series literature. Once the break point

is estimated, the full-sample is naturally split into two sub-samples. In the fourth step, we follow

the lead of Lin and Ng (2012) and Jin et al. (2022) to focus on each sub-sample before and after

the estimated break point and propose a sequential testing K-means algorithm to recover the

latent group structure and obtain the number of groups simultaneously. In the last step, we use

the estimated group structure to estimate the group-specific parameters. Asymptotic analyses

show that the break point, the number of groups and the group membership can be consistently

estimated in Steps 3-4, so that the final step estimates for the group-specific coefficients can enjoy

the oracle property. This means they have the same asymptotic distributions as the ones obtained

by knowing the break point and the latent group structures before and after the break points.

This paper relates to two branches of literature. First, our paper contributes to the panel data

literature on one-way heterogeneity, especially with either latent group structures or structural

breaks. As for the latent group structures, there are several popular ways to recover the latent

groups. The first approach is K-means algorithm. Lin and Ng (2012) apply the K-means algorithm

to linear panel data models with grouped slope coefficients and propose an information criterion

and a sequential testing approach to estimate the true number of groups. Sarafidis and Weber

(2015) analyze the unknown grouped slopes in the large N and fixed T framework, and Zhang et al.

(2019) provide an iterative algorithm based on K-means clustering for panel quantile regression

model. Bonhomme and Manresa (2015) and Ando and Bai (2016) consider panels with grouped

fixed effects. The second approach is the Classifier-Lasso (C-Lasso) that has become a popular
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clustering method since Su et al. (2016). This method is extended by Lu and Su (2017), Su and

Ju (2018), Su et al. (2019), Wang et al. (2019), and Huang et al. (2020) to various contexts. In

addition, clustering algorithm in regression via data-driven segmentation (CARDS) approach and

binary segmentation are also considered in Ke et al. (2015), Wang et al. (2018), Ke et al. (2016) and

Wang and Su (2021), among others. As for the panel data models with structural breaks, binary

segmentation has become a common approach to estimate the break point. See Bai (2010), Lin

and Hsu (2011), Kim (2011), Kim (2014) and Baltagi et al. (2017), among others. These papers

focus on the case of one break point in the model. In contrast, Qian and Su (2016) and Li et al.

(2016) allow for multiple breaks in linear panel data models with either the classical fixed effects or

the IFEs, and propose the adaptive grouped fused lasso (AGFL) approach to estimate the break

points. Compared to existing panel literature on one-way heterogeneity, we allow for two-way

heterogeneity in our model. In particular, we allow not only different membership structures in

different time blocks but also the change of number of groups over time. As a result, our model is

more flexible than the vast existing models that allow for only latent group structures or structural

breaks, but not both.

Second, this paper contributes to the recent burgeoning literature that models two-way het-

erogeneity in the slope coefficients of a panel data model. As mentioned above, there are two

approaches to model the two-way heterogeneity in the slope coefficients. One is to model them

as an additive structure so that both the individual and time effects enter the slope coefficients

additively, as in Keane and Neal (2020) and Lu and Su (2022). The other is to impose certain

low-rank structures on the slope coefficient matrices in which case one models each slope coeffi-

cient via the use of IFEs as used to model the strong cross sectional dependence in the panels. In

view of the low-rank structures, we can resort to the NNR that has attracted increasing attention

recently in panel data analyses. NNR has been used in recent researches in econometrics, see Bai

and Ng (2019), Moon and Weidner (2018), Feng (2019), Chernozhukov et al. (2020), Belloni et al.

(2019), Miao et al. (2022), and Hong et al. (2022), among others. But none of these papers impose

any latent group structures in the slope coefficients. With latent group structures and structural

breaks imposed, Okui and Wang (2021) allow the slope coefficients within each group to have

common breaks and the break points to vary across different groups, and they propose to estimate

the latent group structures, the structural breaks, and the group-specific regression parameters by

the grouped adaptive group fused lasso (GAGFL). Note that neither the number of groups nor

the group memberships is allowed to change over time in Okui and Wang (2021). In a companion

paper, Lumsdaine et al. (2022) allow the latent group membership structure and/or the values of

slope coefficients to change at a break point, and propose an estimation algorithm similar to the K-

means of Bonhomme and Manresa (2015). Note that both Okui and Wang (2021) and Lumsdaine

et al. (2022) allow for at most one-way heterogeneity (individual FEs) in the intercept and neither

allows for IFEs to capture strong cross section dependence. In contrast, this paper proposes the

algorithm to detect the unknown break point and to recover the group structure based on linear
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panel model with IFEs, which leads to a more general model. In addition, Lumsdaine et al. (2022)

first assume the number of groups is known in the estimation algorithm and then estimate the

number of groups via an information criterion but they do not establish the consistency result for

such an estimate. Instead, we estimate the number of groups and group membership simultane-

ously by the sequential testing K-means algorithm and establish the consistency of the number of

groups estimator.

The rest of the paper is organized as follows. We first introduce the linear panel model with

time-varying latent group structures in Section 2 and provide the estimation algorithm in Section

3. The asymptotic properties are given in Section 4. In Section 5, we propose an alternative

approach to detect the break point, provide the test statistics for the null that the slope coefficient

has no structure change against the alternative with one break point, and discuss the estimation

for the model with multiple breaks. In Sections 6 and 7, we show the finite sample performance

of our method by Monte Carlo simulations and an empirical application, respectively. Section 8

concludes. All proofs are related to the online appendix.

Notation. ∥·∥1, ∥·∥op, ∥·∥∞, ∥·∥max ∥·∥2, ∥·∥F , ∥·∥∗ denote the norm induced by 1-norms, the

norm induced by 2-norms the norm induced by∞-norms, the maximum norm, the Euclidean norm,

the Frobenius norm and the nuclear norm. ⊙ is the element-wise product. ⌊·⌋ and ⌈·⌉ denote the

floor and ceiling functions, respectively. a∨ b and a∧ b return the maximum and the minimum of

a and b. The symbol ≲ means “left side bounded by a positive constant times the right side”, and

an ≫ bn means bna
−1
n = o(1). Let A = {Ait} as a matrix with its (i, t)-th entry denoted as Ait, and

we denote {Aj}j∈[p]∪{0} to be the collection of matrix Aj for all j ∈ {0, 1, · · · , p}. For a specific

A ∈ Rm×n, PA = A(A′A)−1A′ and MA = Im − PA. When A is symmetric, λmax(A), λmin(A) and

λn(A) denote its largest, smallest and n-th largest eigenvalues, respectively. The operators ⇝ and
p−→ denote convergence in distribution and in probability, respectively. We also use [n] to denote

the set {1, · · · , n} for any positive integer n. Besides, w.p.a.1 is “with probability approaching 1”

and a.s. denotes “almost surely” for short.

2 Model Setup

In this paper, we consider the following linear panel model with IFEs:

Yit = Θ0
0,it +X ′

itΘ
0
it + eit, (2.1)

where i ∈ [N ], t ∈ [T ], Yit is the dependent variable, Xit = (X1,it, · · · , Xp,it)
′ is a p × 1 vector

of regressors, Θ0
it = (Θ0

1,it, · · · ,Θ0
p,it)

′ is a p × 1 vector of slope coefficients, Θ0
0,it = λ0′i f

0
t is an

intercept term that exhibits a factor structure with r0 factors, and eit is the error term. Here, we

assume r0 is a fixed integer that does not change as (N,T ) → ∞. Let Λ0 =
(
λ01, · · · , λ0N

)′
and

F 0 =
(
f01 , · · · , f0T

)′
. Let Y = {Yit} , Xj = {Xj,it} , Θ0

j =
{
Θ0

j,it

}
and E = {eit} , all of which are
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N × T matrices. Then we can rewrite (2.1) in terms of matrices as follows:

Y = Θ0
0 +

p∑
j=1

Xj ⊙Θ0
j + E. (2.2)

We assume that the slope coefficients follow time-varying latent group structures, i.e.,

Θ0
it =

∑
k∈[Kt]

αkt1{i ∈ Gkt},

where {Gkt}k∈Kt
forms a partition of [N ] for each specific time t withKt being the number of groups

at time t. Moreover, we assume that the group-specific slope coefficients αkt or the memberships

change at an unknown time point T1, i.e.,

αkt =

α
(1)
k , for t = 1, . . . , T1,

α
(2)
k , for t = T1 + 1, . . . , T,

Gkt =

G
(1)
k , for t = 1, . . . , T1, k = 1, . . . ,K(1),

G
(2)
k , for t = T1 + 1, . . . , T, k = 1, . . . ,K(2),

withK(1) andK(2) being the number of latent groups before and after the break point, respectively.

Let g
(1)
i and g

(2)
i respectively denote the individual group indices before and after the break:

g
(1)
i =

∑
k∈K(1)

k1
{
i ∈ G

(1)
k

}
and g

(2)
i =

∑
k∈K(2)

k1
{
i ∈ G

(2)
k

}
.

Let rj be the rank of Θ0
j for j ∈ [p] ∪ {0}. It is easy to see that Θ0

j exhibits a low-rank for all

j. By the SVD, we have

Θ0
j =

√
NTU0

j Σ
0
jV0′

j := U0
j V

0′
j , j ∈ [p] ∪ {0},

where U0
j ∈ RN×rj , V0

j ∈ RT×rj , Σ0
j = diag(σ1,j , · · · , σrj ,j), U0

j =
√
NU0

j Σ
0
j with each row being

u0′i,j , and V
0
j =

√
TV0

j with each row being v0′t,j .

Note that we allow
{
Θ0

it

}N
i=1

to exhibit latent group structures before and after the break. For

a particular j ∈ [p], the N × T matrix Θ0
j may have no group structure before or after the break,

or no break, or more or fewer groups after the break. Let K
(1)
j and K

(2)
j denote the number of

groups before and after the break, respectively, for
{
Θ0

j,it

}N

i=1
. Let G(ℓ)

j =

{
G

(ℓ)
1,j , · · · , G

(ℓ)

K
(ℓ)
j ,j

}
,

ℓ = 1, 2, denote the associated latent group structures. Define N
(ℓ)
k,j =

∣∣∣G(ℓ)
k,j

∣∣∣ and π(ℓ)k,j =
N

(ℓ)
k,j

N for

ℓ = 1, 2. Further define τT := T1
T . Below we show that Θ0

j has low-rank structure in all cases.

Case 1. Θ0
j exhibits neither structural break nor group structure.

In this case, K
(1)
j = K

(2)
j = 1, and Θ0

j,it = αj ∀ (i, t) ∈ [N ]× [T ]. By the SVD, we have

Uj =
1√
N
ιN ∈ RN×1, Σj = αj , Vj =

1√
T
ιT ∈ RT×1,
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Uj = αjιN ∈ RN×1, Vj = ιN ∈ RT×1,

where ιd = (1, · · · , 1)′ ∈ Rd×1 for any natural number d. Obviously, rj = 1 under Case 1.

Case 2. Θ0
j exhibits no structural break but a group structure.

In this case, K
(1)
j = K

(2)
j = Kj , G

(1)
k,j = G

(2)
k,j = Gk,j , N

(1)
k,j = N

(2)
k,j = Nk,j , π

(1)
k,j = π

(2)
k,j =

πk,j ∀k ∈ [Kj ], and Θ0
j,it =

∑
k∈[Kj ]

αk,j1 {i ∈ Gk,j} for t ∈ [T ]. Therefore, we have

Uj,i =

∑
k∈[Kj ]

αk,j1 {i ∈ Gk,j}√∑
k∈[Kj ]

Nk,j (αk,j)
2
, Σj =

√ ∑
k∈[Kj ]

πk,j (αk,j)
2, Vj =

1√
T
ιT ,

ui,j =
∑

k∈[Kj ]

αk,j1 {i ∈ Gk,j} , Vj = ιT ,

where Uj,i is the i-th element in Uj . Obviously, rj = 1 under this case.

Case 3. Θ0
j exhibits both structural break and group structure.

(i) K
(1)
j ̸= K

(2)
j .

Under this scenario, we have different number of groups before and after the break.

(ii) K
(1)
j = K

(2)
j = Kj and G

(1)
k,j ̸= G

(2)
k,j .

Under this scenario, we have the same number of groups before and after the break,

but the group membership changes after the break point.

(iii) K
(1)
j = K

(2)
j = Kj , G

(1)
k,j = G

(2)
k,j = Gk,j for ∀k ∈ [Kj ], and α

(1)
k,j ̸= α

(2)
k,j for at least

one k ∈ [Kj ].

Under this scenario, even though neither the number of groups nor group member-

ship changes after the break, there exists at least one group whose slope coefficients

change.

For any positive integer d, we use 0d to denote a d × 1 vector of zeros. The following lemma

lays down the foundation for the detection of break point in our model.

Lemma 2.1 For any j ∈ [p] such that Θ0
j lies in Case 3 above, we have rank(Θ0

j ) ≤ 2. When

rank(Θ0
j ) = 2, we have

(i) Θ0
j = UjΣjV ′

j = UjV
′
j where Uj = UjΣj/

√
T , Vj =

√
TVj = DjRj , Dj =

[
1√
τT
ιT1 0T1

0T−T1
1√

1−τT
ιT−T1

]
and R′

jRj = I2;

(ii)

∥∥∥∥∥ v0t,j

∥v0t,j∥2

−
v0
t∗,j∥∥∥v0t∗,j∥∥∥2

∥∥∥∥∥
2

=
√
2 for any t ≤ T1 and t∗ > T1.
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By Lemma 2.1 for Case 3 and the above analyses for Cases 1 and 2, we conclude that Θ0
j is a

low-rank matrix with rank equal to or less than 2. In view of the low-rank structure of the slope

matrices, we propose to adopt the NNR to obtain the preliminary estimates below. Moreover,

under Case 3, Lemma 2.1(ii) indicates that singular vectors of the slope matrix with rank equals

to 2 contain the structural break information.

3 Estimation

In this section we provide the estimation algorithm. We first assume that the ranks rj for j ∈
[p] ∪ {0} are known, and then propose a singular value thresholding (SVT) procedure to estimate

them. After we recover the break point and the latent group structures, we propose consistent

estimates of the group-specific parameters.

3.1 Estimation Algorithm

Given rj , ∀j ∈ [p]∪ {0}, we propose the following four-step procedure to estimate the break point

and to recover the latent group structures before and after the break.

Step 1: Nuclear Norm Regularization. We run the nuclear norm regularized regression and

obtain the preliminary estimates
{
Θ̃j

}
j∈{0}∪[p]

, i.e.,

{Θ̃j}j∈[p]∪{0} = argmin
{Θj}pj=0

1

NT

∥∥∥∥∥∥Y −
p∑

j=1

Xj ⊙Θj −Θ0

∥∥∥∥∥∥
2

F

+

p∑
j=0

νj ∥Θj∥∗ , (3.1)

where νj is the tuning parameter for j ∈ [p] ∪ {0}. For each j, conduct the SVD:
1√
NT

Θ̃j = ˆ̃Uj
ˆ̃Σj

ˆ̃V ′
j , where

ˆ̃Σj is a diagonal matrix with diagonal elements being the de-

scending singular values of Θ̃j . Moreover, let Ṽj consist the first rj columns of ˆ̃Vj and

Ṽj =
√
T Ṽj . Let ṽ

′
t,j denote the t-th row of Ṽj for t ∈ [T ].

Step 2: Row- and Column-Wise Regressions. First run the row-wise regressions of Yit on(
ṽt,0, {ṽt,jXj,it}j∈[p]

)
to obtain {u̇i,j}j∈[p]∪{0} for i ∈ [N ]. Then run the column-wise regres-

sions of Yit on
(
u̇i,0, {u̇i,jXj,it}j∈[p]

)
to obtain {v̇t,j}j∈[p]∪{0} for t ∈ [T ]. Let Θ̇j,it = u̇′i,j v̇t,j

for (i, t) ∈ [N ]× [T ] and j ∈ [p] ∪ {0}. Specifically, the row- and column-wise regressions

are given by

{u̇i,j}j∈[p]∪{0} = argmin
{ui,j}j∈[p]∪{0}

1

T

∑
t∈[T ]

Yit − u′i,0ṽt,0 −
p∑

j=1

u′i,j ṽt,jXj,it

2

i ∈ [N ], (3.2)

{v̇t,j}j∈[p]∪{0} = argmin
{vt,j}j∈[p]∪{0}

1

N

∑
i∈[N ]

Yit − v′t,0u̇i,0 −
p∑

j=1

v′t,j u̇i,jXj,it

2

t ∈ [T ]. (3.3)
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Step 3: Break Point Estimation. We estimate the break point as follows

T̂1 = argmin
s∈{2,··· ,T−1}

1

pNT

∑
j∈[p]

∑
i∈[N ]

{
s∑

t=1

(
Θ̇j,it − ¯̇Θ

(1s)
j,i

)2
+

T∑
t=s+1

(
Θ̇j,it − ¯̇Θ

(2s)
j,i

)2}
, (3.4)

where ¯̇Θ
(1s)
j,i = 1

s

∑s
t=1 Θ̇j,it and

¯̇Θ
(2s)
j,i = 1

T−s

∑T
t=s+1 Θ̇j,it.

Step 4: Sequential Testing K-means (STK). In this step, we estimate the number of groups

and the group membership before and after the break by using the STK algorithm. For

each j ∈ [p], define Θ̇
(1)
j,i = (Θ̇j,i1, · · · , Θ̇j,iT̂1

)′, Θ̇
(2)
j,i = (Θ̇j,i,T̂1+1, · · · , Θ̇j,iT )

′, β̇
(1)
i =

1√
T̂1

(Θ̇
(1)′
1,i , · · · , Θ̇

(1)′
p,i )

′, and β̇
(2)
i = 1√

T̂2

(Θ̇
(2)′
1,i , · · · , Θ̇

(2)′
p,i )

′. Let zα be some predetermined

number which will be specified in the next subsection. Given the sub-sample before and

after the estimated break point, initialize m = 1 and classify each sub-sample into m

groups by K-means algorithm with group membership obtained as Ĝ(ℓ)
m := {Ĝ(ℓ)

k,m}k∈[m].

Next, we construct test statistic Γ̂
(ℓ)
m , compare it to zα, set m = m+ 1 and go to the next

iteration if Γ̂
(ℓ)
m > zα and stop the STK algorithm otherwise. At last, define K̂(ℓ) = m

and Ĝ(ℓ) = Ĝ(ℓ)
m . In the next subsection, we will present each step of the STK algorithm

in detail.

Figure 1: The flow chart of STK algorithm

Several remarks are in order. First, we assume the ranks of the intercept and slope matrices

are known in Step 1 but will propose consistent estimates for them by the SVT below. Second, we

obtain the preliminary estimates by nuclear norm regularization based on the low-rank structure of

the intercept and slope matrices in the model. These estimates are consistent in terms of Frobenius

norm but we cannot establish the pointwise or uniform convergence for their elements. Despite this,

we can conduct SVD to obtain preliminary estimates of the factors and factor loadings to be used

subsequently. Third, we conduct the row- and column-wise linear regressions to obtain updated

estimates of the factors and factor loadings where we can establish their pointwise and uniform

convergence rates. Fourth, with the consistent estimates obtained in the second step, we can

estimate the break point in Step 3 consistently by following the idea of binary segmentation. Fifth,

the STK algorithm in Step 4 will yield the estimated number of groups and group memberships

at the same time.
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In the latent group literature, it is standard and popular to assume the number of groups in the

K-means algorithm is known and then estimate the number of groups by using certain information

criteria. In this case, one needs to consider not only under- and just-fitting cases, but also over-

fitting cases. It is well known that the major difficulty with this approach is to show that the

over-fitting case occurs with probability approaching zero. As for the STK algorithm, it ensures

us to focus on under-and just-fitting cases, which helps to avoid the theoretical difficulty caused

by K-means classification with a larger than the true number of groups. Besides, although we

adopt this sequential algorithm, the error from the previous iteration will not accumulate in the

following iterations owing to fact that the classification in each iteration is new and not based on

the K-means result in previous iterations.

3.2 The STK algorithm

In this subsection, we describe the K-means algorithm and the construction of test statistics Γ̂
(ℓ)
m

in the STK algorithm for ℓ ∈ {1, 2}.
First, we define the objective function for the K-means algorithm with m clusters at each

iteration. Let a
(ℓ)
k,m be a pT̂1 × 1 and p(T − T̂1)× 1 vector for ℓ = 1, 2, respectively. We obtain the

group membership with m groups by solving the following minimization problem:{
ȧ
(ℓ)
k,m

}
k∈[m]

= argmin{
a
(ℓ)
k,m

}
k∈[m]

1

N

∑
i∈[N ]

min
k∈[m]

∥∥∥β̇(ℓ)i − a
(ℓ)
k,m

∥∥∥2
2
, (3.5)

which yields the membership estimates for each individual at the m-th iteration as

ĝ
(ℓ)
i,m = argmin

k∈[m]

∥∥∥β̇(ℓ)i − ȧ
(ℓ)
k,m

∥∥∥
2

∀i ∈ [N ]. (3.6)

Let Ĝ
(ℓ)
k,m :=

{
i ∈ [N ] : ĝ

(ℓ)
i,m = k

}
.

Second, we discuss the construction of the test statistic based on the idea of homogeneity

test for several sub-samples. At iteration m, we have m potential subgroups (Ĝ
(ℓ)
1,m, · · · , Ĝ

(ℓ)
m,m)

after the K-means classification for ℓ = 1 and 2. Let T̂1 = [T̂1], T̂2 = [T ]\[T̂1], T̂1,−1 = T̂1\{T̂1},
T̂2,−1 = T̂2\{T}, T̂1,j =

{
1 + j, · · · , T̂1

}
, and T̂2,j =

{
T̂1 + 1 + j, · · · , T

}
for some specific j ∈ T̂ℓ,−1.

Based on these estimated subgroups, we can obtain the estimates of the coefficients, factors and

factor loadings for each subgroup in regime ℓ as follows:({
θ̂
(ℓ)
i,k,m

}
i∈Ĝ(ℓ)

k,m

, Λ̂
(ℓ)
k,m, F̂

(ℓ)
k,m

)
= argmin

{θi,λi,ft}
i∈Ĝ

(ℓ)
k,m

,t∈T̂ℓ

∑
i∈Ĝ(ℓ)

k,m

∑
t∈T̂ℓ

(
Yit −X ′

itθi − λ′ift
)2
,

where Λ̂
(ℓ)
k,m = {λ̂(ℓ)i,k,m}

i∈Ĝ(ℓ)
k,m

and F̂
(ℓ)
k,m = {f̂ (ℓ)t,k,m}t∈T̂ℓ . For all i ∈ [N ] and t ∈ [T ], define the

residuals

êit =

2∑
ℓ=1

(
Yit − f̂

(ℓ)′
t,k,mλ̂

(ℓ)
i,k,m −X ′

itθ̂
(ℓ)
i,k,m

)
1
{
t ∈ T̂ℓ

}
.
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Let X̂
(1)
i =

(
Xi1, · · · , XiT̂1

)′
, X̂

(2)
i =

(
Xi,T̂1+1, · · · , XiT

)′
, and T̂2 = T − T̂1. Define

ˆ̄θ
(ℓ)
k,m =

1∣∣∣Ĝ(ℓ)
k,m

∣∣∣
∑

i∈Ĝ(ℓ)
k,m

θ̂
(ℓ)
i,k,m, M

F̂
(ℓ)
k,m

= IT̂ℓ
− 1

T̂ℓ
F̂

(ℓ)
k,mF̂

(ℓ)′
k,m,

Ŝ
(ℓ)
ii,k,m =

1

T̂ℓ

(
X̂

(ℓ)
i

)′
M

F̂
(ℓ)
k,m

X̂
(ℓ)
i , â

(ℓ)
ii,k = λ̂

(ℓ)′
i,k,m

 Λ̂
(ℓ)′
k,mΛ̂

(ℓ)
k,m∣∣∣Ĝ(ℓ)

k,m

∣∣∣
−1

λ̂
(ℓ)
i,k,m.

Let ẑ
(ℓ)′
it being the t-th row of M

F̂
(ℓ)
k,m

X̂
(ℓ)
i . For each subgroup Ĝ

(ℓ)
k,m with k ∈ [m], we follow the lead

of Pesaran and Yamagata (2008) and Ando and Bai (2015) and define Γ̂
(ℓ)
k,m as follows:

Γ̂
(ℓ)
k,m =

√∣∣∣Ĝ(ℓ)
k,m

∣∣∣


1∣∣∣Ĝ(ℓ)
k,m

∣∣∣
∑

i∈Ĝ(ℓ)
k,m

Ŝ(ℓ)i,k,m − p

√
2p


where

Ŝ(ℓ)i,k,m = T̂ℓ

(
θ̂
(ℓ)
i,k,m − ˆ̄θ

(ℓ)
k,m

)′
Ŝ
(ℓ)
ii,k,m

(
Ω̂
(ℓ)
i,k,m

)−1
Ŝ
(ℓ)
ii,k,m

(
θ̂
(ℓ)
i,k − ˆ̄θ

(ℓ)
k

)1−
â
(ℓ)
ii,k∣∣∣Ĝ(ℓ)
k,m

∣∣∣
2

,

Ω̂
(ℓ)
i,k,m =

1

T̂ℓ

∑
t∈T̂ℓ

ẑ
(ℓ)
it ẑ

(ℓ)′
it ê2it +

1

T̂ℓ

∑
j∈T̂ℓ,−1

k(j/ST )
∑
t∈T̂ℓ,j

(
ẑ
(ℓ)
it ẑ

(ℓ)′
i,t+j êitêi,t+j + ẑ

(ℓ)
i,t−j ẑ

(ℓ)′
it êi,t−j êi,t

)
,

and k(·) is a kernel function with ST being the bandwidth. Noted that the above expression for

Ω̂
(ℓ)
i,k,m is the traditional HAC estimator. Let Γ̂

(ℓ)
m = maxk∈[m]

(
Γ̂
(ℓ)
k,m

)2
.

We will show below that Γ̂
(ℓ)
m is asymptotically distributed as the maximum of m independent

χ2(1) random variables under the null hypothesis that the slope coefficients in each of the m

sub-samples is homogeneous, while it diverges to infinity under the alternative. Let zα denote be

the critical value at significance level α, which is calculated from the maximum of m independent

χ2(1) random variables. We reject the null of m subgroups in favor of more groups at level α if

Γ̂
(ℓ)
m > zα.

3.3 Rank Estimation

To obtain the rank estimator, we use the low-rank estimators from (3.1) and estimate rj by the

singular value thresholding (SVT):

r̂j =
N∧T∑
i=1

1

{
σi

(
Θ̃j

)
≥ 0.2

(
νj

∥∥∥Θ̃j

∥∥∥
op

)1/2
}

∀j ∈ {0} ∪ [p],

where σi (A) denotes the i-th largest singular value of A and N ∧ T = min(N,T ). By arguments

as used in the proof of Proposition D.1 in Chernozhukov et al. (2020) and that of Theorem 3.2 in

Hong et al. (2022), we can show that P(r̂j = rj) → 1 as (N,T ) → ∞.
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3.4 Parameters Estimation

Once we obtain the estimated break point, the number of groups and the group membership

before and after the estimated break point, we can estimate the group-specific slope coefficients{
α
(ℓ)
k

}
k∈[K̂(ℓ)]

along with the factors and factor loadings as follows:

(
Λ̂(ℓ), F̂ (ℓ),

{
α̂
(ℓ)
k

}
k∈[K̂(ℓ)]

)
= argminL

(
Λ, F,

{
a
(ℓ)
k

}
k∈[K̂(ℓ)]

)
(3.7)

where L
(
Λ, F,

{
a
(ℓ)
k

}
k∈[K̂(ℓ)]

)
= 1

NT̂ℓ

∑K̂(ℓ)

k=1

∑
i∈Ĝ(ℓ)

k

∑
t∈T̂ℓ

(
Yit − λ′ift −X ′

ita
(ℓ)
k

)2
. Here, we ig-

nore the fact that the prior- and post-break regimes share the same set of factor loadings and

estimate group-specific parameters separately for the two regimes at the cost of sacrificing some

efficiency for the factor loading estimates. Alternatively, we can pool the observations before and

after the break to estimate the parameters as follows:(
Λ̂, F̂ ,

{
α̂
(1)
k

}
k∈[K̂(1)]

,
{
α̂
(2)
k

}
k∈[K̂(2)]

)
= argminL

(
Λ, F,

{
a
(1)
k

}
k∈[K̂(1)]

,
{
a
(2)
k

}
k∈[K̂(2)]

)
where

L
(
Λ, F,

{
a
(1)
k

}
k∈[K̂(1)]

,
{
a
(2)
k

}
k∈[K̂(2)]

)
= L

(
Λ, F,

{
a
(1)
k

}
k∈[K̂(1)]

)
+ L

(
Λ, F,

{
a
(2)
k

}
k∈[K̂(2)]

)
.

