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Abstract

We study sequential sealed bid auctions with decreasing reserve prices when there are
two identical objects for sale and more than two unit-demand bidders. In the literature, an
equilibrium with a strictly increasing bidding function in the stage one auction is found only
when reserve prices are (weakly) increasing. Under decreasing reserve prices, bidders may
have an incentive not to bid in the first auction and an equilibrium with a strictly increasing
bidding function at stage one does not exist. However, we find that a symmetric pure strategy
equilibrium always exists, and its shape depends on the distance between the two reserve
prices. Moreover, the equilibrium exhibits some pooling at the stage one auction, which
disappears in the limit as the number of bidders tends to infinity. We also show that revenue
equivalence between first and second price sequential auctions holds under decreasing reserve
prices. Finally, our results allow to shed some light on an optimal order problem (increasing
versus decreasing reserve prices, under exogenous reserve prices) for selling the two objects.
Keywords: Sequential Auctions; First Price Auction; Second Price Auction; Revenue

Equivalence

1 Introduction

We study a model of sequential sealed bid auctions with decreasing reserve prices. Sequen-
tial sealed bid auctions have received scarce attention: Milgrom and Weber (1999) and Weber
(1983) provide theoretical analyses of sequential auctions for multiple identical objects under
the assumption that there are no reserve prices. Gong et al. (2014) (GTX henceforth) study
sequential auctions for identical objects, allowing for different reserve prices at different stages.
When only two objects are for sale, they show that a symmetric pure-strategy equilibrium with

a strictly increasing bidding function at stage one exists if and only if the reserve prices are
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(weakly) ascending and they provide an equivalence result between sequential first and second
price auctions. When reserve prices are descending, they identify an equilibrium only when the
first auction’s reserve price is sufficiently larger than the second auction’s reserve price (see the
equilibrium (a) below in the introduction) and suggest that mixed-strategy equilibria may exist
in other cases, but they do not identify them.

Our paper essentially complements their analysis. We study sequential (first price and second
price) auctions with two identical objects and more than two unit-demand bidders. We show
that: a symmetric pure-strategy equilibrium exists for any pair of decreasing reserve prices;
in the limit, as the number of bidders grows to infinity, the equilibrium bidding function at
stage one converges to a strictly increasing function; sequential first price auctions are revenue
equivalent to sequential second price auctions even under decreasing reserve prices. Last, we use
our results to tackle a problem about the optimal order of sale for two objects.

In order to understand better our results, it is useful to recall a few properties of the equilib-
rium described by GTX for the case of ascending reserve prices. To fix the ideas, let us focus on
sequential second price auctions, for which the equilibrium bidding at stage two is straightfor-
ward. Let rq1,75 denote the reserve prices for the first and second auction, respectively. Then,
given 1 < 7o, a bidder with value x participates in the first auction if and only if x > r1, and
bids as in a single-unit auction if x < ro because it is not profitable for him to participate in
the second auction. Conversely, a bidder with value = > ry bids less aggressively than in a
single-unit auction because he will have another opportunity to win, at stage two, if he loses at
stage one.

With descending reserve prices, the incentive to shade bids at stage one is magnified because,
all else being equal, 72 < r; makes the stage two auction more profitable for a bidder that can
participate both stages. In particular, a bidder may choose not to compete at stage one even
though his value is greater than r1, because winning the object at price r; may be less profitable
than competing in the second auction.! This force must be taken into account when constructing
an equilibrium, and we obtain that the shape of the equilibrium depends on the distance between
r1 and ro. Specifically, in the pure strategy symmetric equilibrium of the second price sequential

auction we have that:

(a) When 7 is sufficiently larger than 79, no bidder participates the first stage auction.

(b) When 7 takes on intermediate values, there is a threshold v > 7 such that bidders with
value smaller than v do not bid in the first auction, and bidders with value at least + bid

1.

LA similar phenomenon occurs in McAfee and Vincent (1997), in which the seller of a single object auctions
the object multiple times, until it is sold, and at each stage he chooses a reserve price given his beliefs on the
bidders values, as determined by the information that the object has not been sold in the past. At each given
stage, a bidder with value larger than the current reserve price may choose not to bid, and wait for a successive
auction with a lower reserve price.



(c) If r1 is close to rg, then the equilibrium is characterized by two thresholds, v (whose value is
different from the previous case) and A > ~, such that bidders with value less than v do not
bid in the first auction, bidders with value between ~ and A bid r1, and bidders with value
bigger than A adopt a strictly increasing bidding function. This equilibrium arises because
when 71 becomes small, bidders with high value prefer to bid slightly more than ry if all the

others active bidders are bidding r;.

Our result is consistent with GTX’s finding that no symmetric equilibrium characterized by
a strictly increasing bidding function exists. Interestingly, for each r; > 79 the equilibrium in
(c) emerges if the number of bidders is sufficiently large. In addition, in such a case v and A are
both close to 1. Therefore (almost) each bidder with value above r; participates in the stage
one auction and bids according to a strictly increasing function. This is the consequence of the
fact that, given the large number of opponents, the expected payoff from participating in the
second auction is quite small for a bidder with value greater than r1, and thus it is suboptimal
not trying to win at stage one.

Our findings allow us to deal with a problem introduced in GTX about the optimal order
in which two objects should be auctioned. The setting considered has two sellers, each of whom
owns one of the two objects, and it is commonly known that one seller has value r > 0 for her
own object while the other seller has value zero for her own object. The objects are offered
through sequential auctions such that at each stage the reserve price is equal to the seller’s value
for the object auctioned at that stage, and an auctioneer chooses the object which is put for
sale first in order to maximize the sum of the sellers’ profits. GTX use the equilibrium in (a)
to show that decreasing reserve prices are optimal if r is large, whereas we use the equilibrium
in (c) to show that increasing reserve prices are optimal when r is small. Moreover we obtain
more specific results if the values are uniformly distributed.

Finally, we show that sequential first price and second price auctions are revenue equivalent
even under decreasing reserve prices. This result is useful since sequential first price auctions
are somewhat more complicated to deal with. Unlike in the sequential second price auctions,
where at stage two a weakly dominant bid exists for each bidder who lost at stage one, and it
depends only on the bidder’s value, for sequential first price auctions the stage two equilibrium
bid for each bidder who lost at stage one depends on his beliefs about the values of the other
active bidders at stage two, which in turn depend on the information he learnt at stage one.
The pooling of types at stage one, due to the decreasing reserve prices, makes the computation
of those beliefs and the associated bids not straightforward even with just two objects for sale.

The remainder of the paper is organized as follows: Section 2 describes the model in detail.
Section 3 provides the analysis for sequential second price auctions and for the optimal order
problem. Section 4 proves that sequential first price auctions and sequential second price auctions

are revenue equivalent. All the proofs are in the Appendix.



2 The Model

Two identical objects are offered to n > 3 bidders through two sequential (sealed bid) auctions
with reserve prices 1 and ry, respectively. Specifically, one object is offered using an auction
with reserve price r1, and the winning bid is publicly announced. In case that the highest bid
is submitted by m > 2 bidders, the winning bidder is selected randomly, with each highest
bidder having probability % to win. If no bid is submitted at stage one, then this information is
revealed to each bidder before stage two, and the object remains unsold. The remaining object
is offered using an auction with reserve price ro.

We assume that each bidder is risk neutral, has no time discount and has unit demand,
so that no bidder wants to buy more than one object, and, all else being equal, bidders are
indifferent between getting the object at either stage. Moreover unit demand implies that the
winner of the first object does not join the second auction. Last we assume that each bidder ¢
has value X; for the object and each X; is i.i.d. on the non-negative support [z, z], with c.d.f.
F, and density f = F’ > 0 that is continuous in the support. We write z; to denote a realization
of X;, which is privately observed by bidder «.

We are interested in analyzing sequential sealed bid first (F') and second (S) price auctions
when the reserve prices are descending, that is when z < ry < r; < z.2 To ease comparisons
with the literature, we will also report the case of ascending reserve prices, but notice that except
for Subsection 3.1 and Subsection 4.2, we assume 1 > 9.

A bidding strategy in auction A = F S for bidder ¢ consists of a pair of functions (bj(éll’)i7 bf).)

which specify bidder i’s bids in stage one, bfi)i, as a function of i’s value x;, and in stage two,
bfi)i (conditional on i not winning in stage one), as a function of z; and of any other information
that bidder ¢ has obtained in stage one. Since bidders are symmetric ex ante, we restrict the
analysis to strategies that do not depend on bidders’ identities. Therefore, a strategy will be
indicated as a pair (bg), bg)).

We are interested in equilibria that are sequentially rational, in the sense that the strategies
in the second period form an equilibrium, given the information the bidders obtained in stage
one, for any possible outcome of the stage one auction.

Before we proceed with the analysis, we recall from, e.g., Krishna (2010) a feature of a single
stage first price auction with £ > 2 bidders and reserve price 72, in which each bidder’s beliefs
about the highest value among the other k£ — 1 bidders are given by a c.d.f. G (with density g).
In this game, the equilibrium bidding function 3 satisfies

9(z)

B(ra) =ry and  f'(z) = (z - 5(@)@ for z > ry (1)

Under the specific assumption that values are i.i.d. random variables each with c.d.f. F and

ZNotice that the stage two reserve price has no effect if 7y < x, just like 7o = z. The stage one reserve price
prevents each bidder from participating in the stage one auction if r1 > Z, just like r1 = Z.



support [z, 7], it follows that G(z) = F*~1(z) and g(("?) = (k}l()zf)(x). Therefore from (1) we

obtain the following equilibrium bidding function, which we use repeatedly in the paper:

_ fri Fk—l(s)ds _ f; maX{TQ,S}dFk—l(S)
Pl = Fk=(z) FE=1(z)

for > ry (2)

In this equilibrium, the expected payoff of a bidder with type = > ro is

wle) = [P s 3)
T2
As it is well known, vi(x) is also the expected payoff of a bidder with type z in the unique un-
dominated equilibrium in a single stage second price auction with the same information structure
described above.?
We are now ready to proceed with the analysis of the equilibria of the sequential auctions.

We will start from second price auctions, as they are simpler.

3 Second price auctions

We start the analysis by working backwards. We thus look at the equilibrium bid in the second
stage auction, for all the active bidders. This is actually straightforward, since in a one-shot
second price auction each bidder with value at least r2 has a (weakly) dominant strategy, which
consists in bidding his own value, regardless of the information he obtained at stage one. Hence,

we introduce b(sz) = bg)*, with

. no bid if z € [z,72)
b(;) (x) = (4)

x if x € [re, 7|

Conversely, the equilibrium bidding function at stage one is not as straightforward, and it
depends on the relationship between r; and rs.

In order to do our analysis, some additional notation is needed. Given a candidate equilib-
rium (bg), bg)*), for each x and y in [z, Z] we use ug(x,y) to denote the payoff of a bidder with
value z if he bids bg)(y) in stage one (i.e., if he bids as a bidder with value y is supposed to do

according to bg)), given that the other bidders follow (bg), bg)*). Moreover, we let: p(y) denote

the probability to win at stage one with the bid bg) (y); t(y) denote a bidder’s expected payment

at stage one, conditional on winning at stage one with the bid bg)(y); and Gb<1)(y) denote the
S
(1)

expected c.d.f., conditional on losing with the bid bg”(y), for the highest value among the other

3We use vy (z) rather than v .,(z) in favour of lighter notation as there is no ambiguity: wg(zx) is always
related to the second stage auction whose reserve price is 2.



bidders who lost at stage one. Then, given x > ro, we have that

us(ay) =)o — 1) + (1= p) [ Gyn (915 )

The first term indicates the expected payoff from winning the first auction times the prob-
ability of winning it, while the second term indicates the expected payoff from participat-
ing the second auction times the probability of participating it. In particular, note that the
payoff of a bidder with value z € [ro,Z] in stage two, conditional on losing in stage one, is

[ (2 — max{ro, s})dGb<1>(y)(s), or ffz Gb(l)(y)(s)ds after applying integration by parts. Notice
S S

that when bg) is strictly increasing, it is straightforward to derive Gb(1> W)
S
(1)

complicated when bg’ is constant over an interval, as we will see below.

Things are more

3.1 Ascending reserve prices

The case with (weakly) ascending reserve prices is solved by GTX. The following is an adaptation
of their result to the two-object case, allowing for 71 > z. (GTX assume that [z,z] = [0, 1] and
T = 0.)

Proposition 1 (Proposition 2 in GTX). Suppose that two objects are offered through sequential
second price auctions with ascending reserve prices r1,79 such that x < ry <19 < . Then there

exists an equilibrium in which

no bid if x € [z,71)
b (@) = a if € [r1,m2) (6)

Br—1ro(x) if x € [r, Z]

and bg) (z) = bg)*(aj) from (4).

The rationale behind the equilibrium bidding function (6) is as follows. A bidder whose value
is between r1 and ro only participates in the first auction; from his perspective he is joining a
one shot second price auction. As a result, it is still weakly dominant for him to bid his own
value. A bidder with value above r3 has two attempts at getting the object. At the second (and
last) one he will bid his own value. In the first stage, he bids the expected payment he would
make if he were to lose the first auction and win the second. This corresponds to the equilibrium
bid in a one shot first price auction with reserve price ro and n — 1 bidders.* Krishna (2010)
illustrates this result for sequential auctions with no reserve prices, so that the only difference

in (6) comes from bidders with values below 7.

4We notice that this result would not hold if bidders were not risk neutral or if there was some time discounting.
Risk averse bidders will shade less their bids in the first stage to reduce the risk of losing the object when the
winning bid is still below their value. Impatient bidders will also bid more aggressively in the first stage because
to them, de facto, an object is more valuable today than tomorrow.



3.2 Descending reserve prices

In the equilibrium of Proposition 1, with ;1 < r9, each bidder participates in the auction at stage
j if and only if his value is grater (or equal) than r;, for j = 1,2. Conversely, when r; > ry we
clearly have that bidders with value smaller than 9 never bid, since they cannot make a positive
payoff in either stage. For this reason, we will consider only = > ro. However, when r; > 73 not
all bidders with value greater than r; bid at stage one, since it could be more profitable to try
to win the second auction, which has a lower reserve price. As we will see, it is especially true
when 7 is much larger than r9, but this principle holds in general. For instance, a bidder with
type = r1 does not bid in the first auction because he cannot make a positive payoff in that
auction, but has a positive payoff from participating in the stage two auction given that ro < 71.

This suggests that the equilibrium analysis is more complicated with descending reserve
prices. In fact, no equilibrium with a strictly increasing bidding function at stage one exists
(about this, we provide an explanation in next subsection). We show that, nevertheless, a
pure strategy equilibrium exists, and its features depend on the (relative) magnitude of rj.
In particular, when r; is large, we have an equilibrium in which nobody participates the first
auction. The value of rq is so big that no type prefers to pay r; for the object when he can
compete against all the other bidders for the remaining one in the second stage auction.

When r; takes on intermediate values, we find an equilibrium in which bidders with high
values bid 71 in the first auction, and the others do not bid. For intermediate values of 71 bidders
with high values are induced to participate the stage one auction but none of them wants to bid
more than 7.

Finally, when 71 takes on small values, we have an equilibrium with two cutoffs: bidders
with small values do not join the first auction, those with intermediate values bid r1, and the
remaining bidders bid according to 3,—1,,. As r; becomes small, a type close to T prefers to
bid marginally above 7 (if all the active bidders are expected to bid 71). This breaks down the
equilibrium computed for intermediate values of 1 and the equilibrium is restored by introducing
the second cutoff.

In order to formally state our results at the end of this section, it will be convenient to

analyze these cases separately.

3.2.1 Large r;

When r; is sufficiently large, GTX find an equilibrium in which no bidder bids at stage one.

Precisely, we define 7y = Z — v,,(Z) and consider

Egl)(x) = no bid for each z € [z, 7]

If r1 > 71, there exists an equilibrium in which each bidder follows 13(51), essentially because

bidding at stage one is unprofitable with respect to competing at stage two, when the reserve



price is considerably lower. More in detail, given that all other bidders do not bid in stage
one, (i) each type x > 79 obtains the payoff v, (z) by not bidding at stage one; (ii) for each
type x > ro, the payoff from bidding r; in stage one is x — r1; (iii) the first alternative is more
profitable than the second since the inequality v,(z) > x — r1 holds for each x € [ra, Z], given

ry > f1.5

3.2.2 Intermediate r;

When ry < r; < 71, it may be natural to inquire the existence of an equilibrium (b(sl),bgz)*)

with a cutoff v such that all bidders with value below v do not participate at stage one, and the
others follow a strictly increasing bidding function. In other words we are interested in whether
there exists a v € (z,Z) such that (i) bg) (x) = no bid for z € [z,7) (i.e., types with value in
[x,7) do not bid in stage one); (ii) b(Sl)('y) > ry; (iii) bg) is strictly increasing in [, z] (i.e., types
with value in [y, Z] bid according to a strictly increasing function, and  is the smallest type to
participate the first stage auction).

