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Introduction

» We study bilateral trade problem with interdependent values.

» Each agent receives different information about the value of

the good, denoted by type 6; € ©; which is a compact subset
of R+.

» Types are independently distributed between agents.
» Each agent's valuation 7;(6;,0_;) depends on both 6; and 6_;.



Two-stage mechanisms proposed by Mezzetti (2004)

\
¢ Each agent observes his type and sends a
message to the designer;
50554 © The trading probability is implemented.
-

¢ Each agent observes his utility from consuming
the good and sends another message;

ey ® The monetary transfers are finalized.




The Generalized Two-stage Groves mechanism

Mezzetti (2004) introduces the generalized two-stage Groves
mechanism and shows that it always satisfies

» Bayesian incentive compatibility (BIC): Truthtelling in both
stages constitutes an equilibrium strategy of a perfect
Bayesian equilibrium;

» decision efficiency (EFF);

> ex post budget balance (BB).



Research Question

» Does the generalized two-stage Groves mechanism satisfy
interim individual rationality (IIR) as well?

> If no, is there a different two-stage mechanism satisfying BIC,
IIR, EFF and BB?



Preview of Our Results

» Under one-sided asymmetric information structure, the
generalized two-stage Groves mechanism always satisfies IIR.
> Under two-sided asymmetric information structure,

>

>

we show by an example that it never satisfies IIR;

we propose the two-stage monotone mechanisms which satisfy
IIR in a positive number of cases within the same example;
we characterize the existence of two-stage monotone
mechanisms satisfying BIC, IIR, EFF and BB.



The Model

» Preferences of each agent U;: Q@ x © x R — R depend upon
trading probability g, the type profile # and his monetary

transfer p;:
Ui(q,0,p1) = ui(q,0)+p1 = (1—q)ir(0) + p1;
Uz2(q,0,p2) = uw(q,0)+ p2 = qiia(0) + p2,

where uj(q,0) is agent i's allocation payoff and &;(6) is his
valuation.

» We assume that for any 6 € ©, each agent i observes u;j(q, 6)
after the outcome decision g is implemented, but before final
transfers p are made.



The Model

Agents’ outside option utilities are
U10(01) = / L71(91,92)dl:2(92) for all 01 € @1
©,

and
UL(62) = 0 for all 6, € ©,.



The Generalized Revelation Principle

Two-stage mechanism Generalized revelation

M, M?,5,7) mechanism (O, I1, x, )

Decision rule § : M' — [0,1]; Decisionrule x : ® — [0,1];

Transfer rule 7 : M' x M? — R2. |Transferrulet : © x [T — R2.

Agent i’s strategy r; = (rl-l, r?) Decision rule: x(0) = 8(r'(0));

l
Transfer rule:

where ! : ®; - M/ and
({0, u) = 7(r'(0), r*(5(0), 0, u)).

12 QX 0, xII; > M.

Any PBE outcome of a two-stage mechanism can be implemented
as a PBE outcome of a generalized revelation mechanism in which
trutelling in both stages constitutes an equilibrium strategy.



The Generalized Two-stage Groves Mechanism
(©,N, x*, t%)

For each agent i, each type report (67,6" ;) € ©; x ©_; and each
payoff report (uf, u” ;) € M; x M_;,

tiG(eira er—i; uirv ur—i) = ur—i - h,(ef, Hr—l)

S (7 (0),07) — B (00 0 (x(07,0-0),07,0-.)
+E_(i11) (Zle uj (x* (071, 0—(i+1)) OF 115 9—(f+1))) ]

with E_; being the expectation operator over §_; and E_3 = E_.



One-sided asymmetric information

Example in Myerson's textbook (1991, page 489):

Seller’s valuation is i, (6, ;) = 40.

Seller receives 6},
Buyer’s valuation is it,(6;) = 50.

Seller’s valuation is i,(6,,) = 20.

6,
9s
bay Seller receives 6, <
qlla//tk

Note that it is always efficient to trade, i.e., x*(611) = x*(012) = 1.