(3.8)

In either case, as one can imagine, due to the presence of group structures, the establishment of

the asymptotic properties of the post-classification estimators of the group-specific slope coefficients

becomes much more involved than that in Bai (2009) and Moon and Weidner (2017). For this

reason, we will focus on the estimates defined in (3.7).

4 Asymptotic Theory

In this section, we study the asymptotic properties of the estimators introduced in the last section.

4.1 Basic Assumptions

Define ei = (ei1, · · · , eiT )′ and Xj,i = (Xj,i1, · · · , Xj,iT )
′ . Let V 0

j be a T × rj matrix with its t-th

row being v0′t,j , and U
0
j be the N×rj matrix with its i-th row being u0′i,j . Throughout the paper, we

treat the factors
{
V 0
j

}
j∈[p]∪{0}

as random and their loadings
{
U0
j

}
j∈[p]∪{0}

as deterministic. Let

D := σ

({
V 0
j

}
j∈[p]∪{0}

)
denote the minimum σ-field generated by

{
V 0
j

}
j∈[p]∪{0}

. Similarly, let

Gt := σ
(
D , {Xis}i∈[N ],s≤t+1 , {eis}i∈[N ],s≤t

)
. Let M and C be generic bounded positive constants

which may vary across lines.

Assumption 1 (i) {eit, Xit}t∈[T ] are conditionally independent across i given D .
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(ii) E (eit|Xit,D) = 0.

(iii) For each i, {(eit, Xit) , t ≥ 1} is strong mixing conditional on D with the mixing coefficient

αi(·) satisfying maxi∈[N ] αi(z) ≤Mαz for some constant α ∈ (0, 1).

(iv) There exists a constant C > 0 such that

max
i∈[N ],j∈[p]

1

T

∑
t∈[T ]

ξ2it ≤ C a.s. and max
t∈[T ],j∈[p]

1

N

∑
i∈[N ]

ξ2it ≤ C a.s.

for ξit = eit, Xj,it and Xj,iteit ∀j ∈ [p].

(v) maxi∈[N ],t∈[T ] E
[
|ξit|q

∣∣D] ≤M a.s. for some q > 8 where ξit = eit, Xj,it and Xj,iteit ∀j ∈ [p].

(vi) As (N,T ) → ∞,
√
N(logN)2T−1 → 0 and T (logN)2N−3/2 → 0.

Assumption 1∗ (i), (iv) and (v) are same as Assumption 1(i), (iv) and (v). Besides,

(ii) E (eit|Gt−1) = 0 ∀(i, t) ∈ [N ]× [T ], and maxi∈[N ],t∈[T ] E
(
e2it
∣∣Gt−1

)
≤M a.s..

(iii) {eit}i∈[N ] is conditionally independent across t given D .

Assumption 1(i) imposes conditional independence on {eit, Xit}t∈[T ] across the cross sectional

units. Assumption 1(ii) imposes the moment condition. Assumption 1(iii) impose conditional

strong mixing conditions along the time dimension. See Prakasa Rao (2009) for the definition

of conditional strong mixing and Su and Chen (2013) for an application in the panel setup. As-

sumption 1(iv)-(v) imposes some conditions which restricts the tail behavior of ξit. Note that we

don’t restrict either the regressors or error terms to be bounded. Assumption 1(vi) imposes some

restrictions on N and T but does not restrict N and T diverge to infinity at the the same rate. It

is possible to allow N to diverge to infinity faster but not too faster than T , and vice versa.

Assumption 1∗ is for the study of dynamic panel data models. To be specific, Assumption

1∗(ii) requires that the error sequence {eit, t ≥ 1} is a martingale difference sequence (m.d.s.) with

respect to the filter Gt, which allows for lagged dependent variables in Xit. Assumption 1∗(iii)

imposes the conditional independence of error term across t. In the panel for the least-squares

based PCA estimation, there will be the endogeneity issue if we allow for both dynamics and

serially correlated errors.

Assumption 2 rank
(
Θ0

j

)
= rj ≤ r̄ for j ∈ [p]∪{0} and some fixed r̄, and maxj∈[p]∪{0}

∥∥∥Θ0
j

∥∥∥
max

≤
M .

Assumption 2 imposes the low-rank conditions on the coefficient matrices, which facilitates the

use of NNR to obtain the preliminary estimates in the first step. As discussed in the previous

section, we see that the low-rank assumption for the slope matrices is satisfied for the model
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in Section 2. Moreover, we follow Ma et al. (2020) and assume the elements of the coefficient

matrices are uniformly bounded to simplify the proofs. The boundedness of the slope coefficients

is reasonable given that their cardinality does not grow with the sample size. The boundedness

assumption for the intercept coefficient can be relaxed at the cost of more lengthy arguments.

Assumption 3 Let σl,j denote the l-th largest singular values of Θ0
j for j ∈ [p]∪ {0}. There exist

some constants Cσ and cσ such that

∞ > Cσ ≥ lim sup
N,T

max
j∈[p]

σ1,j ≥ lim inf
N,T

min
j∈[p]

σrj ,j ≥ cσ > 0.

Assumption 3 imposes some conditions on the singular values of the coefficient matrices. It

implies that we only allow pervasive factors when these matrices are written as a factor structure.

This condition can be easily verified given the latent group structures of the slope coefficients.

Let Θ0
j = RjΣjS

′
j be the SVD for Θ0

j , ∀j ∈ [p] ∪ {0}. Further decompose Rj = (Rj,r, Rj,0),

Sj = (Sj,r, Sj,0) with (Rj,r, Sj,r) being the singular vectors corresponding to nonzero singular values

and (Rj,0, Sj,0) being the singular vectors corresponding to zero singular values. Hence, for any

matrix W ∈ RN×T , we define

P⊥
j (W ) = Rj,0R

′
j,0WSj,0S

′
j,0, Pj (W ) =W − P⊥

j (W ) ,

where Pj (W ) can be seen as the linear projection of matrix W into the low-rank space with

P⊥
j (W ) being its orthogonal space.

Let ∆Θj = Θj − Θ0
j for any Θj . Based on the spaces constructed above, with some positive

constants C1 and C2, we define the restricted set for full-sample parameters as follows:

R(C1, C2) :=

{
({∆Θj}j∈[p]∪{0}) :

∑
j∈[p]∪{0}

∥∥∥P⊥
j (∆Θj )

∥∥∥
∗
≤ C1

∑
j∈[p]∪{0}

∥∥Pj(∆Θj )
∥∥
∗ ,

∑
j∈[p]∪{0}

∥Θj∥2F ≥ C2

√
NT

}
. (4.1)

Lemma B.4 in the Appendix shows that our nuclear norm estimators are in a restricted set

larger than (4.1), which eliminates the restriction for the Frobenius norm in the R (C1, C2). The

restrictive set means the projection to the orthogonal low-rank space of the estimator error can

not be larger than its projection to the low-rank space. Theorem 4.1 below will greatly rely on

this property.

Assumption 4 For any C2 > 0, there are constants C3 and C4 such that uniformly for ({∆Θj}j∈[p]∪{0}) ∈
R(3, C2), we have∥∥∥∥∥∥∆Θ0 +

p∑
j=1

∆Θj ⊙Xj

∥∥∥∥∥∥
2

F

≥ C3

∑
j∈[p]∪{0}

∥∥∆Θj

∥∥2
F
− C4(N + T ) w.p.a.1.
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Assumption 4 imposes the restricted strong convexity condition, which is similar to Assumption

3.1 in Chernozhukov et al. (2020). The latter authors also provide some sufficient conditions to

verify such an assumption.

Let r =
∑

j∈[p]∪{0} rj . Define the following r × r matrices:

Φi =
1

T

T∑
t=1

ϕ0itϕ
0′
it ∀i ∈ [N ] and Ψt =

1

N

∑
i∈[N ]

ψ0
itψ

0′
it ∀t ∈ [T ],

where ϕ0it = (v0′t,0, v
0′
t,1X1,it, · · · , v0′t,pXp,it)

′, ψ0
it = (u0′i,0, u

0′
i,1X1,it, · · · , u0′i,pXp,it)

′.

Assumption 5 There exist constants Cϕ and cϕ such that

∞ > Cϕ ≥ lim sup
T

max
t∈[T ]

λmax(Ψt) ≥ lim inf
T

min
t∈[T ]

λmin(Ψt) ≥ cϕ > 0,

∞ > Cϕ ≥ lim sup
N

max
i∈[N ]

λmax(Φi) ≥ lim inf
N

min
i∈[N ]

λmin(Φi) ≥ cϕ > 0.

Assumption 5 is similar to Assumption 8 in Ma et al. (2020).

4.2 Asymptotic Properties of the NNR Estimators and Singular Vector Esti-

mators

Let ηN,1 =
√
log T√
N∧T and ηN,2 =

√
logN∨T√
N∧T (NT )1/q. Let σ̃k,j denotes the k-th largest singular value of

Θ̃j for j ∈ [p]∪{0}. Our first main result is about the consistency of the first-stage NNR Estimators

and the second-stage singular vector estimators.

Theorem 4.1 Suppose that Assumptions 1-4 hold. Then ∀j ∈ [p] ∪ {0}, we have

(i) 1√
NT

∥∥∥Θ̃j −Θ0
j

∥∥∥
F

= Op(ηN,1), maxk∈[rj ] |σ̃k,j − σk,j | = Op(ηN,1), and
∥∥∥V 0

j − ṼjOj

∥∥∥
F

=

Op(
√
TηN,1) where Oj is an orthogonal matrix defined in the proof.

If in addition Assumption 5 is also satisfied, then we have

(ii) max
i∈[N ]

∥∥∥u̇i,j −Oju
0
i,j

∥∥∥
2
= Op(ηN,2), max

t∈[T ]

∥∥∥v̇t,j −Ojv
0
t,j

∥∥∥
2
= Op(ηN,2),

(iii) max
i∈[N ],t∈[T ]

∣∣∣Θ̇j,it −Θ0
j,it

∣∣∣ = Op(ηN,2).

Remark 1. Theorem 4.1(i) reports the error bounds for Θ̃j , σ̃k,j , and Ṽj . The log T term in

the numerator of ηN,1 is due to the use of some exponential inequality for strong mixing process.

Theorem 4.1(ii) and (iii) reports the uniform convergence rate of the factor and factor loading

estimators. The extra (NT )1/q term in the ηN,2 is by the nonboundedness of Xj,it in Assumption

1(v), and it disappears when Xj,it is assumed to be uniformly bounded.

15



4.3 Consistency of the Break Point Estimate

Recall that g
(1)
i and g

(2)
i denote the true group individual i belongs to before and after the break,

respectively. To estimate the break point consistently, we add the following condition.

Assumption 6 (i)

√
1
N

∑
i∈[N ]

∥∥∥α
g
(1)
i

− α
g
(2)
i )

∥∥∥2
2
= C5ζNT , where C5 is a positive constant and

ζNT ≫ ηN,2.

(ii) τT := T1
T → τ ∈ (0, 1) as T → ∞.

Remark 2. Assumption 6(i) imposes conditions on the break size in order to identify the

break point. Note that we allow the average break size to shrink to zero at the rate slower than√
log(N∨T
N∧T (NT )1/q. This rate is of much bigger magnitude than the optimal (NT )−1/2-rate that

can be detected in the panel threshold regressions (PTRs) for several reasons. First, in PTRs, the

slope coefficients are usually assumed to be homogeneous so that each individual is subject to the

same change in the slope coefficients and one can use the cross-sectional information effectively.

In contrast, we allow for heterogeneous slope coefficients here and the change can occur only for

a subset of cross section units but not all. In addition, in the presence of latent group structure,

we not only allow the slope coefficients of some specific groups to change with group membership

fixed, but also allow the slope coefficient to remain the same for some groups while the group

memberships change after the break. Second, our break point estimation relies on the binary

segmentation idea borrowed from the time series literature where one can allow break sizes of

bigger magnitude than T−1/2 in order to identify the break ratio consistently but not the break

point consistently. As we can see, even though we require bigger break sizes, we can estimate the

break date consistently by using information from both the cross section and time dimensions.

Third, as mentioned above, the additional term log(N ∨ T ) in the above rate is mainly due to the

use of some exponential inequality and the term (NT )1/q is due to the fact that we only assume

the existence of q-th order moments for some random variables.

The following theorem indicates that we can estimate the break date T1 consistently.

Theorem 4.2 Suppose Assumptions 1-6 hold, with the true break point being T1 and the estimator

defined in (3.4). Then P
(
T̂1 = T1

)
→ 1 as (N,T ) → ∞.

Theorem 4.2 shows that we can estimate the true break date consistently w.p.a.1 despite the

fact that we allow the break size to shrink to zero at certain rate.

4.4 Consistency of the Estimates of the Number of Groups and the Latent

Group Structures

To study the asymptotic properties of the estimates of the number of groups and the recovery of

the latent group structures, we first add the following definition.
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Definition 4.3 Fix K(ℓ) > 1 and m ≤ K(ℓ). The estimated group structure Ĝ(ℓ)
m satisfies the

non-splitting property (NSP) if for any pair of individuals in the same true group, the estimated

group labels are the same.

Definition 4.3 describes the non-splitting property introduced by Jin et al. (2022). The latter

authors show that the STK algorithm yields estimated group structure enjoying the NSP.

To proceed, we add following assumptions.

Assumption 7 (i) Let ks and ks∗ be different group indices. Assume that

min
1≤ks<ks∗≤K(ℓ)

∥∥∥α(ℓ)
ks

− α
(ℓ)
ks∗

∥∥∥
2
≥ C5, ℓ ∈ {1, 2}.

(ii) Let N
(ℓ)
k be the number of individuals in group k, ∀k ∈ [K(ℓ)]. Define π

(ℓ)
k =

N
(ℓ)
k
N for ℓ = 1, 2.

Assume K(ℓ) is fixed and

∞ > C̄ ≥ lim sup
N

sup
k∈[K(ℓ)]

π
(ℓ)
k ≥ lim inf

N
inf

k∈[K(ℓ)]
π
(ℓ)
k ≥ c > 0, ℓ = 1, 2.

(iii) For any combination of the collection of n true groups with n ≥ 2, we have

Tℓ√
N

n∑
s=1

N
(ℓ)
ks

∥∥∥∥∥∥
∑
s∗ ̸=s

(
α
(ℓ)
ks∗

− α
(ℓ)
ks

)∥∥∥∥∥∥
2

2

→ ∞, ℓ = 1, 2.

Remark 3. Assumption 7(i) and 7(ii) are the standard assumption for the K-means algorithm,

which are comparable to Assumption 4 in Su et al. (2020). Assumption 7(i) assumes that the

minimum distance of two distinct groups is bounded away from 0. This greatly facilitates the

subsequent analyses. For Assumption 7(iii), it can be shown to hold under mild conditions. Below

we explain this assumption in detail. When n = 2, it’s clear that

Tℓ√
N

n∑
s=1

N
(ℓ)
ks

∥∥∥∥∥∥
∑
s∗ ̸=s

(
α
(ℓ)
ks∗

− α
(ℓ)
ks

)∥∥∥∥∥∥
2

2

=
Tℓ√
N

(
N

(ℓ)
k1

∥∥∥α(ℓ)
k2

− α
(ℓ)
k1

∥∥∥2
2
+N

(ℓ)
k2

∥∥∥α(ℓ)
k1

− α
(ℓ)
k2

∥∥∥2
2

)

≥
C2
5Tℓ(N

(ℓ)
k1

+N
(ℓ)
k2

)
√
N

= O(T
√
N)

by combining Assumptions 6(ii), 7(i), and 7(ii). When n > 2, for a special case such that the

term

∥∥∥∥∥ ∑s∗ ̸=s

(
α
(ℓ)
ks∗

− α
(ℓ)
ks

)∥∥∥∥∥
2

equals 0 for a specific s = s0 ∈ [n], it’s clear that it will be non-zero

for ∀s ∈ [n]\{s0}. Hence, if we assume

∥∥∥∥∥ ∑s∗ ̸=s

(
α
(ℓ)
ks∗

− α
(ℓ)
ks

)∥∥∥∥∥
2

is lower bounded by a constant for

∀s ∈ [n]\{s0}, Assumption 7(iii) will holds naturally. Except this special case, similar arguments

follow for other cases.
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Assumption 8 Let T1 = [T1] , T2 = [T ]\ [T1].

(i) 1
Tℓ

∑
t∈Tℓ f

0
t f

0′
t

p−→ Σ
(ℓ)
F > 0, as T → ∞. 1

N
(ℓ)
k

Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

p−→ Σ
(ℓ)
Λ,k > 0 as N → ∞, where

Λ
0,(ℓ)
k is a stack of λ0i for all individuals in group k and k ∈ [K(ℓ)].

(ii) There exists a constant C > 0 such that maxi∈[N ],j∈[p]
1
Tℓ

∑
t∈Tℓ ξ

2
it ≤ C a.s. for ξit = eit and

Xj,it, ∀j ∈ [p].

Assumption 8(i) imposes some standard assumptions on the factors and factor loadings. As-

sumption 8(ii) is similar as Assumption 1(iv), which strengthen the Assumption 1(iv) to hold for

two time regimes.

The next theorem reports the asymptotic properties of the STK estimators.

Theorem 4.4 Fix α = αN ∈ (0, 1). Suppose that Assumption 1∗ and Assumptions 2-8 hold. Then

for ℓ ∈ {1, 2}, we have

(i) if m = K(ℓ),

(a) max
i∈[N ]

1
{
ĝ
(ℓ)

i,K(ℓ) ̸= g
(ℓ)
i

}
= 0 w.p.a.1,

(b) Γ̂
(ℓ)

K(ℓ) is asymptotically distributed as the maximum of K(ℓ) independent χ2(1) random

variables,

(c) P
(
K̂(ℓ) ≤ K(ℓ)

)
≥ 1− α+ o(1),

(ii) if m < K(ℓ), Γ̂
(ℓ)
m → ∞ w.p.a.1. Thus P

(
K̂(ℓ) ̸= K(ℓ)

)
≤ α+ o(1).

Remark 4. Theorem 4.4 studies the asymptotic properties of the STK algorithm. At iteration

m such thatm < K(ℓ), w.p.a.1, the test statistics Γ̂
(ℓ)
m diverges to infinity, which means the iteration

will continue at (m + 1)-th iteration. At iteration m such that m = K(ℓ), the test statistics Γ̂
(ℓ)
m

is stochastically bounded and the iteration stops w.p.a.1 provided α = αN → 0. It follows that

P
(
K̂(ℓ) = K(ℓ)

)
→ 1 as along as we set αN → 0 as N → ∞. As aforementioned, Theorem 4.4

ensures the application of K-means algorithm only for the under-fitting and just-fitting cases and

it helps us to avoid the theoretical challenge in handling the over-fitting case in the classification.

Remark 5. To allow the dynamic panels, we focus on Assumption 1∗, where the error term is

martingale difference sequence. Under this assumption, the HAC estimator Ω̂
(ℓ)
i,k,m degenerate to

1
T̂ℓ

∑
t∈T̂ℓ ẑ

(ℓ)
it ẑ

(ℓ)′
it ê2it. If we allow the serial correlated error in the non-dynamic panels, same results

in Theorem 4.4 hold. We skip the proof for the non-dynamic panels with serial correlated error

for brevity. For the kernel function and bandwidth, we can follow Andrews (1991) and let k (·)
belongs to the following class of kernels:

K =

{
k(·) : R 7→ [−1, 1] | k(0) = 1, k(u) = k(−u),

∫
|k (u)| du <∞,
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k(·) is continuous at 0 and at all but a finite number of other points

}
.

See, e.g., Andrews (1991) and White (2014) for detail.

4.5 Distribution Theory for the Group-specific Slope Estimators

For ℓ ∈ {1, 2}, let
{
α̂
∗(ℓ)
k

}
k∈K(ℓ)

be the oracle estimators of the group-specific slope coefficients

before and after the break point by using the true break and membership information for all

individuals. To study the asymptotic distribution theory for
{
α̂
(ℓ)
k

}
k∈K(ℓ)

, ℓ ∈ {1, 2}, we only

need to show that for the oracle estimators
{
α̂
∗(ℓ)
k

}
k∈K(ℓ)

based on Theorems 4.2 and 4.4 by

extending the result of Bai (2009) and Moon and Weidner (2017).

To proceed, we define some notation. For ℓ ∈ {1, 2}, we first define the matrix notation for

each subgroup. For j ∈ [p], let X
(1)
j,i = (Xj,i1, · · · , Xj,iT1)

′, X
(2)
j,i =

(
Xj,i(T1+1), · · · , Xj,iT

)′
, e

(1)
i =

(ei1, · · · , eiT1)
′ and e

(2)
i =

(
ei(T1+1), · · · , eiT

)′
. Then we use X(ℓ)

j,k ∈ RN
(ℓ)
k ×Tℓ and E

(ℓ)
k ∈ RN

(ℓ)
k ×Tℓ

to denote the regressor and error matrix for subgroup k ∈ [K(ℓ)] with each row being X
(ℓ)
j,i and

e
(ℓ)
i , respectively. Let X (ℓ)

j,k = M
Λ
0,(ℓ)
k

X(ℓ)
j,kMF 0,(ℓ) ∈ RN

(ℓ)
k ×Tℓ with entries X (ℓ)

j,k,it, which follows by

X (ℓ)
k,it =

(
X (ℓ)
1,k,it, · · · ,X

(ℓ)
p,k,it

)′
. Further define

B(ℓ)
NT,1,j,k =

1

N
(ℓ)
k

tr
[
PF 0,(ℓ)E

(
E

(ℓ)′
k X(ℓ)

j,k

∣∣D)] ,
B(ℓ)
NT,2,j,k =

1

Tℓ
tr

[
E
(
E

(ℓ)
k E

(ℓ)′
k

∣∣D)M
Λ
0,(ℓ)
k

X(ℓ)
j,kF

0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
Λ
0,(ℓ)′
k

]
,

B(ℓ)
NT,3,j,k =

1

N
(ℓ)
k

tr

[
E
(
E

(ℓ)
k E

(ℓ)′
k

∣∣D)MF 0,(ℓ)X(ℓ)
j,kΛ

0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1
F 0,(ℓ)′

]
,

B(ℓ)
NT,m,k =

(
B(ℓ)
NT,m,1,k, · · · ,B

(ℓ)
NT,m,p,k

)′
, ∀m ∈ {1, 2, 3},

Ω
(ℓ)
k =

1

N
(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ

e2itX
(ℓ)
k,itX

(ℓ)′
k,it .

Let W(ℓ)
NT,k be a p× p matrix with (j1, j2)-th entry being 1

N
(ℓ)
k Tℓ

tr
(
MF 0,(ℓ)X(ℓ)′

j1,k
M

Λ
0,(ℓ)
k

X(ℓ)
j2,k

)
. Then

we define the overall bias term for each subgroup as B(ℓ)
NT,k = −ρ(ℓ)k B(ℓ)

NT,1,k −
(
ρ
(ℓ)
k

)−1
B(ℓ)
NT,2,k −

ρ
(ℓ)
k B(ℓ)

NT,3,k with ρ
(ℓ)
k =

√
N

(ℓ)
k
Tℓ

. To state the main result in this subsection, we add the following

assumption.

Assumption 9 (i) As (N,T ) → ∞, T (log T )N−4/3 → 0.

(ii) plim(N,T )→∞

[
1

N
(ℓ)
k Tℓ

∑
i∈G(ℓ)

k

∑
t∈Tℓ XitX

′
it

]
> 0, ℓ ∈ {1, 2}, k ∈ K(ℓ).
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(iii) For ℓ ∈ {1, 2} and k ∈ [K(ℓ)], separate the p regressors of each subgroups into p1 “low-rank

regressors” X(ℓ)
j,k such that rank(X(ℓ)

j,k) = 1, ∀j ∈ {1, · · · , p1}, and “high-rank regressors” X(ℓ)
j,k

such that rank(X(ℓ)
j,k) > 1, ∀j ∈ {p1+1, · · · , p}. Let p2 := p−p1. These two types of regressors

satisfy:

(iii.a) Consider the linear combinations b · X(ℓ)
high,k :=

∑p
j=p1+1 bjX

(ℓ)
j,k for high-rank regressors

with p2-vectors b such that ∥b∥2 = 1 and b = (bp1+1, · · · , bp)′. With a positive constant

Cb, we assume that

min
{∥b∥2=1}

N∑
n=2r0+p1+1

λn


(
b · X(ℓ)

high,k

)(
b · X(ℓ)

high,k

)′
NTℓ

 ≥ Cb w.p.a.1.

(iii.b) For j ∈ [p1], write X(ℓ)
j,k = w

(ℓ)
j,kv

(ℓ)′
j,k with N

(ℓ)
k -vectors w

(ℓ)
j and Tℓ-vectors v

(ℓ)
j . Let

w
(ℓ)
k =

(
w

(ℓ)
1,k, · · · , w

(ℓ)
p1,k

)
∈ RN×p1, v(ℓ) =

(
v
(ℓ)
1 , · · · , v(ℓ)p1

)
∈ RTℓ×p1, M

w
(ℓ)
k

= I
N

(ℓ)
k

−

w
(ℓ)
k

(
w

(ℓ)′
k w

(ℓ)
k

)−1
w

(ℓ)′
k and Mv(ℓ) = ITℓ

− v(ℓ)
(
v(ℓ)′v(ℓ)

)−1
v(ℓ)′. For a positive constant

CB, we assume that
(
N

(ℓ)
k

)−1
Λ
0,(ℓ)′
k M

w
(ℓ)
k

Λ
0,(ℓ)
k > CBIr0 and T−1

ℓ F 0,(ℓ)′Mw(ℓ)F 0,(ℓ) >

CBIr0 w.p.a.1.

(iv) For ∀j ∈ [p], ℓ ∈ {1, 2}, k ∈ K(ℓ),

1

N
(ℓ)
k (Tℓ)

2

∑
i∈G(ℓ)

k

∑
t1∈Tℓ

∑
t2∈Tℓ

∑
s1∈Tℓ

∑
s2∈Tℓ

∣∣∣Cov (eit1X̃j,it2 , eis1X̃j,is2

)∣∣∣ = Op(1),

where X̃j,it = Xj,it − E (Xj,it|D).

Assumption 9 imposes some conditions to derive the asymptotic distribution theory for the

panel model with IFEs which allows for dynamics. Assumption 9(i) strengthens Assumption 1(vi)

a bit. Assumption 9(ii) is the standard non-collinearity condition for regressors, which is analogous

to Assumption 4(i) in Moon and Weidner (2017). Assumption 9(iii) is the identification assumption

which is comparable to Assumption 4 in Moon and Weidner (2017). With strong mixing condition

shown in Assumption 1(iii), we can verify Assumption 9(iv).

The following theorem establishes the asymptotic distribution of
{
α̂
(ℓ)
k

}
k∈K(ℓ)

.

Theorem 4.5 Suppose that Assumption 1 or 1∗ and Assumptions 2-9 hold. For ℓ ∈ {1, 2}, the
estimators

{
α̂
(ℓ)
k

}
k∈K(ℓ)

are asymptotically equivalent to the oracle estimators
{
α̂
∗(ℓ)
k

}
k∈K(ℓ)

, and

we have

W(ℓ)
NTD

(ℓ)
NT


α̂
(ℓ)
1 − α

(ℓ)
1

...

α̂
(ℓ)

K(ℓ) − α
(ℓ)

K(ℓ)

− B(ℓ)
NT ⇝ N

(
0,Ω(ℓ)

)
,
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such that D(ℓ)
NT = diag

(√
N

(ℓ)
1 Tℓ, · · · ,

√
N

(ℓ)

K(ℓ)Tℓ

)
, W(ℓ)

NT = diag
(
W(ℓ)

NT,1, · · · ,W
(ℓ)

NT,K(ℓ)

)
, B(ℓ)

NT =

diag
(
B(ℓ)
NT,1, · · · ,B

(ℓ)

NT,K(ℓ)

)
and Ω(ℓ) = diag

(
Ω
(ℓ)
1 , · · · ,Ω(ℓ)

K(ℓ)

)
.

Remark 6. Theorem 4.5 establishes the asymptotic distribution for the estimators of the

group-specific slope coefficients before and after the break. It shows that parameter estimates

from our algorithm enjoy the oracle property given the results in Theorems 4.2 and 4.4. In the

appendix, we sketch the proof by following Moon and Weidner (2017) and Lu and Su (2016).

5 Alternatives and Extensions

In this section we first consider an alternative method to estimate the break point and then discuss

several possible extensions.

5.1 Alternative for Break Point Detection

The algorithm proposed in Section 3 uses low-rank estimates of Θ0
j to find the break point estimates.