1)

However, such an equilibrium fails to exist. Arguing as for ascending reserve prices, if bg

were strictly increasing for « > v, then bg)(x) should be type z’s expected payment in the stage

two auction, conditional on winning at stage two, that is 8,1, (z). Therefore we should have

Bn—1,r,(y) > 71, from which we conclude that v > r;. Moreover, type v must be indifferent

vn (7)
Fr=1(y)
fact, given the proposed equilibrium strategy, type v wins an object if and only if he has the

between bidding bg) (7) and not bidding. This indifference is equivalent to v — 1 = . In

highest or the second highest value. If he has the highest value, his expected payoff is v — ry

if he bids b3’ is [ (E@)" g5 = 20 if he does not bid If
it he bids 0g (v) at stage one, is ro (F(v)) § = pn-1(yy U he does not bid at stage one.

type v has the second highest value, his expected payoff is the same regardless of whether he

bids bg)(’y) or does not bid at stage one, as in both cases the highest value bidder wins the
stage one auction and type «’s beliefs about his opponents’ values are the same. Rearranging
the indifference condition one gets r; = By, 5, (7). Asy > ro we obtain 11 = Sy (7) > Bu—1,r,(7)
which contradicts 8,-1.,(y) > r1 mentioned above.b

To overcome this problem, GTX suggest to look for a mixed strategy equilibrium but they
do not compute it. Conversely, we find an equilibrium such that the bidding function at stage
one is flat in a suitable interval. Specifically, we look at bg) such that bg)(:c) =r; for all z in
an interval [y, A] for some A > 7 to be properly defined. Indeed, for r; slightly smaller than
71 we identify an equilibrium in which each type in [y, Z] bids 1 (here A = Z), that is bg) is

horizontal in the whole interval [y, Z], and type + is indifferent between not bidding and bidding

®Notice that 7, can be viewed as the expected payment for type Z from participating in the second period
auction, given that he will face n — 1 opponents. In case that r1 > 71, type Z prefers to wait for the stage two
auction. If r1 < 71, then type & prefers to purchase the object at the stage one auction by paying 7.

SWhen r; = r the contradiction does not arise as we can set v = r1. See (6).



r1 at stage one:
Bg)(a;) _ Jno bid if x € [z,7) )
r1 if x € [v, 7]
The formal statement of our result is reported in Proposition 2 (ii). In this equilibrium there is
substantial pooling in stage one, as each two types in [y, Z] have the same probability to win in
stage one. This plays a key role in complicating the updated beliefs at stage two of each stage
one losing bidder.

For each z and y in [z, Z] we use Gg(z,y) to denote the payoff of bidder with value z if he
bids I;(Sl)(y) in stage one (i.e., if he bids as a bidder with value y is supposed to do according
to l;g)), given that each other bidder follows the strategy (i)gl),bg)*). Hence, tg(z,z) is the
payoff of a bidder with value z from not bidding at stage one; ug(z,7), or 4g(z,Z), is his payoff
from bidding 7, at stage one. We now describe how ug(x,z), tg(x,) are derived, and how - is
determined. In order to shorten notation, we write I' = F'(7).

Remark that in the following the word beliefs indicates the updated beliefs at stage two of a
losing bidder about the highest value among the other bidders who lost at stage one, and these
beliefs will be represented by a c.d.f. G which depends on the stage one winning bid and the
bidder’s stage one bid.

Regarding ug(z, z), if a bidder has not bid at stage one and learns that there has been no bid
by any bidder, an event with probability I'"~! from his ex ante point of view, then 3(51) implies
that his beliefs are given by the c.d.f. G(:|no,no) such that

R Er ) fge
G(s|no,no) = It 1 s€lz ’i] (8)
1 if s € (v, 7]

On the other hand, if a bidder has not bid at stage one and learns that the winning bid has
been 71, an event with probability 1 — I'*~! from his point of view, his beliefs are given by the
c.d.f. G(-|no, 1) such that (the details of the derivation of (9) and (11) below are in the proof
of Proposition 2 in the Appendix.)

(n=1)(1-T) 2 -
G(sno, 1) = ﬁ"‘}nis)ﬁi)l o . ()
-7 T F(s)T if s € (7,7

At the time of choosing to make no bid, the bidder’s expected c.d.f. for the highest value among
the other losing bidders is Gpe, such that Guo(s) = I 1G(s/nono) + (1 — I 1)G(s|no, r1).
Therefore, in view of (5), the payoff from not bidding at stage one of type = > ry is

gz, z) = /x Gro(s)ds (10)

Regarding tg(z, ), let p(y) denote the probability to win at stage one for a bidder bidding



r1, which we derive explicitly in (62) in the Appendix. In case the bidder loses, his beliefs are

given by
(n=1)(1-T) rn—2 :
G(slri,r) = 20-p0) Fr(s) if's € z,7] (11)
’ g(n—l)F”(s)—nI‘F”_l(s)—H‘" ifse (7 jf}
n (1-p())(F(s)-T)? ’
Hence, the payoff of a type £ > 7y from bidding 7 is
is(@,7) = 50)(z = 1) + (1= 5() [ Glolra,ra)ds (12)
r2

Now that ug(x,z) and ug(z,7) are defined, we identify « in Bg) as the unique solution to the

equation

is(y,z) = us(v,7) (13)

In order to prove that (l;g), bg)*) is an equilibrium, in the Appendix (see Section A) we show
that: (i) there exists a unique solution to (13) in the interval (r2,); (i) us(z,z) > us(x,7)
for each = € [z,7), and Ug(z,z) < ug(x,7) for each x € (y,Z]. Moreover, we also need to take
into account that a bidder wins for sure at stage one if he bids more than r;. This deviation
is unprofitable if and only if the inequality tg(z,2) > x — r1 holds for each = € [z,7), and
Gs(x,7y) > x —r1 holds for each x € [y, Z]. It turns out that both inequalities are satisfied when
r1 is not too small, that is if 71 belongs to the interval (71,71), for a suitable 71 between ro and
71. Conversely, us(Z,v) <  — r1 holds if ry is smaller than 71: for a small 1, a type Z prefers
to bid more than 71 in order to secure a win at stage one. This suggests that if ry is small, then

the equilibrium bg) is strictly increasing for x close to Z. The next subsection is about this case.

3.2.3 Small r;

Given r1 between 79 and 71, we find an equilibrium with the following bidding function at stage
one, in which the types v and A, with r; < v < A < Z, are identified by suitable indifference
conditions described by (15) and (16) below:

no bid if x € [z,7)
b () =< ry if 7 € [, A (14)

anl,rz (ZE) ifxe ()‘7 i‘]
Hence, l;g) prescribes that: (i) bidders with value in [z,7) do not bid in stage one, but only bid
in stage two (provided that = > r3); (ii) bidders with value in [y, A] bid r1 in stage one, that is
Bg) is constant in the interval [y, A]; (iil) bidders with value in (A, Z] bid their expected payment
in the second auction conditional on losing at stage one and winning at stage two, as in (6).
In order to determine « and A, for each x and y in [z, T] we use tg(z,y) to denote the payoff

of a bidder with value z if he bids Eg)(y) in stage one, given that all the other bidders follow

10



the strategy (lN)(l), b(Sg)*). For instance, tg(z,z) is the payoff of type x from not bidding in stage
one; ug(x,7), or ag(x,\), is his payoff from bidding r; in stage one. We evaluate ug(x,y) in a
way similar to that described in the previous subsection for 4g(x,y), using the beliefs of each
losing bidder at stage two, given the information he obtains at stage one. Matters are slightly
more complicated here because the equilibrium bids at stage one are not only no bid and ry,
but any bid in the range of B(SI).

The values of v and X in I;g) are obtained as the unique solution of the following two

equations:

is(v,x) = ts(v,7) (15)
715'()‘7'7) = lim 'ELS()Vy) (16)
TAD)

Equation (15) states that type 7 is indifferent between not bidding, and bidding r;. Equa-
tion (16) states that type A is indifferent between bidding r;, and bidding just above B,_1 5, ()
which is greater than r;. As a result we have that l;g) is discontinuous at A.”

We can therefore summarize our results as follows.

Proposition 2. Suppose that the two objects are offered through sequential second price auctions
with descending reserve prices, that is x < ro < r1 < Z. Let 71 = T — v, (Z). There exists a

unique 7 € (rq,71) such that

(1) if r1 € (ro,71), then there exists an equilibrium in which each bidder follows the strategy
Bg),bg)* and v, A satisfy (15)-(16);

(i) if 11 € [F1,71), then there exists an equilibrium in which each bidder follows the strategy
i)g),bg)* and 7y satisfies (13);

(iii) if r1 € [F1,Z], then there exists an equilibrium in which no bidder bids at stage one, and

b

each bidder bids according to at stage two.

3.3 Large number of bidders

It is interesting to study the above equilibrium as the number of bidders increases. Remark first
that lim,_,1 . 71 = Z. The following proposition shows that the same limit result holds for 7.

In addition, it shows that the set of types that pool their bid becomes arbitrarily small.

Proposition 3. Asn — 400, we have that 71 tends to Z, and both vy and X which solve (15)-(16)

tend to ri.

The implications of Proposition 3 are straightforward: for a large n, the equilibrium described

by Proposition 2(i) arises unless r is very close to . Moreover, almost each type of bidder with

"Notice that l;g) is a special case of l;g), obtained when A = Z, and in such a case we find that (15) is equivalent
o (13). The values of v in cases (ii) and (iii) of Proposition 2 are otherwise different.
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n |3 ) 10 15 20 30 50 75

cy | 157735 | 1.257289 | 1.111677 | 1.071574 | 1.052689 | 1.034499 | 1.020411 | 1.013514
cy | 2.1547 1.365022 | 1.131076 | 1.079438 | 1.056924 | 1.036304 | 1.021040 | 1.013790
71 | 0.464102 | 0.732589 | 0.884114 | 0.926408 | 0.946142 | 0.964968 | 0.979393 | 0.986398
| 0.6 0.80 0.90 0.93 0.95 0.97 0.98 0.99

Table 1: Numerical solutions of the cutoffs values when bidders’ values are uniformly distributed
in the unit interval, ro = 0 and r; > 0.

value above 1 bids in the stage one auction. The logic for this result is simple: given r{ > ro,
some types of bidder do not bid in stage one because they prefer to compete under the more
favourable terms of stage two, but if n is large then the intensity of the competition in both
stages is mainly determined by the number of bidders, rather than by reserve prices, and then

for a bidder it is unprofitable not to bid at stage one, unless his value is very close to r;.

3.4 Example with uniformly distributed values

Let us provide a parametric example and compare the equilibrium bids under increasing and
decreasing reserve prices. Suppose that values are uniformly distributed on [0,1] and ro = 0.
For small 71, using Step 2 in the proof of Proposition 2 (and (50)-(52) in particular) we find
that (15)-(16) reduce to

1 An_,)/n 1 1 n—2
n 7)) =57 A "=0 17
S (y=r) = 57" A+ 5= (17)
n—2 ., 1 (n—1A"—npA" "ty f4n APl el
- - A— paniite S ]
2 e A=)+ A= 0 (18)

For n = 3 the system of equations (17)-(18) can be solved analytically and we obtain the solutions
v=(1+ @)r and A = (14 2—\3/5)7‘ For larger n, analytical solutions are difficult or impossible to
obtain. However, inspection of (17)-(18) reveals that, for r; € (r2,71), the solution to (15)-(16)

is homogeneous of degree one in 71, that is v = c¢yr1 and A = cyr; for suitable coefficients c,
1

o’

and cy with ¢y > ¢y > 1. Therefore A < 1 if and only if r1 < i We can conclude that 7 =
Finally, we have that 7y = ”T_l

Table 1 reports the values of ¢, and c) obtained numerically for several values of n and
the corresponding values of 71 and 7y. This allows us to visualize the convergence results in
Proposition 3.

For intermediate values of r1, Proposition 2(ii) applies and + is obtained by solving (17) when
A = 1. Figure 1 reports the equilibrium bidding functions for the first stage under ascending
(r1 = 0 and ro = r) and descending (r; = r and ro = 0) reserve prices with five bidders, and
r € {0.5,0.75}. The equilibrium bidding function for the ascending reserve price auction is
given by b(sl) in (6) and is plotted in grey. When r; = 0.5, the equilibrium bidding function for
the descending reserve price auction given by 5(51) in (14) and is plotted in black in Figure 1(a)

12



~(1)
bs'(x), bs'(x)

L ‘

; L L x
0.5 y A 1

(a) Equilibrium bidding functions when r1 = 0 and r2 = 0.5 (grey)
or when r1 = 0.5 and r2 = 0 (black)

~(1)
b (x), bs (x)

£ T T ,
: A1)
M bs (x)
bg (%) :
0.5
0.25 -
075 y 1

(b) Equilibrium bidding functions when 71 = 0 and 72 = 0.75
(grey) or when 71 = 0.75 and 2 = 0 (black)

Figure 1: Equilibrium bidding function in the first stage of a sequential second price auction

when r € {0.5,0.75}. There are five bidders with values independently drawn from a uniform
distribution in the unit interval
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with A = 1257289 ang o = 1363022 When 7y = 0.75, the equilibrium bidding function for the
descending reserve price auction is given by Z)gl) in (7) with v = 0.942 and is plotted in black in
Figure 1(b).

3.5 The optimal order problem

In this section we use Proposition 2 to relook at the optimal order problem for exogenously
given reserve prices analyzed by GTX. Specifically, we assume that values are randomly drawn
from the unit interval, and there are two different sellers, each of whom owns one of the two
objects that are auctioned. One seller has value zero for her own object, and the other seller has
a commonly known value r € (0, 1) for her own object. GTX assume that the objects are offered
through sequential second price auctions® such that at each stage the reserve price coincides with
the seller’s value for the object auctioned at that stage. An auctioneer then chooses the object
to put on sale first in order to maximize the sum of each seller’s expected profits, 7 = 7° + 7",
where 70 is just the expected revenue from the sale of the object that has no reserve price, while
7" is the difference between the expected revenue from the object with reserve price r, and the
reserve price times the probability of making the sale.

Hence the auctioneer chooses between r; = 0, ro = r (that is, the object with zero reserve
price is auctioned first: reserve prices are increasing), and r; = r, 7o = 0 (that is, the object
with zero reserve price is auctioned second: reserve prices are decreasing). We use IRP, DRP to
denote in a succinct way the case of increasing reserve prices and the case of decreasing reserve
prices, respectively. Therefore mp = 7, + 7, will indicate the sellers’ total profits given IRP.
Likewise, mpgp = Topp + Thyp Will indicate the sellers’ total profits given DRP.

With respect to this optimal order problem, GTX only study the case of » > 71 because they
do not identify equilibria for the DRP when r < 7. Proposition 4(i) below slightly generalizes
their results. In addition, we exploit Propositions 1 and 2 to obtain some results about the

optimal order when r < 7.

Proposition 4. Suppose x = 0, T = 1 and for only one unit we have a positive reserve price
r € (0,1). The following holds:

(i) If r is close to 1, then mgp < mprp. Moreover, if mrp < Tprp holds when r = 71, then

Tirp < Tprp holds for each r € (71, 1).
(ii) If r is close to 0, then Tgrp > Tirp.

(iii) Suppose, in addition, that values are uniformly distributed. If n = 3, then mgp > Tpre

for r < 0.641, and mgrp < 7pre for v > 0.641. If n > 4, then mgp > mpre for r <

Sn—12
5n—>5 "7

min{ 7}, and mgp < Tpgp for T > 7.

80r sequential first price auctions: see the next section.
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Proposition 4 allows us to conclude that mrp < mprpe When r is close to 1, whereas mgrp > Tprp

when r is close to 0. Under the assumption of uniform distribution of values, we can obtain more

55’}1:152,f1} approaches 1.

specific results. In particular, as n tends to infinity, we have that min{
We then conclude that, for large n, IRP provide bigger profits at all » but those very close to 1.

The proof of Proposition 4 is made via standard mechanism design techniques (see, e.g.
Krishna, 2010; Myerson, 1981) that allow to write the sum of the sellers’ revenues as the ex-

pectation of the virtual values ¢(z) = x — 1}2()56 ) of the winning bidders. For this reason it is

convenient to introduce order statistics: given the n random variables X7, .., X, which represent
the bidders’ values, with Y} we denote the h-th highest order statistic, for h = 1,...,n; yp is a
generic realized value for Y}.