Buyer’s valuation is ii,(6,,) = 30.



Single-stage mechanisms fails.

Myerson (1991) verifies that in this example, no single-stage direct
mechanism (x*, t) satisfies BIC, IIR, EFF and BB.

1Coy, 561, - 40 (1 — x*(611)) + t1(011)

40 (1 — x*(012)) + t1(912);
/Cguﬁ\gu 120 (1 — X*((912)) + t1(912) 20

>
> (1 —x"(611)) + t1(b11)-
Since X*(911) = X*(912) =1, then BIC implies t1(011) = t1(912).

/R911 . 40 (]. — X*(Qll)) + t1(011) > 40 = t1(911) > 40;
IRy, : 20 (1 — X*(le)) + t1(912) >20= t1(911) > 20.

Then, seller’ IR constraints imply t;(611) > 40.
//'_\’672 : 0.2(50x*(011) + t2(011)) + 0.8 (30x™(012) + t2(A12)) > 0.

Finally, BB requires t2((911) = _tl(ell) and t2(912) = —t1(912);
then, buyer's IR implies t1(611) < 34, a contradiction.



The generalized two-stage Groves mechanism succeeds.

Claim 1
In Example 1, the generalized two-stage Groves mechanism
(©,N, x*, t®) satisfies BIC, IIR, EFF and BB simultaneously.



The generalized two-stage Groves mechanism succeeds.

Proof: For each 0] € ©1 and each (uf, u}) € My x Iy,

tf (67 uf, u3)
ug — %[00 u (- (00),00) — Bz (S50 4y (*(69), 69)) + Ex (357 5 (x*(62), 01))|
1

u£ — §E1 (ﬁ2(01)) ( V91,X*(91) = 1)

uy — 17

t5°(07; uf, up)
uf — 3 [307 4 O (09).09) — Ex (7, 0 (<" (00),00) ) + Ez (7, s (x"(67), 67) )|
1

u{ — ﬁg(&{) + EE_2 (ﬁz(@l)) ( V91,X*(01) = 1)

ui — r(67) + 17.

Note that tC is independent of uf, and t§ is independent of uj.



The generalized two-stage Groves mechanism succeeds.

Proof (Cont'd): Suppose seller reports 6] instead of his true type
A1 and each agent reports the true allocation payoff. Then seller
receives the following utility:

ur(x*(69),61) + £ (07 ur(x*(67), 61), u2(x*(67), 61))
uy (x*(01),01) + u2(x"(67), 01) — 17 (.- w3 = u2(x7(67), 61))
= 0+ ip(01) — 17 (" V01, x*(61) = 1),
which is independent of his first-stage report 61. So, seller has no

incentive to deviate and together truthtelling in both stages
constitutes a PBE; hence, BIC is satisfied.



The generalized two-stage Groves mechanism succeeds.

Proof (Cont'd): BB is satisfied on equilibrium path because for
each 0, € ©4,

t7(01; un, u2) + 8 (61; U1, u2)

(u2(x*(01), 01) — 17) + (u1(x"(01), 01) — G2(61) + 17)
( 2(91) — 17) + (0 — U2((91) + 17) ( Vﬂl,x*(el) = 1)
0

)

where vy = u1(x*(61),61) and up = ua(x*(61), 01).



The generalized two-stage Groves mechanism succeeds.
Proof (Cont'd): Agents’ interim expected utility from participating
in the generalized two-stage Groves mechanism are
UL(011) = ur1(x*(611),011) + t2(011; ur, un) = dix(H11) — 17 = 33;
US(612) = u1(x*(012),012) + t£ (012; un, u2) = fix(012) — 17 = 13;
and

Uzc(éz) = El |:U2(X*(9]_),91) + t2G(01; uy, U2):|
= Ei[va(x"(61),01) + u1(x*(61),61) — G2(61) + 17]
= K [ﬁ2(01) +0 - ﬁ2(91) + 17] ( V91,X*(91) = 1)
= 17.
Hence,
UIG(911) < Ulo(911) = ﬁl((gll) = 40;
UIG(912) < U]_O(le) = ﬁ1(912) = 20;
us > U =0



The generalized two-stage Groves mechanism succeeds.