However, by Lemma 2.1(ii), we observe that the right singular vector matrix of Θ0
j , i.e., V

0
j , contains

the structural break information when rj = 2. For this reason, we can propose an alternative way

to estimate the break point under the case that the maximum rank of slope matrix in the model

being 2. Let v̇∗t,j :=
v̇t,j

∥v̇t,j∥2
and v̇∗t :=

(
v̇∗′t,1, · · · , v̇∗′t,p

)′
, with the true values being v∗t,j :=

Ojv
0
t,j

∥Ojv0t,j∥2

and v∗t :=
(
v∗′t,1, · · · , v∗′t,p

)′
, respectively.

Step 3∗: Break Point Estimation by Singular Vectors. We estimate the break point as

follows:

T̃1 = argmin
s∈{2,··· ,T−1}

1

T

{
s∑

t=1

∥∥∥v̇∗t − ¯̇v∗(1)s
∥∥∥2
2
+

T∑
t=s+1

∥∥∥v̇∗t − ¯̇v∗(2)s
∥∥∥2
2

}
, (5.1)

where ¯̇v∗(1)s = 1
s

∑s
t=1 v̇

∗
t and ¯̇v∗(2)s = 1

T−s

∑T
t=s+1 v̇

∗
t .

The following two theorems state the consistency of v̇∗t and T̃1, respectively.

Theorem 5.1 Suppose that Assumptions 1-5 hold. Then ∀j ∈ [p] ∪ {0}, we have

max
t∈[T ]

∥v̇∗t − v∗t ∥2 = Op(ηN,2).

Theorem 5.2 Suppose that Assumptions 1-6 hold. Then P
(
T̃1 = T1

)
→ 1 as (N,T ) → ∞.

Since the singular vectors of slope matrices contain the structural change information, Theorem

5.1 indicates that we can consistently estimate the break point by using the factor estimates instead

of the slope matrix estimates in (3.4). Given Theorem 5.1 and Lemma 2.1(iii), we can prove

Theorem 5.2 with arguments analogous to those used in the proof of Theorem 4.4.
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5.2 Test for the Presence of a Structural Break

In Section 2, we consider time-varying latent group structures with one break point. In this

subsection, we propose a test for the null that the slope coefficients are time-invariant against the

alternative that there’s one structural break as assumed in Section 2.

Since various scenarios can occur once we allow for the presence of a structural break in the

latent group structures, and the number of group may and may not change under the alternative

and so do some of the group-specific coefficients. As a first try, one may ignore the information on

the latent group structures and test for the possible time-varying feature of the slope coefficients.

In this case, we can rewrite Θ0
it as follows:

Θ0
it = Θ0

i + cit,

where Θ0
i :=

1
T

∑
t∈[T ]Θ

0
it. Then we specify the null and alternative hypothesis respectively as

H0 : cit = 0 for all i ∈ [N ], and

H1 : cit ̸= 0 for some i ∈ [N ]. (5.2)

To construct the test statistics, we can follow the idea of Bai and Perron (1998) and consider a

sup-F test. Let Tϵ := {T1 : ϵT ≤ T1 ≤ (1− ϵ)T} , where ϵ > 0 is a tuning parameter that avoids

breaks at the end of the sample. Define

FNT (1|0) := max
i∈[N ]

sup
T1∈Tϵ

Fi(T1),

where

Fi(T1) =
T − 2p

p

[
β̃
(1)
i (T1)− β̃

(2)
i (T1)

]′ [
Σ̂i(T1)

]−1 [
β̃
(1)
i (T1)− β̃

(2)
i (T1)

]
,

β̃
(1)
i (T1) and β̃

(2)
i (T1) are the PCA slope estimators of Θ0

i in the linear panels with IFEs for each

individual i with the prior-break observations {(i, t) : i ∈ [N ], t ∈ [T+]} and post-break observa-

tions {(i, t) : i ∈ [N ], t ∈ [T ]\[T+]}, respectively,1 and Σ̂i(T+) is the consistent estimator for the

asymptotic variance of β̃
(1)
i (T1) − β̃

(2)
i (T1). Following Bai and Perron (1998), we conjecture that

the asymptotic distribution for sup
T1∈Tϵ

Fi(T1) is associated with the p-vector of Wiener processes on

[0, 1] , based on which one can derives the corresponding distribution of FNT (1|0).
Alternatively, we can estimate the model with latent group structures by assuming the pres-

ence of a break point at T1. Then we obtain the estimates of the group-specific parameters{
α
(1)
j (T1)

}
j∈K(1)

prior to the potential break point T1 and those of the group-specific parame-

ters
{
α
(2)
j (T1)

}
j∈K(2)

after the potential break point T1. It is possible to construct a test statistic

based on the contrast of these two sets of estimates or the corresponding residual sum of squares

(RSS) and then take the supremum over T1 ∈ Tϵ. As one can imagine, this approach is also quite

1See Section C in the appendix for the detail of the PCA estimation in linear panels with IFEs.
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involved as one has to determine the number of groups before and after the break, K(1) and K(1),

at each T1. It is not clear how the estimation errors from these estimates and those of the factors

and factor loadings with slow convergence rates affect the asymptotic properties of the estimators

of the group-specific parameters.

Last, it is also possible to estimate the model with latent group structures under the case of

no structural change to obtain the restricted residuals. If there exists a structural change in the

latent group structure, it should be reflected into the restricted residuals obtained under the null.

Then we can consider the regression of the restricted residuals on the regressors and construct an

LM-type test statistic to check the goodness of fit for such an auxiliary regression model as in

Su and Chen (2013). See also Su and Ullah (2013) and Su and Wang (2020) for similar ideas for

model specification testing. We leave this for future research.

5.3 The Case of Multiple Breaks

In Section 2, we only consider a one-time structural break in the latent group structures. In

practice it is possible to have multiple breaks especially if T is large. Here we generalize the model

in Section 2 to allow for multiple breaks. In this case, we have

αkt =



α
(1)
k , for t = 1, . . . , T1,

α
(2)
k , for t = T1 + 1, . . . , T2,

...

α
(b+1)
k , for t = Tb + 1, . . . , T,

where b ≥ 1 denotes the number of breaks.

To estimate the number of breaks and the break points T1, · · · , Tb, in principle we can follow

the sequential method proposed by Bai and Perron (1998). First, using the full-sample data, we

can construct FNT (1|0) defined in the previous subsection and estimate the break point as in

(3.4). Second, for each regime before and after the estimated break point, we test the hypothesis

in (5.2) and estimate the break point for each regime separately. At last, we repeat this sequential

method until we can not reject the null for all sub-samples. At the end, we can obtain the break

point estimates
{
T̂a

}
a∈[b̂]

where b̂ is the estimated number of breaks. We conjecture that we can

establish the consistency of b̂ and
{
T̂a

}
.

After we obtain the estimated number of breaks and break points, for each sub-sample{
(i, t) : i ∈ [N ], t ∈ {T̂a−1 + 1, · · · , T̂a}

}
,

a ∈ [b̂ + 1] with T̂0 := 0 and T̂b̂+1 := T , we can continue Step 4 in the estimation algorithm in

Section 3 to obtain the estimated group structure for each sub-sample.
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6 Monte Carlo Simulations

In this section, we show the simulation results of low-rank estimates, break point estimates, group

membership estimates and the number of groups estimates with 1000 replication, and we choose

the tuning parameter νj by the similar procedure described in Chernozhukov et al. (2020). We

will focus on the linear panel model Yit = λ′ift + X ′
itΘit + eit, where Xit = (X1,it, X2,it)

′ and

Θit = (Θ1,it,Θ2,it)
′.

6.1 DGP

We focus on the following four main DGPs:

DGP 1: [Static panel with homoskedasticity] X1,it ∼ i.i.d. U(−2, 2), X2,it ∼ i.i.d. U(−2, 2),

error term eit ∼ i.i.d. N (0, 1). For Θ1, we randomly choose the break point T1 from

0.4T to 0.6T .

DGP 2: [Static panel with heteroscedasticity] Compared to the DGP 1, error term eit ∼
i.i.d. N (0, σ2it) such that σ1it ∼ i.i.d. U(0.5, 1). The settings for the regressors and break

point are the same as those in DGP 1.

DGP 3: [Serially correlated error] Compared to the DGP 2, error term eit = 0.2ei,t−1 + ηit,

where ηit ∼ i.i.d. N (0, 1) and all other settings are the same as in DGP 2.

DGP 4: [Dynamic panel] In this case,X1,it = Yi,t−1 with Yi,0 ∼ i.i.d.N (0, 1). X2,it ∼ i.i.d.U(−2, 2),

and eit ∼ i.i.d. N (0, 0.5).

For each DGP above, λi and ft are each i.i.d. N (0, 1) and mutually independent. We define

the slope coefficient based on three subcases below.

DGP X.1: In this case, the group membership and the number of groups don’t change after

the break point and only the value of the slope coefficient changes. We set the

number of groups to be 2, the ratio of individuals among the two groups is N1 :

N2 = 0.5 : 0.5, and the group membership G1 is obtained by a random draw from

[N ] without replacement. For DGP 1.1, 2.1 and 3.1,

Θ1,it = Θ2,it =



0.1, i ∈ G1, t ∈ {1, · · · , T1},

0.9, i ∈ G2, t ∈ {1, · · · , T1},

0.1 +
2 log(N ∨ T )√

N ∧ T
, i ∈ G1, t ∈ {T1 + 1, · · · , T},

0.9 +
2 log(N ∨ T )√

N ∧ T
, i ∈ G2, t ∈ {T1 + 1, · · · , T}.
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For DGP 4.1, Θ2,it is same as other DGPs X.1 for X ∈ {1, 2, 3}, and

Θ1,it =



0.1, i ∈ G1, t ∈ {1, · · · , T1},

0.7, i ∈ G2, t ∈ {1, · · · , T1},

0.1 +
log(N ∨ T )√

N ∧ T
, i ∈ G1, t ∈ {T1 + 1, · · · , T},

0.7− log(N ∨ T )√
N ∧ T

, i ∈ G2, t ∈ {T1 + 1, · · · , T}.

DGP X.2: Compared to DGP X.1, the values of the slope coefficients for different groups

do not change after the break point, but the group membership changes. The

number of groups is 2, the ratio of individuals among the group groups is still

N1 : N2 = 0.5 : 0.5. Nevertheless, {G(1)
1 , G

(1)
2 } is different from {G(2)

1 , G
(2)
2 } so

that elements in both G
(1)
1 and G

(2)
1 are independent draws from [N ] without

replacement. In addition, for DGPs 1.2, 2.2, and 3.2,

Θ1,it = Θ2,it =



0.1, i ∈ G
(1)
1 , t ∈ {1, · · · , T1},

0.9, i ∈ G
(1)
2 , t ∈ {1, · · · , T1},

0.1, i ∈ G
(2)
1 , t ∈ {T1 + 1, · · · , T},

0.9, i ∈ G
(2)
2 , t ∈ {T1 + 1, · · · , T}.

For DGP 4.2, Θ2,it is defined same as other DGPs X.2 for X ∈ {1, 2, 3}, and

Θ1,it =



0.1, i ∈ G
(1)
1 , t ∈ {1, · · · , T1},

0.7, i ∈ G
(1)
2 , t ∈ {1, · · · , T1},

0.1, i ∈ G
(2)
1 , t ∈ {T1 + 1, · · · , T},

0.7, i ∈ G
(2)
2 , t ∈ {T1 + 1, · · · , T}.

DGP X.3: Under this scenario, the number of groups changes after the breaking. We set

N
(1)
1 : N

(1)
2 = 0.5 : 0.5 and N

(2)
1 : N

(2)
2 : N

(2)
3 = 0.4 : 0.3 : 0.3 before and after the

break, respectively. Specifically, for DGPs 1.3, 2.3, and 3.3, we have

Θ1,it = Θ2,it =



0.1, i ∈ G
(1)
1 , t ∈ {1, · · · , T1},

0.9, i ∈ G
(1)
2 , t ∈ {1, · · · , T1},

0.1, i ∈ G
(2)
1 , t ∈ {T1 + 1, · · · , T},

0.5, i ∈ G
(2)
2 , t ∈ {T1 + 1, · · · , T},

0.9, i ∈ G
(2)
3 , t ∈ {T1 + 1, · · · , T}.
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For DGP 4.3, Θ2,it is defined same as other DGPs X.3 for X ∈ {1, 2, 3}, and

Θ1,it =



0.1, i ∈ G
(1)
1 , t ∈ {1, · · · , T1},

0.7, i ∈ G
(1)
2 , t ∈ {1, · · · , T1},

0.1, i ∈ G
(2)
1 , t ∈ {T1 + 1, · · · , T},

0.4, i ∈ G
(2)
2 , t ∈ {T1 + 1, · · · , T},

0.7, i ∈ G
(2)
3 , t ∈ {T1 + 1, · · · , T}.

6.2 Results

Table 1 shows the frequency of correct rank estimation results for fixed effect and slope matrices

estimates from SVT in Section 3.3. From Table 1, we notice that the true rank of both fixed effect

matrix and slope matrix can be perfectly estimated for the sample sizes under investigation. Table

2 gives the results of break point estimation in Step 3 based on different (N,T ) combinations.

Clearly, the break points can be perfectly estimated even when the break size is small as in DGP

X.1 for X= 1, 2, 3, and 4.

Table 3 shows the group membership estimation results. With known number of groups, the

STK algorithm degenerates to the traditional K-means algorithm. The “Infeasible” part gives the

frequency of correct group membership estimation before and after the estimated break point, GB

and GA, based on the known true number of groups and K-means algorithm. Obviously, K-means

classification exhibits excellent performance in this case.

However, without prior information on the true number of groups, STK algorithm is able

to estimate the group membership and the number of groups simultaneously. In this case, the

frequencies of correct estimation of the group membership and that the number of groups are

shown in the “Feasible” part in Table 3 and in Table 4, respectively. Table 5 presents more results

for the estimation of the number of groups. For DGPs 1.X and DGP 2.X where we have static

panels with independent errors, the results show that the group membership and the number of

groups can be well estimated with nearly 100% correct rate under different (N,T ) combinations.

For DGPs 3.X and 4.X where we have static panels with serial correlated errors and dynamic

panels, respectively, the frequency of correct estimation of the group membership and the number

of groups estimation are not great when T is small, but they are gradually approaching 1 when as

T increases. One reason for this is that we need to use HAC estimates of certain long-run variance

object in the STK algorithm and it is well known that large T is required in order for the HAC

estimates to be reasonably well behaved.

7 Empirical Study

Foreign direct investment (FDI), the inflow of the investment from one economy to the other, is

an important indicator to stimulate the economic growth. According to the literature, however,
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Table 1: Frequency of correct rank estimation

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1

r0 = 1 1.00 1.00 1.00 1.00

DGP 3.1

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 1.2

r0 = 1 1.00 1.00 1.00 1.00

DGP 3.2

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 1.3

r0 = 1 1.00 1.00 1.00 1.00

DGP 3.3

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 0.998 1.00 1.00 1.00

DGP 2.1

r0 = 1 1.00 1.00 1.00 1.00

DGP 4.1

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 2.2

r0 = 1 1.00 1.00 1.00 1.00

DGP 4.2

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

DGP 2.3

r0 = 1 1.00 1.00 1.00 1.00

DGP 4.3

r0 = 1 1.00 1.00 1.00 1.00

r1 = 2 1.00 1.00 1.00 1.00 r1 = 2 1.00 1.00 1.00 1.00

r2 = 2 1.00 1.00 1.00 1.00 r2 = 2 1.00 1.00 1.00 1.00

Table 2: Frequency of correct break point estimation

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1 1.00 1.00 1.00 1.00 DGP 3.1 1.00 1.00 1.00 1.00

DGP 1.2 0.999 1.00 1.00 1.00 DGP 3.2 1.00 1.00 1.00 1.00

DGP 1.3 1.00 1.00 1.00 1.00 DGP 3.3 1.00 1.00 1.00 1.00

DGP 2.1 1.00 1.00 1.00 1.00 DGP 4.1 1.00 1.00 1.00 1.00

DGP 2.2 1.00 1.00 1.00 1.00 DGP 4.2 1.00 1.00 1.00 1.00

DGP 2.3 1.00 1.00 1.00 1.00 DGP 4.3 1.00 1.00 1.00 1.00
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Table 3: Frequency of correct group membership estimation

Infeasible

N 100 200

Feasible

N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1
GB 1.00 1.00 1.00 1.00

DGP 1.1
GB 1.00 1.00 1.00 1.00

GA 1.00 1.00 1.00 1.00 GA 1.00 1.00 1.00 1.00

DGP 1.2
GB 1.00 1.00 1.00 1.00

DGP 1.2
GB 1.00 1.00 1.00 1.00

GA 1.00 1.00 1.00 1.00 GA 1.00 1.00 1.00 1.00

DGP 1.3
GB 1.00 1.00 1.00 1.00

DGP 1.3
GB 1.00 1.00 1.00 1.00

GA 0.989 0.999 0.978 0.999 GA 0.989 0.999 0.978 0.999

DGP 2.1
GB 1.00 1.00 1.00 1.00

DGP 2.1
GB 0.991 0.999 0.983 0.999

GA 1.00 1.00 1.00 1.00 GA 0.993 0.998 0.985 0.998

DGP 2.2
GB 1.00 1.00 1.00 1.00

DGP 2.2
GB 0.989 0.999 0.992 0.999

GA 1.00 1.00 1.00 1.00 GA 0.992 0.999 0.977 0.998

DGP 2.3
GB 1.00 1.00 1.00 1.00

DGP 2.3
GB 0.992 0.999 0.961 0.999

GA 0.998 1.00 0.999 1.00 GA 0.989 0.999 0.992 0.999

DGP 3.1
GB 1.00 1.00 1.00 1.00

DGP 3.1
GB 0.989 0.997 0.967 0.998

GA 1.00 1.00 1.00 1.00 GA 0.976 0.997 0.977 0.994

DGP 3.2
GB 1.00 1.00 1.00 1.00

DGP 3.2
GB 0.985 0.996 0.962 0.993

GA 1.00 1.00 1.00 1.00 GA 0.985 0.994 0.973 0.998

DGP 3.3
GB 1.00 1.00 1.00 1.00

DGP 3.3
GB 0.985 0.998 0.973 0.995

GA 0.981 0.997 0.982 0.999 GA 0.971 0.994 0.968 0.998

DGP 4.1
GB 1.00 1.00 1.00 1.00

DGP 4.1
GB 0.975 0.998 0.957 0.998

GA 1.00 1.00 1.00 1.00 GA 0.992 0.999 0.987 0.998

DGP 4.2
GB 1.00 1.00 1.00 1.00

DGP 4.2
GB 0.994 0.998 0.952 0.997

GA 1.00 1.00 1.00 1.00 GA 0.977 0.999 0.985 0.999

DGP 4.3
GB 1.00 1.00 1.00 1.00

DGP 4.3
GB 0.983 0.998 0.948 0.999

GA 1.00 1.00 1.00 1.00 GA 0.982 0.998 0.983 0.998

Table 4: Frequency of correct estimation of the number of groups

N 100 200 N 100 200

T 100 200 100 200 T 100 200 100 200

DGP 1.1
K(1) = 2 0.999 1.00 1.00 1.00

DGP 3.1
K(1) = 2 0.924 0.980 0.788 0.983

K(2) = 2 0.998 1.00 0.999 1.00 K(2) = 2 0.823 0.979 0.832 0.960

DGP 1.2
K(1) = 2 1.00 1.00 1.00 1.00

DGP 3.2
K(1) = 2 0.868 0.985 0.759 0.940

K(2) = 2 1.00 1.00 1.00 0.999 K(2) = 2 0.897 0.971 0.829 0.987

DGP 1.3
K(1) = 2 0.999 1.00 1.00 1.00

DGP 3.3
K(1) = 2 0.889 0.988 0.802 0.965

K(2) = 3 1.00 0.999 1.00 1.00 K(2) = 3 0.932 0.977 0.907 0.988

DGP 2.1
K(1) = 2 0.933 0.990 0.864 0.989

DGP 4.1
K(1) = 2 0.786 0.980 0.679 0.984

K(2) = 2 0.936 0.987 0.901 0.990 K(2) = 2 0.938 0.991 0.895 0.983

DGP 2.2
K(1) = 2 0.919 0.995 0.940 0.994

DGP 4.2
K(1) = 2 0.933 0.988 0.630 0.975

K(2) = 2 0.930 0.993 0.809 0.982 K(2) = 2 0.758 0.988 0.870 0.989

DGP 2.3
K(1) = 2 0.940 0.989 0.724 0.990

DGP 4.3
K(1) = 2 0.877 0.991 0.657 0.991

K(2) = 3 0.946 0.995 0.952 0.992 K(2) = 3 0.900 0.987 0.874 0.980
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Table 5: Determination of the number of groups

DGP N T

K̂(1) K̂(2)

2 3 4 >4 2 3 4 >4

DGP 1.1

100
100 0.999 0.001 0.00 0.00 0.998 0.002 0.00 0.00

200 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200
100 1.00 0.00 0.00 0.00 0.999 0.001 0.00 0.00

200 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

DGP 1.2

100
100 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200
100 1.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00

200 1.00 0.00 0.00 0.00 0.999 0.001 0.00 0.00

DGP 1.3

100
100 0.999 0.001 0.00 0.00 0.00 1.00 0.00 0.00

200 1.00 0.00 0.00 0.00 0.00 0.999 0.001 0.00

200
100 1.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00

200 1.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00

DGP 2.1

100
100 0.933 0.058 0.009 0.00 0.936 0.060 0.003 0.001

200 0.990 0.010 0.00 0.00 0.987 0.013 0.00 0.00

200
100 0.864 0.126 0.010 0.00 0.901 0.090 0.009 0.00

200 0.989 0.011 0.00 0.00 0.990 0.010 0.000 0.00

DGP 2.2

100
100 0.919 0.074 0.007 0.00 0.930 0.067 0.003 0.00

200 0.995 0.003 0.00 0.002 0.993 0.006 0.00 0.001

200
100 0.940 0.056 0.004 0.00 0.809 0.164 0.027 0.00

200 0.994 0.006 0.00 0.00 0.982 0.018 0.00 0.00

DGP 2.3

100
100 0.940 0.055 0.005 0.00 0.00 0.946 0.039 0.015

200 0.989 0.011 0.00 0.00 0.00 0.995 0.002 0.003

200
100 0.724 0.230 0.046 0.00 0.00 0.952 0.031 0.017

200 0.990 0.010 0.00 0.00 0.00 0.992 0.006 0.002

DGP 3.1

100
100 0.924 0.064 0.012 0.00 0.823 0.144 0.033 0.00

200 0.980 0.019 0.001 0.00 0.979 0.020 0.001 0.00

200
100 0.788 0.189 0.023 0.00 0.832 0.143 0.025 0.00

200 0.983 0.017 0.00 0.00 0.960 0.038 0.002 0.00

DGP 3.2

100
100 0.868 0.109 0.023 0.00 0.897 0.099 0.004 0.00

200 0.985 0.008 0.003 0.004 0.971 0.021 0.006 0.002

200
100 0.759 0.198 0.042 0.001 0.829 0.147 0.024 0.00

200 0.940 0.055 0.005 0.00 0.987 0.013 0.000 0.00

DGP 3.3

100
100 0.889 0.100 0.011 0.00 0.00 0.932 0.055 0.013

200 0.988 0.009 0.003 0.00 0.00 0.977 0.013 0.010

200
100 0.802 0.175 0.023 0.00 0.00 0.907 0.073 0.020

200 0.965 0.035 0.000 0.000 0.000 0.988 0.010 0.002

DGP 4.1

100
100 0.786 0.116 0.086 0.012 0.938 0.991 0.895 0.983

200 0.980 0.011 0.007 0.002 0.054 0.008 0.091 0.016

200
100 0.679 0.160 0.152 0.009 0.007 0.001 0.014 0.001

200 0.984 0.009 0.006 0.001 0.001 0.000 0.000 0.000

DGP 4.2

100
100 0.933 0.051 0.012 0.004 0.758 0.141 0.089 0.012

200 0.988 0.006 0.004 0.002 0.988 0.005 0.006 0.001

200
100 0.630 0.158 0.196 0.016 0.870 0.080 0.048 0.002

200 0.975 0.013 0.012 0.000 0.989 0.009 0.002 0.000

DGP 4.3

100
100 0.877 0.076 0.042 0.005 0.000 0.900 0.055 0.045

200 0.991 0.006 0.002 0.001 0.000 0.987 0.010 0.003

200
100 0.657 0.191 0.129 0.023 0.000 0.874 0.072 0.054

200 0.991 0.005 0.004 0.000 0.000 0.980 0.012 0.008
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the effect of the FDI to the economic growth is different across economies. For instance, Adewumi

(2007) discovers that the contribution of FDI to economic growth is positive in most of the African

countries but not significant during the time period 1970-2003, and Juma (2012) shows the positive

and significant effect of the FDI to the economic growth in Sub-Saharan Africa. For the relationship

of FDI and economic growth, in general, some argue that FDI leads to economic growth and

productivity increases in the economy as a whole and hence contributes to the differences in

economic growth and development performance across countries, but others stress the risk of FDI

destroying local capabilities and extracting natural resources without adequately compensating

poor countries. Moreover, some argue that the impact of FDI is not only positive or negative, but

also depends on the type of FDI, economic conditions and policies; see, e.g., Dirk Willem (2006).

Inspired by the above observation, we aim to study the relationship of FDI and economic

growth rate. We consider the following linear panel data model with IFEs:

Growthit = λ′ift +Θ1,itGrowthi,t−1 +Θ2,itFDIit + eit, (7.1)

where λi is the individual fixed effect, ft is the time fixed effect, Growthit is the economic growth

measured by the growth rate of real GDP. FDIit is the ratio of foreign direct investment to GDP

for country i at year t.

We obtain the data from the World Bank Development Indicators (WDI) historical database

for 166 countries and regions from 2000-2019. Based on model (7.1) and the rank estimation result,

r̂1 = 2 and r̂2 = 1, we want to detect the break point and recover the group structure before and

after the break point.

Based on our estimation algorithm, result shows that the break point takes place at year 2006.

It’s well known that the Great Recession was observed in 2008, which is owing to the subprime

mortgage taken place in 2006. We conjecture that our estimated break point is owing to the the

subprime mortgage. Furthermore, group structure estimated before and after the break is shown

in Table 6, Figures 2 and 3. We notice that there are five different groups from year 2000 to 2005

and four groups from year 2006-2019. After the break, not only the group membership changes

but also one group is vanishing compared to the time period before the group. Consequently,

we may conclude that the effects of FDI and previous growth rate on the economic growth rate

are different across time and countries. Especially, the effects across different countries do not

simply depend on whether they are developed or developing countries or they belong to the high

income and low income countries. Indeed, the last group in the left hand side of Table 6 includes

both developed countries like United States, United Kingdom, and Singapore and developing

countries like Thailand. We conjecture that it may due to some unobservable heterogeneity like

the geographic or the spatial correlation.
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Table 6: Classification before and after the break date

Before the break

Australia, Austria, Bahrain, Belize, Benin, Bosnia and Herzegovina, Botswana, The Demo-

cratic Republic of the Congo, Costa Rica, Denmark, El Salvador, Finland, France, Gabon,

Ghana, Guatemala, Haiti, Israel, Kiribati, Lebanon, Malaysia, Maldives, Malta, Mexico,

Netherlands, Paraguay, Sierra Leone, Togo, United Arab Emirates

Angola, Azerbaijan, Chad, Comoros, Dominican Republic, Equatorial Guinea, Guyana,

Papua New Guinea, Rwanda, Sudan, Uruguay

Barbados, Albania, Algeria, Argentina, Bangladesh, Bermuda, Cambodia, Cameroon, China,

Cote d’Ivoire, Cyprus, Czech Republic, Dominica, Ethiopia, Germany, Iceland, India, In-

donesia, Iran, Ireland, Jamaica, Jordan, Kazakhstan, Kenya, Laos, Lesotho, Mauritania,

Myanmar, New Zealand, Niger, Norway, Pakistan, Samoa, Senegal, Seychelles, Solomon

Islands, Suriname, Tanzania, Trinidad and Tobago, Uzbekistan, Vanuatu, Vietnam, West

Bank and Gaza, Zambia

Antigua and Barbuda, Belarus, Bolivia, Brazil, Brunei Darussalam, Bulgaria, Cabo Verde,

Colombia, The Republic of Congo, Croatia, Ecuador, Egypt, Eswatini, Georgia, Greece,

Hungary, Iraq, Italy, Korea, Kuwait, Latvia, Malawi, Mauritius, Mongolia, Morocco, Mozam-

bique, Namibia, Nepal, Nicaragua, Nigeria, North, Macedonia, Oman, Panama, Peru,

Philippines, Poland, Portugal, Romania, Slovenia, Spain, Sri Lanka, St. Vincent and the

Grenadines, Tajikistan, Tunisia, Uganda, Zimbabwe

Armenia, The Bahamas, Belgium, Burkina Faso, Canada, Central African Republic, Chile,

Estonia, Fiji, The Gambia, Grenada, Guinea-Bissau, Honduras, Hong Kong (China), Japan,

Kyrgyz Republic, Lithuania, Macao (China), Madagascar, Mali, Moldova, Russian Feder-

ation, Saudi Arabia, Singapore, Slovak Republic, South Africa, St. Kitts and Nevis, St.