In particular, we obtain first that
Tirp > Torp for each r € (0,1) (19)

that is, for each r, the profit from the object with reserve price r is higher under 1RP. This
result is immediate when r > 71, since then 7], = 0 (the only positive bid is r when r € [F1,71)
while nobody bids when r > 71) and 7], = E[max{Y3 —r,0}] > 0. Some more care is needed
to show that inequality (19) holds true also for r < 71, and the analysis can be found in the
Appendix. In general, inequality (19) holds because DRP discourage bidders’ participation at
stage one more than IRP do at stage two. Under DRP, a bidder knows that if he loses at stage
one he will compete at stage two in a more favorable auction with ro = 0 < r1 = r; under IRP, at
stage two each bidder has his last opportunity to win an object. This generates higher bidding
from a larger set of bidders under IRP.

On the other hand, we find that the comparison between 70, and 70, depends on the
value of r: when 7 is close to 1, 70, > 7%, by a magnitude that outweighs (19), and therefore
Tpre > Trp if 7 is close to 1 (Proposition 4(i)). When, instead, r is close to 0, 7TIORP > ngP. This
reinforces the effect from (19) and we conclude in Proposition 4(ii) that mgrp > mpgrpe if 7 is close
to 0.

In order to see why the comparison between 7%, and 79, depends on 7, notice that if r; is
close to 1, 70, = E(Y3) because with DRP each bidder (does not bid at stage one and) bids his
own value at stage two. With IRP, 7)., would be equal to E(Y2) if each bidder was bidding his
own value at stage one (this occurs if » = 1), but Proposition 1 reveals that each bidder with
value greater than ro = r bids less than his true value. Therefore when 7 is close to 1 we have
that 7TIORP < ngP. We then prove that overall mgrp < mprp by writing the expected revenues as

expectation of the winners’ virtual values, which yields

e — Tprp = E[(¢(Y2) — 1) 1{Y22r}]

where 1y,>,} is a function that assumes value 1 if Y5 > r and 0 otherwise. Following GTX’s

argument, we find that E[(¢(Y2) — r) 1{y,>,}] is negative when r is close to 1. Hence mrp < mpre
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because IRP generate a lower profit from the object with zero reserve price, and this effect
dominates over the effect described by (19).

On the other hand, observe that 7, = 79, if 7 = 0, and a small r > 0 increases 7%, of
a larger magnitude than it increases 70,,. Specifically, we notice that Proposition 2(i) applies
when r is close to 0 (and, in particular, A is small too), and distinguish between yo > A (where
we find that IRP prevail by a magnitude of order 7"~ !) and yo < A (where we find that DRP
might prevail, but by a magnitude of order ™). In the first case the profit from the object with

zero reserve price is f,—1,(y2) under IRP, and y3 under DRP. One can verify that

Brn-1,(y2) > Bn-1,0(y2) = E(Y3|Y2 = y2) (20)

1

Moreover, the expected profit difference is of order r™~* since

Jo F"2(s)ds

Bn-1,-(y2) = Ba—-1,0(y2) = F2(yy)

(see (2)) and

"F"2(s)ds n(n — — 2o
B (e TR TET 0y

which is about equal to nf%%o)rn_l for r close to 0.

Conversely, when y3 < A in some cases the profit with IRP is smaller than with DRP because
under DRP the stage one winner could be the bidder with the third (or fourth ...) highest value,
and then the stage two revenue would be y2, which is greater than £,-1,(y2). However, in
expectation this profit difference is negligible with respect to 7”0%2(0)7“”_1 as (i) there exists a
number ¢ > 1 such that A < &r if r is close to 0, therefore Pr{Ys < A} = F(A\)" +nEF(\)" (1 -
F())) is of order r™~1; (ii) for each profile of values such that yo < ), the profit given DRP minus
the profit given IRP is smaller than A — r, which is of order r. From (i) and (ii) it follows that
the expected profit difference in favor of DRP from the case y2 < A is of order ™ and thus, given

"~2(0) pn—l

r close to 0, the sign of 70, — 70, is determined by nf 3 , which is positive.

4 First price auctions

In this section we prove that if the objects are offered through two sequential first price auctions,
with reserve prices r1, 7 such that r; > 79, then an equivalence result holds in the following sense:
there exists an equilibrium for sequential first price auctions which generates the same outcome
(in terms of allocation of the objects and of bidders’ expected payments) as the equilibrium
described by Proposition 2 for sequential second price auctions.® Therefore, in particular, the

results in Subsections 3.3-3.5 apply also to sequential first price auctions.

n fact, the equivalence result holds also if r1 < r2, as established by GTX.
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As for the sequential second price auctions we focus on symmetric strategy profiles that are

sequentially rational and we use (bg}), bg)) to denote each bidder’s bidding functions at stage

(1) ()
F

one and two. We remark that b’ is a function only of the bidder’s value x, whereas by.” needs to

specify the bid of a stage one losing bidder as a function of his value x, his stage one bid b, and
the stage one winning bid b,,. We use the notation bg) (x|b,by), and for example bg) (z|no,r1)
is the bid of type x at stage two given that he has not bid at stage one (b = no), and given
that the winning bid at stage one has been r; (b,, = r1). With b,, =no we represent the case in
which no bid has been submitted at stage one.

Unlike in the second price auctions, there is no dominant strategy for the stage two auction.
A bidder’s equilibrium behavior at stage two must take into account his beliefs about the values
of the other losing bidders at stage one, and these beliefs depend on b and b,,. Therefore, the
analysis of sequential first price auctions requires extra care, but this is mainly true for the
case of decreasing reserve prices, because when r; < ry there exists an equilibrium in which the
stage one bidding function is strictly increasing (for x > r1), and this generates beliefs which

are relatively simple to manage (see GTX, or Subsection 4.2).

4.1 Descending reserve prices

Given r; > ro, we consider 71,71 defined in Proposition 2, and for each of the three cases
considered in Proposition 2 we identify an equilibrium for sequential first price auctions which

is equivalent to the equilibrium described by Proposition 2 for sequential second price auctions.

4.1.1 Intermediate rq

We start with 71 in the interval [71, 7;), for which Proposition 2(ii) identifies (l;g), bg)*) where l;g)
is from (7) and bg)* is from (4). For sequential first price auctions, we find an equilibrium given

by the functions (ZA);}), Bg)) below, in which + is the unique solution to (13) as in Proposition 2(ii):

. bid if x € [z,
B () = 0P e eln) (21)
1 if x € [, 7]

no bid if x € [z,79)

by (xlno,n0) = § B,y (x)  if @ € [r2.7) .
ﬂn,rz (7) if z € [’Y, j]

no bid if x € [z,79)

ﬂn—l,rg (1‘) ifzxe [T27 ’Y)

@) o (23)
by’ (g(x)|r1,71) such that g(z) is in

arg MaxXyey,q] (:U — I;g) (y!ﬁ, Tl))é(?/’noa 7’1) ifx e [’Ya 51—3]
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no bid if x € [z,72)

b (alr.m) = { Buoi (@) if & € [r2, ) (24)
Bn—l,rg (’Y)GA(’Y|T17T1)+IWZ 5g(s|r1,r1)ds : e
P if z € [, 7]
. no bid ifxelz,r
bg)(ﬂb, by) = [z;72) for each b, > 71, by, > b (25)

Brn—1r(z) if z € [r, 7]

The bidding functions in (22)-(25) refer to stage two and cover all the possible stage one
outcomes.'¥ In order to make sense of them, first notice that 3%1) coincides with Bg), hence the
beliefs at stage two of each losing bidder are the same as in sequential second price auctions,
and they are given by (8), (9), and (11).

Consider I;g)(-|no,n0) in (22). Bach bidder’s beliefs are given by G(-|no,no) in (8), and

Yslnomo) (n—1)f(s)/F(s) for s € (ra,7), therefore (1) reveals that the equilibrium bidding

G (s|no,n0)
function for x € [rg, ) is B, (), as specified by I;g)('|no,n0). Moreover, l;g)(-]no,no) needs to
specify a bid also for each type = € [y, Z], given b,, = no.!! In this case such a bidder expects
all the others to have a value in [z,v). It is optimal for him to bid 3, ,(7) i.e. the minimum
bid that guarantees a sure win at stage two, which is what (22) prescribes for = € [z, 7).

The case in which the winning bid at stage one is r; is more involved, since a losing bidder’s
beliefs and bidding at stage two depend on the bidder’s bid at stage one, which could be no,
or r1. In particular, a type who has not won at stage one expects an opponent of type = to
bid l;g) (z|no,r1) if € [ra,7), and to bid l;g) (z|ri,7m1) if © € [y,Z]. In order to see how these

functions are determined, assume that the function

~(2) B l;g)(x\no,rl) if z € [ra,7)
bF,rl(x) - ~(2)

i (26)
bp'(zlri,m) iz €[y, 7]

is strictly increasing and notice that the beliefs of a losing bidder are: G(-|no,r1) in (9) if the

bidder has not bid at stage one (according to 13531), these are the types in [rg,7), neglecting the

types in [z,72)); and G(-|r1,r1) in (11) if the bidder has bid r| at stage one (according to 13%1),
these are the types in [y, Z]).

Then solving

g(z[no, r1)

) =rsad V() = @) FT

for x € (ra,7)

90f course, in all these bidding functions no type € [z, 2) bids at stage two.
"This occurs if the bidder did not follow lA)g,p at stage one, perhaps because he made a mistake or because he
chose to deviate from I;%l)
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yields b (x|no 1) = Bn—1r, () for x € [ra,7), which is what (23) prescribes. Likewise, solving

b(7) = Bn_1ry(y)  and b’(x):(x—b(x))gm for (7, 7]

yields b (:c\rl,rl) = P O06 MH’TIHI Bl por g € [v,z], which is what (24) pre-

G(z|r1,r1)

A(Z)l in (26) is indeed strictly increasing.

scribes. Hence the resulting function b

We complete the description of b (m|no r1) and b (a:\rl, 1) by looking at off-the-equilibrium
play. Namely, b ( lno,r1) for = € [vy,Z] is obtained by computing the payoff maximizing bid
for a type x € [y, Z] who has not bid at stage one, given the beliefs G(~|n0, r1) and given that
the opponents bid according to (26). In this case we find that for such a type it is sub-optimal
to bid less than b (’y\rl,rl) Likewise, b ( |r1,71) is the payoff maxmmzmg bid for a type

x € [re,7v) who has bid r; in stage one. We find that b2 )(3:|7“1,r1) = b ( |no, 1) (equal to

g(s |1f10 r) _ 4(s |7“177“1) (n—=2)f(s)
G(s|no,r1) — G(s|r1,m1) (equal to F(s) )

Bn-1r,(x)) in the interval [r2,7) because the equality %
holds for s € [ra,7).

Finally, the equilibrium strategies include also (25), which covers the off-the-equilibrium case
in which b,, > r1. Then we suppose that the beliefs of each losing bidder are equal to the initial
beliefs, and therefore the stage two auction is an ordinary first price auction with n — 1 bidders
and reserve price ry, for which (25) is the equilibrium bidding function.

Given (22)-(24), we can move to stage one and evaluate the total expected payoff (over the
two stages) for each type from not bidding at stage one, and from bidding r;. This allows to
prove that bidding according to (21) is a best reply for a bidder which expects all other bidders
to follow (21). For instance, for a type x € [ra,7), the payoff from not bidding at stage one is

tp(z,z) =T 1 (3: - Bg)(ﬂno,no)) G(x|no,no) + (1 —T"H (x - Bg)(ﬂno,rl)) G(x|no,r)

which is equal to ug(z, ) = vy(x)+(n—1)(1 —T")v,—1(z) as it is obtained from (10). Moreover,
the payoff from bidding 71 is

ip(w,y) = p(y)(@ = 1) + (1= p(0) (@ = 5P (@lr1, 7)) G(alri, 1)

in which p() is the probability to win at stage one after bidding r; given by (62). Using (12) we
see that Gp(z,7) = Gs(z,v) = p(y)(x—r1)+ 252 (1—T)v,—1(z). We know from Proposition 2(ii)
that 4g(z,z) > max{ag(z,7),z — r1} for each = € [re,v), hence not bidding at stage one is a
best reply for each type in [ro, 7).

Finally, remark that the equilibrium (21)-(25) generates the same allocation of the two
objects as the equilibrium described by Proposition 2(ii) for sequential second price auctions,
and since in both cases each bidder with type x has payoff equal to zero, the Revenue Equivalence

Theorem implies that each type of bidder and the seller have the same payoff in both cases.
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4.1.2 Small 1, that is 1 € (r2,71), and large r1, that is r; € [F1, Z]

When r; € (ro,71) we find an equilibrium which is equivalent to the equilibrium of Proposi-
tion 2(i) for sequential second price auctions. The analysis is similar to that for the case of
r1 € [F1,71), although somewhat more complicated as the equilibrium bidding function at stage
one is strictly increasing for x close to Z. Therefore we have reported this part in the Appendix,
in the proof of Proposition 5(i).

When r; € [, ], we find the following equilibrium which is equivalent to the equilibrium

of Proposition 2(iii) for sequential second price auctions:
l_)g,-l,)(m) = no bid for each x € [z, 7] (27)

. bid  ifz € [z,
0P (zno,no)y = 4 o 0T z,72) (28)
B (x) if € [ro, T

B2 (x|b, by) = b2 (2|b, b,y)  for each by, > 71, by > b (29)

Given (27), when b,, = no the beliefs of each bidder at stage two coincide with the initial
beliefs, and therefore an ordinary first price auction with n bidders and reserve price rs is held,
for which (28) is the equilibrium bidding function. In case that some bids have been submitted
at stage one (an off-the-equilibrium event), we can argue as for l;g) in (25).

Moving at stage one, we see that for each bidder it is a best reply not to bid if he expects
the other bidders to follow (27)-(28): If a type x bids at stage one, his payoff is not larger than
x — 71, which is smaller than the payoff v, (z) he obtains from not bidding at stage one, since

ry > T.

Proposition 5. Suppose that the two objects are offered through sequential first price auctions,
with descending reserve prices, that is x < re <r; < Z. Let 71,71 be defined as in Proposition 2.
Then

(i) if r1 € (re,71), then there exists an equilibrium which generates the same outcome as the

equilibrium described by Proposition 2(i) for sequential second price auctions;

(ii) if r1 € [F1,71), then there exists an equilibrium in which each bidder follows the strategy
b B2 in (21)-(25);

(iii) if 11 € [F1,Z], then there exists an equilibrium in which each bidder follows the strategy

B 5P in (27)-(29).

4.2 Ascending reserve prices

The ascending reserve prices case is solved by GTX. The following is an adaptation of their

result to the two-object case, in which 8y ,, is the equilibrium bidding function (for z > rq) in
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a one-shot first price auction with k£ bidders, reserve price r1, and i.i.d. values, each with the
cd.f. F.

Proposition 6 (Proposition 1 in GTX). Suppose that the two objects are offered through se-
quential first price auctions with ascending reserve prices r1, 1o such that x < r; < ro < T.

Then there exists an equilibrium in which each bidder plays the following strategy:

no bid if x € [z,71)
b () = < B () if T € [r1,79) (30)
T n=1(p. E B 1o (s n—1(g
Br,ry (r2) 7 ( 2?;%(@) 1,rg (8)dF™ 1 (s) if € (ra, 7]

no bid if v € [x,72)

bg) (x|no, no) = (31)
T2 if x € [ro, T
bid ifz ez,
bg) (x|b, bg)(z)) o foelzr) for each z € [r1,13], b < bg)(z) (32)
o if x € [ro, T
no bid if x € [z,72)

bg) (z|b, bg)(z)) =9 Bu—1rm(x) if x € [re,2) for each z € (ro,z], b < bg)(z) (33)

Bn-1r(2) ifx € [2,7]

no bid if ©x € [z,72)

b2 (x]b, by) =
ﬁn—l,rz(l') fo € [T27j]

for each by, > b%l)(a_r), by > b (34)

A crucial feature of bg) is that it is strictly increasing for « > 71, hence if at least a bid is

submitted at stage one and b,, = bg)(z) for some z > 71, then each losing bidder’s beliefs are

given by the c.d.f. which takes value 52:7;8 if s € [z,2), and 1 if s € [z,Z]. In the case that

by = b%)(z) for a z € [r1,r2], a losing bidder infers that each other bidder has value smaller
than ro. Therefore bidding 7o suffices to win at stage two, and it is a best reply if the bidder
has value © > ry: see (32), and notice that the same principle holds for (31). Conversely, if
by = b%l)(z) for a z € (12, Z] then each bidder with type x € [ra, 2) bids 8,,—1,,(x) as it follows
from (1) with the above beliefs: see (33).