Proof (Cont'd): Then, a lump-sum transfer / must be imposed
from buyer to seller so that everyone is better off after
participation, i.e.,

US (1) + 1> UP(6) = 33+1>40;
US(012) + 1 > UP(012) = 13+1> 20;
Us —1>Uf = 17—-1>0,

hence, 7 </ < 17. In conclusion, the generalized two-stage Groves
mechanism satisfies BIC, IIR, EFF and BB.



The generalized two-stage Groves mechanism succeeds.

Theorem 1

When only the seller has a non-trivial set of types and the buyer
has only one type, the generalized two-stage Groves mechanism
(0,1, x*, t®) always satisfies BIC, IIR, EFF and BB.



Two-sided asymmetric information

Example 2

» Both agents’ types are uniformly distributed on the unit
interval [0, 1];

> L71(91, 92) =0+ 7192 and L~12(91, 92) =0+ 7291 where
71,72 > 0.



Two-sided asymmetric information

Example 2 (Cont'd)

Case (i) 0< 1 <m <1

U R —

Case (iii): 0 < 72

(N4

IN

1

0

Case (ii): 0<m<m<1

6,

0 1 0,

Case (iv)r 0 <y <1 < A5



Two-sided asymmetric information

Example 2 (Cont'd)

6,

Case (v): when 1 <y <

Case (vi): when 1 <y <



The generalized two-stage Groves mechanism fails.

Claim 2
In Example 2, the generalized two-stage Groves mechanism
(©,N,x*,t%) violates IIR in all cases.

Remark

In Example 2, the economy as a whole is worse off after
participation; hence, it is impossible to make everyone better off
through welfare redistribution.



Two-stage monotone mechanisms

Definition 2
A two-stage mechanism (©, 1, x*, t) is monotone if the following
properties are satisfied:

1. (07, 60%; uf, u5) <0 for all (61,05) and (uf, u5);

2. if x*(01,0%) = 1, then |t2(07, 05; uy, ub)| < (67, 65).

3. if 65 > 05 and x(67],05) = x(67,05) =1, then
6205, 03 uf, u5)| > |t2(01, 05 uf, u3)].



Two-stage monotone mechanisms

Claim 3
In Example 2, the generalized two-stage Groves mechanism
(©,N,x*,t%) is not monotone.

Remark

In the generalized two-stage Groves mechanism, either buyer
receives subsidies or buyer's payment is not strictly increasing in
buyer’s type report.



Two-stage monotone mechanisms succeed in Case (i) and

(iii).

Claim 4

In Example 2, there exists a two-stage monotone mechanism
satisfying BIC, IR, EFF and BB in the following two cases: (i)
0 < <71 <1 (iii) 0 < y2 <1<, in all the other cases,
two-stage monotone mechanisms violate BIC.



Two stage monotone mechanisms succeed in Case (i) and

(iii).

Recall
0 o

2 ettt Y
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' Ip======~ g
1 1
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Case (i) 0< 1 <m <1 Case (iii): 0 <7 <1<m



Two-stage monotone mechanisms succeed in Case (i).

Proof: Case (i): 0 <y < <1
Consider the following mechanism (©, M, x*, t°):

ub if x*(07,05) =1 and uf = ua(x*(0],05),61,62)
(67,05 uf, u5) = — if x*(0],05) =1 and uf # ux(x*(67,65), 01, 62)
0 ifx*(65,05) =0

and
—u(x*(65,65),01,05) if x*(65,65) =1

t5(67,05; uf, u5) =<0 if x*(05,605) =0 and u} = u(x*(6},65),61,62)
— if x*(0],65) = 0 and uf # u1(x*(65,65),61,62)

where 1) > 0. It is monotone. If each agent reports the truth in
both stages, then

L. if x*(61,602) = 0, £ (61, 02; ur, u2) = t5 (61, 02; u1, 12) = 0;
2. if x*(61,92) =1, t15(91,92; uy, U2) = *t25(91,92; uy, U2) =
up(x* (01, 62); 01, 02) = (61, 62).