Lucia, Sweden, Switzerland, Thailand, Tonga, Turkey, Ukraine, United Kingdom, United

States

After the break

Algeria, Angola, Antigua and Barbuda, Bahrain, Benin, Cambodia, Cameroon, Cote

d’Ivoire, Cyprus, Equatorial Guinea, Guyana, Kazakhstan, Kuwait, Malawi, Mauritius,

Nepal, New Zealand, Pakistan, Panama, Romania, Rwanda, Solomon Islands, Spain, Sri

Lanka, St. Vincent and the Grenadines, Togo, Uganda, Zimbabwe

Albania, Azerbaijan, Bangladesh, Bolivia, China, The Democratic Republic of the Congo,

Egypt, Ethiopia, Greece, India, Indonesia, Jordan, Laos, Lebanon, Myanmar, Nigeria,

Philippines, Poland, Tajikistan, Tanzania, United Arab Emirates, Uruguay, Uzbekistan,

Vietnam, Zambia

Belarus, Belize, Bermuda, Bosnia and Herzegovina, Brunei Darussalam, Bulgaria, Cabo

Verde, Colombia, The Republic of Congo, Croatia, Dominican Republic, Ecuador, Eswatini,

Georgia, Ghana, Guatemala, Hungary, Iceland, Ireland, Israel, Italy, Jamaica, Korea, Latvia,

Lesotho, Mongolia, Morocco, Mozambique, Nicaragua, North Macedonia, Oman, Papua New

Guinea, Peru, Portugal, Samoa, Senegal, Suriname, Trinidad and Tobago, Tunisia

Barbados, Argentina, Armenia, Australia, Austria, Bahamas, Belgium, Botswana, Brazil,

Burkina Faso, Canada, Central African Republic, Chad, Chile, Comoros, Costa Rica, Czech

Republic, Denmark, Dominica, El Salvador, Estonia, Fiji, Finland, France, Gabon, Gam-

bia, Germany, Grenada, Guinea-Bissau, Haiti, Honduras, Hong Kong (China), Iran, Iraq,

Japan, Kenya, Kiribati, Kyrgyz Republic, Lithuania, Macao (China), Madagascar, Malaysia,

Maldives, Mali, Malta, Mauritania, Mexico, Moldova, Namibia, Netherlands, Niger, Norway,

Paraguay, Russian Federation, Saudi Arabia, Seychelles, Sierra Leone, Singapore, Slovak Re-

public, Slovenia, South Africa, St. Kitts and Nevis, St. Lucia, Sudan, Sweden, Switzerland,

Thailand, Tonga, Turkey, Ukraine, United Kingdom, United States, Vanuatu, West Bank

and Gaza

Figure 2: Group classification by countries using data 2000-2005

8 Conclusion

This paper considers the linear panel model with IFEs and two-way heterogeneity such that the

heterogeneity across individuals is captured by latent group structures and the heterogeneity across

time is captured by an unknown structural break. We allow the model to have different group

numbers, or different group membership, or just the value of slope coefficient changing for some

specific groups before and after the break. To estimate the unknown structural break, the number

of groups and group membership before and after the break point, we propose an estimation

algorithm with initial estimates from nuclear norm regularization followed by row- and column-

wise linear regressions. Then, the break point estimator is obtained by binary segmentation and the

group structure together with the number of groups are estimated simultaneously by sequential

testing K-means algorithm. Asymptotic theory shows that the structural break estimator, the

number of groups estimators and group membership estimates before and after the break point

are consistent, and the final slope coefficient estimators have the oracle property.
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Figure 3: Group classification by countries using data 2006-2019

With latent group structure across individuals in the cross-sectional span, we also discuss a test

for the null that the slope coefficient is homogeneous across t against the alternative that the slope

coefficient shows one structural break. Following this, we propose a way to generalize our model

having multiple structural breaks, which opens up the opportunity to have the comprehensive

analyses of multiple structural breaks together with the time-varying latent group structure for

the future research.
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This online supplement contains four sections. Section A contains the proofs of the main results by calling

upon some technical lemmas in Section B and Section D. Section B states and proves the technical lemmas

used in Section A. Section C contains the estimation procedure for the panel model with interactive fixed

effects (IFEs) and slope heterogeneity, and proposes the test statistics for the slope homogeneity. Section D

shows the uniformly asymptotic theories for the slope estimators and test statistics proposed in Section C.

A Proofs of the Main Results

A.1 Proof of Lemma 2.1

(i) Recall that G(ℓ)
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{
G
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1,j , · · · , G
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}
. For the special case when G(1)

j = G(2)
j and α

(1)
k,j = µα

(2)
k,j such that

µ is a constant, the group structure does not change, the break size is same for all groups, and rj = 1.

Except for this case, below we will show that rj = 2.
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where Uj = AjB
− 1

2
j Lj ∈ RN×2, Vj = 1√

T
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(ii) Given Rj is an orthonormal matrix, this follows from (i) automatically. ■

A.2 Proof of Theorem 4.1

A.2.1 Proof of Statement (i).
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Then conditioning on the event A1,N (c3), we have
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where the second inequality holds by the definition of event A1(c3), the fact that |tr (AB)| ≤ ∥A∥∗ ∥B∥op ,
and (B.9), the first equality holds by the fact that
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where the first inequality holds by Assumption 4, the second inequality is by (A.1), the third inequality is
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In addition, maxk∈[rj ] |σ̃k,j − σk,j | = Op(ηN,1) by the Weyl’s inequality with ηN,1 =
√
log T√
N∧T

.

Now, we show the convergence rate for the singular vector estimates. For ∀j ∈ [p] ∪ {0}, let D̃j =
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show that for some orthogonal matrix Oj ,∥∥∥V0
j − ˆ̃VjOj

∥∥∥
F
≤ √

rj

∥∥∥V0
j − ˆ̃VjOj

∥∥∥
op

≤ √
rj

2
√
2M2ηN,1

σ2
Kj ,1

− 2M2ηN,1

≤ √
rj

2
√
2M2ηN,1

c2σ − 2M2ηN,1
≤ √

rj
2
√
2M2ηN,1

C6c2σ
≤ C7ηN,1, (A.2)

for C7 = 2
√
2M2

√
r̄

C6c2σ
, where the second inequality in line two is due to the fact that ηN,1 is sufficiently small

and C6 is some positive constant.

Then
∥∥∥V 0

j − ṼjOj

∥∥∥
F
≤ C7

√
TηN,1 by the definition of Ṽj and Vj . Together with the fact that P(A c

2,N (M)) →

0 by Theorem 4.1(i), it implies 1√
T

∥∥∥V 0
j − ṼjOj

∥∥∥
F
= Op (TηN,1) .

A.2.2 Proof of Statement (ii).

Define

u0i =
[
u0′i,0, · · · , u0′i,p

]′
, ∆̇i,j = O′

j u̇i,j − u0i,j , ∆̇i,u =
(
∆̇′

i,0, · · · , ∆̇′
i,p

)′
,

ϕ̃it =
[
(O′

0ṽt,0)
′
, (O′

1ṽt,1X1,it)
′
, · · · ,

(
O′

pṽt,pXp,it

)′]′
, and Φ̃i =

1

T

T∑
t=1

ϕ̃itϕ̃
′
it.

Let Ỹit := Yit −
(
O0u

0
i,0

)′
ṽt,0 −

∑p
j=1

(
Oju

0
i,j

)′
ṽt,jXj,it. By the definition of {u̇i,j} in (3.2), we have

0 ≥ 1

T

∑
t∈[T ]

Yit − u̇′i,0ṽt,0 −
p∑

j=1

u̇′i,j ṽt,jXj,it

2

− 1

T

∑
t∈[T ]

Ỹ 2
it

=
1

T

∑
t∈[T ]

(
Ỹit −

(
u̇i,0 −O0u

0
i,0

)′
ṽt,0 −

∑
j∈[p]

(
u̇i,j −Oju

0
i,j

)′
ṽt,jXj,it

)2

− 1

T

∑
t∈[T ]

Ỹ 2
it

=
1

T

∑
t∈[T ]

[(
∆̇′

i,uϕ̃it

)2
− 2

(
∆̇′

i,uϕ̃it

)(
Yit − u0′i ϕ̃it

)]
,

which implies

∥∥∥∆̇i,u

∥∥∥2
2
λmin

 1

T

∑
t∈[T ]

ϕ̃itϕ̃
′
it

 ≤ 1

T

∑
t∈[T ]

(
∆̇′

i,uϕ̃it

)2
≤ 2

T

∑
t∈[T ]

∆̇′
i,uϕ̃it

(
Yit − u0′i ϕ̃it

)

4



=
2

T

∑
t∈[T ]

∆̇′
i,uϕ̃it

[
eit − u0′i

(
ϕ̃it − ϕ0it

)]

= 2

 1

T

∑
t∈[T ]

ϕ0iteit


′

∆̇i,u + 2

 1

T

∑
t∈[T ]

(
ϕ̃it − ϕ0it

)
eit


′

∆̇i,u − 2

T

∑
t∈[T ]

ϕ̃′it∆̇i,u

[
u0′i

(
ϕ̃it − ϕ0it

)]
:= 2G′

i,1∆̇i,u + 2Gi,2 − 2Gi,3. (A.3)

We first deal with G1,i. Conditional on D , the randomness in G1,i comes from {eit, Xit}t∈[T ], which is

the strong mixing sequence by Assumption 1(iii). Besides, we observe that

max
i∈[N ],t∈[T ]

∥∥V ar (ϕ0iteit∣∣D)∥∥F ≲ max
i∈[N ],t∈[T ]

E(e2it∣∣∣∣D)+
∑
j∈[p]

E
(
X2

j,ite
2
it

∣∣∣∣D)
 = O(1) a.s

combining Lemma B.7(ii), Assumption 1(v). Following similar arguments, we have

max
i∈[N ],t∈[T ]

T∑
s=t+1

∥∥Cov (ϕ0iteit, ϕ0iseis∣∣D)∥∥F
≤ 8max

t∈[T ]

T∑
s=t+1

[
E
(∥∥ϕ0iteit∥∥q2 ∣∣D)]1/q [∥∥∥E (ϕ0iseis∥∥q2 ∣∣D)]1/q (α(t− s))

1−2/q

= O(1) a.s,

where the first inequality is by Davydov’s inequality, saying that

|Cov [a (xt) , a (xs)]| ≤ 8 [E ∥a (xt)∥p]
1
p [E ∥a (xs)∥q]

1
q α(t− s)

1
r

for any strong mixing sequence (xt, t ∈ [T ]) with mixing coefficient α(·) and 1
p + 1

q + 1
r = 1. See also in

Lemma A.4, Su and Chen (2013).

Following this, for some constant C8, we have

max
i∈[N ],t∈[T ]

[∥∥V ar (ϕ0iteit∣∣D)∥∥F + 2

T∑
s=t+1

∥∥Cov (ϕ0iteit, ϕ0iseis∣∣D)∥∥F
]
≤ C8,

and maxi∈[N ],t∈[T ]

∥∥ϕ0iteit∥∥max
≤ C8(NT )

1/q by Lemma B.7(i) and Assumption 1(iv). Define A3,N (M) ={
maxi∈[N ],t∈[T ]

∥∥ϕ0iteit∥∥2 ≤M(NT )1/q
}

and A3,N,i(M) =
{
maxt∈[T ]

∥∥ϕ0iteit∥∥2 ≤M(NT )1/q
}

for a large

enough constant M . For a positive constant C9, it yields that

P

max
i∈[N ]

1

T

∥∥∥∥∥∥
∑
t∈[T ]

ϕ0iteit

∥∥∥∥∥∥
2

> C9

√
logN

T
(NT )

1
q


≤ P

max
i∈[N ]

1

T

∥∥∥∥∥∥
∑
t∈[T ]

ϕ0iteit

∥∥∥∥∥∥
2

> C9

√
logN

T
(NT )

1
q ,A3,N (M)

+ P
(
A c

3,N (M)
)

≤
∑
i∈[N ]

P

 1

T

∥∥∥∥∥∥
∑
t∈[T ]

ϕ0iteit

∥∥∥∥∥∥
2

> C9

√
logN

T
(NT )

1
q ,A3,N (M)

+ P
(
A c

3,N (M)
)

5



≤
∑
i∈[N ]

P

 1

T

∥∥∥∥∥∥
∑
t∈[T ]

ϕ0iteit

∥∥∥∥∥∥
2

> C9

√
logN

T
(NT )

1
q ,A3,N,i(M)

+ P
(
A c

3,N (M)
)

≤
∑
i∈[N ]

exp

(
− c4C

2
9T logN(NT )2/q

TC8 + C2
8 (NT )

2/q + C8C9(NT )2/q
√
T logN(log T )2

)
+ o(1)

= o(1)

where the last inequality holds by Bernstein’s inequality in Lemma B.6(ii) and the fact that P
(
A c

3,N (M)
)
=

o(1). It follows that

max
i∈[N ]

∣∣∣G′
i,1∆̇i,u

∣∣∣∥∥∥∆̇i,u

∥∥∥
2

≤ max
i∈[N ]

∥Gi,1∥2 = Op

(√
logN

T
(NT )

1
q

)
. (A.4)

For Gi,2, we notice that

max
i∈[N ]

|Gi,2|∥∥∥∆̇i,u

∥∥∥
2

= max
i∈[N ]

∣∣∣∣{ 1
T

∑
t∈[T ]

(
ϕ̃it − ϕ0it

)
eit

}′
∆̇i,u

∣∣∣∣∥∥∥∆̇i,u

∥∥∥
2

≤ max
i∈[N ]

∥∥∥∥∥∥ 1T
∑
t∈[T ]

(
ϕ̃it − ϕ0it

)
eit

∥∥∥∥∥∥
2

≤ max
i∈[N ]

√√√√ 1

T

∑
t∈[T ]

∥∥∥ϕ̃it − ϕ0it

∥∥∥2
2
max
i∈[N ]

√√√√ 1

T

∑
t∈[T ]

|eit|2 = Op(ηN,1(NT )
1/q), (A.5)

where the second inequality holds by Cauchy’s inequality and the last equality is by Lemma B.7(iv) and

Assumption 1(iv)

For Gi,3, we have

max
i∈[N ]

|Gi,3|∥∥∥∆̇i,u

∥∥∥
2

= max
i∈[N ]

∣∣∣ 1T ∑t∈[T ] ϕ̃
′
it∆̇i,u

[
u0′i

(
ϕ̃it − ϕ0it

)]∣∣∣∥∥∥∆̇i,u

∥∥∥
2

≤ max
i∈[N ]

√√√√ 1

T

∑
t∈[T ]

∥∥∥ϕ̃it∥∥∥2
2
max
i∈[N ]

∥∥u0i∥∥2 max
i∈[N ],t∈[T ]

√√√√ 1

T

∑
t∈[T ]

∥∥∥ϕ̃it − ϕ0it

∥∥∥2
2

= Op(ηN,1(NT )
1/q), (A.6)

where the inequality holds by Cauchy’s inequality and the last line is by Lemma B.7(i) and (iv).

Combining (A.3)-(A.6) and Lemma B.8 yields

max
i∈[N ]

∥∥∥u̇i,j −O
(1)
i,j u

0
i,j

∥∥∥
2
≤ max

i∈[N ]

∥∥∥∆̇i,u

∥∥∥
2
= Op

(√
logN ∨ T
N ∧ T

(NT )1/q

)
.

The union bound of v̇t,j can be obtained in the same manner and we sketch the proof here. Define

v0t =
(
v0′t,0, · · · , v0′t,p

)′
, ∆̇t,j = O′

j v̇t,j − v0t,j , ∆̇t,v =
(
∆̇′

t,0, · · · , ∆̇′
t,p

)′
,

ψ̇it =
[
(O′

0u̇i,0)
′
, (O′

1u̇i,1X1,it)
′
, · · · ,

(
O′

pu̇i,pXp,it

)′]′
, and Ψ̇t =

1

N

∑
i∈[N ]

ψ̇itψ̇
′
it.
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Following the steps to derive (A.3), we can also obtain

∥∥∥∆̇t,v

∥∥∥2
2
λmin

 1

N

∑
i∈[N ]

ψ̇itψ̇
′
it


= 2

 1

N

∑
i∈[N ]

ψ0
iteit


′

∆̇t,v +
2

N

∑
i∈[N ]

(
ψ̇it − ψ0

it

)′
∆̇t,veit −

2

N

∑
i∈[N ]

ψ̇′
it∆̇t,v

[
v0′t

(
ψ̇it − ψ0

it

)]
. (A.7)

By the fact that

max
t∈[T ]

1

N

∑
i∈[N ]

∥∥∥ψ̇it

∥∥∥2
2
= max

t∈[T ]

1

N

∑
i∈[N ]

∥u̇i,0∥22 +
∑
j∈[p]

∥u̇i,j∥22X
2
j,it


≤ max

i∈[N ]
∥u̇i,0∥22 + max

i∈[N ],j∈[p]
∥u̇i,j∥22

∑
j∈[p]

max
t∈[T ]

1

N

∑
i∈[N ]

X2
j,it = Op(1),

max
t∈[T ]

1

N

∑
i∈[N ]

∥∥∥ψ̇it − ψ0
it

∥∥∥2
2
≤ max

i∈[N ]

∥∥u̇i,0 − u0i,0
∥∥2
2
+ max

i∈[N ],j∈[p]

∥∥u̇i,j − u0i,j
∥∥2
2

∑
j∈[p]

max
t∈[T ]

1

N

∑
i∈[N ]

X2
j,it = Op(ηN,2),

where ηN,2 =
√

logN∨T
N∧T (NT )1/q and the first inequality is by Lemma B.7(i), we obtain that

max
t∈[T ]

∣∣∣∣{ 1
N

∑
i∈[N ] ψ

0
iteit

}′
∆̇t,v

∣∣∣∣∥∥∥∆̇t,v

∥∥∥
2

= Op

(√
log T

N
(NT )

1
q

)
,

max
t∈[T ]

∣∣∣ 1N ∑i∈[N ] ψ̇
′
it∆̇t,v

[
v0′t

(
ψ̇it − ψ0

it

)]∣∣∣∥∥∥∆̇t,v

∥∥∥
2

= Op(ηN,2), and

max
t∈[T ]

∣∣∣∣ 1N ∑i∈[N ]

(
ψ̇it − ψ0

it

)′
∆̇t,veit

∣∣∣∣∥∥∥∆̇t,v

∥∥∥
2

= Op(ηN,2),

where the first line is by conditional Bernstein’s inequality for i.i.d. sequence and the last two lines are by

the analogous arguments in (A.5) and (A.6). It follows that

max
t∈[T ]

∥∥v̇t,j −Ojv
0
t,j

∥∥
2
= Op

(√
logN ∨ T
N ∧ T

(NT )1/q

)
. ■

A.2.3 Proof of Statement (iii).

For ∀j ∈ [p] ∪ {0}, i ∈ [N ] and t ∈ [T ], we can show that

Θ̇j,it −Θ0
j,it = u̇′i,j v̇t,j − u0′i,jv

0
t,j

=
(
u̇i,j −Oju

0
i,j

)′ (
v̇t,j −Ojv

0
t,j

)
+Oju

0′
i,j

(
v̇t,j −Ojv

0
t,j

)
+Ojv

0′
t,j

(
u̇i,j −Oju

0
i,j

)
,

which implies

max
i∈[N ],t∈[T ]

∣∣∣Θ̇j,it −Θ0
j,it

∣∣∣ ≤ max
i∈[N ]

∥∥u̇i,j −Oju
0
i,j

∥∥
2
max
t∈[T ]

∥∥v̇t,j −Ojv
0
t,j

∥∥
2
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+ max
i∈[N ]

∥∥Oju
0
i,j

∥∥
2
max
t∈[T ]

∥∥v̇t,j −Ojv
0
t,j

∥∥
2
+ max

i∈[N ]

∥∥u̇i,j −Oju
0
i,j

∥∥
2
max
t∈[T ]

∥∥Ojv
0
t,j

∥∥
2

= Op(ηN,2),

where the last equality combines results from Theorem 4.1(ii) and Lemma B.7(i). ■

A.3 Proof of Theorem 4.2

To prove P
(
T̂1 = T1

)
→ 1, it suffices to show: (i) P

(
T̂1 < T1

)
→ 0 and (ii) P

(
T̂1 > T1

)
→ 0.

First, we focus on (i). Let ∆it(j) = Θ̇j,it − Θ0
j,it, ∆̄s,i(j) = 1

s

∑s
t=1

(
Θ̇j,it −Θ0

j,it

)
and ∆̄s+,i(j) =

1
T−s

∑T
t=s+1

(
Θ̇j,it −Θ0

j,it

)
. When s < T1, we have

¯̇Θ
(1s)
j,i =

1

s

s∑
t=1

Θ̇j,it =
1

s

s∑
t=1

[
Θ0

j,it +
(
Θ̇j,it −Θ0

j,it

)]
= α

(1)

g
(1)
i ,j

+ ∆̄s,i(j),

¯̇Θ
(2s)
j,i =

1

T − s

T∑
t=s+1

Θ̇j,it =
1

T − s

T∑
t=s+1

[
Θ0

j,it +
(
Θ̇j,it −Θ0

j,it

)]
=
T1 − s

T − s
α
(1)

g
(1)
i ,j

+
T − T1
T − s

α
(2)

g
(2)
i ,j

+ ∆̄s+,i(j),

with α
(1)

g
(1)
i ,j

and α
(2)

g
(2)
i ,j

being the j-th element of α
(1)

g
(1)
i

and α
(2)

g
(2)
i

, respectively. It yields

Θ̇j,it − ¯̇Θ
(1s)
j,i =Θ̇j,it − α

(1)

g
(1)
i ,j

− ∆̄s,i(j) = ∆it(j)− ∆̄s,i(j), t ≤ s, and

Θ̇j,it − ¯̇Θ
(2s)
j,i =Θ̇j,it −

T1 − s

T − s
α
(1)

g
(1)
i ,j

− T − T1
T − s

α
(2)

g
(2)
i ,j

− ∆̄s+,i(j)

=


T−T1

T−s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
+∆it(j)− ∆̄s+,i(j) if s+ 1 ≤ t ≤ T1

T1−s
T−s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)
+∆it(j)− ∆̄s+,i(j) if T1 + 1 ≤ t ≤ T

.

Then, we have
s∑

t=1

[
Θ̇j,it − ¯̇Θ

(1s)
j,i

]2
=

s∑
t=1

[
∆it(j)− ∆̄s,i(j)

]2
,

and

T∑
t=s+1

[
Θ̇j,it − ¯̇Θ

(2s)
j,i

]2
=

T1∑
t=s+1

[
T − T1
T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
+∆it(j)− ∆̄s+,i(j)

]2

+

T∑
t=T1+1

[
T1 − s

T − s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)
+∆it(j)− ∆̄s+,i(j)

]2

=
(T1 − s) (T − T1)

2

(T − s)
2

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

+

T1∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2
+ 2

T − T1
T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

) T1∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]
+

(T − T1) (T1 − s)
2

(T − s)
2

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)2

+

T∑
t=T1+1

[
∆it(j)− ∆̄s+,i(j)

]2
8



+ 2
T1 − s

T − s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

) T∑
t=T1+1

[
∆it(j)− ∆̄s+,i(j)

]
=

(T1 − s) (T − T1)

T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

+

T∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2
+ 2

T − T1
T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

) T1∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]
+ 2

T1 − s

T − s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

) T∑
t=T1+1

[
∆it(j)− ∆̄s+,i(j)

]
. (A.8)

Define L(s) = 1
pNT

∑
j∈[p]

∑
i∈[N ]

{∑s
t=1

[
Θ̇j,it − ¯̇Θ

(1s)
j,i

]2
+
∑T

t=s+1

[
Θ̇j,it − ¯̇Θ

(2s)
j,i

]2}
. Then we have

L(s) =
1

pNT

∑
j∈[p]

∑
i∈[N ]

(T1 − s) (T − T1)

T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

+
1

pNT

∑
j∈[p]

∑
i∈[N ]

s∑
t=1

[
∆it(j)− ∆̄s,i(j)

]2
+

1

pNT

∑
j∈[p]

∑
i∈[N ]

T∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2
+

2

pNT

∑
j∈[p]

∑
i∈[N ]

T − T1
T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

) T1∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]
+

2

pNT

∑
j∈[p]

∑
i∈[N ]

T1 − s

T − s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

) T∑
t=T1+1

[
∆it(j)− ∆̄s+,i(j)

]
:=

5∑
ℓ=1

Lℓ(s). (A.9)

Obviously,

L(T1) = L2(T1) + L3(T1). (A.10)

Note that the event T̂1 < T implies that there exists an s < T1 such that L(s) − L(T1) < 0, which means

we can prove (i) by showing that P (∃s < T1, L(s)− L(T1) < 0) → 0. By (A.9) and (A.10), we observe that

L(s)− L(T1) = L1(s) + [L2(s)− L2(T1)] + [L3(s)− L3(T1)] + L4(s) + L5(s)

:= A1 (s) +A2 (s) +A3 (s) +A4 (s) +A5 (s) . (A.11)

Recall that ηN,2 =
√

logN∨T
N∧T (NT )1/q. Let T1−s

T = κs and note that 0 < 1
T ≤ κs ≤ T1−2

T ≍ 1. We analyze

the five terms in (A.11) in turn.

For A1 (s), we have

A1 (s) =
1

pNT

∑
j∈[p]

∑
i∈[N ]

(T1 − s) (T − T1)

T − s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

=
T1 − s

T − s
(1− τT )

1

pN

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

=
T1 − s

T − s
(1− τT )

1

pN

∑
i∈[N ]

∥∥∥∥α(1)

g
(1)
i

− α
(2)

g
(2)
i

∥∥∥∥2
2
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= κs
(1− τT )

1− s
T

DNα = κsO(ζ2NT ), (A.12)

where DNα := 1
pN

∑
i∈[N ]

∥∥∥∥α(1)

g
(1)
i

− α
(2)

g
(2)
i

∥∥∥∥2
2

and the last equality holds by Assumption 6.

For A2 (s), noting that

∆̄T1,i (j)− ∆̄s,i(j) =
1

T1

T1∑
t=1

∆it(j)−
1

s

[
T1∑
t=1

∆it(j)−
T1∑

t=s+1

∆it(j)

]
=
s− T1
T1s

T1∑
t=1

∆it(j) +
1

s

T1∑
t=s+1

∆it(j),

we have

T1∆̄
2
T1,i (j)− s∆̄2

s,i (j) = (T1 − s) ∆̄2
T1,i (j) + s

[
∆̄2

T1,i (j)− ∆̄2
s,i (j)

]
= (T1 − s) ∆̄2

T1,i (j) + s
[
∆̄T1,i (j) + ∆̄s,i(j)

] [
∆̄T1,i (j)− ∆̄s,i(j)

]
= (T1 − s) ∆̄2

T1,i (j) +
[
∆̄T1,i (j) + ∆̄s,i(j)

] [ T1∑
t=s+1

∆it(j)−
T1 − s

T1

T1∑
t=1

∆it(j)

]
.