Moving to stage one, the rationale for bg) is as follows: bidders whose value is between 1 and
ro only participate in the first auction. From their perspective, they are joining a one shot first
price auction with reserve price r1. As a result, they bid as in the equilibrium of that auction.
Each bidder with value above 79 has two attempts at getting an object. At the second and last
one (along the equilibrium path) he will play the equilibrium bid of a one shot first price auction
with reserve price r9: see (32)-(33). This determines that the equilibrium bidding function for
the first stage is obtained from the differential equation b'(z) = (Bp—1,,(z) — b(x))% for
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x > rg, with the boundary condition b(rg) = By, (12). With respect to (1), the value of type
x is replaced by his stage two bid, as illustrated by GTX, and consistently with the analysis
of Krishna (2010) for a setting without reserve prices.

Figure 2 reports the plots of the equilibrium bidding functions in the first stage with sequen-
tial first price auctions when values are uniformly distributed, there are five bidders, one item
has no reserve price and the other has a reserve price r € {0.5,0.75}. The equilibrium bidding
function for the ascending reserve price auction is given by bg) in (30) and is plotted in grey.
When r; = 0.5, the equilibrium bidding function for the descending reserve price auction given
by 5%1) in (74) and is plotted in black in Figure 2(a) with A = 1227289 apq o = 1363022 When
r1 = 0.75, the equilibrium bidding function for the descending reserve price auction is given by
l;g) in (21) with v = 0.942 and is plotted in black in Figure 2(b). The cutoff values A and ~y are

the same as in the sequential sealed bid second price auctions in light of Proposition 5.
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(a) Equilibrium bidding functions when r1 = 0 and r2 = 0.5 (grey)
or r1 = 0.5 and r2 = 0 (black)

) A(1)
b2 (x), b (x)
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b (x)
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(b) Equilibrium bidding functions when 1 = 0 and r2 = 0.75
(grey) or r1 = 0.75 and r2 = 0 (black)

Figure 2: Equilibrium bidding function in the first stage of a sequential sealed bid first price

auction when reserve prices are 0 and 0.5 (left) or 0 and 0.75 (right). There are five bidders
with values independently drawn from a uniform distribution in the unit interval
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A Proof of Proposition 2

A.1 Proof of Proposition 2(i)

We prove that there exists 71 € (re,71) such that if 7y € (rg,71), then there exists a unique
solution to (15)-(16) and there exists an equilibrium in which each bidder bids according to the

strategy (I;Egl), bg)*). We employ several steps to obtain this result.

Step 1: Derivation of ug(x,z), ts(x,v) and as(z,y)

We start by illustrating how ug(x,z),us(z,7y) and ug(x,y) are derived. To this end we need
to determine the updated beliefs, for a bidder who lost at stage one (because either he did not
participate the auction, or he bid r; or he bid 3,-1,,(y)), about the highest value among the
other bidders who did not win at stage one, conditional on the information the bidder learns at
stage one: his own bid at stage one (which we denote with b) and the winning bid at stage one
(which we denote with b,,). In order to shorten the notation, we set I' = F'(y) and A = F'()\).

Step 1.1: Updated beliefs for a bidder who has not bid at stage one, and ug(x,x).
Consider a bidder with type = who has made no bid at stage one. Here we describe his beliefs

upon learning b, and his expected payoff ug(x,z) from (5).

e In case there has been no bid by any bidder, an event with probability I'™~! from the

bidder’s ex ante point of view, his beliefs are given by the c.d.f. G(-|no,no) such that

B0 s € [z,7)

G(sno, no) = (35)

1 if s € [, 7]

e In case b,, = 71, an event with probability A"~* —I'"~! from the bidder’s ex ante point of

view, his beliefs are given by the c.d.f. G(-|no,r;) such that

DT 2 (s) if s € [z,7)

~ n—1 s)— n—1 .

G(sho,r) = § AL T i s € [y, A (36)
1 if s € (\, 7]

About the derivation of G’(s\no,rl), consider the point of view of, say, bidder 1; the
following probabilities refer to the n— 1 bidders different from 1. For s € [z,7), G(s|no, r1)
is obtained by evaluating the probability that exactly one of the other bidders has value
in [y,A] and each other bidder has value smaller than s. This probability is equal to
(n—1)(A —T)F"2(s).
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For s € [y, A], G(s|no, r1) is obtained by evaluating the probability that at least one of the
other bidders has value in [y, A], none of them has value bigger than A, and each of the
non winning bidders with value x € [y, ] is such that < s. Such a probability is given
by12

n—2
Cheoi o )

n—1)(A-T)) ==L 270(F(s) - T) 37
(n—1)( )Z ] (F(s)=T) (37)
7=0
Specifically, A —I' is the probability that a bidder (the winner) has value in [y, A] and
we have n — 1 possible ways of picking a winner. If there are j other bidders (from the
remaining n — 2) whose value is greater than -, we need each of them to have value less

than s, and ]% is the probability that our initially selected bidder wins. Remark that

Cn—2,j n—=2—q i Cn_ J n—9—i .
SR () < TY = RS T (R () TP (38)

for j =0,1,...,n—2. The right hand side of (38) is equal to %F”_l_h(ﬁ’(s)—r)h,
for h=1,2,....,n—1 (with h = j + 1). Hence (37) is equal to

1

S
I

Cn—l,h

A2 G )

anlfh(F(S) . F)h — (anl(s) . anl)

T

1

e Incase b, = Bg) (2) for some z € (), 7], an event with probability 1—A"~! from the bidder’s
ex ante point of view, his beliefs are given by the c.d.f. with value F"~2(s)/F""2(z) if
s € [z, z), with value 1 if s € [2,Z]. In fact, this c.d.f. applies as long as the winning bid
has been I;qu)(z) for some z € (A, z], for each stage one bid b gég)(z); hence we define
G(s|b, B(SI)(z)) such that

- -(1) 5::2(8) if s € [z, 2) ~(1)
G(s|b, by’ () = (2) for each b <bg’(2) (39)
S . _ S
1 if s € [z, 7]

When he decides to make no bid, the bidder’s expected beliefs are represented by the c.d.f. Gho
such that

Gino(s) = I G(s[no, no) + (A"~ = I""1)G(s[no, r1) + / Gi(sIno, b (2))dF™ (=)
A

F=1(s) + (n = 1)(1 = D) F"2(s) if's € [2,7)
B (A—rx%)@sg—r”*) +(n—1)(1—A)F"2(s) ifsely
(n— 1)Fn—2(8) —(n— 2)F”’1(s) if s € (A, 7]

12For any pair of non negative integers k > h we write Cj,, to denote m
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using (35), (36) and (39). Hence the payoff of a type x from not bidding at stage one is
us(z,z) = / Gho(8)ds (40)
T2

Step 1.2: Updated beliefs for a bidder who has bid r; at stage one but has not won
at stage one, and ug(x,~v). For future convenience, we introduce the following function M,
defined for a € [0, 1] and b € [0, 1]:

(n—1)a”—na™ " 1b4+b" .
)2 ifa#b
M(ab)=q @ . (41)
———a"" ifa=5

2
Multiplying (a — b)? by (n — 1)a" 2 4 (n — 2)a" 3b + ... + 2ab"~3 + b"~2 reveals that
M(a,b) = (n— 1)a" 2 + (n — 2)a" b+ ... + 2ab" 3 + "2 (42)

and therefore M is strictly increasing both with respect to a and with respect to b.

For a bidder bidding 1, the probability to win at stage one is

par i —n(A-T)
" Cun . AT—T™

= 2T MA =T = 4
T R T e (43)

Let py denote the probability that another bidder wins at stage one with a bid of r1. The
probability that another bidder wins at stage one with a bid Bg) (2) for some z € (A, 7] is 1—A""L.
Since p(y) + pe + 1 — A"~ = 1, it follows that p, = A"~ — j(v), that is

. A-T (e v
be = M(AT)=(n—-1)(A-T)) == 27 (AT (44)

n -
Jj=0

Now consider a bidder who has bid r; at stage one but has not won. Then either b,, = 71,

(1)

or by, = by’ (z) for some z € (A, .

e In case by, = r1; and another bidder has won, an event with probability p, from the bidder’s

ex ante point of view, his beliefs are given by G(-|r1,71) such that

(DA pr-2(0y if 5 € [z, )

2p¢ Y
G(slri,r) = ¢ &EM(F(s),T)  if s €[y, (45)
1 if s € (\, 7]
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Considering the point of view of bidder 1, the derivation of G(s|r1,r) for s € [z,7) is
similar to the derivation of G(s|no,r;) for s € [z,~), taking into account that bidder 1 has

bid r; rather than abstaining from bidding.

For s € [v,\], G(s|r1,71) is obtained from the probability that none of the other bidders
has value greater than A, at least one of them has value in [y, A] and wins, and each losing

bidder with value x € [y, A] is such that x < s. This probability is equal to

n—2
(n—1)(A 1) ==2Ipn=2=i(p(s) — T) (46)
j=0

From (44) we see that Z?:_g Cn—2,j pn—2—j (A-T) = ML) - Hence (46) is equal to

j+2 n(n—1)
= A-T
n—2,7 v+n—2—1 ] -
(n—l)(A—F)ZjTQJF I(F(s) =TV = =—M(F(s),T)
j=0

e In case b, = i)g)(z) for some 2z € (A, Z], an event with probability 1 — A"~! from the

bidder’s ex ante point of view, then his beliefs are given by G(-|ry, l;(é})(z)) in (39).

When he decides to bid r; at stage one, the bidder expects to lose with probability 1 — p(vy) =
p¢ + 1 — A""! hence his expected beliefs are represented by the c.d.f. G’Tl such that

+ g = PGl + [T sl B () a1 (2)

Grile) 1 5(7)
1 s B A O if s € [z,7)
= Ty  SEMEGLT) (- (= NP2 s €

(n— DF"2(s) — (n—2)F""L(s) = p(y)  if s € (\,7]

using (45) and (39). Hence the payoff of a type x from bidding r; at stage one is

fs(,9) = 50w — )+ (1= 50) [ Gy (5)ds (47)

r2

Step 1.3: Updated beliefs for a bidder who has bid B(SI)(y), with y € (A, Z], at stage
one but has not won at stage one, and ug(x,y). If a bidder has bid I;g)(y) at stage one
and has not won, then b,, = 5(31) (z) for some z > y, and his beliefs are given by G(- ]?)g) (y), ES) (2))
in (39). Hence, the payoff of a type x from bidding l;g)(y) at stage one, for y € (\, 7], is

(1) = / ! (2 — mas{ry, B (2))) dF" 1 (2) + / ’ / "G (), B0 (2))dsd PP (z) (48)

28



and notice that the second term is equal to

(n—1)(1—-F(x))v x—l—f <;’;12 —|—:L’—z)dF"_1(z) ify<uwz
(n—1)(1 - F(y))vn—1($) if y >a

Step 2: Derivation of v and A: Existence of a unique solution for (15)-(16), and
definition of 7

Using (40), (47), and (48) we find

us(v,z) = va(7) +(n—1)(1 =T)ona(y)

is(17) = B =)+ o @2 T = Ao ()

(n—1)(A-T)
2

us(Ay) = p(YNA—r)+ vn—1(7) +

AN
+/ A . P M (F(s),D)ds + (n— 1)(1 = A)on_1(N)

linAl as(z,y) = A"z —7r)+(n—-1)(1—-ANv,_1(z) = dg(x, A7) for z < A (49)

yd

Hence (15) and (16) reduce, after some rearranging, respectively to

A A) =0,  B(,A) =0 (50)

with
AN = ) — ) — O ”;A D13 ) (51)
B(v,A) = ”(”2_1%”_1@) — M(A,T)(A = 1) / M(F (52)

Step 2.1: Definition of A\*. Define 7(\) = F" 1(\) (A —r1) — v,()), a strictly increasing
function such that 7(r1) < 0 and 7(Z) = 71 —r; > 0. Hence there exists A in the interval (ry, z),
which we denote A*, such that 7(\) < 0 for A € (r1, \*), 7(A*) =0, 7(A\) > 0 for X € (\*, Z].

Step 2.2: If A € (r1,A*), then there exists no v € (r1, A] such that A(vy,\) = 0; if
A € [A*, Z], then there exists a unique ~ € (r1,A] such that A(y,A) = 0, denoted
~Ya(A). Given a function h of two variables, here and in the remainder of the Appendix we
write h; to denote the partial derivative of A with respect to its ¢-th variable, i = 1, 2.

First we prove that the function A is strictly increasing with respect to ~:

ap(y)

Ar(7,\) = e (v —r1)+ nT_lf(’y)vn_l(fy) +h(y) — (n-1)A-T)

Fn—2 _ Fn_l
2
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From the definition of p(y) in (43), we see that

n—1
~ (n—1DA-T) -1 Crn—1,j ym—j—1 j
) : Y e

and, moreover, 615(77) (v —r1) >0 and 25 f(y)vn—1(7) > 0.

Now we examine the sign of A(r1,A) and of A(A, \). We have that

(n—1)(A = F(r1))
2

A(r,\) = — Un—1(r1) —vp(r1) <0

and A\, A) = 7(A\). Therefore, if A\ € (r;,\*) then A(A\,A) < 0 and there is no solution to
A(,A) = 0 in the interval (ry, A]; if A € [A*, Z], then there exists (A is continuous in \) a unique
solution to A(,A) = 0 in the interval (r1, A], which we denote ().

Step 2.3: There exists 71 € (r2,71) such that the equation B(ya(\),A) = 0 has
a unique solution in (A*,Z) if r1 € (r2,71); the equation B(va(A),A) =0 has no
solution in (A*,Z) if r; > 71. First we prove that B(ya(\),A) is strictly decreasing in A.
Notice that I' below is actually equal to F'(74())). We have that

A
HOARA) a0 ([ (), D) = Ma(A. D)= 1) | 240D AT A=r )Y
YA
and we prove that %/M < 0. From the previous step we have that
) = 2O R0 = 1) = 25 o1 (4 ONS )
! AN T B a0 — 1) + 252001 () F(a (V) + P — 5L (A — D)D2 — ot

(53)
From the proof of Step 2.2 we know that the denominator in the right hand side of (53) is

positive. Therefore % has the same sign as

_ - A
1640 (a1 =) = e a0 ( / (A)<M2<F<s>,r>ds—M2<A,r><A—n>>
YA

op n—1
67(%()‘) —r1) + 5

CMLALT)(M - ) OV ( vt (1) f (14 (N) + K) (54)
with K = p— 251 (A —T)I™~2 — T~ > 0. Moreover,

op B M(T,A) op B M(A,T)
% = Tf(’YA()\))a aN
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hence (54) is smaller than

n— A

~16a ) (MR =) = 2 o000 ) [ 00 (6). s = 34, T - ) )
YA

(M(F,A) n—1

— My(A,T)YA = 1) f(A) f(7a(N) (Ya(A) =71) + —; vnl(m)>

which is equal to

n—1 A
~FaNIO) | "5 o1 CaO) (4= )AL + (= ML) = [ (a(F (), D)
+7A(A7)1_” (M(A, I) ’ My(F(s),T)ds + (A — 1) [Mi1 (A, T)M(T, A) — M(A,T) M (A, F)])}

(55)

We now prove that (55) is negative by showing that the terms inside the square brackets are

positive.

e The inequality y4(\) > r1 implies (A—r1) My (A, T)+(A—r1) My (A, I‘)—f,y)‘A()\)(MQ(F(S), I)ds >
(A—=r1)Mi(AT) + f B (Ma(A,T') — Ma(F(s),I")) ds, and the right hand side is positive
since M; > 0 and Mg( ,b) = Z?:g(n —2—4)(j + 1)a" 37 is strictly increasing a.

e The term M(A,T) f’:\A()\)
e The term M;(A,I)M(I',A) — M(A,T)My(A,T) is positive. In fact, from (41) we have

n—1)(n—2)a™—-2b"+n(n a™ 2p2—2(n—2)nan 1 n—2)(a™—b")+nab(b""2—agn—2
My (a,b) = == 22 g (g, b)_< 2 byl )

M>(F(s),I)ds is positive since Ma > 0.