Two-stage monotone mechanisms succeed in Case (i).
Proof (Cont'd):
» Since t7 is independent of uf and t5 is independent of us,
each agent has no incentive to deviate in the second stage.
» We assume that buyer always reports the truth in the first
stage and show that seller has no incentive to deviate in the
first stage. Recall

Case (i) 0< <7 <1

l-n
-7

0, = 0,

[ e ——

» There are two cases: (a) 01 < (1 —1)/(1 —72); (b)
01> (1-7)/(1—72)



Two-stage monotone mechanisms succeed in Case (i).

Proof (Cont'd): (a) If seller’s true type is 61 < (1 —~1)/(1 — 72):
» his expected utility under truthtelling is

1—vo 0

/1—71
0

> If he deviates to 0 < 67 < (1 —~1)/(1 —72), his expected
utility becomes

(d1(01,62) +0) d92+/1 (0 + d2(61, 02)) do>.

11— 0
T—yp 1

1-mgr 1

/1”1 " (@(61,62) +0) d92+ﬁ (0 — ) d6bs.
0

1—v1 71

because if trade occurs, buyer's second-stage report becomes
uy = up(x*(01, 62), 61, 62) = i2(61,02) # (01, 02)

> Since ¢ > 0, seller’s highest expected utility after deviation is
fol i1(01,02)d6>. However, it is still lower than truthtelling.



Two-stage monotone mechanisms succeed in Case (i).

Proof (Cont'd): (a) If seller's true type is 61 < (1 —~1)/(1 — 72):

> if seller deviates to 6] > (1 — ~1)/(1 — 2), trade never occurs
and seller’'s expected utility becomes

1
/ (i51(61, 62) + 0) b,
0

which is lower than truthtelling.

» |In conclusion, seller has no incentive to deviate when his true
type is 01 < (1 —71)/(1 — 72).



Two-stage monotone mechanisms succeed in Case (i).
Proof (Cont'd): (b) If seller’s true type is 61 > (1 —1)/(1 — 72),
» his expected utility under truthtelling is

/1(ﬁ1(91,92)+0) db,.
0

» if he deviates to (1 —71)/(1 — 2) < 6] < 1, trade never
occur and seller obtains the same expected utility.

» if he deviates to 0 < 0] < (1 —~1)/(1 —72), his expected
utility becomes

1—v7
/ 1—71 0{
0

because if trade occurs, buyer's second-stage report becomes
U£ = UE(X*(QLHQ),H;[,QQ) = 172(91,92) 75 UQ(G]':,QQ). Since
1 > 0, it is always lower than truthtelling.

1
(i1 (61, 02) + 0) dfy + / (0 — )db,

1—v7 °1

» In conclusion, seller has no incentive to deviate.



Two-stage monotone mechanisms succeed in Case (i).
Proof (Cont'd):
> We assume that seller always reports the truth in the first
stage and show that buyer has no incentive to deviate in the

first stage.
> If buyer reports his true type 65, his expected utility is
/O 2 (0264, 02) — [i2(01, 02)) Oy + ﬂ_w (0+0)d6; = 0.
1=

> If buyer deviates to 65 # 6, his expected utility becomes

171 9r

1
1— 2
/ " (L72(91,92)—02(91,0§))d91+/1 (0 — 4)db;
0 17%95
gr 1
- / T 0, — 05)dos + / (0~ 4)doy.
0 lfjéeg

because if no trade occurs, seller's second-stage report
becomes u{ = ul(x*(é?l, 9§), 91,62) = L71(91, 92) 7& L71(91, 95)



Two-stage monotone mechanisms succeed in Case (i).