It follows that

A2 (s) =
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
s∑

t=1

[
∆it(j)− ∆̄s,i(j)

]2 − T1∑
t=1

[
∆it(j)− ∆̄T1,i (j)

]2}

=
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
s∑

t=1

∆2
it (j)− s∆̄2

s,i (j)−
T1∑
t=1

∆2
it (j) + T1∆̄

2
T1,i (j)

}

=
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
−

T1∑
t=s+1

∆2
it (j) + T1∆̄

2
T1,i (j)− s∆̄2

s,i (j)

}

= −κs
1

pN (T1 − s)

∑
j∈[p]

∑
i∈[N ]

T1∑
t=s+1

∆2
it (j) + κs

1

pN

∑
j∈[p]

∑
i∈[N ]

∆̄2
T1,i (j)

+ κs
1

pN

∑
j∈[p]

∑
i∈[N ]

[
∆̄T1,i (j) + ∆̄s,i(j)

] 1

T1 − s

T1∑
t=s+1

∆it(j)

− κs
1

pN

∑
j∈[p]

∑
i∈[N ]

[
∆̄T1,i (j) + ∆̄s,i(j)

] 1

T1

T1∑
t=1

∆it(j)

= κsOp

(
η2N,2

)
= κsop(ζ

2
NT ), (A.13)

where the second last equality holds by the fact that

max
i∈[N ],t∈[T ],j∈[p]

|∆it(j)| = Op (ηN,2) (A.14)

from Theorem 4.1(iii) and

max
i∈[N ],j∈[p]

∣∣∆̄s,i(j)
∣∣ = max

i∈[N ],j∈[p]

∣∣∣∣∣1s
s∑

t=1

∆it(j)

∣∣∣∣∣ ≤ max
i∈[N ],t∈[T ],j∈[p]

|∆it(j)| = Op (ηN,2) ,

max
i∈[N ],j∈[p]

∣∣∆̄T1,i (j)
∣∣ = max

i∈[N ],j∈[p]

∣∣∣∣∣ 1T1
T1∑
t=1

∆it(j)

∣∣∣∣∣ = Op (ηN,2) . (A.15)
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Similarly, noting that

∆̄T1+,i (j)− ∆̄s+,i(j) =
1

T − T1

T∑
t=T1+1

∆it(j)−
1

T − s

T∑
t=s+1

∆it(j)

=

(
1

T − T1
− 1

T − s

) T∑
t=T1+1

∆it(j) +
1

T − s

[
T∑

t=T1+1

∆it(j)−
T∑

t=s+1

∆it(j)

]

=
T1 − s

(T − T1) (T − s)

T∑
t=T1+1

∆it(j)−
1

T − s

T1∑
t=s+1

∆it(j)

and

(T − T1) ∆̄
2
T1+,i (j)− (T − s) ∆̄2

s+,i (j)

= (s− T1) ∆̄
2
T1+,i (j) + (T − s)

[
∆̄2

T1+,i (j)− ∆̄2
s+,i (j)

]
= (s− T1) ∆̄

2
T1+,i (j) + (T − s)

[
∆̄T1+,i (j) + ∆̄s+,i(j)

] [
∆̄T1+,i (j)− ∆̄s+,i(j)

]
= (s− T1) ∆̄

2
T1+,i (j) +

[
∆̄T1+,i (j) + ∆̄s+,i(j)

] [ T1 − s

T − T1

T∑
t=T1+1

∆it(j)−
T1∑

t=s+1

∆it(j)

]
,

we have

A3 (s) =
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
T∑

t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2 − T∑
t=T1+1

[
∆it(j)− ∆̄T1+,i (j)

]2}

=
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
T∑

t=s+1

∆2
it (j)− (T − s) ∆̄2

s+,i(j)−
T∑

t=T1+1

∆2
it (j) + (T − T1) ∆̄T1+,i (j)

}

=
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
T1∑

t=s+1

∆2
it (j) + (T − T1) ∆̄

2
T1+,i (j)− (T − s) ∆̄s+,i(j)

}

= κs
1

pN (T1 − s)

∑
j∈[p]

∑
i∈[N ]

T1∑
t=s+1

∆2
it (j)− κs

1

pN

∑
j∈[p]

∑
i∈[N ]

∆̄2
T1+,i (j)

+ κs
1

pN

∑
j∈[p]

∑
i∈[N ]

[
∆̄T1+,i (j) + ∆̄s+,i(j)

] 1

T − T1

T∑
t=T1+1

∆it(j)

− κs
1

pN

∑
j∈[p]

∑
i∈[N ]

[
∆̄T1+,i (j) + ∆̄s+,i(j)

] 1

T1 − s

T1∑
t=s+1

∆it(j)

= κsOp

(
η2N,2

)
= κsop(ζ

2
NT ), (A.16)

where the second last equality holds by (A.14) and the fact that

max
i∈[N ],j∈[p]

∣∣∆̄s+,i(j)
∣∣ = max

i∈[N ],j∈[p]

∣∣∣∣∣ 1

T − s

T∑
t=s+1

∆it(j)

∣∣∣∣∣ = Op (ηN,2) ,

max
i∈[N ],j∈[p]

∣∣∆̄T1+,i (j)
∣∣ = max

i∈[N ],j∈[p]

∣∣∣∣∣ 1

T − T1

T∑
t=T1+1

∆it(j)

∣∣∣∣∣ = Op (ηN,2) . (A.17)

11



Last, we notice that

A4 (s) +A5 (s)

=
2

pNT

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

){
T − T1
T − s

T1∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]
− T1 − s

T − s

T∑
t=T1+1

[
∆it(j)− ∆̄s+,i(j)

]}

=
2

pNT

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)[
T − T1
T − s

T1∑
t=s+1

∆it(j)−
T1 − s

T − s

T∑
t=T1+1

∆it(j)

]

= 2κs
1− τT
1− s

T

1

pN

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
1

T1 − s

T1∑
t=s+1

∆it(j)

− 2κs
1− τT
1− s

T

1

pN

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
1

T − T1

T∑
t=T1+1

∆it(j)

≤ 2κs
1− τT
1− s

T

√√√√ 1

N

∑
i∈[N ]

∥∥∥∥α(1)

g
(1)
i

− α
(2)

g
(2)
i

∥∥∥∥2
2

√√√√√ 1

N

∑
i∈[N ]

 1

p(T1 − s)

∑
j∈[p]

T1∑
t=s+1

∆it(j)

2

+ 2κs
1− τT
1− s

T

√√√√ 1

N

∑
i∈[N ]

∥∥∥∥α(1)

g
(1)
i

− α
(2)

g
(2)
i

∥∥∥∥2
2

√√√√√ 1

N

∑
i∈[N ]

 1

p(T − T1)

∑
j∈[p]

T∑
t=T1+1

∆it(j)

2

= κs
1− τT
1− s

T

ζNTOp (ηN,2) = κsop(ζ
2
NT ), (A.18)

where the first inequality holds by Cauchy-Schwarz inequality.

Combining (A.11), (A.12), (A.13), (A.16), (A.18) and Assumption 6(i) yields that

L(s)− L(T1) = κs
(1− τT )

1− s
T

DNα + κsop(ζ
2
NT ).

Then for any s < T1,

plim(N,T )→∞
1

κsζ2NT

[L(s)− L(T1)] = plim(N,T )→∞
1− τT
1− s

T

1

ζ2NT

DNα ≥ (1− τ)Dα > 0,

where Dα :=plim(N,T )→∞
1

ζ2
NT
DNα > 0 by Assumption 6(i). This implies that

P
(
T̂1 < T1

)
≤ P (∃s < T1, L(s)− L(T1) < 0) → 0. (A.19)

By analogous arguments, we prove (ii) in the following part. When s > T1, we have

¯̇Θ
(1s)
j,i =

1

s

s∑
t=1

Θ̇j,it =
1

s

s∑
t=1

[
Θ0

j,it +
(
Θ̇j,it −Θ0

j,it

)]
=
T1
s
α
(1)

g
(1)
i ,j

+
s− T1
s

α
(2)

g
(2)
i ,j

+ ∆̄s,i(j),

¯̇Θ
(2s)
j,i =

1

T − s

T∑
t=s+1

Θ̇j,it =
1

T − s

T∑
t=s+1

[
Θ0

j,it +
(
Θ̇j,it −Θ0

j,it

)]
= α

(2)

g
(2)
i ,j

+ ∆̄s+,i(j).

It follows that

Θ̇j,it − ¯̇Θ
(1s)
j,i =


s−T1

s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
+∆it(j)− ∆̄s,i(j) if 1 ≤ t ≤ T1

T1

s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)
+∆it(j)− ∆̄s,i(j) if T1 + 1 ≤ t ≤ s

, and
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Θ̇j,it − ¯̇Θ
(2s)
j,i =∆it(j)− ∆̄s+,i(j), s < t ≤ T.

As in (A.8), we obtain that

s∑
t=1

[
Θ̇j,it − ¯̇Θ

(1s)
j,i

]2
=

T1∑
t=1

[
s− T1
s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)
+∆it(j)− ∆̄s,i(j)

]2
+

s∑
t=T1+1

[
T1
s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)
+∆it(j)− ∆̄s,i(j)

]2

=
T1 (s− T1)

2

s2

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

+

T1∑
t=1

[
∆it(j)− ∆̄s,i(j)

]2
+ 2

s− T1
s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

) T1∑
t=1

[
∆it(j)− ∆̄s,i(j)

]
+

(s− T1)T
2
1

s2

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

)2

+

s∑
t=T1+1

[
∆it(j)− ∆̄s,i(j)

]2
+ 2

T1
s

(
α
(2)

g
(2)
i ,j

− α
(1)

g
(1)
i ,j

) s∑
t=T1+1

[
∆it(j)− ∆̄s,i(j)

]
=

(s− T1)T1
s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)2

+

s∑
t=1

[
∆it(j)− ∆̄s,i(j)

]2
+ 2

T1 (s− T1)

s

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)[
1

T1

T1∑
t=s+1

∆it(j)−
1

s− T1

T∑
t=T1+1

∆it(j)

]

and
T∑

t=s+1

[
Θ̇j,it − ¯̇Θ

(2s)
j,i

]2
=

T∑
t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2
.

It follows that

L(s)− L(T1) =
T1 (s− T1)

sT

1

pN

∑
i∈[N ]

∥∥∥∥α(1)

g
(1)
i

− α
(2)

g
(2)
i

∥∥∥∥2
2

+
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
s∑

t=1

[
∆it(j)− ∆̄s,i(j)

]2 − T1∑
t=1

[
∆it(j)− ∆̄T1,i (j)

]2}

+
1

pNT

∑
j∈[p]

∑
i∈[N ]

{
T∑

t=s+1

[
∆it(j)− ∆̄s+,i(j)

]2 − T∑
t=T1+1

[
∆it(j)− ∆̄T1+,i (j)

]2}

+ 2
T1 (s− T1)

sT

1

pN

∑
j∈[p]

∑
i∈[N ]

(
α
(1)

g
(1)
i ,j

− α
(2)

g
(2)
i ,j

)[
1

T1

T1∑
t=s+1

∆it(j)−
1

s− T1

T∑
t=T1+1

∆it(j)

]
:= B1 (s) +B2 (s) +B3 (s) +B4 (s) ,

where B4 (s) parallels A4 (s) + A5 (s) in (A.11). Let κ̄s = s−T1

T ∈
[
1
T , 1− τT

]
. Following the analyses of

Aℓ (s)’s, we can readily show that

B1 (s) = κ̄s
T

s

T1
T
DNα = κ̄sOp(ζ

2
NT ), Bℓ (s) = κ̄sOp

(
η2N,2

)
= κ̄sop(ζ

2
NT ) for ℓ = 2, 3,
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and B4 (s) = κ̄sOp (ηN,2ζNT ) = κ̄sop(ζ
2
NT ). It follows that for any s > T1,

plim(N,T )→∞
1

κ̄sζ2NT

[L(s)− L(T1)] = plim(N,T )→∞
T1T

Ts

1

ζ2NT

DNα ≥ τDα > 0.

This implies that

P
(
T̂1 > T1

)
≤ P (∃s > T1, L(s)− L(T1) < 0) → 0. (A.20)

Combining (A.19) and (A.20), we can conclude that P
(
T̂1 = T1

)
→ 1. ■

A.4 Proof of Theorem 4.4

By Theorem 4.2, P
(
T̂1 = T1

)
→ 1. It follows that we can prove Theorem 4.4 by conditioning on the event

that
{
T̂1 = T1

}
. Below we prove the theorem under the event that

{
T̂1 = T1

}
.

Define Θ̇
0,(1)
j,i =

(
Θ̇j,i1, · · · , Θ̇j,iT1

)′
, Θ̇

0,(2)
j,i =

(
Θ̇j,i,T1+1, · · · , Θ̇j,iT

)′
, β̇

0,(1)
i = 1√

T1
(Θ̇

0,(1)′
1,i , · · · , Θ̇0,(1)′

p,i )′,

and β̇
0,(2)
i = 1√

T2
(Θ̇

0,(2)′
1,i , · · · , Θ̇0,(2)′

p,i )′. Noted that in the definitions of β̇
0,(1)
i and β̇

0,(2)
i we use the true

break date T1 rather than the estimated one compared to β̇
(1)
i and β̇

(2)
i defined in Step 4. As in (3.5) and

(3.6), we further define {
ȧ
0,(ℓ)
k,m

}
k∈[m]

= argmin{
a
(ℓ)
k

}
k∈[m]

1

N

∑
i∈[N ]

min
k∈[m]

∥∥∥β̇0,(ℓ)
i − a

(ℓ)
k

∥∥∥2
2
, (A.21)

ĝ
0,(ℓ)
i,m = argmin

k∈[m]

∥∥∥β̇(ℓ)
i − ȧ

0,(ℓ)
k,m

∥∥∥
2
, ∀i ∈ [N ]. (A.22)

(i) Under the case when m = K(ℓ), Theorem 4.4(i.a) is from the combination of Lemma B.9 for the

consistency of the membership estimates via K-means algorithm and Theorem 4.2 for the consistency of the

break point estimator.

Next, we show (i.c). Recall that zα is the critical value at α significance level calculated from the

maximum of m independent χ2(1) random variables. By the definition of the STK algorithm, we observe

that

P
(
K̂(ℓ) ≤ K(ℓ)

)
≥ P

(
Γ̂
(ℓ)

K(ℓ) ≤ zα

)
,

which leads to the fact that (i.c) holds as long as we can show (i.b). This is because, under (i.b), we have

P
(
Γ̂
(ℓ)

K(ℓ) ≤ zα

)
≥ 1− α+ o(1).

Now, we focus on (i.b). Notice that Γ̂
(ℓ)

k,K(ℓ) depends on the K-means classification result, i.e., the

estimated group membership Ĝ
(ℓ)

k,K(ℓ) for k ∈ [K(ℓ)]. From Theorem 4.4(i.1), we notice that the we can

change the estimated group membership Ĝ
(ℓ)

k,K(ℓ) to the true group membership G
(ℓ)
k , and this replacement

has only asymptotically negligible effect. Recall that T1 = [T1], T2 = [T ]\[T1]. Define T1,−1 = T1\{T1},
T2,−1 = T2\{T}, T1,j = {1 + j, · · · , T1} and T2,j = {T1 + 1 + j, · · · , T} for some specific j ∈ Tℓ,−1, similarly

as previous notation. Moreover, let({
θ̂
0,(ℓ)

i,k,K(ℓ)

}
i∈G

(ℓ)
k

, Λ̂
0,(ℓ)

k,K(ℓ) ,
{
f̂
0,(ℓ)

t,k,K(ℓ)

}
t∈Tℓ

)
= argmin

{θi,λi}
i∈G

(ℓ)
k

,{ft}t∈Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

(Yit −X ′
itθi − λ′ift)

2
,
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F̂
0,(1)

k,K(1) =
(
f̂1,k,K(1) , · · · , f̂T1,k,K(1)

)′
, F̂

0,(2)

k,K(2) =
(
f̂T1+1,k,K(1) , · · · , f̂T,k,K(2)

)′
, Λ̂

(ℓ)

k,K(ℓ) =
{
λ̂
(ℓ)

i,k,K(ℓ)

}
i∈G

(ℓ)
k

,

and
(
ẑ
0,(ℓ)
it

)′
denote the t-th row of M

F̂
0,(ℓ)

k,K(ℓ)

X
(ℓ)
i . Further define

ˆ̄θ
0,(ℓ)

k,K(ℓ) =
1∣∣∣G(ℓ)
k

∣∣∣
∑

i∈G
(ℓ)
k

θ̂
0,(ℓ)

i,k,K(ℓ) , Ŝ
0,(ℓ)

ii,k,K(ℓ) =

(
X

(ℓ)
i

)′
M

F̂
0,(ℓ)

k,K(ℓ)

X
(ℓ)
i

Tℓ
,

Ω̂
0,(ℓ)

i,k,K(ℓ) =
1

Tℓ

∑
t∈Tℓ

ẑ
0,(ℓ)
it ẑ

0,(ℓ)′
it ê2it +

1

Tℓ

∑
j∈Tℓ,−1

k(j, L)
∑

t∈Tℓ,j

(
ẑ
0,(ℓ)
it ẑ

0,(ℓ)′
i,t+j êitêi,t+j + ẑ

0,(ℓ)
i,t−j ẑ

0,(ℓ)′
it êi,t−j êit

)
,

â
0,(ℓ)

ii,k,K(ℓ) = λ̂
(ℓ)′
i,k,K(ℓ)

 Λ̂
(ℓ)′
k,K(ℓ)Λ̂

(ℓ)

k,K(ℓ)∣∣∣G(ℓ)
k

∣∣∣
−1

λ̂
(ℓ)

i,k,K(ℓ) .

Then ∀k ∈ [K(ℓ)], we can define

Γ̂
0,(ℓ)

k,K(ℓ) =

√∣∣∣G(ℓ)
k

∣∣∣


1∣∣∣G(ℓ)
k

∣∣∣
∑

i∈G
(ℓ)
k

Ŝ0,(ℓ)
i,k,K(ℓ) − p

√
2p


where

Ŝ0,(ℓ)
i,k,K(ℓ) = Tℓ

(
θ̂
0,(ℓ)

i,k,K(ℓ) − ˆ̄θ
0,(ℓ)

k,K(ℓ)

)′
Ŝ
0,(ℓ)

ii,k,K(ℓ)

(
Ω̂

0,(ℓ)

i,k,K(ℓ)

)−1

Ŝ
0,(ℓ)

ii,k,K(ℓ)

(
θ̂
0,(ℓ)

i,k,K(ℓ) − ˆ̄θ
0,(ℓ)

k,K(ℓ)

)(
1− â

0,(ℓ)

ii,k,K(ℓ)/
∣∣∣G(ℓ)

k

∣∣∣)2 .
By Lemma D.8, we notice that Γ̂

0,(ℓ)

k,K(ℓ) ⇝ N (0, 1) owing to the fact that the slope coefficient α
(ℓ)
k is ho-

mogeneous across i ∈ G
(ℓ)
k ∀k ∈ [K(ℓ)]. Furthermore,

{
Γ̂
0,(ℓ)

k,K(ℓ) , k ∈ [K(ℓ)]
}
are asymptotically independent

under Assumption 1(i). It follows that

Γ̂
(ℓ)

K(ℓ) = max
k∈[K(ℓ)]

(
Γ̂
(ℓ)

k,K(ℓ)

)2
= max

k∈[m]

(
Γ̂
0,(ℓ)

k,K(ℓ)

)2
+ op(1)⇝ Z,

where Z is the maximum of m independent χ2 (1) random variables. Then Theorem 4.4(i.b) follows.

(ii) When m < K(ℓ), Theorem 4.4(i.1) does not hold and we can not change the estimated group

membership Ĝ(ℓ)

K(ℓ) to the true group membership G(ℓ). To get around of this issue, we define the “pseudo

groups”. For m < K(ℓ), let G(ℓ)
m :=

{
G

(ℓ)
1,m, · · · , G

(ℓ)
m,m

}
such that {1, · · · , N} = G

(ℓ)
1,m ∪ · · · ∪ G(ℓ)

m,m, which

indicates one possible partition of the set {1, · · · , N}. We further define G(ℓ)
m to be the collection of all

possible G(ℓ)
m .

By Theorem 4.4(i.c), we can conclude that P
(
K̂(ℓ) ̸= K(ℓ)

)
≤ α + o(1) provided we can show that

Γ̂
(ℓ)
m → ∞ when m < K(ℓ). By Lemma B.11, we notice that Ĝ(ℓ)

m ∈ G(ℓ)
m w.p.a.1. Conditioning on the event{

Ĝ(ℓ)
m ∈ G(ℓ)

m

}
∩
{
T̂1 = T1

}
, we have

Γ̂(ℓ)
m > min

G(ℓ)
m ∈G(ℓ)

m

Γ̂0,(ℓ)
m

(
G(ℓ)
m

)
:= min

G(ℓ)
m ∈G(ℓ)

m

{
max
k∈[m]

[
Γ̂
0,(ℓ)
k,m

(
G

(ℓ)
k,m

)]2}
,

where

Γ̂
0,(ℓ)
k,m

(
G

(ℓ)
k,m

)
=

√∣∣∣G(ℓ)
k,m

∣∣∣


1∣∣∣G(ℓ)
k,m

∣∣∣
∑

i∈G
(ℓ)
k,m

Ŝ0,(ℓ)i,k,m − p

√
2p

 ,
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and Ŝ0,(ℓ)i,k,m is defined similarly to Ŝ0,(ℓ)
i,k,K(ℓ) in the proof of (i).

Owing to the fact that
∣∣∣G(ℓ)

m

∣∣∣ = mK(ℓ)

which is a constant since K(ℓ) is a constant, we can show that

Γ̂
(ℓ)
m → ∞ by showing that Γ̂

0,(ℓ)
m

(
G(ℓ)
m

)
→ ∞ for any possible realization G(ℓ)

m . Under the case when

m < K(ℓ), there exists at least one k ∈ [m] such that the slope coefficient is not homogeneous across

i ∈ G
(ℓ)
k,m. Assume that G

(ℓ)
k,m contains n true groups, i.e., G

(ℓ)
k,m = G

(ℓ)
k1

∪ · · · ∪ G(ℓ)
kn

for k1, · · · , kn ∈ [K(ℓ)]

and k1 ̸= · · · ̸= kn. Then for i ∈ G
(ℓ)
k,m, we have

θ
0,(ℓ)
i =

n∑
s=1

α
(ℓ)
ks

1
{
i ∈ G

(ℓ)
ks

}
=

1

n

n∑
s∗=1

α
(ℓ)
ks∗

+

n∑
s=1

n− 1

n
α
(ℓ)
ks

− 1

n

∑
s∗ ̸=s

α
(ℓ)
ks∗

1
{
i ∈ G

(ℓ)
ks

}

=
1

n

n∑
s∗=1

α
(ℓ)
ks∗

+

n∑
s=1

1

n

∑
s∗ ̸=s

(
α
(ℓ)
ks

− α
(ℓ)
ks∗

)
1
{
i ∈ G

(ℓ)
ks

}
:= θ̄0,(ℓ)n + c

(ℓ)
i

such that

Tℓ√
N

∑
i∈[N ]

∥∥∥c(ℓ)i

∥∥∥2
2
=

Tℓ√
N

n∑
s=1

N
(ℓ)
ks

n

∥∥∥∥∥∥
∑
s∗ ̸=s

(
α
(ℓ)
ks

− α
(ℓ)
ks∗

)∥∥∥∥∥∥
2

2

=
Tℓ√
Nn

n∑
s=1

N
(ℓ)
ks

∥∥∥∥∥∥∥
∑

s∗ ̸=s

α
(ℓ)
ks∗

n− 1
− α

(ℓ)
ks

∥∥∥∥∥∥∥
2

2

→ ∞

by Assumption 7(iii). Following this, it yields that
∣∣∣Γ̂0,(ℓ)

k,m

(
G

(ℓ)
k,m

)∣∣∣ → ∞ for some k ∈ [m] by Lemma D.9.

By the definition of Γ̂
0,(ℓ)
m

(
G(ℓ)
m

)
, we have Γ̂

0,(ℓ)
m

(
G(ℓ)
m

)
→ ∞, which yields Γ̂

(ℓ)
m → ∞ w.p.a.1 for m < K(ℓ)

and P
(
K̂(ℓ) ̸= K(ℓ)

)
≤ α+ o(1). ■

A.5 Proof of Theorem 4.5

To show Theorem 4.5, we can directly derive the asymptotic distribution for the oracle estimator α̂
∗(ℓ)
k by

combining Theorems 4.2 and 4.4.

The asymptotic distribution theory of the linear panel model with IFEs has already been studied in

the literature; see Bai (2009), Moon and Weidner (2017) and Lu and Su (2016) for instance. However,

Bai (2009) rules out dynamic panels. Moon and Weidner (2017) allow dynamic panels and assume the

independence over both i and t for the error term. Under Assumptions 1∗ and 2-9, which is for the dynamic

linear panel model, Theorem 4.5 is same as Theorem 4.3 in Moon and Weidner (2017).

Below, we follow the arguments in Moon and Weidner (2017) and sketch the proof to allow the serial

correlation of error terms in non-dynamic panels.1 To proceed, let C(ℓ)
NT,k be the p-vector with j-th entry

being C(ℓ)
NT,k,j = C1

(
Λ
0,(ℓ)
k , F 0,(ℓ),X(ℓ)

j,k, E
(ℓ)
k

)
+ C2

(
Λ
0,(ℓ)
k , F 0,(ℓ),X(ℓ)

j,k, E
(ℓ)
k

)
, where

C1

(
Λ
0,(ℓ)
k , F 0,(ℓ),X(ℓ)

j,k, E
(ℓ)
k

)
=

1√
N

(ℓ)
k Tℓ

tr
(
MF 0,(ℓ)E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,k

)
,

1It is well known that one cannot allow for both dynamics and serially correlated errors in the panel for the

least-squares based PCA estimation to avoid the endogeneity issue.
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C2

(
Λ
0,(ℓ)
k , F 0,(ℓ),X(ℓ)

j,k, E
(ℓ)
k

)
= − 1√

N
(ℓ)
k Tℓ

tr

(
E

(ℓ)
k MF 0,(ℓ)E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kF

0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

)

− 1√
N

(ℓ)
k Tℓ

tr

(
E

(ℓ)′
k M

Λ
0,(ℓ)
k

E
(ℓ)
k MF 0,(ℓ)X(ℓ)′

j,k Λ
0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

F 0,(ℓ)′
)

− 1√
N

(ℓ)
k Tℓ

tr

(
E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kMF 0,(ℓ)E

(ℓ)′
k Λ

0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

F 0,(ℓ)′
)
.

By Lemma B.12, we have

√
N

(ℓ)
k Tℓ

(
α̂
(ℓ)
k − α

(ℓ)
k

)
= W(ℓ)−1

NT,kC
(ℓ)
NT,k + op(1).

In Moon and Weidner (2017), the asymptotic distribution is derived mainly relying on their Lemmas

B.1 and B.2. Lemma B.2 is the standard central limit theorem, which also holds under our Assumption

1. For Lemma B.1, we need to extend it to allow for serially correlated errors in non-dynamic panels in

Lemma B.13. Hence, by Lemma B.13 and following the analogous arguments in the proof of Theorem 4.3

(Moon and Weidner (2017)), for a specific ℓ ∈ {1, 2} and k ∈ [K(ℓ)], we can readily show that

W(ℓ)
NT,k

√
N

(ℓ)
k Tℓ

(
α̂
(ℓ)
k − α

(ℓ)
k

)
− B(ℓ)

NT,k ⇝ N
(
0,Ω

(ℓ)
k

)
which yields the final distributional results in Theorem 4.5 by stacking all subgroups of parameter estimators

into a large vector and resorting to the Cramer-Wold device.

A.6 Proof of Theorem 5.1

Recall that v̇∗t,j :=
v̇t,j

∥v̇t,j∥2
, v̇∗t =

(
v̇∗′t,1, · · · , v̇∗′t,p

)′
, v∗t,j =

Ojv
0
t,j

∥Ojv0
t,j∥2

and v∗t =
(
v∗′t,1, · · · , v∗′t,p

)′
. With the fact

that

v̇t,j
∥v̇t,j∥2

−
Ojv

0
t,j∥∥Ojv0t,j
∥∥
2

=
v̇t,j

∥∥Ojv
0
t,j

∥∥
2
−Ojv

0
t,j ∥v̇t,j∥2

∥v̇t,j∥2
∥∥Ojv0t,j

∥∥
2

=

(
v̇t,j −Ojv

0
t,j

) ∥∥Ojv
0
t,j

∥∥
2
+Ojv

0
t,j

(∥∥Ojv
0
t,j

∥∥
2
− ∥v̇t,j∥2

)
∥v̇t,j∥2

∥∥Ojv0t,j
∥∥
2

,

It follows that

max
t∈[T ]

∥v̇∗t − v∗t ∥2 ≤ p max
j∈[p],t∈[T ]

∥∥v̇∗t,j − v∗t,j
∥∥
2
≤ 2p max

j∈[p],t∈[T ]

∥∥v̇t,j −Ojv
0
t,j

∥∥
2

∥v̇t,j∥2
= Op(ηN,2),

where the last line is by Lemma B.7(i) and Theorem 4.1(ii).

B Technical Lemmas

Lemma B.1 Consider a matrix sequence {Ai, i = 1, · · · , N} whose values are symmetric matrices with

dimension d. Suppose {Ai, i = 1, · · · , N} is independent with E (Ai) = 0 and ∥Ai∥op ≤ M almost surely.