Therefore,

M, (Aa F)M(F> A) - M(Av F)MQ(Av F) =
nA2n—21“

m (1 — (n — 1)2k;n—2 4+ 2n(n _ 2)]{:”_1 _ (n o 1)2k‘n + k:2n_2)

with k = % € (0,1). We now define
p(k) =k 2 —(n—12k"+2n(n—2)k" ' —(n—1)* k"2 41 (56)

and show it is positive for each k& € (0,1). Remark that pu(1) = 0. We now prove
that p(k) > 0 for each k € (0,1). We find that p/(k) = k" 3v(k), with v(k) = 2(n —
DE* —n(n—12k*+2n(n —1)(n—2)k — (n—1)*(n — 2) and v(1) = 0. In addition,
we have that /(k) = 2n(n — 1) (k"' — (n — 1)k + n — 2), with v/(1) = 0, and (k) =
—2n(n — 1)2(1 — k"2) < 0 for each k € (0,1). Hence, ¢/ is strictly decreasing and since
V'(1) = 0 we can conclude that v/(k) > 0 for each k € (0,1). This, in turn, implies that
v is strictly increasing, and since v(1) = 0, we obtain that v(k) < 0 for each k£ € (0, 1).
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Therefore p/(k) < 0 for each k € (0,1), and since u(1) = 0 we can conclude that u(k) > 0
for each k € (0,1).

Now we prove that B(y4(A*),A\*) > 0 and then examine the sign of B(y4(Z),Z). Given that
B(y4()), A) is a continuous function of A, if B(y4(Z), Z) < 0 then there exists a unique A € (A\*, Z)
such that B(y4(\),\) = 0. Since A(v4(\),\) = 0, it follows that v4()), A is a solution to (50),
i.e. to (15)-(16). We prove that there exists 71 € (ra,71) such that B(v4(z),z) < 0 if and only
if ry € (re,71).

Regarding B(ya(A*), \*), since A(ya(A*),A*) =0 = 7(X\*) = A(A*, X\*), we have that y4(\*) =
A*; hence (42) and (52) imply that

Blra(x). A =20 (o, () - PR - )

n(n —1)

o
:2F(A*)/ Fr=2(s) (F(\*) — F(s))ds > 0

T2

where the last equality follows from the definition of \*.

Regarding B(va(Z), ), we have that

o n(n —1) ~ e B
B(ya(2),2) = =5 vn-1(7a(2)) = M(1, F(74(2)))(Z — 11) + / - M(F(s), F(ya(7)))ds

VA (57)

We now take into account that v4(z) is an increasing function of (%@ > 0 since % >0

and g—fi < 0), and we view B(y4(Z),Z) as a function ¢(r1) of 71 that is defined for r1 € (ra,71).

z

As ry T 71, we have that y4(z) — = and F(y4(z)) — 1, hence

@) ="""V @ — a(@) > 0

lim ¢(ry) = =Y .

r1r 2 Un—1 (x) B

As ry | rg, we have that y4(z) — r2, hence

liin l(ry) = / (M(F(s),F(re)) — M(1,F(rq)))ds <0
ridrs ro

since F'(s) < 1 for s € (r2,Z). The continuity of ¢ implies that there exists 7; € (r2,71) such that
¢(71) =0, and ¢(r1) < 0 for m1 € (rg,71). The proof that a unique 7 exists such that ¢(7;) =0

is long and is reported in E.

Step 3: Egl) is strictly increasing in the interval [\, Z]
It is immediate to see that l;g) is strictly increasing in (A, Z], and here we prove that lim,| l;g) (x) >

r1, that is (A — r1)A""2 > v,_1(A\). Since from B(y,\) = 0 in (50) we obtain A — r; =
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S - (”("Q_I)Un,l(’y) + fﬂyX M(F(s), F)ds), it is sufficient to establish below that

”(”21)/\2%1@) +An—2/ M(F(s),T)ds > M(A,T)on_1(7) +M(A,r)/ P2 () ds

Remark that: (i) the inequality % > M(A,T) is satisfied as WL%)AH = M(AA) >
M(A,T); (ii) the inequality A2 fv M (s),T)ds > M(A,T) fv/\ F"=2(s)ds reduces to

/Zn—l—jA”QF”ZJ FJ>/
7 =0

Z n—1—j)F"%(s)A" 27917
7 j=0

and it is satisfied since A""2F"27J(s) > F"2(s)A" 277 for j = 0,1,...,n — 2, for s € [y, A].

Step 4: Proof that no profitable deviation exists

Now that Eg) is well defined, we prove that if a bidder expects that each other bidder follows
the strategy (l;g), bg)*), then no profitable deviation exists for him. Precisely, we prove that the

following inequalities hold:'3

for each x € [ro,7v), ds(z,z) > max{us(x,7),us(x,y)}, for each y € (A, Z] (58)
for each x € [y, ], ug(z,v) > max{ug(z,z),us(z,y)}, for each y € (A, Z] (59)
for each x € (A\,z] and y € (\, Z], as(z,z) > max{us(x,z), us(x,7v),us(x,y)}  (60)

Step 4.1: Proof of (59) Here we prove that each type in [y, \] prefers to bid r1 rather than
not bidding, or bidding Eg)(y) for some y € (\, 7.

Bidding r; is preferred to no bidding. We know from (15) that ag(vy,v) = as(y,z), and
now we prove that tg(z,7y) > tgi(x,z) for each x € (v, A), which implies ag(z,v) > as(x,z)
for each = € (v, \]. Using (40) and (47) we find that g1 (z,z) = " + (A — I‘)%;j:ni1 +
(n —1)(1 — A)F"2(x), whereas g1 (z,7) = p(y) + A= ALM(F(2),T) + (n— 1)(1 — A)F"%(z)
for each = € (v, ). By using (43) for p(vy) and (42) for M (F(z),T"), after some rearrangements
we see that g (z,z) < tg1(z,y) is equivalent to M(I';A) > M(T", F(x)), which holds since
A > F(x) for each x € (7, \).

Bidding 7, is preferred to bidding like type y > A. From (48) we see that the payoff of

a type x € [y, A] from bidding Bg)(y) for some y > A is

isoy) = [ (o= max{ri B0 ) ) + (- DI - F@loa (@) (61

13We can neglect bids between r1 and limga I;(Sl)(x), since each bid between r1 and limg Bg)(a:) has the same

effect as bidding limg l;gl)(zz) We can also neglect bids strictly greater than Bg)(f) as they cannot increase the
probability of winning while potentially increasing the price to be paid.
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and gz (z,y) = (n— 1) f(y) [Y(F"2(s) — F"2(y))ds < 0. Therefore ag(z,y) is decreasing in
y, and we consider g (z,\T) defined in (49). We know from (16) that ag(\,v) = ug(\, A7)
and now we prove that gy (z, \T) > tg1(x,v) for € (v, ), therefore ig(x,v) > tug(x, \T) for
€ [y, ). Precisely, ig1(z,AT) = A" 1+ (n — 1)(1 — A)F"2(x) and dg1(z, \") > dg1(x,7) is
equivalent to M (A,T') > M(F(x),T") which holds since A > F(x) for each z € (v, A).

Step 4.2: Proof of (58) Here we prove that each type in [rg,~y) prefers not to bid rather
than bidding r;, or bidding Bg)(y) for some y € (\, z].

No bidding is preferred to bidding 1. We know from (15) that ug(y,z) = as(vy,7),
and now we prove that tgi(z,z) < agi(x,7v) for each = € [ra,7), which implies ug(x,z) >
us(x,7y) for each x € [ra,7). From (40) and (47) we see that for each x € [ra,7) we have
i1 (w,7) = p(y) + PG P2 (a), gy (2,2) = FP L) + (0 - 1)1 = D)F*2(x), and
Gs1(w,v) > Gg1(z,z) reduces to p(y) > F"1(z) + 252 (A — I)F"2(z). We have proved in
Step 2.2 that p(y) > I + (n— )(A DI 2 and T' > F(z) for each € [r2,7); hence
usi(x,y) > usi(x,z) for each z € [7”2,’)/).

No bidding is preferred to bidding like type y > A. The payoff of each type = € [ra,7)
from bidding lN)(l)( ) for some y € (\, z] is given by tug(x,y) as in (61) and is decreasing in y. Now
we prove that ag(x, A\T) < tg(z,z) for each x € [ry,7). From (15) and the last remark in the
proof of (59) we know that ag(vy,z) = as(y,v) > ts(y,A\T). We prove below that gy (z,A\T) =
AL 4 (n = 1)(1 — A)F"2(2) is greater than dgi(z,2) = F* Y(z) + (n — 1)(1 — D) F"2%(2),
which implies dg(x,z) > tg(x,A\T) for each x € [ra,7). Precisely, tugi(z,\") > tg1(z,z) is
equivalent to A"~ > F*~L(z) + (n—1)(A —T)F" 2(z) and holds for each z € [r,7) if and only
if A»~t —T""! — (n—1)(A —T)I'™2 > 0. This inequality is satisfied since (i) the left hand side
is 0 at A =T; (ii) the left hand side is increasing in A; (iii) A > T

Step 4.3: Proof of (60) Here we prove that each type z in (A, Z] prefers to bid 58)@) rather
than not bidding, or bidding 71, or bidding Bg)(y) for some y € (\, Z], y # x.

Bidding I;(Sl)(a:) is preferred to bidding I;gl)(y) for some y # x. For a type z € (A, 7],
the payoff from bidding as type y € (x, z] is ag(x,y) as in (61), and is decreasing in y. Therefore,
type x prefers to bid l;g)(x) rather than I;(Sl)(y) for y > x. Moreover, from (48) we see that the
payoff of type x from bidding as type y € (A, z) is constant with respect to y, as tge(x,y) =
(n—1)f(y) (yF"‘Q(y) - Bgl)(y)F”_Q(y) - vn,l(y)> = 0 for each y € (\,x): Therefore bidding
like type y € (A, x) is no better than bidding I;g)(x)

Bidding l;gl)(a:) is no worse than bidding r;. From (47) we see that ugi(z,v) = (n —
1)F"2(z)— (n—2)F" !(z), which is equal to W. Therefore ug(z, ) and tg(z, x) have par-
allel graphs in (A, z], but (16) implies ag(),v) = @g(A\, A7) = lim, ) s (@, z), hence ug(x,v) =
tg(z,z) for each x € (A, Z].

Bidding l;gl)(w) is preferred to no bidding. From (40) we see that dgi(z,z) = (n —
1)F"2(z) — (n — 2)F" (), which is equal to %. Therefore tg(x,z) and ag(x,z) have
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parallel graphs in (A, Z], but (16) and the proof of (59) imply lim, ) Gg(z, ) = ag(A\, A7) =
ug(A,y) > ag(A, z), hence ug(z,x) > ug(x,z) for x € (\, z].

A.2 Proof of Proposition 2(ii)

This proof is largely given by the proof of Proposition 2(i), after setting A = Z, consistently
with the remark in footnote 7. Precisely, G(sno,r1) in (9) and G(s|r1,71) in (11) can be seen
as special cases of (36) and (45) with A = Z and A = 1. Remark that the probability of winning
when bidding 7 is now given by (see (43) with A = 1)

n—1

N o Cn_]_d n—l—j . ] o 1 - Fn

and in (11), 1 — p(y) replaces py at the denominator because 1 — p(vy) is a bidder’s probability
of losing after a bid of r; given l;g), the analog of py.

The proofs that a unique solution to (13) exists and that ug(z,z) > ug(x,7y) for each
x € [re,7) and ug(z,z) < ug(z,v) for each x € (v, Z| are special cases of Steps 2.2, 4.1, and 4.2
in the proof of Proposition 2(i).

Finally, we need to explore the profitability of bidding slightly more than r; and to prove that
max{tug(x,z),us(x,v)} > x —r holds for each x € [rq,Z]. Since ugi(x,z) < 1 for z € [ra,7)
and Ugi(z,y) < 1 for x € [y,Z], it suffices to prove that 4g(Z,v) > & — r1. Using (12) and

rearranging the inequality we obtain

M i)+ [ M), T)ds = ML) @ = 1) 20 (63
Y

In examining this inequality, we need to take into account that v is the unique solution to (13)
given 7. Since (13) is equivalent to (15) (i.e., to A(y,A) = 0 in (50) when A = ), it follows that
the left hand side of (63) is a function of r; which coincides with ¢(r;) introduced in Step 2.3 in
the proof of Proposition 2(i). From Step 2.3 we know that ¢(r1) > 0 if and only if r; € [F1, 7).

A.3 Proof of Proposition 2(iii)

The proof of this part (from GTX) has been already presented in subsection 3.2.1.

B Proof of Proposition 3

Step 1: lim,,, 71 = T.

Recalling Step 2.3 in the proof of Proposition 2(i), we here show that for each 1 < &, B(v4(Z), %)

is negative for a large n; this implies that 7y > r; and that a solution to (50) exists. Precisely,
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given r < z we find

n(n — A(Z) n—1-n 7 n F
B(ya(),7) = (21) /’Y Fr2(s)ds — 1 (1F_(7;((W)l)(;)§2 (7a( ))(j )
T (n—1)F"(s) = nF"(s)F(ya(@)) + F"(74(T))
" [m(a‘s) (F(s) — F(va(2)))? s

and the first and third term tend to zero; the second term tends to —oo. Hence B(y4(Z),z) < 0

if n is large.

Step 2: lim,, , 00y =lim,, oo A = 71.

Since for each n we have r; < v < A, it suffices to prove that limy, . A = r1. Then, recalling
Step 2.3 in the proof of Proposition 2(i), we now show that B(y4(A), \) is negative at A =71 +¢
for a large n; this implies that the A solution is smaller than r; + ¢ for a large n. For the sake
of brevity, we write 4 instead of v4(r; + ¢), and recall that 1 < y4 < r1 + €. The inequality
B(va,r1 +¢) <0 is equivalent to

1 n(n —1)
V(F(r1 59, F(oa)) < g 1) +/7

and now we show that (64) is satisfied for a large n. First notice that

r1+€
g >

M(F(smm»ds) (64)

A

n(ng_l)vnfl('YA) n(n—1)

Floaa(a) [ Fs) "
M(F(ri+2), ()~ M), F(va) / (F(m)>

Hence the first term in the right hand side of (64) tends to zero. Regarding the second term in

the right hand side of (64), we need to consider two cases:

o If y4 <71+ 5, then consider three numbers b, a, c in [0, 1], such that b < a < ¢ and notice
that

M(a, b) (c - b>2 (n=1)()" —n(@)" e+ @)"

a—b n—1-"bn4 (b)n

tends to zero. Then we conclude that f,::rs M%(Frfig(;(f;)j))

c=F(ri+¢),a=F(s), b= F(ya). Hence, (64) is satisfied for a large n.

ds tends to zero by taking

o If instead v4 > 71 + 5, we have that

Syt M(P(), FOANds _ M(F(r + ), Flaa))(r + =~ 1)

M(E(r+ ). F(a) M(F(r1 +¢€),F(va)) nteTIasy

2

n—2
Since fTZA <%> ds < is for a large n, it follows that the right hand side in (64) is

smaller than 3¢, and (64) is satisfied.
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C Proof of Proposition 4

Let x = (21,...,2p), X = (X1,...,Xy), and given a sequence of reserve prices (increasing or
decreasing) and an equilibrium for sequential second price auctions, for i = 1,...,n we use ¢;(x)
to denote the probability that bidder ¢ wins an object (either in stage one or in stage two)
in that equilibrium, given the profile x of values. Moreover, in each equilibrium described by
Propositions 1 and 2 the expected payoff of each bidder with value 0 is equal to zero, therefore

arguing as in Myerson (1981) we find that the sellers’ total payoff is given by
m=FE[p(X1)qn(X)+ -+ ¢(Xn)gn(X)] — r Pr{the object with reserve price r is sold} (65)

We have introduced in the main text the order statistics. Here we introduce y = (y1,...,¥n),
Y = (Y3,...,Y,), and the joint density of Y is

fy(yl, “. 7yn) = (66)

nf(y)f(y2) - flyn) g1 >y > >yn
0 otherwise

In case of increasing reserve prices, that is 71 = 0, ro = r, let mgp denote the profit in (65)
given ¢y, ..., ¢n, Pr{the object with reserve price r is sold} resulting from the equilibrium described
by Proposition 1. Neglecting ties, that are zero probability events, for each bidder ¢ we have
that ¢;(x) = 1 if #; = y1 or &; = y2 > r, otherwise ¢;(x) = 0. This reveals that mgp is equal to

the expectation of the following function Ogp:

by = d(y1) ifyo <r (67)

d(y1) + o(y2) =7 ifr <y

Likewise, if reserve prices are decreasing (that is 7 = r, 72 = 0), we denote the profit in (65)
as Mpgrp, OF Tprp, OF Tprp depending on which case of Proposition 2 applies, and in each of these

cases the profit can be written as the expectation of a suitable function of y:
o If 71 <7, then Appp = E[fprp(Y)] with
Oone(y) = d(y1) (68)
o If 7 <1 <7, then fppp = Elfppp(Y)] with

é(y1) if y1 <7
Oorr(y) = S d(y1) + d(ya) — 7 ifys <v<wy
o) + 20(y2) + 2o(ys) + -+ Ld(ym) =7 i Ymy1 <V < Ym, m >3
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[ ] If r< 7;’17 then ’ﬁ-DRP == E[éDRp(Y)] Wlth

é(y1) if y1 <~
Oore(Y) = € o(y1) + d(y2) — 7 ifys <y <y <\ or A<y
(1) + 20(y2) + md(ys) + -+ - d(Wm) =7 i Y1 <Y <ym <y1 <A, m >3

Notice that the last line in éDRp and the last line in émp take into account that in stage one
the winner is selected randomly when Proposition 2 (i)-(ii) applies and at least two bidders have
values in [, Z] (for Oppp) or in [y, ] (for Oppp).