>

Recall that if buyer deviates to 05 # 02, his expected utility

becomes
1-m or

1—7p 2 1
/ (02 — 03)d0r + [ (0 — ) dés.
0

1—7p 72

Buyer will not deviate to 65 = 05" = 1, because his expected
utility becomes negative which is worse than truthtelling.

To stop buyer from deviating, the penalty ¥ must be large
enough, that is, forany 0 <6, <1land 0 <65 <1,

1= pr 1

0 > /1”2 “(62 — 65)d6; + [ (0 — ¥)db
0

T 72
(1 —m)(62 — 03)6;
(I=7)—(1—m)05
It suffices to set

Sy >

1-m
P> .
71— )2



Two-stage monotone mechanisms succeed in Case (i).

» BB is satisfied because on equilibrium path,
> if x*(61,01) =0, then tf(@l, Or; Uy, p) = tf(@l, 02; uy, ) =0;
> if x*(01,602) =1, then tf(01,02; Uy, Up) = ft§(01,02; Uy, Up) =
UQ(X*(91,92); 91,92) = ﬁ2(91,92).

» Seller obtains a higher expected utility after participation than
the outside option because for all 8, € ©1,

1—7 0

/1—71
0

1
> / ﬁ1(91,92)d92
0
= UP(6y).

1
(d1(01,602) +0) d92—|—ﬁ (0 + d2(071,62)) dbs

- 0
71 1

1—

» Buyer is indifferent between participation and outside option
because his expected utility after participation is zero.

» Therefore, IIR is also satisfied.



Two-stage monotone mechanisms succeed in Case (iii).
Case (iii): 0 <12 <1<my
» We use the same mechanism (9,11, x*, t°) as in Case (i).
> Recall

Case (jii): 0 <y <1<

0,

A

0

[

6,

» Since t7 is independent of uf and t5 is independent of us,
each agent has no incentive to deviate in the second stage.



Two-stage monotone mechanisms succeed in Case (iii).

» We assume that buyer always reports truthfully in the first
stage and show that seller has no incentive to deviate.

> If seller reports his true type 01, his expected utility is

1
/o (i1(61,62) + 0) db,.

» If he deviates, it is still efficient not to trade and his expected
utility is the same.

» Hence, seller has no incentive to deviate.



Two-stage monotone mechanisms succeed in Case (iii).

» We assume that seller always reports truthfully in the first
stage and show that buyer has no incentive to deviate.

» If buyer reports his true type 65, his expected utility is zero
because it is efficient not to trade and he pays nothing.

> If buyer deviates to 65 # 6>, buyer's expected utility becomes

1
/0 (0 —4)db = = <0,

because trade never occurs and seller's second-stage report
becomes uf = ui(x*(61,6%),01,62) = i1(61,02) # d1(61,65).

» Hence, buyer has no incentive to deviate in the first stage and
BIC is satisfied.



Two-stage monotone mechanisms succeed in Case (iii).

» BB is satisfied because no trade, no pay.

» |IR is satisfied because everyone's expected utility is the same
as the outside option.



Two-stage monotone mechanisms violate BIC in Case (ii).

» We assume that seller always reports the true type in the first
stage and both agents report their allocation payoffs truthfully
in the second stage. Recall

Case (i) 0<m <72 <1

=1_726,

0.
2 -1 1

— -

6

» If buyer's true type is (1 — 12)/(1 — v72) < 6> < 1, buyer
obtains the following expected utility under truthtelling:

1
Us(62; 02) = / (b2(61,02) + t2(61,02; u1, u2)) dbs.
0



Two-stage monotone mechansims violate BIC in Case (ii).
> If he deviates to (1 — 72)/(1 — y2) < 05 < 6, his expected
utility becomes the following:

1
Us(62;05) = / (G2(01, 02) + t2(01, 05; ur, u)) dby,
0
» By monotonicty,
|t2(61,02; ur, u2)| > |t2(61,05; ur, un)],
or equivalently,

(01, 02; u1, up) < tp(61,05; ur,u2) <0

» Therefore,
1
Us(62;05) = / (d2(01,62) + t2(01,65; ur, u2)) dby
0
1
> / (b2(61,02) + t2(61,02; u1, u2)) db;
0

= U2(92; 02)

leading to a contradiction against BIC.