Let σ2 =
∥∥∥∑i∈[N ] E

(
A2

i

)∥∥∥
op
, for all t > 0, we have

P

∥∥∥∥∥∥
∑
i∈[N ]

Ai

∥∥∥∥∥∥
op

> t

 ≤ d · exp
{
− t2/2

σ2 +Mt/3

}
.
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Proof. Lemma B.1 states a Matrix Bernstein inequality; see Theorem 1.3 in Tropp (2011).

Lemma B.2 Consider a specific matrix A ∈ RN×T whose rows (denoted as A′
i) are independent ran-

dom vectors in RT with EAi = 0 and Σi = E (AiA
′
i). Suppose maxi∈[N ] ∥Ai∥2 ≤

√
m almost surely

and maxi∈[N ] ∥Σi∥op ≤ M for some positive constant M . Then for every t > 0, with probability 1 −
2T exp

(
−c1t2

)
, we have

∥A∥op ≤
√
NM + t

√
m+M,

where c1 is an absolute constant.

Proof. The proof follows the argument similar as used in the proof of Theorem 5.41 in Vershynin

(2010). Define Zi :=
1
N (AiA

′
i − Σi) ∈ RT×T , and we notice that (Z1, · · · , ZN ) is an independent sequence

with E (Zi) = 0. To use the matrix Bernstein’s inequality, we analyze ∥Zi∥op and
∥∥∥∑i∈[N ] E

(
X2

i

)∥∥∥
op

as

followings:

∥Zi∥op ≤ 1

N

(
∥AiA

′
i∥op + ∥Σi∥op

)
≤ 1

N

(
∥Ai∥22 + ∥Σi∥op

)
≤ m+M

N
, a.s. (B.1)

uniformly over i. Moreover, note that

E
[
(AiA

′
i)

2
]
= E [∥Ai∥2AiA

′
i] ≤ mΣi

and

Z2
i =

1

N2

[
(AiA

′
i)

2 −AiA
′
iΣi − ΣiAiA

′
i +Σ2

i

]
.

We then obtain that∥∥E (Z2
i

)∥∥
op

=

∥∥∥∥E{ 1

N2

[
(AiA

′
i)

2 − Σ2
i

]}∥∥∥∥
op

≤ 1

N2

{∥∥∥E [(AiA
′
i)

2
]∥∥∥

op
+ ∥Σi∥2op

}
≤ 1

N2

(
m ∥Σi∥op + ∥Σi∥2op

)
≤ mM +M2

N2
a.s.

uniformly over i, and ∥∥∥∥∥∥
∑
i∈[N ]

E
(
Z2
i

)∥∥∥∥∥∥
op

≤ N max
i∈[N ]

∥∥E (Z2
i

)∥∥
op

≤ mM +M2

N
a.s. (B.2)

Define ε = max
(√

Mδ, δ2
)
with δ = t

√
m+M

N . Combining (B.1) and (B.2), by matrix Bernstein’s inequality,

we have

P


∥∥∥∥∥∥ 1

N

A′A−
∑
i∈[N ]

Σi

∥∥∥∥∥∥
op

≥ ε

 = P

∥∥∥∥∥∥
∑
i∈[N ]

Zi

∥∥∥∥∥∥
op

≥ ε


≤ 2T exp

{
−cmin

(
ε2

mM+M2

N

,
ε

m+M
N

)}
≤ 2T exp

{
−cmin

(
ε2

M
, ε

)
N

m+M

}
≤ 2T exp

{
− cδ2N

m+M

}
= 2T exp

{
−c1t2

}
,
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for some positive constant c, where the third inequality is due to the fact that

min

(
ε2

M
, ε

)
= min

(
max

(
δ2, δ4/M

)
,max

(√
Mδ, δ

))

=


min

(
δ2,

√
Mδ
)
= δ2, if δ2 ≥ δ4

M
,

min
(
δ4/M, δ2

)
= δ2, if δ2 <

δ4

M
.

It implies that ∥∥∥∥∥∥ 1

N
A′A− 1

N

∑
i∈[N ]

Σi

∥∥∥∥∥∥
op

≤ max
(√

Mδ, δ2
)

(B.3)

with probability 1 − exp
(
−ct2

)
. Combining the fact that ∥Σi∥ ≤ M uniformly over i and (B.3), we show

that

1

N
∥A∥2op =

∥∥∥∥ 1

N
A′A

∥∥∥∥
op

≤

∥∥∥∥∥∥ 1

N

∑
i∈[N ]

Σi

∥∥∥∥∥∥
op

+

∥∥∥∥∥∥ 1

N
A′A− 1

N

∑
i∈[N ]

Σi

∥∥∥∥∥∥
op

≤ max
i∈[N ]

∥Σi∥op +
√
Mδ + δ2 ≤M +

√
Mt

√
m+M

N
+ t2

m+M

N

≤

(
√
M + t

√
m+M

N

)2

,

and the result follows: ∥A∥op ≤
√
NM + t

√
m+M.

Lemma B.3 Recall that Xj = {Xj,it} and E = {eit}. Under Assumption 1, ∀j ∈ [p], we have ∥Xj ⊙ E∥op =

Op

(√
N +

√
T log T

)
, and ∥E∥op = Op

(√
N +

√
T log T

)
.

Proof. We focus on ∥Xj ⊙ E∥op as the result for ∥E∥op can be derived in the same manner. We first

note that, conditional on
{
V 0
j

}
j∈[p]∪{0}, Xj ⊙ E are independent across i. Denote the i-th row of Xj ⊙ E

as A′
i = X ′

j,i ⊙E′
i, where X

′
j,i and E

′
i being the i-th row of matrix Xj and E, respectively. Recall that D is

the minimum σ-field generated by
{
V 0
j

}
j∈[p]∪{0}. In addition, for the t-th element of Ai, we have

E [Xj,iteit|D ] = E
{
Xj,itE [eit|D , Xit}]

∣∣D} = 0,

where the second equality holds by Assumption 1(ii). Therefore, to apply Lemma B.1 conditionally on D ,

we only need to upper bound ∥Ai∥2 and E
[
AiA

′
i

∣∣D].
First, under Assumption 1, we have 1

T

∑
t∈[T ] (Xj,iteit)

2 ≤ C a.s. by Assumption 1(iv), which implies

||Ai||2 = ∥Xj,i ⊙ ai∥2 ≤ C
√
T a.s. (B.4)

Second, let Σi = E
{[
(Xj,i ⊙ Ei) (Xj,i ⊙ Ei)

′] ∣∣D} with (t, s) element being E
(
Xj,itXj,iseiteis

∣∣D) . Re-
call that ∥·∥1 and ∥·∥∞ are norms induced by 1- and ∞-norms, i.e.,

∥Σi∥1 = max
s∈[T ]

∑
t∈[T ]

∣∣E (Xj,itXj,iseiteis
∣∣D)∣∣ , and ∥Σi∥∞ = max

t∈[T ]

∑
s∈[T ]

∣∣E (Xj,itXj,iseiteis
∣∣D)∣∣ .
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By Davydov’s inequality for strong mixing sequence, see also in Lemma 4.3 in Su and Chen (2013), we can

show that

max
s∈[T ]

∑
t∈[T ]

∣∣E (Xj,itXj,iseiteis
∣∣D)∣∣ = max

s∈[T ]

∑
t∈[T ]

∣∣Cov (Xj,iteit, Xj,iseis
∣∣D)∣∣

≤ max
s∈[T ]

∑
t∈[T ]

{
E
[
|Xj,iteit|q

∣∣D]}1/q {E [|Xj,iseis}|q
∣∣D]}1/q × α (t− s)

(q−2)/q

≤ max
i∈[N ],t∈[T ]

{
E
[
|Xj,itej,it|q

∣∣D]}2/q max
s∈[T ]

∑
t∈[T ]

[α (t− s)]
(q−2)/q

≤ c2 a.s.,

where c2 is a positive constant which does not depend on i. Similarly, we have

max
t∈[T ]

∑
s∈[T ]

∣∣E (Xj,itXj,iseiteis
∣∣D)∣∣ ≤ c2 a.s.

Therefore, by Corollary 2.3.2 in Golub and Van Loan (1996), we have

max
i∈[N ]

∥Σi∥op ≤
√
∥Σi∥1 ∥Σi∥∞ ≤ c2 a.s. (B.5)

Combining (B.1), (B.2), and Lemma B.1 with t =
√
log T , we obtain the desired result.

Recall thatR(C1) :=

{{
∆Θj

}
j∈[p]∪{0} ∈ RN×T×(p+1) :

∑
j∈[p]∪{0}

∥∥P⊥
j (∆Θj

)
∥∥
∗ ≤ C1

∑
j∈[p]∪{0}

∥∥Pj(∆Θj
)
∥∥
∗

}
.

Lemma B.4 Suppose Assumptions 1-3 hold, then
{
∆̃Θj

}
j∈[p]∪{0}

∈ R(3) w.p.a.1.

Proof. Recall that event

A1,N (c3) =
{
∥E∥op ≤ c3

(√
N ∨

√
T log T

)
, ∥Xj ⊙ E∥op ≤ c3

(√
N ∨

√
T log T

)
,∀j ∈ [p]

}
for any positive constant c3 with P(A c

1 (c3)) = ϵ for any ϵ > 0 by Lemma B.3. Under event A1,N (c3), by

the definition of Θ̃j in (3.1), we notice that

0 ≤ 1

NT

∥∥∥∥∥∥Y −Θ0
0 −

∑
j∈[p]

Xj ⊙Θ0
j

∥∥∥∥∥∥
2

F

− 1

NT

∥∥∥∥∥∥Y − Θ̃0 −
∑
j∈[p]

Xj ⊙ Θ̃j

∥∥∥∥∥∥
2

F

+
∑

j∈[p]∪{0}

νj

(∥∥Θ0
j

∥∥
∗ −

∥∥∥Θ̃j

∥∥∥
∗

)
(B.6)

and

1

NT

∥∥∥∥∥∥Y −Θ0
0 −

∑
j∈[p]

Xj ⊙Θ0
j

∥∥∥∥∥∥
2

F

− 1

NT

∥∥∥∥∥∥Y − Θ̃0 −
∑
j∈[p]

Xj ⊙ Θ̃j

∥∥∥∥∥∥
2

F

=
1

NT

∑
i∈[N ]

∑
t∈[T ]

e2it −
eit −

∆̃Θ0,it +
∑
j∈[p]

Xj,it∆̃Θj ,it

2


20



=
2

NT
tr
(
E′∆̃Θ0

)
+
∑
j∈[p]

2

NT
tr
(
(E ⊙Xj)

′
∆̃Θj

)
− 1

NT

∑
i∈[N ]

∑
t∈[T ]

∆̃Θ0,it +
∑
j∈[p]

Xj,it∆̃Θj ,it

2

≤ 2

NT

∣∣∣tr (E′∆̃Θ0

)∣∣∣+ ∑
j∈[p]

2

NT

∣∣∣tr ((E ⊙Xj)
′
∆̃Θj

)∣∣∣
≤ 2

NT
∥E∥op

∥∥∥∆̃Θ0

∥∥∥
∗
+
∑
j∈[p]

2

NT
∥E ⊙Xj∥op

∥∥∥∆̃Θj

∥∥∥
∗

≤ 2c3
∑

j∈[p]∪{0}

√
N ∨

√
T log T

NT

∥∥∥∆̃Θj

∥∥∥
∗
, (B.7)

where the second inequality holds by the fact that tr(AB) ≤ ||A||op||B||∗, and the last inequality is by the

definition of event A1,N .

Combining (B.6) and (B.7), we have

0 ≤
∑

j∈[p]∪{0}

{
2c3(

√
N ∨

√
T log T )

NT

∥∥∥∆̃Θj

∥∥∥
∗
+ νj

(∥∥Θ0
j

∥∥
∗ −

∥∥∥Θ̃j

∥∥∥
∗

)}
w.p.a.1. (B.8)

Besides, we can show that∥∥∥Θ̃j

∥∥∥
∗
=
∥∥∥∆̃Θj

+Θ0
j

∥∥∥
∗
=
∥∥∥Θ0

j + P⊥
j (∆̃Θj

) + Pj(∆̃Θj
)
∥∥∥
∗

≥
∥∥∥Θ0

j + P⊥
j (∆̃Θj

)
∥∥∥
∗
−
∥∥∥Pj(∆̃Θj

)
∥∥∥
∗
=
∥∥Θ0

j

∥∥
∗ +

∥∥∥P⊥
j (∆̃Θj

)
∥∥∥
∗
−
∥∥∥Pj(∆̃Θj

)
∥∥∥
∗
, (B.9)

where the second equality holds by Lemma D.2(i) in Chernozhukov et al. (2020), the first inequality is

by triangle inequality and the last equality is by the construction of the linear space P⊥
j and Pj . Then

combining (B.8) and (B.9), w.p.a.1, we have

∑
j∈[p]∪{0}

νj

∥∥∥Θ̃j

∥∥∥
∗
≤

∑
j∈[p]∪{0}

νj ∥∥Θ0
j

∥∥
∗ + 2c3

∑
j∈[p]∪{0}

(
√
N ∨

√
T )

NT

∥∥∥∆̃Θj

∥∥∥
∗


and∑
j∈[p]∪{0}

νj

{∥∥∥P⊥
j

(
∆̃Θj

)∥∥∥
∗
−
∥∥∥Pj

(
∆̃Θj

)∥∥∥
∗

}
≤ 2c3

∑
j∈[p]∪{0}

(
√
N ∨

√
T log T )

NT

∥∥∥∆̃Θj

∥∥∥
∗

= 2c3
∑

j∈[p]∪{0}

(
√
N ∨

√
T log T )

NT

{∥∥∥Pj

(
∆̃Θj

)∥∥∥
∗
+
∥∥∥P⊥

j

(
∆̃Θj

)∥∥∥
∗

}
,

If we set νj =
4c3(

√
N∨

√
T log T )

NT , we obtain the final result∑
j∈[p]∪{0}

∥∥∥P⊥
j

(
∆̃Θj

)∥∥∥
∗
≤ 3

∑
j∈[p]∪{0}

∥∥∥Pj

(
∆̃Θj

)∥∥∥
∗
.

Lemma B.5 Consider a sequence of random variables {Bi, i = 1, · · · , n}.
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(i) Suppose {Bi, i = 1, · · · , n} is independent with E (Bi) = 0 and maxi∈[n] |Bi| ≤ M a.s. Let σ2 =∑
i∈[n] E

(
B2

i

)
. Then for all t > 0, we have

P

∣∣∣∣∣∣
∑
i∈[n]

Bi

∣∣∣∣∣∣ > t

 ≤ exp

{
− t2/2

σ2 +Mt/3

}
.

(ii) Suppose {Bi, i = 1, · · · , n} is sequence of martingale difference with Ei−1 (Bi) = 0 and maxi∈[n] |Bi| ≤
M a.s., where Ei−1 denotes E (·|Fi−1), where {Fi : i ≤ n} denotes the filtration that is clear from

the context. Let
∣∣∣∑i∈[n] Ei−1

(
B2

i

)∣∣∣ ≤ σ2. Then for all t > 0, we have

P

∣∣∣∣∣∣
∑
i∈[n]

Bi

∣∣∣∣∣∣ > t

 ≤ exp

{
− t2/2

σ2 +Mt/3

}
.

Proof. Lemma B.5(i) and (ii) are Bernstein inequality for i.i.d. sequence and Freedman inequality for

m.d.s., which are respectively stated in Lemma 2.2.9 Vaart and Wellner (1996) and Theorem 1.1 Tropp

(2011).

Lemma B.6 Let {Υt, t = 1, · · · , T} be a zero-mean strong mixing process, not necessarily stationary, with

the mixing coefficients satisfying α(z) ≤ cαγ
z for some cα > 0 and γ ∈ (0, 1). If supt∈[T ] |Υt| ≤ MT , then

there exists a constant c4 depending on cα and γ such that for any T ≥ 2 and ε > 0,

(i) P
{∣∣∣∑T

t=1 Υt

∣∣∣ > ε
}
≤ exp

{
− c4ε

2

M2
TT+εMT (log T )(log log T )

}
,

(ii) P
{∣∣∣∑T

t=1 Υt

∣∣∣ > ε
}
≤ exp

{
− c4ε

2

υ2
0T+M2

T+εMT (log T )2

}
,

where υ20 = supt∈[T ]

[
V ar(Υt) + 2

∑
s>t |Cov(Υt,Υs)|

]
.

Proof. The proof is the same as that of Theorems 1 and 2 in Merlevède et al. (2009) with the condition

α(a) ≤ exp {−2ca} for some c > 0. Here we can set c = − log γ if cα ≥ 1 and c = − log(γ/cα) otherwise.

Lemma B.7 Suppose Assumptions 1-4 hold, for j ∈ {0, · · · , p}, we have

(i) maxi∈[N ]

∥∥u0i,j∥∥2 ≤M and maxt∈[T ]

∥∥v0t,j∥∥2 ≤ M
σKj,j

≤ M
cσ
,

(ii) maxt∈[T ]

∥∥O′
j ṽt,j

∥∥
2
≤ 2M

σKj,j
≤ 2M

cσ
w.p.a.1,

(iii) maxi∈[N ]
1
T

∑
t∈[T ]

∥∥∥ϕ̃it∥∥∥2
2
≤ 4M2

c2σ
(1 + pC) w.p.a.1,

(iv) maxi∈[N ]
1
T

∑
t∈[T ]

∥∥∥ϕ̃it − ϕ0it

∥∥∥2 = Op(η
2
N,1(NT )

2/q).

Proof. (i) Recall that 1√
NT

Θ0
j = U0

j Σ
0
jV0′

j with U0
j =

√
NU0

j Σ
0
j and Vj =

√
TVj . Note that

1√
T
Θ0

jV0
j =

√
NU0

j Σ
0
j = U0

j , and
1√
N

U0′
j Θ0

j =
√
TΣ0

jV0′
j = Σ0

jV
0′
j . (B.10)
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Hence, it’s natural to see that∥∥u0i,j∥∥2 =
1√
T

∥∥∥[Θ0
jV0

j

]
i.

∥∥∥
2
≤ 1√

T

∥∥[Θj ]i.
∥∥
2
≤M,

where the first inequality is due to the fact that Vj is the unitary matrix and the last inequality holds by

Assumption 2. Since the upper bound M is not dependent on i, this result holds uniformly. Analogously,

we see that ∥∥v0t,j∥∥2 ≤ 1√
N
c−1
σ

∥∥∥[U0′
j Θ0

j

]
.t

∥∥∥
2
≤ 1√

N
c−1
σ

∥∥∥[Θ0
j

]
.t

∥∥∥
2
≤ M

cσ
.

(ii) As in (B.10), we have

1√
N

Ũ (1)′
j Θ̃j =

√
T Σ̃

(1)
j Ṽ(1)′

j = Σ̃
(1)
j Ṽ

(1)′
j ,

and ∥∥O′
j ṽt,j

∥∥
2
≤ 1√

N

1

σ̃
(1)
Kj ,j

∥∥∥[Ũ (1)′
j Θ̃j

]
.t

∥∥∥
2
≤ 1√

N

1

σ̃
(1)
Kj ,j

∥∥∥[Θ̃j

]
.t

∥∥∥
2
≤ 2M

cσ
,

where the last inequality holds due to the constrained optimization in (3.1) and the fact that maxk∈[Kj ]

∣∣∣σ̃−1
k,j − σ−1

k,j

∣∣∣ ≤
σ−1
Kj ,j

w.p.a.1.

(iii) Note that

max
i∈[N ]

1

T

∑
t∈[T ]

∥∥∥ϕ̃it∥∥∥2
2

≤ max
i∈[N ]

 1

T

∑
t∈[T ]

∥O′
0ṽt,0∥

2

2 +
∑
j∈[p]

1

T

∑
t∈[T ]

∥∥O′
j ṽt,j

∥∥2
2
|Xj,it|2


≤ max

t∈[T ],j∈[p]∪{0}

∥∥O′
j ṽt,j

∥∥2
2

1 + max
i∈[N ]

∑
j∈[p]

1

T

∑
t∈[T ]

|Xj,it|2
 ≤ 4M2

c2σ
(1 + pC)

where the last inequality holds by Lemma B.7(ii).

(iv) Note that

max
i∈[N ]

1

T

∑
t∈[T ]

∥∥∥ϕ̃it − ϕ0it

∥∥∥2 ≤ 1

T

∑
t∈[T ]

∥∥∥Õ(1)′
0 ṽt,0 − v0t,0

∥∥∥2
2
+ p max

t∈[T ],j∈[p]

1

T

∑
t∈[T ]

|Xj,it|2
∥∥∥Õ(1)′

j ṽt,j − v0t,j

∥∥∥2
2

≲
1

T

∑
t∈[T ]

∥∥∥Õ(1)′
0 ṽt,0 − v0t,0

∥∥∥2
2
+ p(NT )2/q max

j∈[p]

1

T

∑
t∈[T ]

∥∥∥Õ(1)′
j ṽt,j − v0t,j

∥∥∥2
2

=
1

T

∥∥∥O0Ṽ0 − V 0
0

∥∥∥2
F
+ p(NT )2/q max

j∈[p]

1

T

∥∥∥Oj Ṽj − V 0
j

∥∥∥2
F
= Op

(
η2N,1(NT )

2/q
)
,

where the second inequality is by Assumption 1(v) and the last equality holds by Theorem 4.1(ii).

Lemma B.8 Under Assumptions 1-5, we have mini∈[N ] λmin

(
Φ̃i

)
≥ cϕ

2 w.p.a.1, and mint∈[T ] λmin

(
Ψ̃t

)
≥

cϕ
2 w.p.a.1.

Proof. Recall that Φi =
1
T

∑T
t=1 ϕ

0
itϕ

0′
it and Φ̃i =

1
T

∑T
t=1 ϕ̃itϕ̃

′
it, where

ϕ0it = (v0′t,0, v
0′
t,1X1,it, · · · , v0′t,pXp,it)

′ and ϕ̃it =
[
(O′

0ṽt,0)
′
, (O′

1ṽt,1X1,it)
′
, · · · ,

(
O′

pṽt,pXp,it

)′]′
.
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Uniformly over i ∈ [N ], it is clear that

∥∥∥Φ̃i − Φi

∥∥∥
F
≲

4M

cσT

T∑
t=1

∥∥O′
0ṽt,0 − v0t,0

∥∥
2
+

4M

cσT

p∑
j=1

T∑
t=1

∥∥O′
j ṽt,j − v0t,j

∥∥
2
|Xj,it|

≤ 4M

cσ

1√
T

∥∥∥O′
0Ṽ0 − V 0

0

∥∥∥
F
+

4M2

cσ

p∑
j=1

1√
T

∥∥∥O′
j Ṽj − V 0

j

∥∥∥
F

 1

T

∑
t∈[T ]

|Xj,it|2
1/2

= Op (ηN,1) ,

where the third line holds by Lemma B.7(i) and Assumption 1(iv). It follows that

min
i∈[N ]

λmin

[
Φ̃i

]
≥ min

i∈[N ]
λmin [Φi]−O (ηN,1) ≥

cϕ
2
, w.p.a.1.

Analogously, we can establish the lower bound of λmin

(
Ψ̃t

)
.

Lemma B.9 Under Assumptions 1-7, we have maxi∈[N ] 1
{
ĝ
0,(ℓ)

i,K(ℓ) ̸= g
(ℓ)
i

}
= 0 w.p.a.1, where ĝ

0,(ℓ)

i,K(ℓ) is

defined in (A.21).

Proof. The above lemma holds by Theorem 2.3 in Su et al. (2020) provided we can verify the conditions

in their Assumption 4. Let α
(ℓ)
k =

(
α
(ℓ)
k,1, · · · , α

(ℓ)
k,p

)′
. Then we have

β
0,(ℓ)
i =

1√
Tℓ

∑
k∈[K(ℓ)]

α
(ℓ)
k ⊗ ιTℓ

1
{
g
(ℓ)
i = k

}
and

max
k∈[K(ℓ)]

∥∥∥∥ 1√
Tℓ
α
(ℓ)
k ⊗ ιTℓ

∥∥∥∥
2

= max
k∈[K(ℓ)]

1√
Tℓ

√√√√Tℓ

p∑
j=1

(
α
(ℓ)
k,j

)2
≤ √

p max
k∈[K(ℓ)],j∈[p]

∣∣∣α(ℓ)
k,j

∣∣∣ ≤ √
pM, (B.11)

where the last inequality is due to Assumption 2.

Second, with Θ
0,(1)
j,i =

(
Θ0

j,i1, · · · ,Θ0
j,iT1

)′
and Θ

0,(2)
j,i =

(
Θ0

j,i,T1+1, · · · ,Θ0
j,iT

)′
, we notice that

max
i∈[N ]

∥∥∥β̇0,(ℓ)
i − β

0,(ℓ)
i

∥∥∥
2
=

1√
Tℓ

max
i∈[N ]

∥∥∥Θ̇(ℓ)
i −Θ

0,(ℓ)
i

∥∥∥
2

=
1√
Tℓ

max
i∈[N ]

√√√√ p∑
j=1

∑
ℓ∈{1,2}

∑
t∈Tℓ

(
Θ̇j,it −Θ0

j,it

)2
1 {ℓ = 1}

≤ √
p max
j∈[p],i∈[N ],t∈[T ]

∣∣∣Θ̇j,it −Θ0
j,it

∣∣∣ ≤ c5ηN,2 w.p.a.1, (B.12)

with c5 being some positive large enough constant, and the last inequality holds by Theorem 4.1(iii).

Third, we also observe that

min
1≤ks<ks∗≤K(ℓ)

1√
Tℓ

∥∥∥α(ℓ)
ks

⊗ ιTℓ
− α

(ℓ)
ks∗

⊗ ιTℓ

∥∥∥
2
= min

1≤ks<ks∗≤K(ℓ)

√√√√ p∑
j=1

(
α
(ℓ)
ks,j

− α
(ℓ)
ks∗ ,j

)2
≥ C5, (B.13)

where the last inequality is by Assumption 7(i).
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Combining (B.11), (B.12) and (B.13), we obtain that P
(
maxi∈[N ] 1

{
ĝ
0,(ℓ)

i,K(ℓ) ̸= g
(ℓ)
i

}
= 0
)
→ 1 once we

can ensure Assumption 4.3 in Su et al. (2020) holds with c1n = C5, c2n = c5ηN,2, K = K(1), and with their

c1 and M being replaced by c and and
√
pM here. Under Assumption 7, Assumption 4.3 in Su et al. (2020)

holds. This completes the proof of the lemma.

To study the NSP property of our group structure estimator, we introduce some notation in the following

definition.

Definition B.10 Fix K(ℓ) > 1 and 1 < m ≤ K(ℓ). Define a K(ℓ) × p matrix α(ℓ) =
(
α
(ℓ)
1 , · · · , α(ℓ)

K

)′
. Let

dK(ℓ)(α(ℓ)) be the minimum pairwise distance of all K(ℓ) rows and α
(ℓ)
k and α

(ℓ)
l be the pair that satisfies∥∥∥α(ℓ)

k − α
(ℓ)
l

∥∥∥
2
= dK(ℓ)(α(ℓ)) (if this holds for multiple pairs, pick the first pair in the lexicographical order).

Remove row l from matrix α(ℓ) and let dK(ℓ)−1(α
(ℓ)) be the minimum pairwise distance for the remaining

(K(ℓ) − 1) rows. Repeat this step and define dK(ℓ)−2(α
(ℓ)), · · · , d2(α(ℓ)) recursively.

Lemma B.11 Recall that Ĝ(ℓ)
m is the estimated group structure from K-means algorithm with m groups.

Under Assumptions 1-7 and the event
{
T̂1 = T1

}
, w.p.a.1, for each 1 < m < K(ℓ), Ĝ(ℓ)

m enjoys the NSP

defined in Definition 4.3.

Proof. By Theorem 4.1 in Jin et al. (2022), Lemma B.11 is proved if we ensure all conditions in their

Theorem 4.1 hold. We now apply their Theorem 4.1 with x̂i = β̇
0,(ℓ)
i , xi = β

0,(ℓ)
i and uk = 1√

Tℓ
α
(ℓ)
k ⊗ ιTℓ

for

k ∈ [K(ℓ)]. By the definition of dm
(
α(ℓ)

)
in Definition B.10, we notice that dm

(
α(ℓ)

)
≥ dK(ℓ)

(
α(ℓ)

)
such

that dK(ℓ)

(
α(ℓ)

)
≥ C5 by Assumption 7(i). With (B.12) shown above and Assumption 2, we have

max
k∈[K(ℓ)]

∥uk∥2 ≤M, max
i∈[N ]

∥x̂i − xi∥2 = Op(ηN,2),

which satisfy the Theorem 4.1 in Jin et al. (2022), i.e. maxk∈[K(ℓ)] ∥uk∥2 ≲ dm
(
α(ℓ)

)
and maxi∈[N ] ∥x̂i − xi∥2

≲ dm
(
α(ℓ)

)
. Consequently, it leads to the NSP of Ĝ(ℓ)

m for 1 < m < K(ℓ) w.p.a.1 under the event
{
T̂1 = T1

}
.