C.1 Proof of Proposition 4(i)

From (67) and (68) we see that

0 if o <7
¢(y2) —r ifr <y

HIRP(y) - G_DRP(Y) =

that is Orp and Oppp differ only when yo > r. From (66) it follows that the density of Y3 is
fa(y2) = n(n — 1) f(y2)[1 — F(y2)]F" *(y2), hence
1
A(r) = mwp — Tore = El0re(Y) = Opre(Y)] = / (A(y2) —r)n(n—1)f(y2)[1 —F(y2)]Fn_2(3/2)dy2
' (69)
with A(1) = 0, and

A(r)=(n—12F"(r) —n2n - 3)F" (r) +n(n - 1)F"2(r) — 1

- F(r)]

n—2

A"(r) =n(n—1)2F"3(r) f(r)[1 — F(r)] [

n—1

with A’(1) = 0. We let 7’ be such that F(r') = “=2, and distinguish the case of ' < 7y from
the case of 7 < r'.

In the first case we have A”(r) < 0 for each r € (71, 1), therefore A’ is strictly decreasing in
[71,1], and since A’(1) = 0 it follows that A’(r) > 0 for each r € (71,1). Then, from A(1) =0
we conclude that A(r) < 0 for each r € [Fy, 1).

In the second case we have A”(r) > 0 for r € (¥1,7') and A”(r) < 0 for r € (', 1), therefore A’
is strictly increasing in (71,7’), is strictly decreasing in (r/,1). Since A’(1) = 0, it follows that
A’ is positive in an interval (r”, Z) such that r” < r’ and r” may be equal to 71; if ” = 71 holds,
then we conclude that A(r) < 0 for each r € [F1,1), as in the first case. Conversely, if 71 < 7,
then A’(r) < 0 in (71,7”), A'(r) > 0in (v, Z). Since A(1) = 0, it follows that A(r) is negative
in an interval (r”’,1) such that " < v and r"” may be equal to 7. In any case, if A(71) <0
then A(r) < 0 for each r € (7, 1).
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C.2 Proof of (19)

For each r € (0,1), 7y, = E[max{Y3 — r,0}]. We show that for each r € (0,1), m)zp < Tigp
holds.

This is clearly true when 7., = 0, which happens for all » > 7; (under DRP, in fact, no
bidder bids at stage one for r > 71, and no bidder bids more than r for r € [f;,71)) and for
r € (0,71) if y2 < A (here again the second largest bid does not exceed r).

Finally, when r € (0,7) and y2 > A, we have that the profits under DRP are given by
Bn—1,0(y2) — r. From (20) we can derive the following equality

Brn-10(y2) —7 = E(Y3 —r|Ya = y2) < E(max{Y3 — r,0}|Y2 = yp)

while the inequality follows because when y2 > A we have that Y3 is smaller than r with positive

probability. Therefore 7f,, < T also if r € (0,77).

C.3 Proof of Proposition 4(ii)

Given (19), here it suffices to show that 70, > 70.,. In order to do this, we denote with w(yz)
the expected difference in profit (from the sale of the object with zero reserve price) between
IRP and DRP given Y5 = yo: hence 7, — 70, = fo (y2) f2(y2)dya. It is useful to distinguish
between the following cases: y2 € (0,7], y2 € (r, A], and ya > A and write

1

T A
/0100(92)f2(y2)dy2:/0 w(y2)f2(y2)dy2+/r w(y2)f2(y2)dy2+/\ w(y2) fa(y2)dyo

Steps 2-4 below imply that fo (y2) f2(y2)dya > 0 for r close to zero, but first we need to prove a
property of A. For the rest of this proof we define f = min,¢jo 1) f(x) > 0, f= max,epo,1) f () >

f

Step 1: There exists a £ > 1 such that A\ < & when r is close to zero

We can verify that B in (52) is strictly decreasing in both variables and from the proof of
Proposition 2 (Step 2.3) we know that there exists a solution 7, A to (50) such that r < v < A
exists. We now prove that B(r,&r) < 0 for a suitable & > 1, and this implies that B(v,z) < 0
for each v > r and for each z > &r; therefore A < £&r. We have that

B(r,z) = n(nQ—l) /OT F2(s)ds — M(F(2),F(r))(z —r) + /Z M (F(s), F(r))ds

with B(r,r) = "0 [T Fr=2(s)ds > 0 and Ba(r, z) = —My(F(2), F(r)) f(2)(z =) < 0. Hence,

n(n —1)

B(r,z) = — /Or F"2(s)ds — /z Mi(F(s),F(r))f(s)(s —r)ds
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and

My(F($), F(r)) = (n = 1)(n = 2)F"(s) + (n = 2)(n = 3)F" () F(r) + .. + 2F"75(r)

(e () oo G

n—2
> P Y g+ 1) = MR sy
i=1

where the inequality follows because s > r. Since

_/Orf(s)dsg/orde—rf (70)

we have that

B(r,z) < 771(”_ 1)rF”_Q(r) - n(n - lg(n F=3( f/ s—r)

<”<2>Fn 3()( f- _2f<z—r>2>

3f

and the right hand side is equal to zero if z = &r, with € =1+ 7

Step 2: [y w(y2)f2(y2)dy2 > 0

Given y9 € (0,7], we find that the profit under IRP is y2, whereas the profit under DRP is y3 if
Y1 > 7, or yz if y1 < ; this implies that w(y2) = E[(y2 — Y3)1y;>431Y2 = y2] > 0 for yo <7,
hence [ w(y2)f2(y2)dyz > 0.

Step 3: f:‘w(yz)fz(yz)dyg > —n1r™ for a suitable n; > 0

Given yp € (1, A], we find that the profit under IRP is (3,,—1,0(y2), whereas the profit under DrRP
is y3 (if at stage one the highest or the second highest value bidder wins), or y, (if at stage one
the highest or the second highest value bidder does not win). Therefore the profit difference is
necessarily larger than 8,1 9(r)—A=r—XA> —(£—1)r. As a result, f w(y2) fo(y2)dys > —(&—

)r [ fa(y2)dyz. Now observe that [ fo(ya)dys < [ n(n — 1) f* lyb=2dys < n(f&)" 1,

where the first inequality follows again from (70). The result is then obtained once we let

m = (& —Dn(fo" L.

Step 4: f; w(y2) f2(y2)dys > nar™~1 for a suitable 2 > 0

T rm—2
Given y2 > A, we have described in the main text (see page 16) that w(y2) = f";b,ig(;))@, and

n(n—1)(1-A)? rr pn— n(n— -A)? rr n— n—
f)\ (y2) f2(y2)dy2 = %IOF 2(S)d82%fo(is) 2ds = nor™~! where the
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_A)2 £n—2
inequality follows by using the logic in (70) and using f instead, and by letting 7, = %

C.4 Proof of Proposition 4(iii)

When the values are uniformly distributed, we know that 71 = ”T_l and we can verify that

¢(x) = 2z — 1 is an increasing function.

C4.1 Caseofrs <r

For each n > 3 we prove that A(71) < 0, and then Proposition 4(i) implies that A(r) < 0 for
each r € (71,1). From (69) we find
Aoy 8nf—Tn+1 1\" 3n?—4n+1
A(Tl) = 1—— s e m—
n(n?—1) n 8n? —Tn+1

2 . .
and (1—%)"— &%‘m is equal to —% < 0 for n = 3, is equal to —%Lééﬁ < 0 for n =4. We

now prove that (1 — )" — 5’252% < 0 for each n > 5, which implies A(71) < 0. We have that
1\" n 1\* 4 1\* n 1\*
1-—) =) C ——) =1-1 C —= C —=
() =3 () oo () w e ()

Now consider the case of n even, because when n is odd the last term in the sum above is

negative and so makes our point easier. We have that

n 1\ k (n—2)/2 1 1
Z Ch (_n> = Z <_Cn’2k+1n%+1 + Cp 2642 n2k+2>
k=5 k=2

and
1 (2k + 1)Chi1,26+2

—Ch2k+1 5557 T Cn,2k42 =- <0
2k ok+1 2k 42 ok+2 n2k+2

for k=2,..., ”772 Therefore

n 4 k 2
1 1\* (n—1)(3n®+n+2)
(-5) <xem () -5

Last,

(n—1)(Bn®*+n+2) 3n2—4dn+1
8n3 82 —Tn+1

nn—1)(5n—"7)+6n—2

<0
8n3(8n? — Tn+1)

—(n—1)
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C.4.2 Caseof0<r < i

When r < 71, recall that v and A\ are solutions of (50), and from Subsection 3.4 we know that

v = ¢y7, A = cxr. Moreover we have that:

0 ifyr <yandyo <r,orys <y <y <A or A<y
~ P(y2) — 7 ifr <y <y <7y
HIRP(y)_HDRP(y) = .
— ¢(y2) ifyo <r<y<uy
20(ya) — mdYz) = — i 0Ym) i Ymp1 <Y <ym <y <A, m >3
(71)
Since ¢ is increasing, it follows that Z=2¢(y2) — L d(ys) — -+ — = G(ym) = 0. Therefore A(r) =
ﬂ-IRP - ﬁ-DRP == E[GIRP(Y> - éDRP (Y)] iS SU.Ch that
/ / (y2) — 1) f12(y1, y2)dy1dy2 +/ / ) f1,2(y1, y2)dy1dys
2 v
cyT r
=n(n—1) (/ (2y2 — 1 —=7) (cyr — y2)ys dy2 + (1 —cyr )/ (r—2y2+1)yy 2dy2>
r 0
= 7""_1W(07, T)

in which f12(y1,92) = n(n — 1)y5 2 is the joint density of Y7, Ya, obtained from (66), and

(n—1)%+ (2¢y(n—1) —n — l)cgr2

Wiey,r)=n—(2n—-3+cj)r+ ——

From the proof of Proposition 2(i) (Step 2.3), we know that the function B defined in (52) is
strictly decreasing in both its variables. Therefore if z* is the unique solution to B(z,z) = 0,
then ~, A solutions to (50) are such that v < z* < A. The equation B(z, z) = 0 is equivalent to
"("2_1) foz s"2ds — %z””(z —r) =0, hence z* = Z—:%r and ¢y < Z—:% <cy, = % < n=2

n—1

Step 1: W is strictly decreasing with respect to its first variable. Therefore,
Wi(cy,r) > W(" 3o7)- We have that Wl(cv, ) =7 hr (2¢,r(n — 1) —n —nr), and 2¢yr(n—
1) —n—nr<27= %Z %(n—l)—n—nﬁ—:?: — 2 <0 since ¢y, < 2 —2 and r < —%

Step 2: For each n > 4 we have W (7= ,r) > 0 for each r < 32=12_ Wk find that

5n—5
W(Z_%, 55’;_152) > 0 for each n > 4 since

n—1 5n—12 _(5n—12)(17n2—61n+58) 2(127n—162)(n—1)(n—2)_ n—1\"
W("*Q’ 5n*5>_ 25 (n+1) (n—2) (n—1)> ((5n—12)(17n2—61n+58) <n—2> >
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and, therefore, W ( Z—:é, 55’::52) = % > 0 for n = 4, while for n > 5 we have that

2(12n —162) (n —1) (n—2) (n—1\"_ 21270 —162) (n—1)(n—2) 275 (n—1)2
(5n — 12) (17n2 — 61n + 58) _< ) (5n —12) (17n2 — 61n+58) 100 ( >
(n—1) (((27n — 8)% + 5534) (n — 5)? + 23 742(n — 5) + 3168) 0
36 (5n — 12) (17n2 — 61n + 58) (n — 2)? g

n—2 n—2

n
Moreover, W (2= 1) = —% (<Z—:%) -2- %) is negative for each n > 4. Since
W (2=},7) is a convex quadratic function of r, it follows that W (2=1,r) > 0 for each r €
(O 5n712]
’ bn—>5 1"

Step 3: A(r) > 0 for each r < min 55';__152 ,71}. Ifr < 55’1;152, then Steps 1 and 2 establish

that W(cy,r) > W(2=1,71) > 0 for each r € (0,7). If 71 > 52=12 then Steps 1 and 2 establish
that W (c,,r) > W (2=, 3=12) > ( for each r € (0, 22=2).

C.4.3 Caseofn=3

Given n = 3, we computed (see Table 1) 7 = 2/3 — 3 and 7| = % We have proved above that
Tire — Tpre < 0 for each r € [F1, 1] (for each n > 3). Here we consider r € (0, %)
When 7 € (0,2v/3 — 3), we use (71) to find that A(r) = mrp — Tpre is equal to

Ny rorl Ayt Y2 9 9
/ /(ng—l—r)Gygdy1dy2+/ / (r—2y2+1)6y2dy1dy2+/ / / (gyg—gyg)ﬁdygdygdyl
T Jy2 0 Jy TSy Iy

7 4

2 2 1
= At (r+ A+ DA - Syt =3 1 3%
6 3 3 6
and we know from subsection 3.4 that v = (1 4+ $v3)r, A = (1 + 2/3)r, hence A(r) =
1“2(36\/2%7"2 - %f‘/ﬁr + 3) is positive for each r € (0,2v/3 — 3).

When r € [2v/3 — 3, 2), in order to evaluate A(r) = mwe — Fore = E[fie(Y) — Opre(Y)] we

use

0 ifyr <vyand yo <r,orys <~y <y and r < yo
. P(y2) —r ifr<yp <y <v
Orrp (Y) — Opre (Y) = .
r— ¢(y2) ifvy<yand yo <r
Lo(y2) — 3o(ys) iy <uys
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Figure 3: Plot of A(r) when n =3 and r € (2v/3 — 3,2/3).

Therefore

Y Y1
/ (252 — 1 — r)6yadyndys + /
:

1 Y1
/ / y2 - *y3 )6dysdyady,
Y Y
_T
6

) 2 1
A —(r g)’y + 42 —§’y+7“4—37°3+37"2+6

1 r
/ (r — 2y + 1)6yadyady
0

_I_

(72)

The value of « is determined as the unique solution in the interval (r,1) to the equation 33 —
Y2 4+ 2y —2(1+ v +92)r =0 (from (51) with A = 1). Hence we find

1 1
— §(27“ +1)+ g </8r3 + 6612 + 2221 — 26 + 9v/31/12r + 1123 + 27672 — 1261 + 23
472 +22r — 17

+
9/813 + 6612 + 2221 — 26 + 9v/3v/12r% + 11213 + 27612 — 1261 + 23

(73)

Inserting (73) into (72) reveals that the graph of A in the interval [2v/3 — 3, 2) is as in Figure 3,
and A(r) = 0 if and only if 7 = 0.641.
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D Proof for Proposition 5

D.1 Proof of Proposition 5(i)

Consider m € (r9,71), and let v, A be the unique solution to (15)-(16). Here we prove that the

following bidding functions constitute an equilibrium:'4

no bid if x € [z,7)
b2 (@) =< it e i
=(1) n—
[ = tee ()
) - if € [y,
bg)(ﬂno,no) _ P 2(2) 1 rer =
Bn,rz (7) if v € h’j]
B @) if 2 € [r2,7)
B (x[no, 1) = b (§(x)|r1,71) such that §(z) is in if 2 € [,7] (76)
| 5 Ixre|y,T
argmaxcp, ) (z = B (ulr1, r1)) G (ylno, 1)
B (@) if 2 € [rg,7)
~ n—1,r G T1,T IS~ S|iT1,T ds ]
bg)(x!m,m) _ ) O @) (vc‘?(la:\rll);f)V e Heeh i
Bty (NGOIrL )+ [} sglslrir)ds 7
el if z € (\, 7]

Br-1r,(x) if z € [re,z)

B2 (26,50 (2)) =
d r Brn—-1m(2) if z € [2,Z]

for each z € (A, z], b < I;g)(z) (78)

B (oo, bu) = {Br1a(0)  ifw € [raa]  foreach by > B() by 20 (79)

Remark that, in light of Bg)(a:), Eg)(x\no,no) for z € [vy,7, Eg)(ﬂno,m) for © € [v,7],
B (x|r1,m) for = ¢ [y, A, 02 (2]b,b)(2)) for € [2,7], and b (b, by) for 2 € [z,7] re-
late to off-the-equilibrium play. Remark also that Eg) (x|r1,71) is constant for z € (A, 7.