Two-stage monotone mechanisms violate BIC in Case (v).

» We assume that seller always reports the true type in the first
stage and both agents report their allocation payoffs truthfully
in the second stage. Recall

Case (v): 1< <m
92

n-l
n=1

0

> If buyer’s true type is (72 — 1)/(71 — 1) < 62 <1, buyer
obtains the following expected utility under truthtelling:

1
/ (0+ t2(01, 62; u1, up)) db <0,
0

by monotonicity.



Two-stage mechanisms violate BIC in Case (v).

» If buyer deviates to 65 = 0, it is always efficient to trade and
buyer's expected utility becomes

1
/ (201, 02) + ta(01, 05; ., u5)) s
0

1
> / (61, 05) + ta(6r, 65 T, u5)) By
0
(.- 02 > 05 and i is a strictly increasing function.)
1
> [ (a01,85) ~ a0r,05)) s
0
(- x"(01,0") = 1 implies t2(01, 03; u, u3) > —iix(61,63)

hence, buyer obtains a higher expected utility after deviation
and BIC is violated.



The general results in two-sided asymmetric information

Assumption 1
fel x*(01,92)dF1(91) <1 forall 6, < 95”'”(.

Theorem 3

When both agents have non-trivial sets of types, there exists a
two-stage monotone mechanism satisfying BIC, IR, EFF and BB if
and only if Assumption 1 is satisfied.



Assumption 1 is satisfied in Case (i) and (iii) in Example 2.

Recall that in Case (i) and (iii), there exists a two-stage monotone
mechanism satisfying BIC, IR, EFF and BB.

0
e
1 --n
: Ip=====-- :
: :
! ]
: :
0 ET % 0 1 b,

Case (i) 0< <1 <1 Case (iii): 0 <1 <1<



Assumption 1 is violated in the other cases in Example 2.
6,

0 1 0

Case (iv): 0<m <1<y

-1
6,=22""y

02 02 n-1 '

0

Case (v): when 1 <2 < Case (vi):-when 1 <3 <=y,



How restrictive is Assumption 17

Consider linear valuation function u;(6;,0-;) = 0; + ~i0_; where
~; > 0. Then

Numbers Different cases Is Assumption 1 satisfied?

1 rnn<Ly<land J
(I =)/ =y = 074107

2 7nn<ly<land
(I=p)/(1 =) <6167

3 71 =>21landy, <1

4 n<landy,>1

5 In>Lyp>laddn=0

6 |n>Ly>16">0and
(= D/ = 1) < 65"/67™

7 n>11rn>160"">0and
(o= DIy = 1) 2 65" 107"

X SISIXIS| X




What if Assumption 1 is violated?

> Does there exist a two-stage non-monotone mechanism
satisfying BIC, IR, EFF and BB? Yes!

» Example: L71(01,92) =601 + 0.56, and [72(91, 02) =6+ 360,
for all (61,62) € [0,1]°.

» Note that L72(91, 92) — ﬁ1(91,92) = 0.50> + 261 > 0 for all
(01,62) € ©1 x ©3. Hence, Assumption 1 is violated.

> There exists a two-stage mechanism with the fixed-payment
scheme t; = —t, = 1.25 satisfying BIC, IIR, EFF and BB.

0,




Concluding Remarks

» Under one-sided asymmetric information structure, the
generalized two-stage Groves mechanism always satisfies IIR.
> Under two-sided asymmetric information structure,

>

>

we show by an example that it never satisfies IIR;

we propose the two-stage monotone mechanisms which satisfy
IIR in a positive number of cases within the same example;
we characterize the existence of two-stage monotone
mechanisms satisfying BIC, IIR, EFF and BB.
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