Lemma B.12 Under Assumptions 1, 6(ii), 7(ii), 8 and 9(i)-(iii), for ℓ = {1, 2} and k ∈ [K(ℓ)], we have

α̂
(ℓ)
k

p−→ α
(ℓ)
k and

√
N

(ℓ)
k Tℓ

(
α̂
(ℓ)
k − α

(ℓ)
k

)
= W(ℓ)−1

NT,kC
(ℓ)
NT,k + op(1).

Proof. This Lemma combines Theorem 1 and Corollary 4.2 in Moon and Weidner (2017) under their

Assumptions 1-4. Hence, we only need to verify the conditions in their Assumptions 2 and 3 since Assump-

tions 8 and 9(ii)-(iii) are same as their Assumptions 1 and 4.

Notice that the Assumption 2 in Moon and Weidner (2017) holds if we can show that

1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

Xj,iteit
p−→ 0, ∀k ∈ [K(ℓ)], ℓ ∈ {1, 2}.

Fix a specific k and ℓ. We can show that

E

 1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

Xj,iteit

∣∣∣∣D


2
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=
1(

N
(ℓ)
k Tℓ

)2 ∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

E (Xj,i1t1Xj,i2t2ei1t1ei2t2 |D)

=
1(

N
(ℓ)
k Tℓ

)2 ∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

E (Xj,it1Xj,it2eit1eit2 |D)

=
1(

N
(ℓ)
k Tℓ

)2 ∑
i∈G

(ℓ)
k

∑
t∈Tℓ

E
(
X2

j,ite
2
it|D

)
+

2(
N

(ℓ)
k Tℓ

)2 ∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

E (Xj,it1Xj,it2eit1eit2 |D)

≤ M

N
(ℓ)
k Tℓ

+
16(

N
(ℓ)
k Tℓ

)2 max
i∈G

(ℓ)
k

max
t∈TL

(E |Xj,iteit|q)
2/q

∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

[α(t2 − t1)]
1−2/q

= O

(
1

NT

)
, (B.14)

where the second equality holds by Assumption 1(i) with the conditional independence sequence for i1 ̸= i2,

the first inequality combines Assumption 1(ii), (iii), (v), and the Davydov’s inequality for strong mixing

sequence in Lemma 4.3, Su and Chen (2013), and the last equality is by Assumption 1(iii), (v), Assumption

6(ii) and Assumption 7(ii). Following this, it yields that

1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

Xj,iteit = Op

(
(NT )−1/2

)
.

By similar arguments as used in the proof of Lemma B.3, we can show that∥∥∥E(ℓ)
k

∥∥∥
op

= Op

(√
N +

√
T log T

)
, (B.15)

which, in conjunction with Assumption 9(i), implies that Assumption 3∗ in Moon and Weidner (2017) is

satisfied.

For j ∈ [p], recall thatX
(1)
j,i = (Xj,i1, · · · , Xj,iT1

)
′
,X

(2)
j,i =

(
Xj,i(T1+1), · · · , Xj,iT

)′
, e

(1)
i = (ei1, · · · , eiT1

)
′
,

e
(2)
i =

(
ei(T1+1), · · · , eiT

)′
, X̃j,it = Xj,it − E (Xj,it|D). Besides, let X(ℓ)

j,k ∈ RN
(ℓ)
k ×Tℓ and E

(ℓ)
k ∈ RN

(ℓ)
k ×Tℓ

denote the regressor and error matrix for subgroup k ∈ [K(ℓ)] with a typical row being X
(ℓ)
j,i and e

(ℓ)
i ,

respectively. For ℓ ∈ {1, 2} and k ∈ [K(ℓ)], we also define

X̄(ℓ)
j,k = E

(
X(ℓ)

j,k

∣∣D) , X̃(ℓ)
j,k = X(ℓ)

j,k − X̄(ℓ)
j,k, X

(ℓ)
j,k =M

Λ
0,(ℓ)
k

X̄(ℓ)
j,kMF 0,(ℓ) + X̃(ℓ)

j,k,

with X
(ℓ)
j,k,it being each entry of X

(ℓ)
j,k. Further let X

(ℓ)
k,it =

(
X

(ℓ)
1,k,it, · · · ,X

(ℓ)
p,k,it

)′
.

Lemma B.13 Under Assumptions 1, 2, 6(ii), 7(ii), 8 and 9, for j ∈ [p], ℓ ∈ {1, 2} and k ∈ [K(ℓ)], we have

(i) 1√
N

(ℓ)
k Tℓ

tr
(
PF 0,(ℓ)E

(ℓ)′
k P

Λ
0,(ℓ)
k

X̃(ℓ)
j,k

)
= op(1),

(ii) 1√
N

(ℓ)
k Tℓ

tr
(
P
Λ

0,(ℓ)
k

E
(ℓ)′
k X̃(ℓ)

j,k

)
= op(1),

(iii) 1√
N

(ℓ)
k Tℓ

tr
{
PF 0,(ℓ)

[
E

(ℓ)′
k X̃(ℓ)

j,k − E
(
E

(ℓ)′
k X̃(ℓ)

j,k

∣∣D)]} = op(1),

(iv) 1√
N

(ℓ)
k Tℓ

tr

[
E

(ℓ)
k PF 0,(ℓ)E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kF

0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1
(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

]
= op(1),
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(v) 1√
N

(ℓ)
k Tℓ

tr

[
E

(ℓ)′
k P

Λ
0,(ℓ)
k

E
(ℓ)
k MF 0,(ℓ)X(ℓ)′

j,k Λ
0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1
F 0,(ℓ)′

]
= op(1),

(vi) 1√
N

(ℓ)
k Tℓ

tr

[
E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kMF 0,(ℓ)E

(ℓ)′
k Λ

0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1
F 0,(ℓ)′

]
= op(1),

(vii) 1√
N

(ℓ)
k Tℓ

tr

{[
E

(ℓ)
k E

(ℓ)′
k − E

(
E

(ℓ)
k E

(ℓ)′
k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)
j,kF

0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1
(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

}
=

op(1),

(viii) 1√
N

(ℓ)
k Tℓ

tr

{[
E

(ℓ)′
k E

(ℓ)
k − E

(
E

(ℓ)′
k E

(ℓ)
k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)′
j,k Λ

0,(ℓ)
k

(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)

)−1
F 0,(ℓ)′

}
=

op(1),

(ix) 1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

[
e2itX

(ℓ)
k,itX

(ℓ)′
k,it − E

(
e2itX

(ℓ)
k,itX

(ℓ)′
k,it

∣∣D)] = op(1),

(x) 1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

e2it

(
X

(ℓ)
k,itX

(ℓ)′
k,it −XitX ′

it

)
= op(1).

Proof. (i) We first show that
∥∥∥F 0,(ℓ)′E

(ℓ)′
k Λ

0,(ℓ)
k

∥∥∥
F
= Op(

√
NT ). Note that

E



∥∥∥F 0,(ℓ)′E

(ℓ)′
k Λ

0,(ℓ)
k

∥∥∥
F√

N
(ℓ)
k Tℓ

2 ∣∣∣∣∣D
 =

1

N
(ℓ)
k Tℓ

E


 ∑

i∈G
(ℓ)
k

∑
t∈Tℓ

eitf
0′
t λ

0
i


2 ∣∣∣∣∣D


=

1

N
(ℓ)
k Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

E (ei1t1ei2t2 |D) f0′t1λ
0
i1λ

0′
i2f

0
t2

≤ max
i∈G

(ℓ)
k

∥∥λ0i∥∥22 max
t∈Tℓ

∥∥f0t ∥∥22 1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

|E (eit1eit2 |D)|

≲
1

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t∈Tℓ

|V ar (eit|D)|+ 2

N
(ℓ)
k Tℓ

∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ,t2>t1

|Cov (eit1 , eit2 |D)|

= O(1) a.s.,

where the fourth line is by Lemma B.7(i) and the last line combines Assumption 1(v) and Davydov’s

inequality for conditional strong mixing sequences, similarly as (B.14). It follows that∥∥∥PF 0,(ℓ)E
(ℓ)′
k P

Λ
0,(ℓ)
k

∥∥∥
F
≤
∥∥∥F 0,(ℓ)

∥∥∥
F

∥∥∥(F 0,(ℓ)′F 0,(ℓ)
)∥∥∥

F

∥∥∥F 0,(ℓ)′E
(ℓ)′
k Λ

0,(ℓ)
k

∥∥∥
F

∥∥∥∥(Λ0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
∥∥∥∥
F

∥∥∥Λ0,(ℓ)′
k

∥∥∥
F

= O(T 1/2)Op(T
−1)Op(

√
NT )Op(N

−1)O(N1/2) = Op(1), (B.16)

where the last line combines Assumptions 2 and 8.

Moreover, we have∥∥∥PΛ
0,(ℓ)
k

X̃(ℓ)
j,k

∥∥∥
F
≤
∥∥∥Λ0,(ℓ)

k

∥∥∥
F

∥∥∥∥(Λ0,(ℓ)′
k Λ

0,(ℓ)
k

)−1
∥∥∥∥
F

∥∥∥Λ0,(ℓ)′
k X̃(ℓ)

j,k

∥∥∥
F
= O(N1/2)Op(N

−1)Op(
√
NT ) = Op(T

1/2),

(B.17)

where the first equality combines Assumption 2, Assumption 8(i) and the fact that

E
(∥∥∥Λ0,(ℓ)′

k X̃(ℓ)
j,k

∥∥∥2
F

∣∣D) =

r0∑
r=1

∑
t∈Tℓ

E


 ∑

i∈G
(ℓ)
k

λ0i,rX̃j,it


2 ∣∣∣∣∣D
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=

r0∑
r=1

∑
t∈Tℓ

∑
i∈G

(ℓ)
k

∑
i∗∈G

(ℓ)
k

λ0i,rλ
0
i∗,rE

(
X̃j,itX̃j,i∗t

∣∣D)

=

r0∑
r=1

∑
t∈Tℓ

∑
i∈G

(ℓ)
k

(
λ0i,r
)2 E [(X̃j,it

)2 ∣∣D] = Op(NT ).

Then we are ready to show that∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr
(
PF 0,(ℓ)E

(ℓ)′
k P

Λ
0,(ℓ)
k

X̃(ℓ)
j,k

)∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1√

N
(ℓ)
k Tℓ

tr
(
PF 0,(ℓ)E

(ℓ)′
k P

Λ
0,(ℓ)
k

P
Λ

0,(ℓ)
k

X̃(ℓ)
j,k

)∣∣∣∣∣∣
≤ 1√

N
(ℓ)
k Tℓ

∥∥∥PF 0,(ℓ)E
(ℓ)′
k P

Λ
0,(ℓ)
k

∥∥∥
F

∥∥∥PΛ
0,(ℓ)
k

X̃(ℓ)
j,k

∥∥∥
F

=
1√

N
(ℓ)
k Tℓ

Op(1)Op(T
1/2) = op(1).

(ii) Let [A]jl denote the (j, l)-th element of A. Note that∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr
(
P
Λ

0,(ℓ)
k

E
(ℓ)′
k X̃(ℓ)

j,k

)∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
r0∑

j1,j2=1

(Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

N
(ℓ)
k

)−1

j1j2

1

N
(ℓ)
k

√
N

(ℓ)
k Tℓ

∑
t∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

λ0i1,j1λ
0
i2,j2ei1tX̃

(ℓ)
j,i2t

∣∣∣∣∣∣∣
≲ max

j1,j2∈[r0]

∣∣∣∣∣∣∣
1

N
(ℓ)
k

√
N

(ℓ)
k Tℓ

∑
t∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

λ0i1,j1λ
0
i2,j2ei1tX̃

(ℓ)
j,i2t

∣∣∣∣∣∣∣ = Op(N
−1/2),

where the last line is owing to the fact that

E


∣∣∣∣∣∣∣

1

N
(ℓ)
k

√
N

(ℓ)
k Tℓ

∑
t∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

λ0i1,j1λ
0
i2,j2ei1tX̃

(ℓ)
j,i2t

∣∣∣∣∣∣∣
2 ∣∣∣∣∣D


=

1(
N

(ℓ)
k

)3
Tℓ

∑
t∈Tℓ

∑
s∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
m1∈G

(ℓ)
k

∑
m2∈G

(ℓ)
k

λ0i1,j1λ
0
i2,j2λ

0
m1,j1λ

0
m2,j2E

(
ei1tX̃

(ℓ)
j,i2t

em1sX̃
(ℓ)
j,m2s

∣∣D)

=
1(

N
(ℓ)
k

)3
Tℓ

∑
t∈Tℓ

∑
s∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

(
λ0i1,j1

)2 (
λ0i2,j2

)2 E(ei1tei1sX̃(ℓ)
j,i2t

X̃
(ℓ)
j,i2s

∣∣D)

=
1(

N
(ℓ)
k

)3
Tℓ

∑
t∈Tℓ

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

(
λ0i1,j1

)2 (
λ0i2,j2

)2 E(e2i1t (X̃(ℓ)
j,i2t

)2 ∣∣∣∣D)

+
2(

N
(ℓ)
k

)3
Tℓ

∑
t∈Tℓ

∑
s∈Tℓ,s>t

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

(
λ0i1,j1

)2 (
λ0i2,j2

)2 E(ei1tei1sX̃(ℓ)
j,i2t

X̃
(ℓ)
j,i2s

∣∣D)
= Op(N

−1),

where the second equality is by Assumption 1(i) and the last line holds by Assumption 1(iii), (v), and

Davydov’s inequality.
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(iii) Define ζ
(ℓ)
j,its := eitX̃(ℓ)

j,is − E
(
eitX̃(ℓ)

j,is

∣∣D). As above, we have

E


∣∣∣∣∣∣∣

1

Tℓ

√
N

(ℓ)
k Tℓ

∑
i1∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

f0t1,j1f
0
t2,j2ζ

(ℓ)
j,i1t1t2

∣∣∣∣∣∣∣
2 ∣∣∣∣∣D


=

1

T 3
ℓ N

(ℓ)
k

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

∑
s1∈Tℓ

∑
s2∈Tℓ

f0t1,j1f
0
t2,j2f

0
s1,j1f

0
s2,j2E

(
ζ
(ℓ)
j,i1t1t2

ζ
(ℓ)
j,i2s1s2

∣∣D}
≲

1

T 3
ℓ N

(ℓ)
k

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

∑
s1∈Tℓ

∑
s2∈Tℓ

∣∣∣Cov (ei1t1X̃(ℓ)
j,i1t2

, ei2s1X̃
(ℓ)
j,i2s2

∣∣D)∣∣∣
=

1

T 3
ℓ N

(ℓ)
k

∑
i∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

∑
s1∈Tℓ

∑
s2∈Tℓ

∣∣∣Cov (eit1X̃(ℓ)
j,it2

, eis1X̃
(ℓ)
j,is2

∣∣D)∣∣∣
= Op(T

−1),

where the last line is by Assumption 9(iv). It follows that∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr
{
PF 0,(ℓ)

[
E

(ℓ)′
k X̃(ℓ)

j,k − E
(
E

(ℓ)′
k X̃(ℓ)

j,k

∣∣D)]}
∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
r0∑

j1,j2=1

[(
F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1
]
j1j2

1

Tℓ

√
N

(ℓ)
k Tℓ

∑
i1∈G

(ℓ)
k

∑
t1∈T1

∑
t2∈T1

f0t1,j1f
0
t2,j2ζ

(ℓ)
j,i1t1t2

∣∣∣∣∣∣∣
= Op(T

−1/2).

(iv) As in Moon and Weidner (2017), it is clear that∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr

[
E

(ℓ)
k PF 0,(ℓ)E

(ℓ)′
k M

Λ
0,(ℓ)
k

X(ℓ)
j,kF

0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

]∣∣∣∣∣∣
≲

1√
N

(ℓ)
k Tℓ

∥∥∥PΛ
0,(ℓ)
k

E
(ℓ)
k PF 0,(ℓ)

∥∥∥
F

∥∥∥E(ℓ)
k

∥∥∥
op

∥∥∥X(ℓ)
j,k

∥∥∥
F

∥∥∥∥F 0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1 (
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

∥∥∥∥
F

=
1√

N
(ℓ)
k Tℓ

Op(1)Op

(√
N +

√
T log T

)
Op((NT )

1/2)Op((NT )
−1/2) = op(1),

where the last line combines (B.15),(B.16), the fact that
∥∥∥X(ℓ)

j,k

∥∥∥
F
= Op((NT )

1/2) by Assumption 8(ii), and∥∥∥∥F 0,(ℓ)
(
F 0,(ℓ)′F 0,(ℓ)

)−1
(
Λ
0,(ℓ)′
k Λ

0,(ℓ)
k

)−1

Λ
0,(ℓ)′
k

∥∥∥∥
F

= Op((NT )
−1/2) by Assumptions 2 and 8(i).

(v) The proof of (v) is analogous to that of (iv) and omitted for brevity.

(vi) First, we note that

E
(∥∥∥Λ0,(ℓ)′

k E
(ℓ)
k X(ℓ)′

j,k

∥∥∥
F

∣∣∣∣D) = E

 r0∑
j1=1

∑
m∈G

(ℓ)
k

 ∑
i1∈G

(ℓ)
k

∑
t1∈Tℓ

λ0i1,j1ei1t1Xj,mt1


2 ∣∣∣∣∣D


=

r0∑
j1=1

∑
m∈G

(ℓ)
k

∑
i1∈G

(ℓ)
k

∑
i2∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

λ0i1,j1λ
0
i2,j1E (ei1t1Xj,mt1ei2t2Xj,mt2 |D)
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=

r0∑
j1=1

∑
m∈G

(ℓ)
k

∑
i1∈G

(ℓ)
k

∑
t1∈Tℓ

∑
t2∈Tℓ

(
λ0i1,j1

)2 E (ei1t1Xj,mt1ei1t2Xj,mt2 |D)

≲
∑

m∈G
(ℓ)
k

∑
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(ℓ)
k
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t∈Tℓ

E
(
e2i1tX

2
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+ 2

∑
m∈G
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k

∑
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(ℓ)
k

∑
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∑
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|Cov (ei1t1Xj,mt1 , ei1t2Xj,mt2 |D)|

= Op(N
2T ),

which leads to the result that∥∥∥PΛ
0,(ℓ)
k

E
(ℓ)
k X(ℓ)′

j,k

∥∥∥
F
≤
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k

∥∥∥
F
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k Λ
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k
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F
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k E
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k X(ℓ)′
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F
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(
N
√
T
)
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NT

)
.

As in the proof of part (iv), it yields that∣∣∣∣∣∣ 1√
N

(ℓ)
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k
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k

(
Λ
0,(ℓ)′
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k
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+
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E
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k
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k

(
Λ
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)−1 (
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k
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j,k

∥∥∥
F
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k

(
Λ
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k Λ
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k

)−1 (
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F
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1√

N
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∥∥∥E(ℓ)
k

∥∥∥
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∥∥∥X(ℓ)
j,k

∥∥∥
F

∥∥∥∥Λ0,(ℓ)
k

(
Λ
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k Λ

0,(ℓ)
k

)−1 (
F 0,(ℓ)′F 0,(ℓ)
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∥∥∥∥
F

∥∥∥PΛ
0,(ℓ)
k

E
(ℓ)
k PF 0,(ℓ)

∥∥∥
F

= op(1).

(vii) For this statement, we sketch the proof because Lu and Su (2016) have already proved a similar

result.∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr

{[
E

(ℓ)
k E

(ℓ)′
k − E

(
E
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k
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k
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≲
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N
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k
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k

1
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(
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k
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where the last equality holds by the fact that(
N

(ℓ)
k

)−3/2

E
{∥∥∥∥Λ0,(ℓ)′

k

1

Tℓ

[
E

(ℓ)
k E

(ℓ)′
k − E

(
E

(ℓ)
k E
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k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)
j,k
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F

∣∣∣∣D} = op(1)

which follows by similar arguments as used in the proof of Lemma D.3(vi) in Lu and Su (2016).
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(viii) Analogously to the previous statement, we have

(Tℓ)
−3/2 E

{∥∥∥∥∥F 0,(ℓ)′ 1

N
(ℓ)
k

[
E

(ℓ)′
k E

(ℓ)
k − E

(
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0,(ℓ)
k

X(ℓ)′
j,k

∥∥∥∥∥
F

∣∣∣∣D
}

= op(1)

by similar arguments as used in the proof of Lemma D.4(iii) in Lu and Su (2016). Then we are ready to

show that∣∣∣∣∣∣ 1√
N

(ℓ)
k Tℓ

tr

{[
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k E

(ℓ)
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(
E
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k
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k
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k
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)−1 (
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≲ (Tℓ)
−3/2

∥∥∥∥∥F 0,(ℓ)′ 1
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k

[
E
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(
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k

∣∣D)]M
Λ

0,(ℓ)
k

X(ℓ)′
j,k

∥∥∥∥∥
F
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(ix) This statement can be proved owing to the fact that the second moment of the term on the left

side of the equality conditioning on D is Op(N
−1). See the proof of Lemma B.1(i) for detail.

(x) Similarly to (B.17), we can also show that
∥∥∥X̃(ℓ)

j,kPF 0,(ℓ)

∥∥∥
F

= Op(N
1/2). Then, following the same

arguments as used in the proof of Lemma B.1(j) in Moon and Weidner (2017), we can finish the proof.

C Estimation of Panels with IFEs and Heterogeneous Slopes

For ∀i ∈ {n1, · · · , nn} and t ∈ [T ], consider the model

Yit =

λ
0′
i f

0
t +X ′

itθ
0,(1)
i + eit, t ∈ {1, · · · , T1},

λ0′i f
0
t +X ′

itθ
0,(2)
i + eit, t ∈ {T1 + 1, · · · , T}.

(C.1)

Here {n1, · · · , nn} is a subset of [N ] and n ≍ N . To distinguish from the notation Λ0 in the paper, we

define Λ0
n := (λn1 , · · · , λnn)

′
.

DefineX
(1)
i = (Xi1, · · · , XiT1

)
′
,X

(2)
i =

(
Xi(T1+1), · · · , XiT

)′
, e

(1)
i = (ei1, · · · , eiT1

)
′
, e

(2)
i =

(
ei(T1+1), · · · , eiT

)′
,

F 0,(1) =
(
f01 , · · · , f0T1

)′
, F 0,(2) =

(
f0T1+1, · · · , f0T

)′
. To estimate θ

0,(ℓ)
i , λ0i and f0t , we follow the lead of Bai

(2009) and consider the PCA for heterogeneous panels. For ∀ℓ ∈ {1, 2}, let({
θ̂
(ℓ)
i

}
i∈{n1,··· ,nn}

, F̂ (ℓ)

)
= argmin

F (ℓ),{θi}i∈{n1,··· ,nn}

1

nTℓ

nn∑
i=n1

(
Y

(ℓ)
i −X

(ℓ)
i θi

)′
MF (ℓ)

(
Y

(ℓ)
i −X

(ℓ)
i θi

)
, (C.2)

where T2 = T − T1, W
(1)
i = (Wi1, · · · ,WiT1

)
′
, W

(2)
i =

(
Wi(T1+1), · · · ,WiT

)′
for Wi denotes Yi or Xi,

F (ℓ) is any Tℓ × r0 matrix such that F (ℓ)′F (ℓ)

Tℓ
= Ir0 and MF (ℓ) = ITℓ

− F (ℓ)F (ℓ)′

Tℓ
. Note that we consider

the concentrated objective function here by concentrating out the factor loadings. The solutions to the

minimization problem in (C.2) solve the following nonlinear system of equations:

θ̂
(ℓ)
i =

(
X

(ℓ)′
i MF̂ (ℓ)X

(ℓ)
i

)−1

X
(ℓ)′
i MF̂ (ℓ)Y

(ℓ)
i , (C.3)[

1

nTℓ

nn∑
i=n1

(
Y

(ℓ)
i −X

(ℓ)
i θ̂

(ℓ)
i

)′ (
Y

(ℓ)
i −X

(ℓ)
i θ̂

(ℓ)
i

)]
F̂ (ℓ) = F̂ (ℓ)V̂

(ℓ)
NT , (C.4)
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where V̂
(ℓ)
NT is a diagonal matrix that contains the r0 largest eigenvalues of the matrix in the square brackets

in (C.4). Let λ̂
(ℓ)
i = 1

T F̂
(ℓ)′
(
Y

(ℓ)
i −X

(ℓ)
i θ̂

(ℓ)
i

)
, which are estimates of λ0i . Let Λ̂

(ℓ)
n :=

(
λ̂
(ℓ)
n1 , · · · , λ̂

(ℓ)
nn

)′
, and

â
(ℓ)
ii := λ̂

(ℓ)′
i

(
Λ̂(ℓ)′

n Λ̂(ℓ)
n

n

)−1

λ̂
(ℓ)
i .

Let θ
0,(ℓ)
i = θ̄0,(ℓ) + c

(ℓ)
i , where θ̄0,(ℓ) = 1

n

∑
i∈{n1,··· ,nn} θ

0,(ℓ)
i . Here, we consider testing the slope

homogeneity for i ∈ {n1, · · · , nn}. The null and alternative hypotheses are respectively given by

H0 : c
(ℓ)
i = 0 ∀i ∈ {n1 · · · , nn} and

H1 : c
(ℓ)
i ̸= 0 for some i ∈ {n1 · · · , nn}.

Following Pesaran and Yamagata (2008) and Ando and Bai (2016), we define

Γ̂(ℓ) =
√
n

(
1
n

∑
i∈{n1··· ,nn} Ŝ

(ℓ)
i − p

√
2p

)
(C.5)

where

Ŝ(ℓ)i = Tℓ

(
θ̂
(ℓ)
i − ˆ̄θ(ℓ)

)′
Ŝ
(ℓ)
ii

(
Ω̂

(ℓ)
i

)−1

Ŝ
(ℓ)
ii

(
θ̂
(ℓ)
i − ˆ̄θ(ℓ)

)(
1− â

(ℓ)
ii /n

)2
, ˆ̄θ(ℓ) =

1

n

∑
i∈{n1··· ,nn}

θ̂
(ℓ)
i ,

MF̂ (ℓ) = ITℓ
− F̂ (ℓ)F̂ (ℓ)⊤

Tℓ
, Ŝ

(ℓ)
ii =

X
(ℓ)′
i MF̂ (ℓ)X

(ℓ)
i

Tℓ
,
(
x̂
(ℓ)
it

)′
is the t-th row of MF̂ (ℓ)X

(ℓ)
i ,

Ω̂
(ℓ)
i =

1

Tℓ

∑
t∈Tℓ

x̂
(ℓ)
it x̂

(ℓ)′
it ê2it +

1

Tℓ

∑
j∈Tℓ,−1

k(j/ST )
∑

t∈Tℓ,j

(
x̂
(ℓ)
it x̂

(ℓ)′
i,t+j êitêi,t+j + x̂

(ℓ)
i,t−j x̂

(ℓ)′
it êi,t−j êit

)
and recall that T1 = [T1], T2 = [T ]\[T1], T1,−1 = T1\{T1}, T2,−1 = T2\{T}, T1,j = {1 + j, · · · , T1}, and
T2,j = {T1 + 1 + j, · · · , T} for some specific j ∈ Tℓ,−1.

In the next section, we study the asymptotic distribution of θ̂
(ℓ)
i , the uniform convergence rates for the

estimators of factors and factor loadings, and the asymptotic behavior for Γ̂(ℓ) underH0 andH1, respectively.

D Lemmas for Panel IFEs Model with Heterogeneous Slope

Below we derive the asymptotic distribution for the slope estimators in our heterogeneous panel models

which allow for dynamics. To allow the dynamic panel, we focus on the Assumption 1∗ where the error term

is the martingale difference sequence and conditional serial independence. If we focus on the Assumption

1, we can obtain the similar result by using the Davydov’s inequality to derive the similar result for the

non-dynamic panels with strong mixing distributed errors. Here we skip the proof for the non-dynamic

panels with serial correlated errors for brevity. Let M be a generic large positive constant and F (ℓ) :={
F (ℓ) ∈ RTℓ×r0 : F (ℓ)′F (ℓ)

Tℓ
= Ir0

}
.