Step 1: Proof for stage two

In this first step we prove that for each possible outcome at stage one, the bidding specified
by (75)-(79) constitutes an equilibrium at stage two. We start by noticing that 13%1) generates
the same stage two beliefs for losing bidders as INJEgl) Precisely, by comparing (74) with (14), we
see that this property is true if b,, = no, or if by, = r1; in these cases the updated beliefs are

given by (35), (36), and (45). But the property is true also if b,, = 59)(7:) for some z € (A, Z],

YFor the sake of brevity, in each bidding function relative to stage two we consider only & > r2, since each type
with value smaller than r2 does not bid at stage two, regardless of the outcome of stage one.
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as Bg) is strictly increasing in the interval (A, Z]: in this case the updated beliefs are given by

the c.d.f.
Fr—2(s)
~ ~(1 =10
G(slo, b () = 7@ ]
1 if s € [z, 7]

it s € [z, .
ifs€lez) for each b Sbg)(z) (80)

which is essentially equivalent to (39) for each z € (A, z], b SB%)(,&*)

Regarding Eg)(-hﬂo,no) in (75), we can argue as for (22), and regarding l;g)(-|b, by) in (79)
we can argue as for (25).

In order to consider the case in which by, = r; (the bidding functions (76) and (77)) we first

prove a stochastic dominance relation between G(-|r1,71) and G(-|no, r1).

Step 1.1: G(:|r1,71) dominates G(:|no,r;) in terms of the reverse hazard rate.

for s € [£.7), g(s|no,r1) < g(sl|ri,r1)

g(sno,r1)  g(s|ry, )
é(s|n0, 1) é(s|r1,r1) é(s\no,rl) é(s\rl,rl)

for s € (v, A]

o : : g(sno,r1) _ g(slri,r1) :
It is immediate to verify that Glehmon) = Glalran) for each s € [z,v). Now consider s € (7, A,

and in order to prove that g(sinor) - glslri,ra)

G(shno,r1) ~ G(slri,r1)’ notice that

glsino,r) _ f(s) (n—DF"%(s)(F(s) = T) — (F""}(s) ="
G(slno,r) F(s)-T Fr=l(s) —Tn-1 ’
glslrir) _ f(s)  n(n— HF"2(s)(F(s) = )* = 2[(n — 1)F"(s) — nF""}(s)I' + 17
G(s|ri,m1) F(s) =T (n — 1)Fn(s) — nFn=1(s)T + T
g(slri,r1) _ g(slnoyry)

as

After defining k = -1 € (0,1), we can write

F(s) G(slr1,r1) G(s|no,r1)

n—1—nk+kn 1— k-1

f(s) (n(n ~ D1 —-k?-2n—1—-nk+Ek") nm—-1)1—-k) -1+ k”‘1>

and rearranging the last expression, we see that it has the same sign as
2 - (n— 12k +2n(n—2) k" P — (n—1)* k"2 + 1
Remark that this is the equal to p(k) in (56) that we know is positive for each k € (0,1).

Step 1.2: The bidding function Bg)(-|no, r1). Consider a bidder of type = > ra who has
submitted no bid at stage one, and has learned that b,, = r;. Then his beliefs on the highest
value among the other losing bidders are given by G(s[no,r;) in (36), and we prove that it is
optimal for him to bid I;g)(x\no,rl) as specified in (76) if he expects each other losing bidder

with value in [rg, ) to bid according to i)g)(-|n0, r1), and each other losing bidder with value in
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[7, A] to bid according to b ( lr1,71) in (77).15
In detail, we formulate his bidding problem as the problem of selecting optimally y € [ra, A,

with the interpretation that choosing y € [re,7) is equivalent to bidding l;g)

(y|no,r1), and
choosing y € [y, A] is equivalent to bidding Bg) (y|r1,71). Therefore, for this type of bidder the

stage two payoff is
1) (@ — 0% (yno, 11))G(yno,r1)  if y € [r2,7)

way‘n07r1) = ( ~ .
(x = by (ylr1,r1))G(ylno, 1) if y € [, A]

and

=~ 5(2) no,r 7 g no.r .
Glotno, ) (=250 4o = 52 ylno, ) J22EY ) ity € [ra,)

a@g)(%ymoa 7"1) _ G(y[no,r1)
0 N 5 682 (y|r Kg ~(2 d(ylno.r .
v G(ylno,m) _F%wﬂm_b;)(ym,m)m) if y € (7,0

Then notice that b )( lno,r1) and b ( |r1,71) satisfy the following differential equations in

[re,7) and in (v, A], respectively:

by (ylno, 1) ;@) g(ylno, 1)
———==(y—b no,ri))=—m—= for y € [rs, 81
9y (y = bp (vl 1))G(y|n0’m y € [r2,7) (81)
35 (3/17“1,7“1) (2) g(ylri,m)
— =y = b (ylr,m)) x5 ———=  forye (v, (82)
Iy g G(ylr1, 1)
and find that
8u%2)( ,y|no, 7“1) (m - y)g(y|n0,7“1) if yE [T277)
Yy A A C) gylri,re) _ 72 g(ylno,r1) :
Gymo,r1) (—(y = b2 (ylry, r) ZU 4 (o — 53 (ylr, ) AL ) gy € (4,0
(2)
Consider a type = € [r2,7). Then %z‘no”) is positive for y € [rq,z), negative for
y € (z 7) and negative also for y € (v, \] because q((y”:ll’:ll)) > g((z"‘i‘z)’:l)) for y € (v, \] implies
g(ylr1,r1) g(y[no, 7“1) g(y|no,r1) :
(y b (y|r1,r1)) G(ylr1,m1) +(IL‘ b (y|1"1,7“1)) G(y[no,r1) (:L‘ y) G(y[no,r1) <0 given r <7y <y.
Hence the optimal y is equal to z, i.e. the optimal bid is b% (z|no, r1).

~(2)
Now consider a type = € [y,Z]. Then %ﬁm,n) > 0 for y € [ra2,7), hence the optimal
8ﬂ(2>(x,y|no,r1)
F By < (

y is in [y, A], as specified by (76). Moreover, we have seen above that x —

y)g(y[no, ry) for y € (7, A], hence for z = the optimal y is equal to 7.

Step 1.3: The bidding function I;(F?)(-h"l, r1). Consider a bidder of type x > ro who has

bid r; at stage one, and has learned that another bidder has won at stage one with a bid ry.

511 view of é(-|no, r1), he expects that no losing bidder has value greater than .
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Then his beliefs on the highest value among the other losing bidders at stage one are given

(2)

by G(s|r1,71) in (45) and we prove that it is optimal for him to bid by’ (2|r1, 1) as specified

in (77) if he expects each other losing bidder with value in [r2,7) to bid accordlng to b ( lno, r1)
n (76), and each other losing bidder with value in [y, A] to bid according to b ( |r1,71).10
Arguing as in the proof of Step 1.2, we can write the bidder’s payoff at stage two as a function

of y as follows:

(z - Eg)(y\noyn))@(ylm,n) if y € [ra,7)

~(2)
Up (l’,y|7“1,7“1) = - _
(@ = B2 (ylr1,r))Glylri,m) ity € [y, A
and
. b2 (yno,r1) #(2) ) )
8&%2)(:):,34\7“1,?"1) G(ylrla Tl) _FT + (I‘ - bF (y|1’lO,T‘1)) Glylri,r) if Y€ [T277)

~ 8l~7<2) 71,7 7 r1,1r .
% Glolrror) (=G 4 o= B ) ) ity € (0

g(yo,r1) _ g(ylri,r1) :
Then we use (81)-(82) plus Elonor) = Glalrery) for y € [ra,7) to find

i (x,ylrim) _ @ =y)alylrir)  ify € frz7)
% (¢ =9)glylri,r)  ify € (1,

This reveals that the optimal y is equal to = for each x € [re, A]; and it is equal to A, for each

€ (A, z]. Hence, in either case, the optimal bid is b (x\rl, ).

Step 1.4: The bidding function 5(2)( -|b, I;(l)(z)) If b, = b%)( ) for some z € (A, z], then
the beliefs of each losing bldder are given by the c.d.f. G(-b, b ( )) in (80). Then essentially
the argument relative to b ( |no,no) in (22) applies in this case. We find that

s0,00(2))  (n—2)f(s)
6 l;g = for s € (rq, 2)

hence (1) reveals that the equilibrium bidding function for = € [rq, ) is Bn—1,(2), as specified
by b ( b, b ( )). Finally, given b,, = l;g)(z), a type x € [z, ] expects each other bidder to

have value smaller than z, and (,,—1,,(2) is his payoff maximizing bid, as prescribed by (78).

Step 2: Proof for stage one

Here we consider the point of view of a bidder at stage one, given (75)-(78), and prove that it is

profitable for him to bid as specified in 5571) in (74), if he expects the other bidders to do so. For

161n view of G(-|r1,71), he expects that no losing bidder has value greater than .

48



each z and y in [z, Z], we use ur(z,y) to denote the total payoff of type = from bidding Bg)(y)

in stage one, and prove that the following inequalities hold:'7

for each x € [r2,7), tp(x,z) > max{ur(z,v),ur(z,y)}, for each y € (A, 7] (83)
for each x € [y, )], arp(x,v) > max{ur(z,z), ur(x,y)}, for each y € (A, 7] (84)
for each x € ()‘7 'f] and Y€ ()‘7 i]) ﬂF(l‘, $) = max{ﬂp(x,g), aF(x7 ’7)7 2~I'F(33¢ y)} (85)

The proof of (83)-(85) is closely linked to the proof of (58)-(60). The first step consists in
using (75)-(78) to prove that

up(z,z) = ag(x, z) for each x € [rg,7) (86)
up(x,y) = as(x,7) for each x € [ro, 7] (87)
ap(x,y) = us(z,y) for each x € [ro,Z| and each y € (\, ] (88)

Given (58), it follows that (86)-(88) imply that (83) is satisfied. In order to prove (84)-(85), we
use (87)-(88) and then prove directly that up(x,v) > up(x,z) for x € [y, ], and Up(z,x) >

up(z,z) for x € (A, Z].

Step 2.1: Proof of (86). For a type = € [ra,7), the payoff from not bidding at stage one is

equal to Ug(x,z) (see (40)) since

tp(z,z) =171 (;v - 55,2) (:E|n0,no)) G(z[no,no) + (A"~ -1 (ZL‘ - l;g) (x]no,rl)) G(xno, 1)

+ /:’ (x - Bﬁf) (z|no, B;})(z))> G (z|no, Bg)(z))dpn—l(z)

=vu(z) + (n—1)(1 = T)vp—1(z)
Step 2.2: Proof of (87). For a type x € [ro, Z|, the payoff from bidding r; is

ir(,7) = B(y) (@ — 1) + pelw — B2 (@lrr, 1)) G (alr1, m1)

‘) (o = B i, B () Gl B () F o)
A

in which p(y) is the probability to win at stage one for a bidder bidding r1, and p, is the
probability that another bidder bidding r; wins at stage one (see (43) and (44)). Routine

17 Again, it is understood that bidding more than bg)(f) is an unprofitable option for all z, since it does not
increase the probability of winning while increasing the price to pay for the object.
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manipulations reveal that

,

P()(@ —r1) + 2512 = A = D)vn—1(2) if & € [ra,7)
p)(@ = r1) + 55HA = T)vn1(7) + (n = 1)(1 = Ayvn—1(2)

ap(w,7) =+ [7 AEM(F(s),D)ds if z € [y, )]
BV (@ = 11) + e = Ba1,m (NGO, m1) = [ 5G(s|r1,m1)ds))
+ [ (@ — 2)dF" Y 2) 4+ (n — 1) [Y vp_1(2) f(2)dz + (n — 1)[1 — F(2)]vp_1(x) if z € (A, 7]

From (47) it is immediate to see that tp(x,v) = ug(z,v), for x € [ro,A\]. For z € (A z],
the equality holds since (i) ar(A,7y) = as(A,y) = p(y)(A —71) + De f,;\ G(s|ry,m)ds + nL(A -
Dvp_1(7)+n—1)(1=A)v,_1(\); (i) @pi(z,7) = ds1(z,7) = F* H(2)+(n—1)F"2(2)[1—F(z)].

Step 2.3: Proof of (88). For a type = € [ro, Z], the payoff up(x,y) from bidding Bt )( ), for
€ (N7, is

&1

(= B ) F" () + / (2= 02 @lB (9). B (2)) ) Galbi (9). B (2))dF ™~ (2)
Y

= (z - B () F" 1 (y)

@ =2dm @) + (=) S v ()@ + (0= )= P @) iy <a
(n=1)(1 = Fly))en-1(2) it <y

From (48) it is immediate to see that up(z,y) = us(z,y).

Step 2.4: Proof of (84). Note that (87) and (88) imply that ap(v,7v) = as(v,7), ap(A,y) =
as(A,y) and limy)\ up(x,y) = limy) ) ts(x,y) for £ < A. Moreover, from (87)-(88) and (59), it
follows that ap(x,v) > tp(z,y) for each y € (A, Z]. Below we prove that ap(z,v) > up(x,x)
for x € [y, A]. In fact, the payoff from not bidding at stage one for a type x € [y, A] is

ip(z,z) =T} (:c — 52 (z/no, no)) + (A =T max (z — B2 (ylr1, 7)) G (y[no, 1)
yE[v,A]

+ /:(x - Bg)(xan Bg)(z)»é(mnq Eg)(z))anfl(z)
=T @ = B () (A =) ma = B i, r)) Glyno, )
+(n = 1)(1 — A)vg1 ()

Let y(z) € arg maxyeh )\] (x— b (y]rl, 71))G(y[no, 1), and recall from the analysis in Step 1.2 of
the bidding function b ( Ino, 1) that §(v) = =, hence ap(y, ) = vp(7)+(n—1)(1-T)vp—1(y) =
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us(y,z). Moreover, in Step 1.2 we have also proved that g(z) < z, therefore
dpr(z,z) < TV L4 (A" =T HG(x|no, 1) + (n — 1)(1 — A)F"2(z) = dis1 (2, 2)

hence up(z,z) < tg(z,z) < ug(z,y) = up(z,7y) for each x € [y,\] (the middle inequality
follows from (59)).

Step 2.5: Proof of (85). From (87)-(88) and (60) it follows that tp(x,z) > max{ur(z,7), ur(z,y)}
for each y € (A, z]. Below we prove that up(x,z) > tp(z,x).
The payoff from not bidding at stage one is

i, 2) = T (2 = B (lno,no) ) + (A" = T"1) mas (= B (ylr1, 7)) Glylno, 1)
yelv,

+ /x(x - Eg)(x\no, gg)(Z)))é(ﬂno, gg)(z))dF”_l(z)
A

= " (@ = (1) + (A" =T max (@ = 0 i, 1) Glylno, )

+ /}\m(:p — 2)dF"1(2) + (n — 1)/}\ Un—1(2)f(2)dz 4+ (n — 1)(1 — F(x))vp—1(z)

Let g(z) € argmax,cpy y(z — b ( r1,71))G(yno, ). From G(j(z)|no,r;) < 1 it follows
that api(z,z) < F" " Y2) + (n — 1)F"2(2)[1 — F(z)], which is equal to dﬁzi(vf’z). Since
18

limg | ap(z,z) = ap(A\AT) = ap(X,y) > ar(X z),'® we conclude that up(z,z) > up(z,z)

for each = € (\, 7.

D.2 Proof of Proposition 5(ii)

The proof is largely given by the proof of Proposition 5(i), after setting A = Z. Precisely,
regarding stage two, in the main text we have already taken care of (22) and (25). In order
study the case in which b,, = r1, we can refer to steps 1.1-1.3 in the proof of Proposition 5(i).
Regarding stage one, we use tp(z,y) to denote the total payoff of type = from bidding I;g)(y)
We have proved in the main text that ug(z,z) > max{us(x,7),x —r1} for each x € [ra,7). We
can argue as in Step 2.2 in the proof of Proposition 5(i) to conclude that (i) ap(x,y) = tg(z,7)
for each x € [, z], hence up(x,v) > x —ry; (ii) ap(z,y) > ts(x, ).