Lemma D.1 Under Assumptions 1∗, 2 and 8, we have

(i)
∣∣∣ 1
nTℓ

∑nn

i=n1
e
(ℓ)′
i PF 0,(ℓ)e

(ℓ)
i

∣∣∣ = op(1),

(ii) supF (ℓ)∈F(ℓ)

∣∣∣ 1
nTℓ

∑nn

i=n1
e
(ℓ)′
i PF (ℓ)e

(ℓ)
i

∣∣∣ = op(1),
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(iii) supF (ℓ)∈F(ℓ)

∣∣∣ 1
nTℓ

∑nn

i=n1
λ0′i F

0,(ℓ)′MF (ℓ)e
(ℓ)
i

∣∣∣ = op(1),

(iv) sup{maxi∥θi∥max≤M},F (ℓ)∈F(ℓ)

∣∣∣∣ 1n ∑nn

i=n1

(
θi − θ

0,(ℓ)
i

)′ X
(ℓ)′
i M

F (ℓ)e
(ℓ)
i

Tℓ

∣∣∣∣ = op(1).

Proof. (i) We notice that∣∣∣∣∣ 1

nTℓ

nn∑
i=n1

e
(ℓ)′
i PF 0,(ℓ)e

(ℓ)
i

∣∣∣∣∣ ≤ 1

Tℓ

 1

n

nn∑
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∥∥∥∥∥ 1√
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2
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∥∥∥∥∥
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F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1
∥∥∥∥∥
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Tℓ

∑
t∈Tℓ

f0t eit

∥∥∥∥∥
2

2

 .

Recall that D denotes the minimum σ-fields generated by
{
V 0
j

}
j∈[p]∪{0}. Furthermore, we observe that

E

 1

n

nn∑
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f0t eit
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2

2
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1

n

nn∑
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E
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where the fourth line holds by the boundedness of factors shown in Lemma B.7(i) and the conditional

independence of eit under Assumption 1∗(i), (iii). It follows that

(
1
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and
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(ii) Noting that PF (ℓ) = F (ℓ)
(
F (ℓ)′F (ℓ)

)−1
F (ℓ)′ = T−1F (ℓ)F (ℓ)′ for F (ℓ) ∈ F (ℓ), we have
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Next,
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(D.2)

For the first term on the second line of (D.2), we have
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by conditional Bernstein’s inequality for independent sequence combining the fact that eiteis is independent

across i given D by Assumption 1∗(i). Then

sup
F (ℓ)∈F(ℓ)

tr

{
1

T 2
ℓ

∑
t∈Tℓ

∑
s∈Tℓ

ftf
′
s

1

n

nn∑
i=n1

[
eiteis − E

(
eiteis

∣∣D)]}

= Op

(√
log T

N

)
sup

F (ℓ)∈F(ℓ)

(
1

Tℓ

∑
t∈Tℓ

∥ft∥2

)2

= Op

(√
log T

N

)
. (D.3)

For the second term on the second line of (D.2), we have
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where the first inequality is by Cauchy’s inequality, the third line is by the definition of F (ℓ) and similar

arguments as in (D.1).

Combining (D.2)-(D.4), we have shown that supF (ℓ)∈F(ℓ)
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where the third is by Cauchy’s inequality and the last line is by arguments in (D.3) and (D.4). Combining

arguments above, we show the desired result.

(iv) We first observe that
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where the second equality is by Assumption 1∗(ii) and the law of iterated expectations, and the last inequality

is by Assumption 1∗(v). It follows that
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where the second inequality is by Cauchy’s inequality, the fifth line combines facts that both θi and θ
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The last line is due to (D.2) and the fact that
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by Assumption 8(ii).

Lemma D.2 Under Assumptions 1∗, 2 and 8, we have θ̂
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Recall from (C.2) that
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Following Song (2013) and Bai (2009), we can show that S̃NT
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with the application Assumptions 1∗(i), (ii), (iii), (v). Besides, we have
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Combining the above arguments, premultiplying both sides of (D.6) by F̂ (ℓ)′ and using the fact that
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= Op(1). By the definition ofH(ℓ) and (D.9), we have 1√

Tℓ

∥∥∥F̂ (ℓ) − F 0,(ℓ)H(ℓ)
∥∥∥
F
=

Op

(
BN + 1√

N∧T

)
.

Lemma D.4 Under Assumptions 1∗, 2 and 8, we have

(i)
X

(ℓ)′
i M

F̂ (ℓ)X
(ℓ)

i∗
Tℓ

=
X

(ℓ)′
i M

F0,(ℓ)X
(ℓ)

i∗
Tℓ

+Op

(
BN + 1√

N∧T

)
uniformly in i, i∗ ∈ {n1, · · · , nn},

(ii)
X

(ℓ)′
i M

F̂ (ℓ)e
(ℓ)
i

Tℓ
=

X
(ℓ)′
i M

F0,(ℓ)e
(ℓ)
i

Tℓ
+Op

(
B2

N +BN

√
logN
T + 1

N∧T +
√

logN
(N∧T )T

)
uniformly in i ∈ {n1, · · · , nn},

(iii) 1
nT 2

ℓ

∑nn

i=n1

∥∥∥e(ℓ)′i F̂ (ℓ)
∥∥∥2
2
= Op

(
B2

N + 1
N∧T

)
,

(iv) maxi∈{n1,··· ,nn}

∥∥∥ 1
Tℓ
X

(ℓ)′
i MF̂ (ℓ)F 0,(ℓ)

∥∥∥
F
= Op

(
BN + 1√

N∧T

)
,

(v) 1
nT 2

ℓ

∑nn

i∗=n1

∥∥∥X(ℓ)′
i e

(ℓ)
i∗

∥∥∥2
2
= Op

(
logN
T

)
uniformly in i ∈ {n1, · · · , nn},

(vi)
∥∥∥ 1
nTℓ

∑nn

i=n1
λ0i e

(ℓ)′
i F̂ (ℓ)

∥∥∥
F
= Op

(
BN√
N

+ 1
N + 1√

NT

)
,

(vii) maxi∈{n1,··· ,nn}

∥∥∥ 1
nTℓ

∑nn

i∗=n1
X

(ℓ)′
i MF̂ (ℓ)e

(ℓ)
i∗ λ

0′
i∗

∥∥∥
F
= Op

(
BN√
N

+ 1
N +

√
logN
NT

)
,

(viii) maxi∈{n1,··· ,nn}

∥∥∥ 1
nT 2

ℓ

∑nn

i∗=n1
X

(ℓ)′
i MF̂ (ℓ)e

(ℓ)
i∗ e

(ℓ)′
i∗ F̂ (ℓ)

∥∥∥
F
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(
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N +BN

√
logN
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√
logN
N∧T
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.

Proof. (i) Noting thatMF̂ (ℓ) = ITℓ
−F̂ (ℓ)

(
F̂ (ℓ)′F̂ (ℓ)

)−1

F̂ (ℓ)′ andMF 0,(ℓ) = ITℓ
−F 0,(ℓ)

(
F 0,(ℓ)′F 0,(ℓ)

)−1
F 0,(ℓ)′,

we can show that

MF 0,(ℓ) −MF̂ (ℓ) =
F̂ (ℓ)

√
Tℓ

(
F̂ (ℓ)′F̂ (ℓ)

Tℓ

)−1
F̂ (ℓ)′
√
Tℓ

− F 0,(ℓ)

√
Tℓ

(
F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1
F 0,(ℓ)′
√
Tℓ

=
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

( F̂ (ℓ)′F̂ (ℓ)

Tℓ

)−1

−
(
F 0,(ℓ)′F 0,(ℓ)
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( F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

)′

+
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

( F̂ (ℓ)′F̂ (ℓ)

Tℓ
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−
(
F 0,(ℓ)′F 0,(ℓ)
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(F 0,(ℓ)H(ℓ)

√
Tℓ

)′
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+
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

(
F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1
(
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

)′

+
F 0,(ℓ)H(ℓ)

√
Tℓ

( F̂ (ℓ)′F̂ (ℓ)

Tℓ
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−
(
F 0,(ℓ)′F 0,(ℓ)
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( F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ
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+
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

(
F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1(
F 0,(ℓ)H(ℓ)

√
Tℓ
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+
F 0,(ℓ)H(ℓ)

√
Tℓ

( F̂ (ℓ)′F̂ (ℓ)

Tℓ
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−
(
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(F 0,(ℓ)H(ℓ)

√
Tℓ
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+
F 0,(ℓ)H(ℓ)

√
Tℓ

(
F 0,(ℓ)′F 0,(ℓ)

Tℓ

)−1
(
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

√
Tℓ

)′

. (D.10)

With Lemma D.3, Assumption 8, the normalization for the factor space, and the fact that∥∥∥∥∥ F̂ (ℓ)′F̂ (ℓ)

Tℓ
− F 0,(ℓ)′F 0,(ℓ)

Tℓ

∥∥∥∥∥
F

≤

∥∥∥F̂ (ℓ) − F 0,(ℓ)H(ℓ)
∥∥∥2
F

Tℓ
+ 2

∥∥F 0,(ℓ)H(ℓ)
∥∥∥∥∥F̂ (ℓ) − F 0,(ℓ)H(ℓ)

∥∥∥
F

Tℓ

= Op

(
BN +

1√
N ∧ T

)
, (D.11)

it yields ∥∥MF 0,(ℓ) −MF̂ (ℓ)

∥∥
F
= Op

(
BN +

1√
N ∧ T

)
. (D.12)

Following this, we obtain that

max
i,i∗∈{n1,··· ,nn}

∥∥∥∥∥X
(ℓ)′
i MF̂ (ℓ)X

(ℓ)
i∗

Tℓ
− X

(ℓ)′
i MF 0,(ℓ)X

(ℓ)
i∗

Tℓ

∥∥∥∥∥
F

= max
i,i∗∈{n1,··· ,nn}

∥∥∥∥ 1

Tℓ
X

(ℓ)′
i

(
MF̂ (ℓ) −MF 0,(ℓ)

)
X

(ℓ)
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∥∥∥∥
F
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1
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∥∥∥X(ℓ)
i

∥∥∥2
F
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F
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1
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∥∥∥X(ℓ)
i

∥∥∥2
F
Op

(
BN +
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)
= Op

(
BN +
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)
.

(ii) Combining (D.10), we notice that
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i∈{n1,··· ,nn}

∥∥∥∥∥X
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∥∥∥
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+

(
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]

+
√
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i∈{n1,··· ,nn}

∥∥∥X(ℓ)
i

∥∥∥
F√

Tℓ
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(
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)−1
∥∥∥∥∥
F
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i

∥∥∥
F

Tℓ

+
√
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∥∥∥X(ℓ)
i

∥∥∥
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(
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F
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∥∥∥
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=
√
Tℓ

[
Op

(
B2

N +
1

N ∧ T

)
+Op

(
BN +

1√
N ∧ T

)
Op

(√
logN

T

)]
,

where the last line holds by combining Assumption 8(ii), (D.11), Lemma D.3 and the fact that

max
i∈{n1,··· ,nn}

∥∥∥(F 0,(ℓ)H(ℓ)
)′
e
(ℓ)
i

∥∥∥
F

Tℓ
= max

i∈{n1,··· ,nn}

∥∥∥∥∥ 1

Tℓ

∑
t∈Tℓ

f0t eit

∥∥∥∥∥
2

Op(1) = Op

(√
logN

T

)
.

We will show the last equality by using the Bernstein’s inequality in Lemma B.5(i).

With the fact that

max
i∈{n1,··· ,nn},t∈Tℓ

∥∥V ar (eitf0t ∣∣D)∥∥F = max
i∈{n1,··· ,nn},t∈Tℓ

∥∥E (e2itf0t f0′t ∣∣D)∥∥F
= max

i∈{n1,··· ,nn},t∈Tℓ

∥∥E (e2it∣∣D) f0t f0′t ∥∥F = Op(1) and (D.13)

max
i∈{n1,··· ,nn},t∈Tℓ

∥∥eitf0t ∥∥2 = Op

(
(NT )1/q

)
,

where the second line is by Assumption 1∗(v) and the last line is by Assumption 1∗(v), we define events

A4,N (M) =
{
maxi∈{n1,··· ,nn},t∈Tℓ

∥∥eitf0t ∥∥2 ≤M(NT )1/q
}
and A4,N,i(M) =

{
maxt∈Tℓ

∥∥eitf0t ∥∥2 ≤M(NT )1/q
}

for a large enough constantM . Then for some large positive constants c6 and c7, we have P
(
A c

4,N (M)
)
→ 0

and

P

 max
i∈{n1,··· ,nn}

∥∥∥∥∥ 1

Tℓ

∑
t∈Tℓ

eitf
0
t

∥∥∥∥∥
2

> c6

√
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T


≤ P
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i∈{n1,··· ,nn}

∥∥∥∥∥ 1

Tℓ

∑
t∈Tℓ

eitf
0
t

∥∥∥∥∥
2
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√
logN

T
,A4,N (M)
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(
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4,N (M)
)

≤
nn∑
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P

∥∥∥∥∥ 1

Tℓ

∑
t∈Tℓ

eitf
0
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∥∥∥∥∥
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√
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T
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(
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4,N (M)
)

≤
nn∑
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∥∥∥∥∥ 1
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∑
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eitf
0
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∥∥∥∥∥
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√
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T
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≤
nn∑
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∥∥∥∥∥ 1

Tℓ

∑
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eitf
0
t

∥∥∥∥∥
2

> c6

√
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T

∣∣∣∣D
1 {A4,N,i(M)}+ P

(
A c

4,N (M)
)

≤
nn∑
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exp

{
− c4c

2
6T logN/2

c7T + c6M
√
T logN(NT )1/q(log T )2/3

}
+ o(1)

= o(1), (D.14)

where the last inequality is by Lemma B.5(i) combining (D.13), and the definition of event A4,N,i, and the

last line is by Assumption 1∗(vi) and the fact that q > 8.

(iii) Owing to the fact that

1

nT 2
ℓ

nn∑
i=n1

∥∥∥e(ℓ)′i F̂ (ℓ)
∥∥∥2
2
≤ 1

nT 2
ℓ

nn∑
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∥∥∥e(ℓ)′i F 0,(ℓ)H(ℓ)
∥∥∥2
2
+

1

nT 2
ℓ

nn∑
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∥∥∥e(ℓ)′i

(
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

)∥∥∥2
2
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≤ 1

nT 2
ℓ

nn∑
i=n1

∥∥∥e(ℓ)′i F 0,(ℓ)
∥∥∥2
2

∥∥∥H(ℓ)
∥∥∥2
F
+

1

nTℓ

nn∑
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∥∥∥e(ℓ)′i

∥∥∥2
2

1

Tℓ

∥∥∥F̂ (ℓ) − F 0,(ℓ)H(ℓ)
∥∥∥2
F
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ℓ
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∥∥∥e(ℓ)′i F 0,(ℓ)
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2
Op(1) +Op

(
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N +
1

N ∧ T

)
, (D.15)

where the last inequality is by Assumption 8(ii) and Lemma D.3, we only need to show the rate for

1
nT 2

ℓ

∑nn

i=n1

∥∥∥e(ℓ)′i F 0,(ℓ)
∥∥∥2
2
. Noting that

1

nT 2
ℓ

nn∑
i=n1

∥∥∥e(ℓ)′i F 0,(ℓ)
∥∥∥2
2
=

1

nT 2
ℓ

nn∑
i=n1

∥∥∥∥∥∑
t∈Tℓ

eitf
0
t

∥∥∥∥∥
2

2

=
1

Tℓ

 1

n

nn∑
i=n1

∥∥∥∥∥ 1√
Tℓ

∑
t∈Tℓ
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0
t

∥∥∥∥∥
2

2

 =
1

Tℓ
Op(1), (D.16)

by (D.1), which yields

1

nT 2
ℓ

nn∑
i=n1

∥∥∥e(ℓ)′i F̂ (ℓ)
∥∥∥2
2
= Op

(
B2

N +
1

N ∧ T

)
.

(iv) Noting that MF̂ (ℓ) F̂ (ℓ) = 0, we have

max
i∈{n1,··· ,nn}

∥∥∥∥ 1

Tℓ
X

(ℓ)′
i MF̂ (ℓ)F

0,(ℓ)

∥∥∥∥
F

= max
i∈{n1,··· ,nn}

∥∥∥∥ 1

Tℓ
X

(ℓ)′
i MF̂ (ℓ)

(
F 0,(ℓ) − F̂ (ℓ)H(ℓ)−1

)∥∥∥∥
F
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∥∥∥∥ 1√
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X
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i MF̂ (ℓ)

∥∥∥∥
F
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(
BN +

1√
N ∧ T

)
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(
BN +

1√
N ∧ T

)
,

where the last inequality is by Lemma D.3 and the last equality is by the fact that

max
i∈{n1,··· ,nn}

∥∥∥∥ 1√
Tℓ
X

(ℓ)′
i MF̂ (ℓ)

∥∥∥∥
F
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X
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∥∥∥∥
F
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∥∥∥
F

Tℓ

 = Op(1) (D.17)

by Assumption 8(ii).

(v) Note that

1

nT 2
ℓ

nn∑
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∥∥∥X(ℓ)′
i e

(ℓ)
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∥∥∥2
2
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1
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∑
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2

2

.

Under Assumptions 1∗ and Assumption 8(ii)
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i,i∗∈{n1,··· ,nn},t∈Tℓ
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(NT )1/q

)
,
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E
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{
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∥Xitei∗t∥2 ≤M(NT )1/q
}
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{
maxt∈Tℓ

∥Xitei∗t∥2 ≤M(NT )1/q
}

for a large enough constant M such that P
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}
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= o(1), (D.18)

where the last inequality is by Lemma B.5(ii) and the last line is by Assumption 1∗(vi).

(vi) Noted that

E
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∥∥∥∥∥
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where the last line combines Lemma B.7(i) and Assumption 1∗(i), (ii), (iii), (v). Similarly as above, we can

also show that E
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(vii) We first notice that
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(D.19)

by similar arguments as used to obtain (D.18). This result, in conjunction with Lemma D.4(vi), implies
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that
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(viii) Combining (D.18)and Lemma D.4(iii), we have
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Lemma D.5 Under Assumptions 1∗, 2 and 8, we have
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Proof. (i) Recall from (C.3) that θ̂
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where the second equality is from (D.6) and it’s clear that
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where the last line combines Lemma B.7(i), Lemma D.3, and the normalization of factor and factor loading.

Hence, it suffices to show the uniform convergence rate 1
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X

(ℓ)′
i MF̂ (ℓ)J

(ℓ)
m ∀m ∈ [8] in the following.
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Second, we have
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which leads to maxi∈{n1,··· ,nn}

∥∥∥∥ 1
Tℓ
X

(ℓ)′
i MF̂ (ℓ)J

(ℓ)
2

(
F 0,(ℓ)′F̂ (ℓ)

Tℓ

)−1 (
Λ0′

n Λ0
n

n

)−1

λ0i

∥∥∥∥
2

= Op(BN ) and this term

will be kept in the linear expansion for θ̂
(ℓ)
i .

Third, it can be shown that

max
i∈{n1,··· ,nn}

∥∥∥∥ 1

Tℓ
X

(ℓ)′
i MF̂ (ℓ)J

(ℓ)
3

∥∥∥∥
2

= max
i∈{n1,··· ,nn}

∥∥∥∥∥ 1

Tℓ
X

(ℓ)′
i MF̂ (ℓ)

1

nTℓ

nn∑
i∗=n1

X
(ℓ)
i∗

(
θ
0,(ℓ)
i∗ − θ̂

(ℓ)
i∗

)
e
(ℓ)′
i∗ F̂ (ℓ)

∥∥∥∥∥
2

≤ max
i∈{n1,··· ,nn}

∥∥∥∥ 1√
Tℓ
X

(ℓ)′
i MF̂ (ℓ)

∥∥∥∥
F

√√√√ 1

nTℓ

nn∑
i∗=n1

∥∥∥X(ℓ)
i∗

(
θ
0,(ℓ)
i∗ − θ̂

(ℓ)
i∗

)∥∥∥2
2

√√√√ 1

nT 2
ℓ

nn∑
i∗=n1

∥∥∥e(ℓ)′i∗ F̂ (ℓ)
∥∥∥2
2

≤ max
i∈{n1,··· ,nn}

∥∥∥∥ 1√
Tℓ
X

(ℓ)′
i MF̂ (ℓ)

∥∥∥∥
F

max
i∈{n1,··· ,nn}

∥∥∥θ0,(ℓ)i∗ − θ̂
(ℓ)
i∗

∥∥∥
2

√√√√ 1

nTℓ

nn∑
i∗=n1

∥∥∥X(ℓ)
i∗

∥∥∥2
2

√√√√ 1

nT 2
ℓ

nn∑
i∗=n1

∥∥∥e(ℓ)′i∗ F̂ (ℓ)
∥∥∥2
2

= Op

(
B2

N +BN
1√

N ∧ T

)
,

where the last line combines (D.17), Assumption 8(ii) and Lemma D.4(iii).
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where the last line is by Lemma D.4(iv), normalization of factor vectors and the fact that
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At last, we can also show that
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by Lemma D.4(viii).

Combining (D.20) and the above arguments, we obtain that
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(D.22)

uniformly in i ∈ {n1, · · · , nn}. Combining (D.22) and Lemma D.4(i)-(ii), we have
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Moreover, let x
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For the second term on the right side of (D.23), we observe that[
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where the second term on the right side of above equality gives the recursive form and shrinks to zero quickly

owing to the 1
nk term, and we only need to show the rate of the first term, i.e.,
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uniformly over i ∈ {n1, · · · , nn},

similarly to the result in (D.19). This yields
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(ii) Given the definition of Ω
0,(ℓ)
i and by central limit theorem for m.d.s., we can easily obtain (ii).

(iii) The proof has already been done in the proof of (i).

Lemma D.6 Under Assumptions 1∗, 2 and 8, we have
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Proof. (i) We obtain the result by combining Lemma D.3 and Lemma D.5(iii).

(ii) We obtain the result by combining (D.12) and Lemma D.5(iii).
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where the second and fifth equalities are by the normalization that F̂ (ℓ)′F̂ (ℓ)

Tℓ
= Ir0 . It follows that

λ̂
(ℓ)
i −H(ℓ)−1λ0i =

1

Tℓ
F̂ (ℓ)′

(
F 0,(ℓ) − F̂ (ℓ)H(ℓ)−1

)
λ0i +

1

Tℓ
F̂ (ℓ)′e

(ℓ)
i − 1

Tℓ
F̂ (ℓ)′X

(ℓ)′
i

(
θ̂
(ℓ)
i − θ

0,(ℓ)
i

)
=

1

Tℓ
F̂ (ℓ)′

(
F 0,(ℓ) − F̂ (ℓ)H(ℓ)−1

)
λ0i +

1

Tℓ

(
F̂ (ℓ) − F 0,(ℓ)H(ℓ)

)′
e
(ℓ)
i

+H(ℓ)′ 1

Tℓ
F 0,(ℓ)e

(ℓ)
i − 1

Tℓ
F̂ (ℓ)′X

(ℓ)′
i

(
θ̂
(ℓ)
i − θ

0,(ℓ)
i

)
:= I

(ℓ)
i,1 + I

(ℓ)
i,2 + I

(ℓ)
i,3 − I

(ℓ)
i,4 .

First, it is clear that

max
i∈{n1,··· ,nn}

∥∥∥I(ℓ)i,1

∥∥∥
2
≤

∥∥∥∥∥ F̂ (ℓ)

√
Tℓ

∥∥∥∥∥
F

∥∥∥F 0,(ℓ) − F̂ (ℓ)H(ℓ)−1
∥∥∥
F√

Tℓ
max

i∈{n1,··· ,nn}

∥∥λ0i∥∥2 = Op

(√
logN

N ∧ T

)
,

where the equality is by Lemma D.6(i) and Lemma B.7(i). Second, we have

max
i∈{n1,··· ,nn}

∥∥∥I(ℓ)i,2

∥∥∥
2
≤ 1√

Tℓ

∥∥∥F̂ (ℓ) − F 0,(ℓ)H(ℓ)
∥∥∥
F

∥∥∥e(ℓ)i

∥∥∥
2√

Tℓ
= Op

(√
logN

N ∧ T

)

by Lemma D.6(i) and Assumption 8(ii). Next, we obtain that maxi∈{n1,··· ,nn}

∥∥∥I(ℓ)i,3

∥∥∥
2
= Op

(√
logN
T

)
by

(D.14). And at last, we observe that

max
i∈{n1,··· ,nn}

∥∥∥I(ℓ)i,4

∥∥∥
2
≤

∥∥∥∥∥ F̂ (ℓ)

√
Tℓ

∥∥∥∥∥
F

∥∥∥X(ℓ)
i

∥∥∥
F√

Tℓ
max

i∈{n1,··· ,nn}

∥∥∥θ̂(ℓ)i − θ
0,(ℓ)
i

∥∥∥
2
= Op

(√
logN

T

)
,

where the equality is by Lemma D.5(iii). Combining arguments above, we have shown that

max
i∈{n1,··· ,nn}

∥∥∥λ̂i −H(ℓ)−1λi

∥∥∥
2
= Op

(√
logN

N ∧ T

)
.

(iv) Recall from (D.6) that F̂ (ℓ)′ −H(ℓ)′F ′ = V
(ℓ)−1
NT

∑
m∈[8] J

(ℓ)′
m with J

(ℓ)
m ∀m ∈ [8] defined in the proof

of Lemma D.3. Let J
(ℓ)
m,t be the t-th column of V

(ℓ)−1
NT J

(ℓ)
m,t for m ∈ [8]. We observe that f̂t − H(ℓ)′f0t is

the t-th column of F̂ (ℓ)′ −H(ℓ)′F ′, which remains to show the convergence rate for J
(ℓ)
m,t,m ∈ [8]. Below we

examine the uniform convergence rate for J
(ℓ)
m,t one by one.

For J
(ℓ)
1,t , we notice that

max
t∈Tℓ

∥∥∥J (ℓ)
1,t

∥∥∥
2
= max

t∈Tℓ

∥∥∥∥∥V (ℓ)−1
NT F̂ (ℓ)′

[
1

NTℓ

nn∑
i=n1

X
(ℓ)
i

(
θ
0,(ℓ)
i − θ̂

(ℓ)
i

)(
θ
0,(ℓ)
i − θ̂

(ℓ)
i

)′
Xit

]∥∥∥∥∥
2

≤
∥∥∥V (ℓ)−1

NT

∥∥∥
F

∥∥∥F̂ (ℓ)
∥∥∥
F√

Tℓ
max

i∈{n1,··· ,nn}

∥∥∥θ̂(ℓ)i − θ
0,(ℓ)
i

∥∥∥2
2

max
i∈{n1,··· ,nn}

∥∥∥X(ℓ)
i

∥∥∥
F√

Tℓ
max
t∈Tℓ

1

n

nn∑
i=n1

∥Xit∥2

= Op

(
logN

T

)
,

where the last line combines Lemma D.5(iii) and Assumption 8(ii). Similarly, with Lemma B.7(i), we have
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where the last equality is by the fact that maxt∈Tℓ
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by using the Bernstein’s

inequality for the independent sequence in Lemma B.5(i).

At last, we also obtain that
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where the last line is given by the fact that E
(

1
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∑
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∑
s∈[Tℓ]
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Combining the above arguments, we have derived that maxt∈[T ]
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Lemma D.7 Under Assumptions 1∗, 2 and 8, we have
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Recall that x
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it is the t-th row of MF 0,(ℓ)X
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By the definitions of x
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such that
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where the last line holds by Lemma D.6(i), (iv) and Lemma B.7(i). Together with (D.25) and Assumption

8(ii), it yields

max
i∈{n1,··· ,nn},t∈Tℓ

∥∥∥x(ℓ)it − x̂
(ℓ)
it

∥∥∥
2
≤ 1√

Tℓ
∥Xi∥F Op

(√
logN ∨ T
N ∧ T

)
= Op

(√
logN ∨ T
N ∧ T

)
. (D.26)

Next, for i ∈ {n1, · · · , nn}, t ∈ Tℓ, noted that
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uniformly over i ∈ {n1, · · · , nn}, (D.28)

where the last line holds by (D.26), (D.27), Assumption 8(ii) and Assumption 1∗(iv). Using similar ar-

guments as used to derive (D.18) by the Bernstein’s inequality for m.d.s., for a positive constant c9, we

52



have
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Combining (D.28) and (D.29), (D.24) is obtained.

Lemma D.8 Under Assumptions 1∗, 2 and 8, we have Γ̂(ℓ) ⇝ N (0, 1) under H0.
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Then by the central limit theorem, we obtain the final result that
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(ℓ)
ii /n

)2
+ Tℓ

(
ˆ̄θ(ℓ) − θ̄0,(ℓ)

)′
Ŝ
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Ŝ
(ℓ)
ii c

(ℓ)
i

(
1− â
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where the second line is by the uniform convergence of Ŝ
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ii , Ω̂
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i and â
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ii , the fifth line is by the fact that
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∞. Following this, by Cauchy’s inequality, we also observe that∣∣∣∣∣∣ 1√
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Combining arguments above, we obtain that
∣∣∣Γ̂(ℓ)

∣∣∣→ ∞.
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