E Addendum to Step 2.3 in the proof of Proposition 2(i): Proof

that there exists a unique 7, such that £(r;) = 0

In the proof of Proposition 2(i) Step 2.3 we have defined ¢(r) from (57) as B(vy, %) = Y n_1 (v)—
M@A,T)(z —r1) + ff M(F(s),I')ds, in which ~ is determined as the unique solutlon in (r1,7)

8The second equality follows from (16); the inequality follows from (84).
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to A(y,A) = 0, given A = Z, where A(y, ) is from (51). Since v depends on 71, we use the
notation vy(r1), hence
z

o1 (v(r1)) = ML, T)(Z — 1) + /( RUCERE

n(n —1)

Ur) = —

in which I' = F(v(r1)). It is enough here to prove that if r; is such that ¢(r;) = 0, then
¢'(r1) > 0 because this implies that no more than one 7 exists such that £(r1) = 0. Remark we
have denoted such r; with 71 in Proposition 2 and elsewhere in the paper. The derivative of £
with respect to rq is

T

6’(7"1) = M(I,F) —+

o Ma(F (s),T)ds — Ma(1,T)(Z — 7“1)] FO(r))y'(r) (89)

and if ry satisfies £(r1) = 0, then

2D g1 (y(r1)) + ff(h) M(F(s),T')ds
M(L,T)

Tr—1r =

Inserting this equality in (89) yields

¢(r) = MOLT) + f(3(r)0 (1) / ( Ma(F(5),D)ds
Y(r1

~ FOeD ) (”(”2‘ Lo+ [ M<F<s>,r>ds)

Moreover, from A(~,z) = 0 we obtain

p(y(r1))

1 M, >0
Z + ( 5 Un—1(7(r1)) + (v(r1) — r1) == ) f(v(r1))

V(1) =
with p(y(r1)) = nl(%f;) and Z = p(vy(r1)) =T 1 = 222(1 —=I)I'"2 > 0, hence

vy = [ (e = R M T ) s )

I (M(la r)— Ms(1,T) "(”2_1)Unfl('7(r1))f('7(7“1))}3(’7(7‘1)) )

ML) 74 (m5h 01 (y(ra)) + () = 70) 25D ()

The rest of the proof consists in showing that both the terms in ¢'(r) are positive.
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E.1 Proof that the first term in ¢'(r;) is positive

Here we prove that ff(rl) <M2(F(s),1“) - Aﬁ((llg))M(F(s),F)) dsf(v(r1))y'(r1) > 0 by showing
that My(F(s),T') — Aﬁ((llg))M(F(s),F) > 0 for each s € (y(r1),z]. For the sake of brevity, we
write b instead of I' and a instead of F'(s) and prove that Mas(a,b) — J‘A/ff((ll’bb)) M (a,b) > 0 for each

a,b such that 0 < b < a < 1. We find that

My(1,b)
-~ M(1,b)

Cy(a)
b(1—b)(a—Db)> (" —bn+n—1)

Ms(a,b) M(a,b) =

in which Cj is a function of a, given a fixed b in (0, 1):

Cyla) = (20" —n(n— D2 +2n(n—2)b—(n—1) (n—2)) prtt
+ ((n* + n)b? — 20" —2(n? — 1)b+n® —n) b"a
+n ((n =DV — (n+ 10" + (n+ 1)b— (n— 1)) b%a"
+ (2(n* — )" — 2(n* — 2n)b" ! — (n® 4+ n)b* + (n — 1)(n — 2)) ba"
+(n—1)((n—2)b" —nb""' +nb—n+2) ba""

Hence, the sign of Ms(a,b) — Aﬁ((ll’bb))M(a, b) is equal to the sign of Cj(a) and now we show that

Cy(a) > 0 for each b € (0,1), a € (b,1). First notice that Cy(b) = 0, Cp(1) = 0, and then we
prove that there exists an @ in the interval (b, 1) such that C}(a) > 0 for a € (b,a), and Cf(a) < 0
for a € (a@,1). This implies that Cy(a) > 0 for each a € (b,1). Precisely,

Cyla) = ((n*+n)b? — 20" —2(n® — 1)b+n® —n)b"
+(n? —n) (n =" — (n+ 1)b" + (n+ 1)b — (n — 1)) b*a" 2
+n (2(n% — )" — 2(n* — 2n)b" T — (n? + n)b% + (n — 1)(n — 2)) ba""*
+(n? = 1) ((n —2)b™ —nb" ' +nb—n +2) ba"

and C}(b) = 0. Moreover,
CY(a) = n(n —1)a"3Cy(a)

with

Co(a) = (n—2)((n— 1" = (n+1)b" + (n+ 1)b— (n— 1)) b
+ (2(n2 — b —2(n% = 2n)" — (n® +n)b® + (n— 1)(n — 2)) ba
+(n+1) ((n—2)b" — b +nb — n + 2) ba*

Notice that Cj is a second degree concave polynomial in a, and a; = b is a solution for

the equation C’b(a) = 0 since éb(b) = 0. Moreover, there exists another solution as such that
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b < az < 1, given that Cj(b) > 0 and Cy(1) < 0 (precisely, ag = "+ nt

Lb_i_ibnfl_bn)'lg This
n—2 n—2

implies C}'(a) > 0 for a € (b,az), C} (a) < 0 for a € (az,1). Therefore C} is strictly increasing
for a € (b, az), is strictly decreasing for a € (ag,1). Since C}(b) = 0, if follows that C}(a) > 0 if

€ (b,a), for some @ between az and 1, and C}(a) < 0 if a € (a,1).%°

E.2 Proof that the second term in ¢(r;) is positive

The second term in ¢'(r1) is equal to

ML) (Z+ (5(r1) = ) D £ (r0))) + (MP(1,T) = a1, D)p((1)) 2501 (1() (2 (r0)

M(LT) (2 + (252vn1(v(r1) + (1) =) ML) £(4())

It is immediate that the denominator and M?(1,T") ( + (y(r1) — rl)mf(fy(rl))) are both
positive. We here prove that M?(1,T) — nMz(1,T)p(vy(r1)) > 0 but we use x rather than I' for
the sake of brevity. We obtain that M?(1,z) — nMs(1,z)p with

1 :13)4’

q(z) =n? = 3n+3—n(2n —3)z +n%2® —na" 1 +2(2n — 3)2" — 3" 4 nz® " — (n — 3)a*"
In the following of the proof we show that ¢(z) > 0 for each = € (0, 1).

Step 1: The proof for n = 3,4,5

Here we write down ¢(z) for n = 3,4,5, and it is immediate that ¢(x) > 0 for each z € (0,1).
For n =3, q(z) = (3+3xz) (1 —)*. For n =4, q(z) = (7+ 8z +62% —z*) (1 — z)*. For n =5,
q(z) = (13 + 172 + 1522 + 102% — 32° — 225) (1 — z)".

Step 2: The proof for n > 6

We prove below that ¢”(z) > 0 for each x € (0,1). Therefore ¢’ is strictly increasing in [0, 1],
and since ¢'(1) = 0, it follows that ¢/(z) < 0 for each x € (0,1). Hence, q is strictly decreasing

YThe inequality Cj(b) > 0 is equivalent to ¢(b) > 0, with ¢(b) = (n — 2)(n — 1) —2(n+1) (n — 2) b+ n(n +
DY —2(n+1)b" 4+ 2(n —2)b" . We find that +"/(b) < 0 for each b € (0,1), hence ¢ is strictly decreasing.
Since t"(1) = 0, it follows that ¢”(b) > 0 for each b € (0,1), hence ¢’ is strictly increasing. Since t'(1) = 0, it
follows that ¢'(b) < 0 for each b € (0, 1), hence ¢t is strictly decreasing. Since ¢(1) = 0, it follows that t(b) > 0 for
each b € (0,1).

The inequality Cy(1) < 0 is equivalent to t(b) > 0, with t(b) = 2n —4 —2(n+1)b + (n + L)nb" "' —
2(n+1)(n—2)b" + (n — 1)(n — 2)b™". We find that ¢”(b) > 0 for each b € (0,1) , hence t' is strictly in-
creasing. Since t'(1) = 0, it follows that t'(b) < 0 for each b € (0, 1), hence ¢ is strictly decreasing. Since ¢(1) = 0,
it follows that t(b) > 0 for each b € (0,1).

20Tt is impossible that Cj(a) > 0 for each a € (b, 1) since Cy(b) = Cp(1).
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in [0, 1], and since ¢(1) = 0, it follows that ¢(z) > 0 for each x € (0,1). In detail, we find

¢(x) = —n(2n—3)+2n*z —n(n—1)z"24+2(2n — 3)nz" ' — 3n(n + 1)z" + n(2n — 1)z*" 2
—2n(n — 3)z%" 1
"(x) = 20 —n(n—1)(n—2)z"34+2(2n - 3)n(n — Dz""2 = 3n*(n + 1)z"*

+n(2n —1)(2n — 2)x*" 3 — 2n(n — 3)(2n — 1)z*" 2

Step 2.1: For each n > 6, ¢”’(x) > 0 for each = € (0, %] For each m > 6 we have

that 2™ > m?, that is —(3)™ > —#. Hence, for each = € (0, 3] the following inequalities
hold: —n(n —1)(n —2)2" 3 > —n(n — 1)(n — 2) sy, —3n%(n + 1)z" 1 > —3n’(n + 1)@,

(n—3)2°
—2n(n —3)(2n — 1)z?=2 > —2n(n — 3)(2n — 1) z. They imply

1
4(n—1)
n(n—1)(n—-2) 3n%(n+1) _2n(n—3)(2n—1)

(n—3)? (n—1)2 4(n —1)2

= An® — 2n? + 27n + 125)(n — 5)% + 652(n — 5) + 104
2(n2—4n—|—3)2(( I ) ( ) )

¢"(x) > 2n®—

for each x € (0, %], which is positive for each n > 6.

Step 2.2: For each n > 6, q"(x) > 0 for each « € (%7%‘1], with £ = Wﬁ’# and
r =+/nt — 8n3 + 46n2 — 36n +9. We write ¢”’(z) as follows:

") = 2n(2n—1)(n—1— (n—3)x) x> 3
+2n” + (—n(n — 1)(n — 2) + 2n(2n — 3)(n — 1)z — 3n*(n + 1)z°) 2"

Then notice that 2n(2n — 1) (n — 1 — (n — 3)z) 2?3 > 0 for each x € (3,1), and

2n* + (—n(n — 1)(n — 2) + 2n(2n — 3)(n — 1)z — 3n*(n + 1)2?) 2”73
> 202" P+ (—n(n —1)(n —2) +2n(2n — 3)(n — 1)z — 3n*(n + 1)2?) 2”3
= n(5n— n? —2+22n—3)(n— 1)z — 3n(n + 1):132) "3

is non-negative for x between % and x1.

Step 2.3: For each n > 6, ¢’’(x) > 0 for each x € (x1,1). Here we use the third deriva-

tive of ¢:

¢"(z) = —nn-1)n-2)(n-3)z""*+22n-3)nn—1)(n—2)2"3 —3n%(n+1)(n— 1)z" 2
+n(2n —1)(2n — 2)(2n — 3)2*"* — 2n(n — 3)(2n — 1)(2n — 2)2°" 3
= n(n—1)z"*h(z)
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with

h(z) = —(n—2)(n—3)4+2(2n—3)(n—2)z—3n(n+1)z?+2(2n—1)(2n—3)z" —4(n—3)(2n—1)z" !

and

W) = 22n—3)(n—2)—6n(n+1)z+22n—1)2n—3)naz"' —4(n —3)(2n — 1)(n + 1)z"
R'(z) = —6n(n+1)+22n—1)2n—3)n(n—1)z""2 —4(n —3)(2n — 1)(n+ 1)na"*
R"(z) = (n—1)2n—1)(2n(2n —3)(n —2) —4(n — 3)(n + 1)nx) 2" 3

Step 2.3.1: For each n > 6, we have that 1 — An—6 3 <1— 4n—23/3  Thege

n24n n24n

inequalities follow from simple manipulations.

Step 2.3.2: There exists 2 € (1, 1) such that h” is strictly increasing in (1, x2),
h"” is strictly decreasing in (x2,1). It is immediate that h"(z) > 0 for z € (z1,22), and

W"(x) < 0 for x € (22,1), with wy = A5 =20. Then, o, — (1 — 2% 3) = ggg;ﬂﬁﬁiﬁ >0

implies xo > x1.

Step 2.3.3: h/'(x1) > 0, h''(1) = —4n(n? — 8n + 6). From the proof of Step 2.3.2 we
know that h” is strictly increasing in the interval (0,2), hence h”(1 — 42=5) < n(z;) (from

n2+n
Step 2.3.1) and now we prove that h”(1 — fg;g) > 0. Precisely,

4dn — 6
n?+n

2(2n — 1) (n? + n)?(Tn? — 27n + 36)
(n? — 3n +6)2

y 1_4n—6 " 3(n? —3n +6)?
n?+n (n?2+mn)(2n —1) (Tn? — 27n + 36)

and h//<6) — 14940 > O, h//(7) _ 307852483 > O7 h//<8) — 10409940767 > 07 h//(g) _ 42860 > 0. For

r"(1 )=

343 4302592 90 699 264 243
: 4n—6\n : : 4n—6\n —4 9
n > 10, we notice that (1 — 75=")" is a decreasing sequence such that (1 —372)" > e™" > 55
and -2 — 3(n?—3n+6)? _ 3(2894n+199n2+42n3+27669)(n—10)2+845616(n—10)+101 460 =0
500 (n?+n)(2n—1)(7Tn?—27n+36) 500n(2n—1)(n+1)(7n?—27n+36) :

Step 2.3.4: h/(x1) < 0, /(1) = 2n2 +2n > 0. From Steps 2.3.2 and 2.3.3 we know
that h”(x) > 0 for © € (x1,22), hence h' is strictly increasing in the interval [z7,z9] and
W(x1) < (1 — 2525 (from Step 2.3.1). Now we prove that h/(1 — 22523y < q.

n2+n n2+n

2(2n? +n — 1) (27n* — 100n + 138)
3n2 — 9n + 23
y ( (3n* —9n+23)(n* —2n+17) (1 _dn— 23/3>”>
(2n2 +n —1)(27n2 — 100n + 138) n?+n

An —23/3

(1
( n24+n

):_
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(3n2—9n+23)(n?—2n+17)
(2n?+n—1)(27n?—100n+138

(3n2—9n+23)(n?—2n+17)
2n24n—1)(27n2—100n+138)

is negative as (i) y > 2 for each n > 6, since (

91 _ 66(n—Z22)2(n—2)24 25357 (,2)24 23 794n+59 318 e _ 4n—23/3\" . .
00 — 400(2n—1)(n+1)(27n2—100n 1 138) > 05 (1) (1- =25, is a decreasing se-
6 n
21 4.6-23/3 4n—23/3
quence such that 75 > (1 — 716 ) > (1 — T for each n > 6 .

Step 2.3.5: h(z1) < 0, h(1) = 0. From the proof of Step 2.3.3 we know that h”(z) > 0

forz e [1— ig;g,xl], hence h'(z) < h/(x1) <0 for z € [1— i?;g,a:ﬂ and h is strictly decreasing

in [1— fg;ﬁl,xl], thus h(1 — fg;g) > h(z1). Now we prove that h(1 — ﬁg;g) < 0:

h(1_4n—6) . 2(2n—1)(11n* —33n436) [ (n+1)(2n* —9n+18) | n—6 "
n2+n’ n(n+1) (2n — 1) (11n2% — 33n + 36) n?+n

; : o _(n+1)(2n*—9n418) 1 (n+4)((4n—15)24279) s an—6\" .

is negative as (i) (2:—1)(1122—32%36) — 12 = 96?271—1)(?1712—3371-&-36) > 0; (ii) (1 - ng-l—n) 15 a

6 n
decreasing sequence such that % > (1 — %'26—;2) > (1 — iﬁ;g) for each n > 6.

Step 2.3.6: There exists 3 between 1 and 1 such that h/(z) < 0 for = € (1, x3),
h'(x) > 0 for x € (x3,1). For n = 6,7 we have h”(1) > 0. From steps 2.3.2 and 2.3.3 it
follows that h”(z) > 0 for each = € (1, 1), hence ' is strictly increasing. Then the conclusion
follows from Step 2.3.4.

For n > 8 we have h”(1) < 0. From steps 2.3.2 and 2.3.3 it follows that there exists x4
between x9 and 1 such that h”(z) > 0 for each x € (z1,24), h’(z) < 0 for each x € (z4,1).
Hence I’ is strictly increasing in (x1, 24), strictly decreasing in (x4, 1) and the conclusion follows
from Step 2.3.4.

Step 2.3.7: ¢"’(x) > 0 for each = € (x1,1). From Steps 2.3.5 and 2.3.6 it follows that

h(z) < 0 for each = € (x1,1), hence ¢"'(x) < 0 for each x € (x1,1). Then ¢”(1) = 0 implies that
q"(z) > 0 for each x € (z1,1).
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